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Abstract: We study the design of mechanisms in combinatorial auctionains. We focus on settings
where the auction is repeated, motivated by auctions fenies or advertising space. We consider
models of agent behaviour in which they either apply comnearring techniques to minimize the
regret of their bidding strategies, or apply short-sightedt-response strategies. We ask: when can a
black-box approximation algorithm for the base auctionbpgm be converted into a mechanism that
approximately preserves the original algorithm’s appradion factor on average over many iterations?
We present a general reduction for a broad class of algosithinen agents minimize external regret. We
also present a mechanism for the combinatorial auctionl@nokhat attains a®(,/m) approximation

on average when agents apply best-response dynamics.
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1 Introduction solved multiple times with the same objects and
bidders. These include, for example, auctions for

We consider problems in the combinatorial auédvertising slots [14], bandwidth auctions (such
tion (CA) domain, wheren objects are to be al-as the FCC spectrum auction), and airline landing
located among potential buyers in order to max-rights auctions [10]. In these settings a mechanism
imize total value, subject to problem-specific fegor the (one-shot) auction problem corresponds to
sibility constraints. These packing problems akgrepeated game to be played by the agents.
complicated by game-theoretic issues: the buyersThe question of how to model agent behaviour
might benefit from misrepresenting their values @ repeated games has been studied extensively in
an allocation algorithm. This prompts us to desigihie economic and algorithmic game theory liter-
mechanisms that use payments to encourage rgfure (see Chapters 17-21 of [27] and references
sonable behaviour. The well-known VCG meCh;herein)_ Many proposed models assume that
anism solves incentive issues by inducing trutlgents choose strategies (or distributions there-
telling as a dominant strategy, but is infeasible f@jver) at equilibrium, where no agent has incen-
computationally intractible problems. Indeed, fofive to unilaterally deviate. However, as has been
many interesting problems (such as combinatorigbted elsewhere [4, 16], there are a number of rea-
auctions), there are large gaps between the besins to believe such models are unrealistic: equi-
known approximation factors attainable by effiibria are computationally hard to find in general,
cient truthful mechanisms and those possible ind may not exist without the presence of agents
purely computational settings. For some problemgho randomize over strategies for no reason other
these large gaps are essential [28]. than to preserve the stability of the system. Even

In this extended abstract we consider the propthen pure equilibria exist, agents may not neces-
lem of designing mechanisms that implement aparily converge to an equilibrium (of the single-
proximation algorithms for combinatorial auctiofound game) or agree on which equilibrium (of the
pmblems without the us.e of domlnant-stra_tegy 10ne might alternatively allow preferences and participants
truthfulness. We are motivated by the domain @f change over time, but sufficiently slowly compared to the
repeated auctions, where an auction problem is rete of auction repetition.




extended-form game) to choose. In light of thesegiven approximation algorithm into a mechanism
concerns, we will focus our attention on two modthat implements the same approximation ratio,
els of agent behaviour that do not make equililen average over sufficiently many auction rounds,
rium assumptions, and have gained recent intergsten our models of bidder behaviour. Our primary
in the algorithmic game theory literature. research question, partially addressed herein, is to

In the first model, agents can play arbitrary gdvhat extent such implementations are possible.

guences of stratggles for the repe_ated auction, Y1 - our Contribution

der the assumption that they obtain low regret re “We desi hani that based

ative to the best fixed strategy in hindsight. More ¢ design mechanisms that are based on a par-
precisely, the averagexternal regretof each bid- tlgular (_:Iass of_apprOX|mat|on algorithms for com-
der must tend t6 as the number of auction round?'nam”al auction problems: those that are mono-

increases. These regret-minimizing bidders can[%)é]e and satisfy the loser-independence property.

seen as agents that learn how to bid intelligen anavl\%gristgrr:eiSsrgf,?Egtggglfér\iﬁgegi\;%eaogi?grer
|ati fi hmark) f
(relative to any fixed strategy benchmark) from thIiw then he could also win any subset Sfwith

bidding history of past auction iterations. Note tha declared val t least Thi toni
we require no assumptions about the synchrony.%?y eclared value at leas 'S monotonic-,
condition characterizes truthfulness when bid-

asynchrony of updates; arbitrary sets of agent:sc:I inale-minded ing that h i
update their strategies concurrently. The regr ers are single-minded (meaning that each agen

minimization assumption is motivated by the e _asl vaque for o?)lly a sggle ;et), EIUt not flgr gen-
istence of simple, efficient algorithms that minisTa auction probiems [24]. Roughly speaking, an

mize external regret for linear optimization probéllgorlthm isloser-independen the outcome for

lems [21, 22]. Under this model, our goal is tG" a_gent d_epends °F"Y on those agentg who would

design an auction mechanism that achieves an n if he did not participate, and on their declared
values for their winnings. This extends a notion

proximation to the optimal social welfamn aver- Bf loser-independence for single-parameter prob
ageover sufficiently many rounds of the repeate - S i
g y y P lems, introduced by Chekuri and Gamzu [8], to

auction. This is precisely the problem of designin | " bl This cl f alorith
a mechanism with boundeatice of total anarchy : eneral auction problems. This class of aigorithms
includes many natural algorithms for well-studied

introduced by Blum et al [4]. packing problems, including greedy algorithms for

In the second model, we assume that ageris [24], convex bundle auctions [1], and unsplit-
choose strategies that are myopic best-responsegffle flow problems [7].

the current strategies of the other agents. Such bidg first main result is that any monotone loser-
ding behaviour is best motivated in settings WheTﬁdependent—approximate algorithm can be im-
agents update their declarations asynchronouglyamented as a mechanism with price of total anar-
We model this behaviour as follows: on each aughy at most + 1. That is, if agents minimize their
tion round, an agent is chosen uniformly at raRsyternal regret, the average social welfare obtained
dom, and_ that agent is given the opportgnity 8y our mechanism approacheg:a 1) approxima-
change his strategy to the current myopic besfon to the optimal social welfare as the number of
response. As in the regret-minimization modelgynds increases. Our mechanism is a black-box
our goal is to design auction mechanisms thadqyction from an algorithm for a one-shot auction
achieve approximations to the best possible socigdration, and the same mechanism is applied each
welfare on average over sufficiently many auctiogyction round. The form of our mechanism is very
rounds, with high probability over the random upgimple: on each round, it applies a simple modi-
date order. This is closely related to the concept fation to the bidders’ declarations, then runs the
the price of (myopic) sinkingintroduced by Goe- gpproximation algorithm on the modified declara-
mans et al [16]. tions and charges critical prices (i.e. an agent who
Our goal in this area of study is to decouwins a set pays the smallest amount he could have
ple computational issues from game-theoretic CU”-ZThroughout the paper we use the term “implement” in the

CEMSs. A fu'_l (and admittedly ambitious) SOI.Utiorbconomic sense of constructing a mechanism that obtains the
in our domain would be a black-box conversion afesired properties when used by rational agents.




declared for that set and won it, given the declaraumption, which is that bidders will not apply
tions of the other bidders). strategies that are (strictly) dominated by easily-

Our implementation does not depend on the spund alternatives. This is precisely the assump-
cific algorithms used by the agents to minimiz8on that agents choose only algorithmically un-
their regret; only that their regret vanishes as ti§minated strategies, as introduced by Babaioff et
number of rounds increases. The rate of conveéil[2]. This assumption is discussed further in Sec-
gence to our approximation bound will depend ot,ipn 3.1. Addltlona”y, the mechanisms we intro-
the rate at which the agents’ regret vanishes. ~ duce for best-response bidders apply a technique

We demonstrate that our mechanism is resilielffoWn in implementation theory agrtual imple-
to the presence of byzantine agents, in the fdpentatlom where an alternative social choice rule
lowing sense. If each agent either applies regré?—app“ed with vanishingly small probability [20].

minimizing strategies or makes arbitrary declar Ve view this not as an introduction of randomness

tions (but never declares more than his true vallgo th? algorlth_m being |mplgmented, but r.ather
for a set), then the mechanism attainga 1) ap- 2 the introduction of a trembling-hand considera-

proximation to the optimal welfarebtainable by tion into the so_lutlon concept that encourages rea-
the regret-minimizing bidderd he no-overbidding sonable behaviour when best-response agents must

assumption is necessary, as otherwise a byzanm%tlngU|sh between otherwise equally beneficial

agent could bid arbitrarily highly and prevent an§trateg|es.

welfare from being obtained. This assumptiomlz Regret Minimization
is also motivated by viewing byzantine agents as
players that do not understand how to participa%g
intelligently in the auction and thus likely to bid
conservatively.

We now discuss external regret minimization in
rther detail. The external regret of a sequence of
declarations is the difference between the average
tility obtained by an agent (i.e. value of goods re-
We then study the best-response model of bigg;ed minus payment) and the maximum average

der behaviour, in which we focus specifically Ofyiji, that the agent could have obtained by mak-
the combinatorial auction problem. We present;g, » gingle fixed declaration each round. An on-

mechanism that implements &X(s) approxima- line algorithm for generating declarations is regret-

t!on for rcl:ardlnahty]lrestrl.cted r::omblnatonal auc'minimizing if its regret vanishes as a function of
tions, where set allocations have size at most .. umber of auction rounds.

We then extend this to_a m_echanism that imple- How should an agent bid in order to minimize
ments ar0(y/m) approximation for general com-pis oyternal regret? A simple and efficient algo-

bin_atorial au_ctions. We.qttain these approximaticmhm due to Kalai and Vempala [22] solves linear
ratios with .h|gh pro?ab"'t}/ as long as the numbetﬁptimization problems with regret that vanishes at
of rounds is superllne_ar in. We point out that_ a rate ofO(1//T). Their algorithm requires ac-
while truthful mechanisms with similar approxi-;esq 1o an exact best-response oracle. Kakade et
mation ratios are known fosingle-mindedcom- ), [21] show how to use a-approximate best re-

binatorial auctions, our results are significant '”Eponse oracle to achieveyaapproximation to the
provements over what is currently known to bSest fixed declaration in hindsight

achieveable with deterministic truthful algorithms The mechanisms we construct in this paper have

for general CAs. the property that the strategy selection problem for
Returning to the general implementation afach agent reduces to a linear optimization prob-
monotone loser-independecdapproximate algo- |em over the space of desired object sets. Thus,
rithms, we conjecture that the black-box reductiop settings where each agent has only polynomi-
used in the regret-minimization setting also irrh”y many desired sets (e.g. when each agent’s type
plements arQ(c) approximation, on average ovefs assumed to be representable by a polynomial
sufficiently many rounds, in the model of besthymber of mutually exclusive bids), it is a sim-
response bidders. We leave the resolution of tmﬁg matter to imp|ement efficient best-response or-
conjecture as an open problem. acles and regret-minimization algorithms. In gen-
Our results require a mild game-theoretic agral, however, agents may have exponentially large



strategy spacés In such cases an efficient regretequilibrium when agents’ valuations are submodu-
minimization algorithm or best-response oraclar. Gairing et al [15] characterize the Bayes-Nash
would likely have to be tailored to the valuatiorequilibria of a routing game and study its worst-
access model (e.g. oracle queries, succinct repcase performance at equilibrium.
sentations, etc.) and to the structure of the par-For general combinatorial auction problems,
ticular problem and algorithm being implemented.ucier and Borodin [6] give a black-box reduc-
The exploration of such issues for specific probletion from any monotone-approximate greedy al-
settings is left as an avenue for future research. gorithm to a mechanism that obtains-aO(log c)
approximation at every Bayes-Nash equilibrium.
1.3 Related Work Their results are similar in flavour to our own,
Truthful mechanisms for the combinatorial audhough their focus is on single-shot auctions at
tion problem have been extensively studied. Féguilibrium; the process by which such an equilib-
general CAs, Hastad’s well-known inapproximaidum is reached is left open. By contrast, we study
bility result [18] shows that it is hard to approxthe evolution of bidder behaviour in repeated auc-
imate the problem to withir2(,/m) assuming tions, and demonstrate that it is possible to imple-
NP # ZPP. The best known deterministicment approximation algorithms in settings where
truthful mechanism for CAs with general valuaconvergence to equilibrium is not guaranteed.
tions is a bundling auction that attains an approx- The study of regret-minimization goes back to

imation ratio of O(—2—) [19]. A randomized the work of Hannan on repeated two-player games

Viegm .
O(y/m)-approximate mechanism that is truthful inl /- Kalai and Vempala [22] extend the work
f Hannan to online optimization problems, and

expectation was given by Lavi and Swamy [23]: :

Dobzinski, Nisan and Schapira [13] then gave aikade et al [21] further extend to settings of ap-

O(y/m)-approximate universally truthful random-Proximate regret minimization. Blum et al [4] ap-
ply regret-minimization to the study of inefficiency

ized mechanism. f L '
in repeated games, coining the phrase “price of to-

Many variations on the combinatorial auctio | hv" for th o b h
problem have been considered in the literatur@' @narchy” for the worst-case ratio between the

Bartal et al [3] give a truthful( Bm 7) mecha- optimal objective value and the average objective

. S ) . . . value when agents minimize regret.
nism for multi-unit combinatorial auctions witB Proverties of best-response dvnamics in re-
copies of each object, for alB > 3. Dobzinski P b y

and Nisan [12] construct a truthf@lapproximate peated games, and esp_ec_lally Fhe question of con-
mechanism for multi-unit auctions, and Dobzinski. 3¢ c€ to a pure equilibrium, is well-studied (see

and Dughmi [11] construct a randomized FPTA hapter 19 of [27]). The study of average perfor-

for the multi-unit auction problem that is truth-Mance of best-response dynamics as a metric of

ful in expectation. Many other problems havdame inefficiency, the so-called “price of sinking,

truthful mechansisms ([7, 24, 26]) when bidder§ 2> introduced by Goemans et al [16].

are restricted to being single-minded. Borodin Babaioff et al [2] study implementation of al-

and Lucier [5] study the limited power of certairfomhms in undominated strategies, which is a re-

classes of areedy alaorithms for truthfully a roXf:lxation of the dominant strategy truthfulness con-
o 9 yag yapp cept. They focus on a variant of the CA problemin
imating CA problems.

. _ . which agents are assumed to have “single-value”
Implementation at equilibrium, especially for . . )

. . L valuations, and present a mechanism to implement
the alternative goal of profit maximization, has a . . . .
. . : S i such auctions in a multi-round fashion. By com-
rich history in the economics literature; see, for ex-

ample, Jackson [20] for a survey. For the goal &anson, mechanisms in our proposed model solve

N . . ach instance of an auction in a one-shot manner,
optimizing social welfare, Christodoulou et al [9]:

S . X : . nd our solution concept assumes that the auction
consider implementing a combinatorial auction b% repeated multiple times

simultaneous Vickrey auctions, and show that this
obtains a2-approximation at every Bayes-Nash 4 Organization

3More specifically, the corresponding linear optimization We review mechanism design fur_]damemals ar}d
problem may have exponential dimension. define relevant problem and algorithm classes in



Section 2. In Section 3 we present our general reeeds by eliciting a valuation profilé of decla-
duction for the regret-minimization model of agentations from the agents, then applying the alloca-
behaviour. We then consider the best-response biidn and payment rules td. The utility of agent
der model in Section 4, where we present mechafor mechanismM, given declaration profilel,
nisms for the combinatorial auction problem. Cornis u;(d) = ¢;(A;(d)) — P;(d). We think of each
clusions and open problems are discussed in Sagent as wanting to choodeto maximizew,;(d).
tion 5. Some proofs have been omitted from this The social welfareobtained by allocation pro-
extended abstract and may be found in the full véfile X, given type profilet, is SW(X,t) =

sion of the paper. > ti(X;). Given fixed type profilet, we write
SWope for maxx {SW (X, t)}, andSW4(d) =

. . — 1 2 T

2 Model and Definitions 2.iti(A(d)). When D = (d',d...,d")

is a sequence of valuation profiles, we write
In general we will use boldface to represent VeG4 (D) = % S, SW4(d?) for the average wel-
tors, subscript to denote theth component, and fare obtained over all declarations in. We will
subscript—i to denote all components excepso sometimes replace subscrigt by M, in which
that, for exampley = (v;, v_;). case the social welfare is for the allocation rule of
We consider the domain of combinatorial aucA4. Note that algorithmd is ac-approximation if
tion problems, where» agents desire subsets OBWA(t) > %SWopt for all t.
a setM of m objects. Anallocation profileis Given allocation rule 4, agenti, declara-
a collection of subsetXy, ..., X,,, whereX; is tion profile d_;, and setS, the critical price
thought of as the subset allocated to agentA  gA(s d_;) for S is the minimum value that agent

particular problem instance is defined by the sgtcould bid on setS and be allocateds by A
of feasible allocation profileshat are permitted. given fixedd_,. That is,04(S,d_;) = inf{v :

For example, the general combinatorial auctions;, d;(S) = v, A;(d;,d_;) = S}.

problem requires that all allocated subsets be dis-\\e say that a declaratieh is weakly dominated
joint. Each agent has a privately-heldaluation by declarationd,” for agenti if w;(d;,d_;) <
functiont; : 2 — R, his type that assigns a;(d;’,d_;) for all d_;, and furthermore there
value to each allocation. We assume that valdxists somed’; such that u;(d;,d’ ;) <
ation functions are monotone and normalized $Q(4,’,d’ ).

thatv() = 0. A valuation functionu is single-  Declaration sequenc® = (d°d!,...,d7T)
mindedif there existsS C M andxz > 0 such that minimizes external regrefor agent i if, for
o(T') = zif 5 C T andv(T) = 0 otherwise. We any fixed declarationd;, Y, u,(d!,d";) >
will write () for the zero valuation, an@, z) for a >, ui(di,d' ;) +o(T). Thatis, the utility of agent

single-minded declaration fd# at valuez. i approaches the utility of the optimal fixed strat-
An allocation rule A assigns to each valuationegy in hindsight.
profilev a feasible outcomgl(v); we write A;(v) Declaration sequenc® = (d°,d*,...,d")

for the allocation to agemt We write A for both an is an instance Ofesponse dynamicg, for all
allocation rule and an algorithm thatimplementsif. < ¢ < 7, profilesd!~! andd! differ on the
An allocation rule iSOSer-independerit, when- declaration of at most one p|ayer_ Response dy-
everv_;, v_, satisfy A(0,v_;) = A(D,v";) and namicsD is an instance obest-response dynam-
v (A;(0,v—_:)) = v;(A;(0,v";)) forall j # 4, ics if, wheneverd’~! and d’ differ on the dec-
then A(vi,v_;) = A(v;, v_;). In other words, |aration of agent, d! maximizes agent's utility
agenti's perception of the behaviour of depends given the declarations of the other bidders. That
only on those agents who would win if agerdid s, dt e arg max, {u;(d,d" ,)}.
not participate, and on their declared values for
their winnings. S .
A payment ruleP assigns a vector of, pay- 3 Regret-Minimizing Bidders
ments to each valuation profile. direct revela- In this section we prove that if agents avoid al-
tion mechanismM is composed of an allocationgorithmically dominated strategies and minimize
rule A and a payment rul®. The mechanism pro- external regret, then a loser-independent monotone



MechanismM 4: Lemma 3.1. Declaration d; is an undominated
strategy for agent if and only ifd;(S;) = t;(S;).

Input: Declaration profiled = dy, ..., d,.
Proof. For alld_;, M 4(d;,d_;) either allocates

1.d < SI MPLI FY(d). S; or () to agenti. Thus agent’s utility for declar-
2. Allocate A(d’), charge critical prices. ingd;, u;(d;,d_;), isti(Si)—GiMA(Si, d_;)when
Procedure S| MPLI Y- d;(Si) > 6;"'4(5;,d_), and0 otherwise. A dec-
laration of d;(S;) = t;(S) therefore maximizes

Input: Declaration profiled = dy, . .., d,. u;(d;, d—;) forall d_;.
On the other hand, ifl;(S;) # t:(S;), letd;’
1. For each € [n]: be the single-minded declaration f6f at value
2. ChooseS; € argmaxg{d;(S)}, breaking | ¢,(5;). Then for anyd_; such that;(S;, d_;)
ties in favour of smaller sets. lies betweend;(S;) and ¢;(S;), ui(d;’,d_;) >
3. di — (Si,di(S:)). u;(d;,d_;). For simplicity we will assume such
4. Return(dy, ..., d;,). ad_, exists; handling the general case requires

only a technical and uninteresting extension of no-
Figure 1: Mechanism for regret-minimizing bidderstatior?. Declarationd’, therefore dominates decla-
based on monotone allocation algorithfn Uses sub- rationd;. 0
procedureSl MPLI FY.
Recall our assumption that agents apply only al-
goritmically undominated strategies; Lemma 3.1
) ] _ then implies that each agent will declare her true
algorithm A can be converted into a mechanism, e for the set on which she makes her single-

with almost no loss to its average approximatiogyinded bid. We note that this assumption is not
ratio over sufficiently many rounds. The mechgginout loss of generality for regret-minimizing
nism, M_4, is described in Figure 1. Mechanismyiqgers, even in mechanisms that are dominant
M.4 proceeds by first simplifying the declarationateqy truthful. For example, in a Vickrey auc-
given by each agent, then passing the simplifig, of 5 single object, the declaration profile in
Qeclgratlc_)ns to _algonthrm. The resulting alloca- \\hich one agent bids much higher than anyone’s
tion is paired with a payment scheme that charggge value and all other agents tidorms an equi-

critical prices. librium, and thus all agents experience zero regret.
) However, as has been argued elsewhere [6, 9, 25],
3.1 Strategy Selection such strategy profiles seem unnatural: the overbid-

The simplification proces$l MPLI FY essen- ding agent risks obtaining negative utility if an-
tially converts any declaration into a single-minde@ther agent changes declaration, and the underbid-
declaration (and does not affect declarations th@ing agents gain nothing by biddinginstead of
are already single-minded). We will therefore agheir true values. We believe it is reasonable to as-
sume without loss of generality that agents maléime that agents will avoid such risky behaviour
single-minded declarations, as additional inform&nd restrict themselves to undominated strategies.
tion is not used by the mechanisim. One implication of Lemma 3.1 is that the strate-

Fix a particular combinatorial auction problen@ic choice of an agent participating in mechanism
and type profilet, and let.A be some monotoneM 4 reduces to a I|near_opt|m|zat|on problem. On
approximation algorithm. Letl be a declaration €ach round, we can think of agenas choosing
profile; we suppose each is a single-minded bid SetsS;, which is the set he will attempt to win that
for se.tSZ-.. We dr_aw the follpwmg conclusion about 57 6, A(55, d_;) never lies betweed; (S;) andt (S;) for
the bidding choices of rational agents. anyd_;, thenMa(ds, d_;) — Ma(dy',d_;) for all d_;,
sod; andd;’ are equivalent strategies. We can therefore think
of d; as being “the same” as a single-minded declaration for
4We note, however, that this is not the same as assumifig at valuet; (S;). We will ignore this technical issue for the

that agents are single-minded; our results hold for biddérs wremainder of the paper, in the interest of keeping the expasit
general private valuations. simple.




round. OnceS; is chosen, an undominated decla@;“(AZ—7d,i) — €. The definition of loser in-
ration for agent is determined: the single-mindeddependence implies that critical prices are the
declaration forS; at valuet;(S;). Given that agent same under declaration profiles and d’, and
i chooses seb;, his utility will be ¢;(S;) — w;, moreover A(d") = A(d). Since A is
wherew; = min{t;(S;), 07*(S;,d_;)} is the price a c-approximate algorithm,>", d;(A(d’)) >
for setS;, determined by the declarations of thé 3. dj(A;) > 13°,(0(4;,d—;) —€). Addi-
other agents, capped 8(S;). As a corollary, if tionally, sinced;(T") = d;(T") wheneverd;(T) >
an agent’s valuation is representable as a polyriy*(7,d_;) (from the definition ofd’), we have
mial number of mutually exclusive bids, then thé(.A(d’)) = d;(.A(d)) for all . We conclude that
regret-minimization algorithm of Kalai and Vem-Y_, d;(A(d)) > 1 Y.(64(4;,d—;) — ¢) for all
pala [22] can be used to efficiently choose strate=> 0, as required. O
gies that minimize external regret.
We are now ready to proceed with the proof of

3.2 Performance ofM 4 our main result in this section.

We now proceed with bounding the social wel-
fare obtained byM 4. Let A,,..., A, be an op- Theorem 3.4. Any monotone loser-independent
timal assignment for typet. Suppose thaD = approximate algorithm can be implemented as a
d!,...,d” is a sequence of declarations to ounechanism witle + 1 price of total anarchy.
mechanism. The definition of regret minimization

then immediately implies the following. Proof. Let D = d',....d" be a sequence of
declarations in which all agents minimize exter-

Lemma 3.2. If agenti minimizes his external re-nal regret. By Lemma 3.23 >, (t;(A(dY)) +
gret in bid sequenc®, then >, (t;(A(d")) + 6#A(A;,d",)) > t;(A;) — o(1). Summing over all
0; (A5, dL;)) = t(A;) = o(1). i,we haver 37, 57, (i (A(d")) +67'(4;,d" ) >

: ) ) . SWopr — (n)(o(1)). By Lemma 3.3, this implies
Proof. Letd] be the smgle-mlndeq q§clarat|on for% S, S (4 (A(AD) 4 edt (A(dY))) > SWopr —
setA; atvaluet;(A;). From the definition of regret (n)(o(1)). We knowd!(A(d?)) = ;(A(d?)) for

minimization, all 7 andt by Lemma 3.1, so we conclude

1 t t 1 U t
T 20 dn) 2 7 ) jwld di) o)y 1yswy (D) = (o ED S MACLL)

1
> 5 > (ti(A) = 0745, d2)) — o(1) > SWopr — (n)(o(1)).
t
oAy L AA qt Since the term hidden by the asymptotic notation
= 440 T Z 67 (Ai =) —o(1). vanishes witil” and does not depend anwe ob-

k tain the desired result. O

Sinceu; (dt,d" ;) < t;(A(d")) for all ¢, the result
follows. O Theorem 3.4 is very general, as it applies to
. ) ] a number of known algorithm for various prob-
Assume now that algorithm is loser indepen- |om settings. For example, Theorem 3.4 yields
dent. We can then relate the value of the solutigy, O(,/m) implementation of the combinatorial
retumed' by an a!gorithm tp the critical prices of ,ction problem [24], ar + 1 implementation of
the sets in an optimal solution. the combinatorial auction problem where sets are

Lemma 3.3. If .4 is a monotone loser-independenfestricted to cardinality (using a simple greedy

) B ;
c-approximate algorithm, thery". d;(A(d)) > algorlthm), ano(Bm!/(>~1) mplemeptaﬂon of
152 9A(A;,d_y). the unsplittable flow problem with minimum edge

capacityB [7], and anO(R*/3) implementation of
Proof. Choosee > 0. For eachi, let d; the combinatorial auction of convex bundles in the
be the pointwise maximum betweef and the plane whereR is the maximum aspect ratio over
single-minded declaration for seti; at value all desired bundles [1].



We note that, since agents experience no regketample 3.6. Consider an auction problem in
at a pure Nash equilibrium, an immediate corolwhich no agent can be allocated more thanb-
lary to Theorem 3.4 is that any monotone losejects, and moreoevel! = A U B where|A| =
independent-approximate algorithm can be im-B| = m/2 and the mechanism can either allocate
plemented as a mechanism withH- 1 price of objects inA or objects inB, but not both. Con-
anarchy. We remark that an alternative proof aider the algorithm that takes the maximum over
this result has been given recently using a differetwto solutions: a greedy assignment of subsets of
mechanism construction [6]. A, and a greedy assignment of subset®30fThis

Also, the rate at which the welfare obtained bglgorithm obtains as + 1 approximation, but is
M 4 converges to an average that isal approx- not loser-independent.
imation to optimal depends on the rate of conver- Consider now an instance of the problem in
gence of players’ external regret@oThe average which a single agent desires all &f with value
welfare obtained aftef rounds will have an addi- 1, and each ofn/2 agents desires a separate sin-
tive loss of(n)(r(T")), wherer(T) is the average gleton in A with value1 — e¢. Suppose that the
regret experienced by an agent afferounds. As- agent desiring3 declares his valuation truthfully,
suming that agents apply algorithms that minimizeut the other agents declare the zero valuation. On
regret at a rate of(7') = o(1/+/T), which is at- this input, the algorithm under consideration ob-
tainable using the algorithm of Kalai and Vempaltains only anm/2 approximation to the optimal
[22], the additive error term is at most a constaisblution. However, this set of declarations forms a

whenT is at least quadratic in. Nash equilibrium, and hence each agent has zero
regret under this input profile. Thus, even if agents
3.3 Resilience to Byzantine Agents minimize their regret, our mechanism may obtain a

Suppose that in addition to regret-minimizinvery poor approximation to the optimal social wel-

agents, the auction participants include byzanti?ﬁ%re over arbitrarily many auction rounds.

agents. The only restriction we impose on the be-
haviour of such agents is that they do not overbi Best-Response Agents

on any set; that isg;(S) < #i(S) foranySand ) yis section we consider the problem of de-

byzantine agent. We can motivate this restrlc-Signing mechanisms for agents that apply myopic

tion either through our characterization of undo Jest-response strategies asynchronously. Recall

inated _strategles in Lemma 3.1, or k_Jy thinking Shat in our model agents are chosen for update uni-
byzantine players as not understanding how to p%’rmly at random, one per round. In order to keep

ticipate rationally in the auction, and hence Iikel% . . o
o ' . ur exposition clear, we will make two additional
to be conservative in the way that they bid. Unde, P

thi i . L 3.3 holds f ssumptions about the nature of the best-response
IS assumption, Since Lemma 3.5 NOIOS 101 Al 5,6 (which can be removed, as we discuss in
declaration profile, we easily obtain the followin

o Bection 4.3). First, we will suppose that in the ini-
generalization of Theorem 3.4. tial state every bidder makes the empty declaration
(. Second, we suppose that if a bidder is chosen
for update but cannot improve his utility, he will
choose to maintain his previous strategy. These
assumptions will simplify the process of charac-
Eerizing best-response strategies of agents, and in
particular the statement of Lemma 4.4 in the next
section. Itis possible to remove these assumptions,
at the cost of a minor modification to the mecha-
nisms we propose. We defer a more complete dis-
3.4 Importance of Loser-Independence cussion to Section 4.3.

We note that the loser independence property isWe begin our analysis of myopic bidding strate-
necessary for Theorem 3.4, as the following exargies by considering mechanist 4, from Section
ple demonstrates. 3 (given a monotone loser-independent algorithm

Proposition 3.5. Supposea is a monotone loser-
independent-approximate algorithm and is a
declaration sequence fov1 4. If N C [n] is a col-
lection of agents that minimize regretin, and the
remaining agents never bid more than their tru
values on any set i, then = >, SW4(d") >

Ill ZieN SWopt + |N{(o(1)).



A). Itis tempting to guess that the best-responseWe leave the resolution of Conjecture 4.2 as an
dynamics for this mechanism will necessarily corepen problem. As partial progress, we construct
verge to equilibrium, but the following examplealternative mechanisms that are more amenable to
shows that this is not the case. best-response analysis. These mechanisms are tai-

Example4.1 Consider a combinatorial auctioHored specifically to the general combinatorial auc-
with 6 agénts and 4 objects, sdy, b, c,d}, un- tion problem and to combinatorial auctions with

der the feasibility constraint that each agent Caﬁqrdlnallty—restncted sets.' ) .
receive at most 2 items. Let be the greedy al- 1€ Primary tool we will use is the following
location rule that allocates sets greedily by valuBrobabilistic lemma, which pertains to any mech-

We consider an input instance given by the followISM In a best-response setting. Suppbsés a

ing set of true values (where the value for a set ng}echanlsm, and is a sequence of best-response

listed is taken to be the maximum over its subset§gclarations forM.  For anyd, let Pi(d) =

1(d_;) be some property ol that does not de-

player| set | value pend ord;, a_nd letP,(d) = P5(d;) be some prop-
1 0,0} 1 erty depending only od,.
1 {d} 6 Lemma 4.3. Suppose that, for ang, if P;(d_;)
2 {a} 2 is false, then any best response by agéend;,
2 {b,¢ct 5 satisfiesP»(d;). Then for alle > 0, if best-
i g& g response dynamics is run f& > ¢ 'n steps,
there will be at leas(3 — €)T" stepst for which

) p 2 = . i
Suppose the auction is resolved by mechanisiiner £1(d=;) or P»(d;) is true, with probability

. _ —Te*/32
M., and agents apply best-response dynamiét!eastl —e /32m,

Agegt;?; E.lrr::.jt?rzzrs”;?.lte'g“gii?a?gdt?et?]?e”all':’roof (sketch).Let B! be the event that neither
way ximiz Ir ULty by Ing truthiu y'Pl(dt_i) nor P,(dt) is true, and letd! denote the

ﬁqg?(ntswlharz]db?ddeiich rv]vi\?eha ?ttr:uiarggv CthIC?r t(%vent thatP (d?) is true. Our goal is to bound the
ake whe g. Which ot their tWo desIreq mber of occurrances d:.

sets should they bid upon? Note that once this P .
S L Note that if B! occurs and ageritis chosen for
decision is made, the way each agent bids is de- ' 41
: ; ) Update on step + 1, then A} occurs (by as-
termined by Lemma 3.1 (i.e. bid truthfully for the ; ; o
. o sumption). Alternatively, ifA: occurs but agent
desired set). It can be verified that from each oOf. v 1
. . . . 7 is not chosen for update on step- 1 then A;
the resulting 4 possible declaration profiles, some . i
: . : occurs, sinced; depends only on the declaration
player has incentive to change declaration. Thu : P 7
) . Of agenti. EventsA! and B! can therefore be
starting from one of these four declaration pro- v v
! . . compared to a random walk of®, 1}, where at
files, the best-response dynamics will never con- . .
L each step the current state changes with probabil-
verge to equilibrium.

ity 1/n. The number of occurrances Bf is dom-
The example above motivates a study of#élve inated by the number of occurrancesOoin such

eragesocial welfare ofM 4 over multiple rounds a random walk. A straightforward application of

of best-response dynamics. We conjecture thgie method of bounded average differences shows

on average, the best-response dynamics on meaiat this value is concentrated around its expecta-

nismM 4 approximates the optimal social welfareion, which is at mostg + 4. Thus, as long as

to within a constant factor of the approximation raf' > ¢~!n, the number of occurrances & will

tio of the original algorithmA. be at most'(1 + €) with high probability, giving

_ . the desired bound. Additional details appear in the
Conjecture 4.2. If A is a monotone loser- | version of the paper. O

independent-approximate algorithm, theo\V 4
hasO(c) price of (myopic) sinking. 4.1 A Mechanism for s-CAs

6Such a profile can be reached from the initial empty state ansider t.hestA prOblem’ which is a combi-
by choosing agert for update, followed by, 1, and ther2. ~ natorial auction in which no agent can be allocated




Mechanism M ¢ a: and@;(d, T) is the subset of those bidders whose
single-minded declared values are less than agent
Input: Declaration profiled = dy, ..., d. i's true value for7. Note thatR; on line 4 of
Mca is preciselyR;(d’,T;). We say thatd

is separated for agentif > . (45, di(9;) <
d;(S;) andd is separatedf it is separated for ev-
ery bidder. Since an agent gains positive utility
only if the declaration is separated for him, and
since the initial (empty) declaration profile is sep-
arated, we draw the following conclusion.

1.d « SI MPLI FY(d), sayd; = (S;,v;)
2.(Th,...,Ty) «— Asca(d).

3. For each such thafl; # 0:

4. R, < {j:S8;NnT; #0}.

5 pi(_ZjERi d](S])

6 If dil(Tq;) < p;, setT; «— 0, p; — 0.
7. AllocateTy, ..., T,, charge critical prices|

Lemma 4.4. At each step of the best-response

Figure 2: MechanismM,c., an implementation of dynamics for mechanisovi,c 4, the declaration
greedy algorithmA4,c 4 for the s-CA problem. profile submitted by the agents will be separated.

For the remainder of the section we will assume
that declaration profiles are separated. Under this

more thars objects. An algorithm that greedily as2Ssumption, the behaviour of mechanigvti;c 4
signs sets in descending order by value obtains SifPlifies in a fortuitous way.

(s+1) approximation. Call this algorithmA,c4.  Proposition 4.5. If d is separated, theo\,c 4
We will construct a mechanismM;c4 based on allocatesS; to agenti precisely wheni;(S;) >
Asca; itis described in Figure 2. This algorithmmaneRi(Si‘d) d;(S;).
simplifies incoming bids (in the same way.&$ 4) ’
and runs algorithmd,c 4 to find a potential allo-
cation. However, an additional condition for in<
clusion in the solution is imposed: the value gl anddi(Si) >3- ic g, a,s,) 4i(S5)-
clared for a set must be larger than the sum of all SUpPPose thail;(S;) > maxcp,(s,.a) d;(5;)-
bids for intersecting sets. Potential allocations thaf'€nAsca(d’) allocatess; to agenti, and fur-
satisfy this condition are allocated, and the mectflermoreQ;(S;,d) = R;(S;,d). Sinced is sep-
anism charges critical prices (that is, the smalledfated.di(Si) > > ;e (s,.a) 4;(5;) and there-
value at which an agent would be allocated their s@¥€ di(Si) > > ;cr,(s,.a) 4i(S;). We conclude
by M4, which is not necessarily the same as tHBat.S; will be allocated to agentby Mc4. On
critical price for.A,c 4). We claim thatM 4 ob- the other hand, ifl;(S;) < maxjeg,(s,.a) d;(5;),
tains anO(s) approximation to the optimal sociathen certainlyZ;(S;) < 3" .. (s, a) 4;(S;), S0S;
welfare on average over sufficiently many rounds not allocated to agefitoy Mca. O
of best-response_dynamms. L Let A4,..., A, be an optimal allocation with
We note that since our mechanism ,'mplem,enltéspect to the agents’ true types
a monotone algorithm and charges critical prices,
Lemma 3.1 implies that undominated strategies fBroposition 4.6. If d is separated and
agenti involve choosing a ses; and making a >_;cp,a.4,) 4i(S;) < 3ti(4:), then any
single-minded bid foiS; at valuet;(S;). We will  utility-maximizing declaration for agert d;, will
therefore assume that agents bid in thisway. ~ be a single-minded declaration for sonsg with
Suppose thatl is a declaration profile, whered:(Si) > 5ti(A;).
eachd; is a single-minded dec!aration for SOM®, 1 of It can be verified thag*sc4 (A5, d_,) =
setS;. For any sefl’ C M, defineR;(d,T) = o S
(j:j £ i85 NT £ 0}. We also define 2 jeri(d,A 4i(55), so agent would obtain util-
a1y = {} :Jj € Ri(A.T).d:(S)) < t:(T)). ity at Iegst%ti(Ai) by making a single—miﬁded
That is, R;(d, T) is the set of bidders other tharfleclaration for setl; at valuet;(4;). His utility-

i whose single-minded declared sets interggct maximizing declaration must therefore make at
least this much utility, and hence is a bid for some

7And ans approximation for single-minded declarations. setsS; with d;(.S;) = t;(S;) > %tZ(AZ) O

Proof. Note thatM -4 allocatesS; to agent; if
and only if A;c 4 allocatesS; to agenti on input
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For declaration profilel, let G denote the set of | Mechanism M 4:

agentsi for which either) " . » g 4,)4;(S;) = | Input: Declaration profiled = d, . .., d,.
1t;(A;) ord;(S;) > 3ti(A;). We can then bound

the social welfare obtained by, 4 with respect | 1.d" — SI MPLI FY(d), sayd;" = (S, v;)
to the optimal assignment to agent<in 2. With probability-~:
3. Foralliwith S; = M, d;’ — 0.
Lemma 4.7. 4. Let(Th,...,T,) — M smea(d).
1 5.1F3i: S, = M:
> — i(A;). ] L g
SWat,oa(d) > D) 2 ti(A;) g Letj « argmaxj{d] (M):S; =M}.

It d(S;) > > 5 z.5,=n @ (Sk) and
d;(S;) > 32, di(Th):

8. Setl; — M, T; — (foralli # j
9. AllocateTh, ..., T,, charge critical prices|

We are now ready to bound the average social
welfare of our mechanism, over sufficiently many
rounds, with respect to the approximation factor o
algorithm A.

Figure 3: MechanisnM ¢ 4, a best-response implemen-

Theorem 4.8. Choosee > 0 and supposé) = tation of a greedy algorithm for the CA problem. Param-
erv > 0 is an arbitrarily small positive constant. Note

. ) t
d',...,d" is an instance of best-response dynany- . ) .
ics with random player order, where agents plgz/lﬁ“ Is Msc.a from Figure 2 withs = v/m.

undominated strategies, affd> ¢~ 'n. Then

SWro, (D) > (1—26) SW(t) SWt,oa(D) > 5y SWope(t) with high proba-

8(s+1) bility. Thus M4 implements arO(s) approxi-
mation to thes-CA problem for best-response bid-
ders, on average, when the number of rounds is
superlinear im.

with probability at leastt — ne=7¢"/32n,

Proof. Let G, be the set of agents from Lemma

4.7 on stept (i.e. with respect to declaration42 A Mechanism for General CAs
d’). Lemma 4.3 and Proposition 4.6 together im-’ : i .
ply that each agent will be in G, for at least Consider the following algorithm for the gen-

(Y — ¢)T values oft, with probability at least eral CA problem: try greedily assigning sets, of

2 H . H
. ; . size at most/m, by value; return either the result-
1 — e~T<*/32n_The union bound then implies tha y

. . o ‘ng solution or the allocation that gives all items
this occurs2 for every agent with probability at Iea% a single agent, whichever generates more wel-
1 — ne~T< /327 Conditioning on the occurranc

i L &are. This algorithm is a®(y/m) approximation
of this event, Lemma 4.7 implies [26]. We will construct a mechanistv 4 based
on this algorithm; itis described in Figure 834 4

1
SWa.on(D) = T Z SWt.e(dY) essentially implements two copies 6, 4: one
t for sets of size at mosy/m (which we will call
> 1 Z Z t4(Ay) Mﬁc4), and one for allocating all objgcts toa
4(s+1)T single bidder. M4 then takes the maximum of

t icGy . L. .
1ee the two solutions. We add one additional modifica-

> _ ZT <1 - €> t;(A;) tion: with vanishingly small probabilityy, Mca
Als + )T i 2 ignores bids for\/ and behaves aé1, ;4. The
1 — 2 purpose of this modification is to encourage agents
= (8(s+1)> SWopt(t)- to bid on small sets, even when the presence of a
high-valued bid for a large set would seem to indi-
as required. [0 cate that bidding on small sets is fruitless.
The analysis of the average social welfare ob-
If we takee to be a small constant and assunained by M4 closely follows the analysis for
T = Q(n'*%) for somes > 0, we conclude that M,c4. Our high-level approach is to apply this
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analysis twice: once for allocations of sets of siz&gent: results in positive expected utility. Since
at most,/m, and once for allocations of all objectsaany non-separated declaration results in a utility of
to a single bidder. The primary complication is that, it must be that the utility-maximizing declara-
the bidding choice of an agent may be influenceibn by any agent must be separated.

by the mechanism’s choice of whether or not to al- It follows that after each bidder is chosen at least
locate M to a single bidder; this can be handlednce for update, and every step thereafter, the in-
by a careful analysis of utility-maximizing declaput declaration will be separated. Thus, with high
rations. The details are deferred to the full versigerobability, every declaration afte©(nlogn)

of the paper. We obtain the following result. steps will be separated. Lemma 4.4 will there-
fore hold afterO(nlogn) steps of best-response

TlheoremT4.9. C'hoosee > 0 and suppose) = dynamics, with high probability; the remainder of
d*,...,d" is aninstance of best-response dynanEhe analysis then proceeds as before
ics with random player order, where agents play '

undominated strategies, affd> ¢~ 'n. Then _
5 Conclusions and Future Work
1—2e

W) SWopt(t) We considered the problem of designing mech-
anisms for use with regret-minimizing and best-
response bidders in repeated combinatorial auc-
tions. We presented a general black-box construc-
If we takee to be a small constant and assunt@n for the regret-minimization model, which im-
T = Q(n'+%) for somes > 0, we conclude that plements any monotone loser-independent approx-
SWatea (D) > ﬁsmm(t) with high prob- imation algorithm. For the best-response model,
ability. Thus M, implements arO(y/m) ap- We constructed ai©)(,/m)-approximate mecha-
proximation to the general CA problem for bestdism for the combinatorial auction problem.
response bidderS, on average, when the number O@ne direction for future research is to extend

SWatea(D) = (

with probability at leastl — 2ne=7<"/32n,

rounds is superlinear in. our results to implement additional algorithms.
_ - _ Our best-response mechanisms made specific use
4.3 Removing Additional Assumptions of the structure of greedy CA algorithms, but it

Recall that we made two additional assumptiorseems likely that our approach can be generalized.
in our model of best-response dynamics: that eaéhwould also be worthwhile to explore efficient
bidder makes the empty declaratifrin the ini- algorithms for minimizing regret and determin-
tial state, and that if a bidder is chosen for upng best-responses when agent types are exponen-
date, but cannot improve his utility, he will choos#al (e.g. general combinatorial auctions), possibly
to maintain his previous strategy. We used thetgilored to particular problem settings and algo-
assumptions to argue that agents make only s#iaims. Another question of note is whether Con-
arated declarations when participating in mechggcture 4.2 is true, and the mechanism we proposed
nismsMgyc4 andMc 4. for regret-minimizing bidders also yields good per-

These assumptions can be removed as folloviermance for best-response bidders. More gen-
We modify mechanismaf,c 4 andMc 4 so that, erally, can our techniques be modified to apply
with vanishingly small probability, an alternativgo algorithms that are not loser-independent? A
allocation rule is uséd This alternative rule broader research topic is to explore other models
chooses an agent at random and assigns himfafireasonable bidder behaviour, which may admit
objects (or a randomly chosen maximal feasibiifferent mechanism implementations.
set of objects) at no cosis long as the input dec-

Iarat!qn is separa}ted for that agentUnder th'is Acknowledgements
modified mechanism, any separated declaration by
h . _ _ _ Many thanks go to Allan Borodin and Silvio
_"As discussed in Section 1.1, this perturbation can Rgicq)i for helpful discussions, and to the anony-
viewed as a trembling-hand variation of the best-response so .
lution concept, rather than an introduction of randomnetss inMOUS referees whose comments greatly improved
the allocation algorithms. the quality of this paper.
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