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Abstract
We propose a methodology for automatic generation of

divide-and-conquer parallel implementations of sequential

nested loops. We focus on a class of loops that traverse read-

only multidimensional collections (lists or arrays) and com-

pute a function over these collections. Our approach ismodu-
lar, in that, the inner loop nest is abstracted away to produce

a simpler loop nest for parallelization. The summarized ver-
sion of the loop nest is then parallelized. The main challenge

addressed by this paper is that to perform the code transfor-

mations necessary in each step, the loop nest may have to be

augmented (automatically) with extra computation to make

possible the abstraction and/or the parallelization tasks. We

present theoretical results to justify the correctness of our

modular approach, and algorithmic solutions for automa-

tion. Experimental results demonstrate that our approach

can parallelize highly non-trivial loop nests efficiently.

CCS Concepts • Computing methodologies → Paral-
lel programming languages; • Theory of computation →

Program verification; Parallel computing models;

Keywords Parallelization, Program Synthesis, Homomor-

phisms, Divide and Conquer
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1 Introduction
The advent of multicore computers and development of APIs

like OpenMP [10], CUDA [32], and TBB [33] has increased

the popularity of parallel programming for performance
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gains. Despite big advances in parallelizing compilers, cor-
rect and efficient parallel code is often hand-crafted through

a time-consuming and error-prone process. These APIs im-

plement commonly used parallel programming skeletons that
ease the task of parallel programming. Instead of writing

a parallel program from scratch, a programmer needs to

only specify the key components of a particular skeleton.

Divide-and-conquer parallelism is the most commonly used

of such skeletons for which, the programmer has to specify a

split, a work, and a join function. We propose a methodology

to automatically generate these components from an input

sequential code.

We focus on a class of divide-and-conquer parallel pro-

grams that operate on multidimensional sequences (e.g. mul-

tidimensional arrays, or in general any collection type with

similar recursive structure) in which the divide (split) op-
erator is assumed to be the inverse of the default sequence

concatenation operator (i.e. divide s into s1 and s2 where

s = s1 • s2). Our input programs are loop nests that traverse
the multidimensional data in accordance with their recursive

structure. These programs are assumed not to modify their

input and to have unbreakable data flow dependencies.

Consider a three dimensional n×m× ℓ arrayA (with both

positive and negative elements) and the sums of the elements

of subarrays A[k ..n − 1, 0..m − 1, 0..ℓ − 1] (for all 0 ≤ k < n).
The code in Figure 1(a) discovers the maximum subarray sum

over all such subarrays. Intuitively, considering the array as a

int max_bot_box_sum = 0;
for (i = 0; i < n; i++) {

int plane_sum = 0;
for (j = 0; j < m; j++) {

for (k = 0; k < l; k ++)
{ plane_sum += A[i][j][k]; } }

max_bot_box_sum =
max(max_bot_box_sum + plane_sum, 0);

}

(a)

int max_bot_box_sum = 0;
int aux_sum = 0
for (i = 0; i < n; i++) {

int plane_sum = 0;
for (j = 0; j < m; j++) {

for (k = 0; k < l; k ++) {
{plane_sum += A[i][j][k];} }

aux_sum = aux_sum + plane_sum;
max_bot_box_sum =

max(max_bot_box_sum + plane_sum, 0);
}

(b)

aux_sum = aux_sum_l + aux_sum_r;
max_bot_box_sum = max(max_bot_box_sum_r,

aux_sum_r + max_bot_box_sum_l);

(c)

Figure 1.Maximum bottom box sum (mbbs).
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dependencies. A less efficient solution that enumerates all

boxes is easier to parallelize.

It is easy to observe that the code is not (divide-and-

conquer) parallelizable. Let us assume it is. Then there exists

a binary function ⊙ that can combine results of two instances

of the code (mbbs) run on two adjacent boxes to produce the

same results for the concatenated box.

mbbs
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Let b = [5] (a 1 × 1 × 1 box) and consider two choices for b ′,
namely [−3, 3] and [0, 3] (2×1×1 boxes). Althoughmbbs(b ′)
is 3 in both cases, the join needs to produce two different

answers formbbs(b •b ′). This contradicts ⊙ being a function.

Nonexistence of the join operator implies that mbbs, the
function computed by the loop, is not a homomorphism. Now,

consider the modified code illustrated in Figure 1(b). A new

accumulator aux_sum is added (in orange), which maintains

the sum of the elements inA[0..i − 1, 0..m− 1, 0..ℓ− 1] at the

I O

O ⇥ A

loop
sequential

parallelizable

projectionloop

i-th iteration of the outer loop. Note that

mbbs (b) is producing a pair of integers
now, instead of a single integer. This ex-

tending of a function’s signature is called

lifting, in the standard sense of lifting a

morphism in category theory, and is il-

lustrated on the right. (I ,O ) denotes the input and output

of the original sequential loop, and a lifting of the code ad-
ditionally computes auxiliary information denoted by A. If
the lifted function is a homomorphism, then a parallel join

exists for it. Figure 1(c) illustrates the parallel join for the

lifted maximum bottom box code.

1.1 Modular Parallelization
Figure 2(a) illustrates the flow of data in a generic nested loop

(of arbitrary depth), where si denotes the state of the loop
nest (e.g. a tuple of program variables). The black arrows

correspond to the computation of one instance of the body

of outermost loop, while the blue arrows correspond to the

computation of one instance of the inner loop nest.

The goal is to parallelize, divide-and-conquer style, the
outermost loop with the assumption that the dependencies

are unbreakable. In [11], we proposed a semantic solution to

this problem for simple (non-nested) loops by lifting their
computations to homomorphisms. To generalize such a se-

mantic solution to nested loops, one comes across the very

hard problem of computing a semantic summary of the func-

tionality of the inner loop nest, to be used in the analysis of

the outer loop. Despite big strides in program analysis tech-

niques [9, 20], this type of semantic summary computation

remains limited to classes of loops whose invariants (sum-

maries) are within decidable theories, and even then, mostly

proof-driven rather than summarizing full functionality.

We propose a methodology that circumvents this problem

through a modular solution. We divide the dependencies in

...

. . .

s0 s00

s1

sn1�1

sn1

s01

s0n1�1

...

...

s0

sn1

sn1�1

s1
}}}

}}}

}}}

. . .

...

/0

/0

/0

(a) (b)

t0

t1

tn1�1 ...

...

inner loop[]

}}}

}}}

}}}

s0

sn1

sn1�1

s1
t0

t1

tn1�1

(c)

Figure 2. Dependencies in a general sequential nested loop

(a) vs. a memoryless one (b), which is summarized in (c).

Figure 2(a) into two categories and resolve them separately.

The black arrows force every instance of the inner loop nest

to be executed only after the results of all previous instances

are ready. Contrast this with the diagram in Figure 2(b),

where each instance of the inner loop nest starts from a fixed

(constant) initial state /0, and therefore, all instances can be

run in parallel. The sequential binary operator ⊚ merges the

results of the inner loop nest (ti ) with the current state of the

outermost loop (si ) and makes the required adjustments (to

get si+1). We call such a loop nest memoryless. The terminol-

ogy is inspired by the fact that all the instances of the inner

loop nest implement the same function (that starts from the

same initial state /0). If a general loop nest is transformed to

a memoryless one through the introduction of new compu-

tation (i.e. ⊚), then this results in the removal of the black

arrow dependencies. The inner loop nest can be executed

by a parallel map. The outermost loop remains sequential.

Observe that the loop in Figure 1(a) is memoryless.

Transforming a general loop to a memoryless one is not

always straightforward. Due to lack of information in the

loop state, no such binary function (operator) ⊚may exist. In

these cases, one needs to deduce additional information to be

computed by the inner loop nest to facilitate the existence of

⊚, that is, the inner loop nest has to be lifted. Transforming

a general loop to a memoryless one involves solving two

subproblems: (i) producing an implementation for ⊚, and (ii)

discovery of auxiliary computation when such an operator

does not exist. Solving these two problems are two of our

key contributions (Sections 7.2 and 5.3).

When the loop is memoryless, the inner loop nest can be

abstracted away to get a summarized (potentially simpler)

loop. As shown in Figure 2(c), the results of the computa-

tions of the inner loop nest are assumed to be stored in

a (conceptual) array (called inner_loop[]), and therefore

the loop nest is removed. The summarized loop fetches the
int max_bot_box_sum = 0;
for (i = 0; i < n; i++) {

max_bot_box_sum =
max(max_bot_box_sum
+ inner_loop[i], 0);

}
<latexit sha1_base64="CrUdo+a7VVbU7f//n4DYBteJvzs="></latexit><latexit sha1_base64="CrUdo+a7VVbU7f//n4DYBteJvzs="></latexit><latexit sha1_base64="CrUdo+a7VVbU7f//n4DYBteJvzs="></latexit><latexit sha1_base64="CrUdo+a7VVbU7f//n4DYBteJvzs="></latexit>

results from inner_loop[] to

perform its computation. Any

memoryless loop can be sum-
marized this way. For example,

on the right, the summarized
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version of the memoryless 3-nested loop of Figure 1(a) is

illustrated.

The crucial observation is that the summarized loop is

efficiently parallelizable if and only if the original one is (The-
orems 4.7 and 5.3). Therefore, the problem of parallelizing

the original loop is soundly and completely reducible to the

problems of (i) producing the summarized loop, and (ii) par-

allelizing it. Summarization can substantially simplify the

parallelization task. For example, the approach in [11] can

parallelize the summarized loop above, precisely by adding

the auxiliary computation illustrated in Figure 1(b), while

it cannot be directly applied to the original loop in Figure

1(a). Summarization, however, does not always yield a simple

loop like the one above, and therefore, the approach in [11]

is not always applicable to a summarized loop.

To parallelize the summarized loop, two subproblems have

to be solved: (a) Automatic lifting of nested loops to paral-

lelizable code, and (b) automatic generation of the parallel

join for nested loops. Problem (b) is easier to solve. In Section

7, we build on our technique from [11] to extend it to nested

loops. The lifting problem is more complex. We solve it by

reducing it to two well-known problems, namely normal-
ization (in term rewriting systems) and recursion discovery.
In section 8, we discuss the reduction and propose simple

heuristics for both problems. Our modular parallelization

methodology comprises theoretical results and algorithms

for generating all required additional code. Figure 7 outlines

the applications of the theorems and the contributed algo-

rithmic modules, and therefore, serves as detailed summary

of our technical contributions. Due to the undecidability of

the problem, some of our algorithms are heuristics. We pro-

vide experimental results to demonstrate the effectiveness

of these heuristics in fully automatically and efficiently pro-

ducing divide-and-conquer parallelizations for some highly

nontrivial nested loops. Beyond facilitating full automation,

we believe that our methodology is also a systematic ap-

proach that can guide programmers in writing correct and

efficient parallel code manually.

2 Motivating Examples
We use two difficult-to-parallelize examples to underline the

challenges of parallelizing the class of nested loops targeted

in this paper and outline the strengths of our methodology.

2.1 Balanced Parentheses
This example demonstrates that transforming a nested loop

to a memoryless one can be complicated. A string is balanced
if the total number of left and right brackets match, and

any prefix of the string has at least as many left brackets

as right ones. Assume that the input is a two-dimensional

array containing a large bracketed math expression, one

row per each line. A line l of input x is level if we have x =
x1 ·l ·x2, where l and x1 are both balanced. The code in Figure

int offset, count_lines = 0; bool bal=true;
for(int i = 0; i < n; i++) {

int line_offset = 0;
for(int j = 0; j < length(a[i]); j++) {
line_offset += a[i][j] == "(" ? +1 : 0;
line_offset += a[i][j] == ")" ? -1 : 0;
if (offset + line_offset < 0)

{ bal = false; }
}
offset += line_offset;
if (bal && line_offset==0 && offset==0)

{ count_lines++; }
}

Figure 3. Balanced Parentheses.
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mained nonnegative. We encourage the reader to manually

parallelize the outer loop to get a sense of the difficulty of

this problem.

The loop is not memoryless; unbreakable dependencies on
bal and offset variables induce the black arrows from the

diagram in Figure 2(a). One cannot remove the dependency of

the update to bal on the value of offsetwithout having the
inner loop compute an extra value. Specifically, the minimum

value of line_offset, during the execution of the inner loop,
should be made available to the outer loop. If this does not

cause offset to dip below 0, then offset + line_offset
should have remained positive throughout the inner loop

execution, and therefore the value of bal can be recovered.

The code in Figure 4 illustrates the lifted code (modifications

are highlighted). The loop in Figure 4 is memoryless and can
be summarized as below.

int offset, count_lines = 0; bool bal = true;
for(int i = 0; i < n; i++) {

offset += inner_loop[i].line_offset;
bal &&= (offset + inner_loop[i].min_offset > 0);
if (bal && inner_loop[i].line_offset == 0 && offset == 0)

{ count_lines++; }
}

In Sections 5 and 8, we discuss how the min_offset accumu-

lator can be discovered automatically. Can the summarized

loop (above) be parallelized? No! The reader can verify that

a parallel join does not exist. Furthermore, the loop can-
not be efficiently lifted (theoretically impossible); that is, the

addition of more scalar accumulators will not transform it

to a homomorphism. The transformation of the loop to a

memoryless one parallelizes all instances of the inner loop

int offset, count_lines = 0; bool bal = true;
for(int i = 0; i < n; i++) {

int line_offset, min_offset = 0; bool line_bal=true;
for(int j = 0; j < length(a[i]); j++) {
line_offset += a[i][j] == "(" ? +1 : 0;
line_offset += a[i][j] == ")" ? -1 : 0;
if (0 + line_offset < 0) {line_bal = false;}
min_offset = min(min_offset, line_offset);

}
offset += line_offset;
bal = bal && (offset + min_offset > 0);
if (bal && line_offset == 0 && offset == 0)

{ count_lines++; }
}

Figure 4.Memoryless balanced parentheses.
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}
removed inner loop

}

(a) (b) (c)

removed inner loop

int rec[];
for (i = 0; i < n; i++) {

int row_sum = 0;
for (j = 0; j < m; j++) {

row_sum += A[i][j];
rec[j] += row_sum;
mtl_rec = max(mtl_rec, rec[j]);

}
}

<latexit sha1_base64="R4y1mxvp2EqNGjETaZcDtCMuOQk="></latexit><latexit sha1_base64="R4y1mxvp2EqNGjETaZcDtCMuOQk="></latexit><latexit sha1_base64="R4y1mxvp2EqNGjETaZcDtCMuOQk="></latexit><latexit sha1_base64="R4y1mxvp2EqNGjETaZcDtCMuOQk="></latexit>

int rec[];
int mtl_rec = 0;
for (i = 0; i < n; i++) {

// the loop implementing
for (j = 0; j < m; j++) {

rec[j] = rec[j] + inner_loop[i][j];
mtl_rec = max(mtl_rec, rec[j]);

}
}

<latexit sha1_base64="AYTPnwv9jMobeGgL4kYmLHPnoOs="></latexit><latexit sha1_base64="AYTPnwv9jMobeGgL4kYmLHPnoOs="></latexit><latexit sha1_base64="AYTPnwv9jMobeGgL4kYmLHPnoOs="></latexit><latexit sha1_base64="AYTPnwv9jMobeGgL4kYmLHPnoOs="></latexit>

int rec[], max_rec[];
int mtl_rec = 0;
for (i = 0; i < n; i++) {

// the loop implementing
for (j = 0; j < m; j++) {

rec[j] = rec[j] + inner_loop[i][j];
max_rec[j] = max(max_rec[j], rec[j]);
mtl_rec = max(mtl_rec, rec[j]);

}
}
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Figure 5. Maximum top-left subarray sum (a), its summarized version (b), and the lifting to parallelizable code (c)

(implementable by a parallel map). But, the outer loop com-

putation cannot be efficiently turned into a parallel reduction.
Yet, the parallelization of the code through the discovery of

the map alone yields a reasonable speedup (Section 9).

2.2 Maximum Top-Left Subarray Sum
This example demonstrates that parallelization of the outer

loopmay be nontrivial even after a successful summarization.

Consider a two-dimensional array of integers (with both

positive and negative) elements. Assume that the goal is to

compute the maximum sum of the elements of a subarray

A[0..k, 0..ℓ] for all 0 ≤ k < n and 0 ≤ ℓ < m, i.e. all subarrays

that include the top-left corner (0, 0). The code in Figure

5(a) is a clever single-pass implementation of this function.

Note that the inner loop has a state (variable) rec[] that is
the same size as the width of a row (m). In rec[j], the loop
maintains the sum of all elements in the subarrayA[0..i, 0..j].
The loop is not memoryless due to the dependencies induced
by both rec[] and mtl_rec. Again, we encourage the reader
to think about how they would parallelize the code manually.

Figure 5(b) illustrates the memoryless and summarized

variation of the code. The transformation is straightforward,

but the summarized loop is still a 2-nested loop and not

parallelizable (i.e. not a homomorphism); that is, the operator

⊚ from diagram in Figure 2(b) has to be implemented as a

simple loop to correctly update variables rec[] and mtl_rec.
The transformation underlines a subtle point, namely that,

the relevant information from the input array is the sum
values of the subarrays starting from the (0, 0) and ending

at (i, j ), and not the values of A[i][j]’s. This abstraction is a

key to the simplification of the lifting of the outer loop to a

homomorphism for parallelization.

The code needs to be lifted as illustrated in Figure 5(c). A

new variable max_rec[] has to be introduced that maintains

the maximum value of rec[j] (for 0 ≤ j < n). Discovery of

such variables, that is arrays of accumulators, is not required

for parallelization of simple loops [11]. The time complexity

budget for a parallel join operator of a simple loop is con-

stant time, and therefore non-constant sized variables are

pointless. For nested loops, however, as this example demon-

strates, they may be essential. In Section 8, we propose a new

algorithm for discovering liftings like this automatically.

Now, a parallel join operator can combine the value of

rec[] from the top thread and max_rec[] from the bottom

int rec[] = rec_l[], max_rec[] = max_rec_l[];
int mtl_rec = mtl_rec_l;
for (j = 0; j < m; j++) {

rec[j] = rec[j] + rec_r[j];
max_rec[j] = max(max_rec[j], rec_l[j] + max_rec_r[j]);
mtl_rec = max(mtl_rec, max_rec[j]);

}
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Figure 6. The parallel join for Figure 5(c).

thread to account for subarrays that intersect two adjacent

array chunks, as illustrated in Figure 6. The two challenges

underlined by this example are (i) the synthesis problem of

a parallel join operator which is a looping computation, and

(ii) the discovery of auxiliary information for lifting which

is not constant-sized.

3 Notation and Background
Sequences and Functions. We assume a generic type Sc
that refers to any scalar type used in typical programming

languages, such as int and bool whenever the specific type

is not important in the context. Scalars are assumed to be

of constant size, and conversely, any constant-size repre-

sentable data type is assumed to be scalar. Consequently,

all operations on scalars are assumed to have constant time

complexity. Type S defines the set of all sequences of ele-
ments of type Sc. For any sequence x , x[i] (for 0 ≤ i < |x |)
denotes the element of the sequence at index i , and x[i ..j]
denotes the subsequence between indexes i and j (inclusive).
The concatenation operator • : S × S → S defined over

sequences is associative. The sequence type stands in for

arrays, lists, or any collection data type that admits a linear

iterator and an associative composition operator.

Definition 3.1. A function h : S → D is rightward iff there

exists a binary operator ⊕ : D × Sc → D such that for all

x ∈ S and a ∈ Sc, we have h(x • [a]) = h(x ) ⊕ a.

Note that the notion of associativity for ⊕ is not well-defined,

since it is not a binary operation defined over a set (i.e. the

two arguments to the operator have different types). A left-

ward function is defined analogously using the recursive

equation h([a] • x ) = a ⊗ h(x ).
Homomorphisms are a well-studied class of mathematical

functions. We are interested in a special class of homomor-

phisms, where the source structure is a set of sequences with

the standard concatenation operator.
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Definition 3.2. A function h : S → D is ⊙-homomorphic

for binary operator ⊙ : D × D → D iff for all sequences

x ,y ∈ S we have h(x • y) = h(x ) ⊙ h(y).

Note that ⊙ is necessarily associative since concatenation

is associative (over sequences). Moreover, h([]) (where [] is
the empty sequence) is the unit of ⊙, since [] is the unit of

concatenation. If ⊙ has no unit, thenh([]) is undefined. There
is a formal connection between homomorphisms and divide-

and-conquer style parallelism, when the divide operator is

the inverse of concatenation:

Proposition 3.3. (from [17]) A function f is a homomor-
phism if and only if it can be written as a composition of a
map and a reduction.

In the context of this paper, parallelization is formally the

above transformation to a map and a reduction composition.

3.1 Program Model
Due to space restrictions, we forgo the formal definition of

the input language since an informal exposition provides

enough clarity. Our input sequential programs are written

in a simple imperative language with basic constructs for

branching and looping. The language includes scalar types

int and bool, and a collection type seq. The syntax of the
language is standard and is given in [12].

Model of a loop body We use a functional form to model

and manipulate nested loops. We use a fairly standard trans-

lation (sketched in [12]) to transform the nested loops writ-

ten in an imperative language to functional form using let-

bindings, nested functions, and tuples.

State and Input Variables Let Var be the set of all vari-
ables that appear in the loop nest. We partition Var into two

sets of variables: SVar denotes the set of state variableswhich
are those that appear on the left-hand side of an assignment

statement (anywhere, even outside the loop nest). IVar de-
notes the set of input variables and IVar = Var − SVar. Note
that state variables may be subscripted array accesses.

4 Multidimensional Collections
Type Sn is inductively defined as the set of all n-dimensional

sequences (for n ≥ 1), with the base case of S0 = Sc (set of
scalars). We generalize the standard sequence concatenation

operator • to a family of operators • : Sn × Sn → Sn (for

all n ∈ N+). For any σ ∈ Sn−1, we have [σ ] ∈ Sn which is

an n-dimensional sequence with a single element σ .

4.1 Functions over Multidimensional Collections
In Section 3, we noted that loop nests are translated to func-

tional form. We use this functional form as the formal repre-

sentation for all of our theoretical results.

Definition 4.1. (Multidimensional Rightward) A function

f : Sn → D (n > 1) is rightward iff there exists a family of

rightward (or leftward) functionsG : D → (Sn−1 → D) and

an operator ⊗ : D×D → D such that for allσ ∈ Sn ,δ ∈ Sn−1,
we have f (σ • [δ ]) = f (σ ) ⊗G( f (σ )) (δ ).

The base case of n = 1 falls on the classic Definition

3.1. A rightward function’s computation is illustrated in the

diagram in Figure 2(a). Note that the value of f (σ ) (as the
selector in the family of functions) serves as a type of carry
over state and corresponds to the data flow represented by

the black arrows in Figure 2(a). The family of functions can

be viewed as only differing in their recursion base case.

When f corresponds to a loop nest, the family of right-

ward functionsG represents all the instances of the inner

loop nest (in isolation from the outermost loop) and the op-

erator ⊗ represents the (loop free) computation performed

in the body of the outer loop. The domain D corresponds to

all valuations of the state variables (SVar) of the loop nest.

A special case of Definition 4.1 is when the family of func-

tions collapses into exactly one function, which corresponds

to memoryless loops as introduced in Section 1.1. We can

formally define memoryless functions by removing the de-

pendency on the context as follows:

Definition 4.2. (Memoryless) A function f : Sn → D
is (rightward) memoryless iff there exists a rightward (or

leftward) function д : Sn−1 → D and a binary operator

⊕ : D × D → D such that for all σ ∈ Sn ,δ ∈ Sn−1 we have
f (σ • [δ ]) = f (σ ) ⊕ д(δ ).

The key difference between the formulation in Definition

4.1, and that of Definition 4.2 is the computation performed

over δ (i.e. function д) has no dependency on the partially

computed value of f (σ ); hence the use of terminology mem-
oryless. Figure 2(b) illustrates the computation of a memory-

less function. As the example in Section 2.1 demonstrated,

not all rightward functions are memoryless.

Proposition 4.3. For every rightward memoryless function
f (from Definition 4.2), we have f (σ ) = foldl (⊕) ◦map(д) (σ ).

The proof of the above proposition is straightforward. It

suggests that all instances of д (the inner loop nest) can be

parallelized, through the map, even if their results have to

be combined sequentially in the outermost loop with foldl.

4.2 Multidimensional Homomorphisms
Definition 3.2 applies to multidimensional rightward func-

tions in a straightforward way. Function h : Sn → D is

⊙-homomorphic for the binary operator ⊙ : D × D → D iff

for all sequencesσ ,σ ′ ∈ Sn , we haveh(σ•σ ′) = h(σ )⊙h(σ ′).
An interesting link exists between the structure of a multidi-

mensional rightward function and its homomorphic proper-

ties, which is captured by the proposition below:

Proposition 4.4. If a function h : Sn → D is a homomor-
phism, then it is memoryless.

The proof appears in [12]. The converse of Proposition

4.4 does not hold.
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Example 4.5. Recall the maximum bottom box example

from Section 1. The function corresponding to Figure 1 is

memoryless, but as discussed, not a homomorphism.

For a memoryless function to be a homomorphism, an

extra condition is required which is outlined below.

Proposition 4.6. If a function f : Sn → D is (rightward)
memoryless and defined by function д and binary operator ⊕
(of Definition 4.2), and if the function h : SD → D defined as

h([]) = f ([])

∀a ∈ D : h(x • [a]) = h(x ) ⊕ a

is ⊙-homomorphic for some binary operator ⊙ : D × D →
D, then f is ⊙-homomorphic. We refer to function h as the
summarized version of f .

Function h corresponds to the concept of a summarized
loop as introduced in Section 1.1. In fact, we can prove that

the sufficient conditions in Proposition 4.6 are also necessary.

Theorem 4.7. The following two statements are equivalent:
1. Multidimensional rightward function f is ⊙-homomorphic

for some binary operator ⊙ : D × D → D.
2. f is memoryless and function h : SD → D, the sum-

marized version of f (see Prop. 4.6) is ⊙-homomorphic.

Theorem 4.7 states the necessary and sufficient conditions

for a recursive function to be parallelizable (see [12] for

the proof). For one-dimensional sequences, the statement

becomes trivial when the summarized version of the function

and the function itself coincide.

The condition of memorylessness captures the essence of

modularity of our approach. Instead of determining paral-

lelizability of f through a direct discovery of a join (⊙) for f ,
Theorem 4.7 lets us check if f is memoryless first, and then

discover a join for a simplified (summarized) version of f
(i.e h). Recall the diagram in Figure 2(b). Memorylessness of

f corresponds to the existence of the map part of a parallel
computation of f . Parallelizability of h corresponds to the

existence of the reduction part of a parallelization of f . The
combination of the existence of both the map and the re-

duction is equivalent to f being homomorphic (according to

Proposition 3.3). Theorem 4.7 makes this observation formal.

5 Manufacturing Homomorphisms
If a function is not a homomorphism, then the first step to

parallelization is to lift it to a homomorphism.

Definition 5.1. (Lifting) Let f : Sn → D be a rightward

multidimensional function.
ˆf D
′

: Sn → D ×D ′ is a lifting of

f if and only if
ˆf D
′

is rightward and f = πD ◦ ˆf D
′

, where

πD is the standard projection down to D.

This definition is mostly consistent with the standard defi-

nition of lifting in category theory, other than the additional

condition of rightward computability of the extension.

Two types of liftings of a non-homomorphic function f are
of interest in this paper: (1) a lifting of a non-memoryless f to
a memoryless function; we call this the memoryless lift, and
(2) a lifting of a non-homomorphic f to a homomorphism;

this is called a homomorphism lift.

5.1 Homomorphism Lift
Every non-homomorphic function can be made homomor-

phic by a rather trivial lifting. The observation, previously

made in [19], is formalized below:

Proposition 5.2. Given a rightward function f : Sn → D,
the function f × ι (function product) is a homomorphism where
ι : Sn → Sn is the identity function.

Intuitively, the extension of the function remembers the

entire input, and the join performs the original computation

over the concatenated inputs from scratch, ignoring the par-

tially computed results. Note that this trivial lifting does not

really correspond to a parallelization of the function. For-

mally, it provides us with an associative reduction (hence the

applicability of Proposition 3.3). Practically, it is analogous

to a sequential computation. Proposition 5.2 is trivial but

significant in that it states that a function can always be

made homomorphic. It is then important to seek an efficient
lifting of a non-homomorphic function to a homomorphism

for the purpose of code parallelization. In Section 6.1, we

formulate efficient liftings.
The key result of this section is the following: it is sound

and complete to use the summarized loop for lifting instead

of the original loop. Consider the diagram below:

f : Sn ! D h : SD ! D

bf : Sn ! D ⇥ D0
<latexit sha1_base64="Zg6VExXRD2EVUPiUGZzpC1xXAz0=">AAACE3icbVC7TsMwFHV4lvIKMLJYVAjEUCUICcRUQQfGIuhDakLlOE5r1XEi2wFVUf6BhV9hYQAhVhY2/ganzQAtV7J1dM69uvccL2ZUKsv6NubmFxaXlksr5dW19Y1Nc2u7JaNEYNLEEYtEx0OSMMpJU1HFSCcWBIUeI21veJnr7XsiJI34rRrFxA1Rn9OAYqQ01TOPnAfqkwFSaZCdQydEaoARS2+yOw4dFcG6/mlIJKwf9MyKVbXGBWeBXYAKKKrRM78cP8JJSLjCDEnZta1YuSkSimJGsrKTSBIjPER90tWQI73HTceeMrivGR8GkdCPKzhmf0+kKJRyFHq6Mz9aTms5+Z/WTVRw5qaUx4kiHE8WBQmD2mweEPSpIFixkQYIC6pvhXiABMJKx1jWIdjTlmdB67hqW1X7+qRSuyjiKIFdsAcOgQ1OQQ1cgQZoAgwewTN4BW/Gk/FivBsfk9Y5o5jZAX/K+PwB7wOdgg==</latexit><latexit sha1_base64="Zg6VExXRD2EVUPiUGZzpC1xXAz0=">AAACE3icbVC7TsMwFHV4lvIKMLJYVAjEUCUICcRUQQfGIuhDakLlOE5r1XEi2wFVUf6BhV9hYQAhVhY2/ganzQAtV7J1dM69uvccL2ZUKsv6NubmFxaXlksr5dW19Y1Nc2u7JaNEYNLEEYtEx0OSMMpJU1HFSCcWBIUeI21veJnr7XsiJI34rRrFxA1Rn9OAYqQ01TOPnAfqkwFSaZCdQydEaoARS2+yOw4dFcG6/mlIJKwf9MyKVbXGBWeBXYAKKKrRM78cP8JJSLjCDEnZta1YuSkSimJGsrKTSBIjPER90tWQI73HTceeMrivGR8GkdCPKzhmf0+kKJRyFHq6Mz9aTms5+Z/WTVRw5qaUx4kiHE8WBQmD2mweEPSpIFixkQYIC6pvhXiABMJKx1jWIdjTlmdB67hqW1X7+qRSuyjiKIFdsAcOgQ1OQQ1cgQZoAgwewTN4BW/Gk/FivBsfk9Y5o5jZAX/K+PwB7wOdgg==</latexit><latexit sha1_base64="Zg6VExXRD2EVUPiUGZzpC1xXAz0=">AAACE3icbVC7TsMwFHV4lvIKMLJYVAjEUCUICcRUQQfGIuhDakLlOE5r1XEi2wFVUf6BhV9hYQAhVhY2/ganzQAtV7J1dM69uvccL2ZUKsv6NubmFxaXlksr5dW19Y1Nc2u7JaNEYNLEEYtEx0OSMMpJU1HFSCcWBIUeI21veJnr7XsiJI34rRrFxA1Rn9OAYqQ01TOPnAfqkwFSaZCdQydEaoARS2+yOw4dFcG6/mlIJKwf9MyKVbXGBWeBXYAKKKrRM78cP8JJSLjCDEnZta1YuSkSimJGsrKTSBIjPER90tWQI73HTceeMrivGR8GkdCPKzhmf0+kKJRyFHq6Mz9aTms5+Z/WTVRw5qaUx4kiHE8WBQmD2mweEPSpIFixkQYIC6pvhXiABMJKx1jWIdjTlmdB67hqW1X7+qRSuyjiKIFdsAcOgQ1OQQ1cgQZoAgwewTN4BW/Gk/FivBsfk9Y5o5jZAX/K+PwB7wOdgg==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="zPvUQqqlpEPLmgF1QMRHM+2nA/Q=">AAACCHicbVC7TsMwFL3hWUqBwMpiUSEQQ5WwgJiQ6MBYBH1ITagcx2mtOk5kO6Aqyj+w8CssDCDEF7DxN7iPAVqOZOvoHFv3nhOknCntON/W0vLK6tp6aaO8Wdna3rF3Ky2VZJLQJkl4IjsBVpQzQZuaaU47qaQ4DjhtB8Orsd9+oFKxRNzpUUr9GPcFixjB2kg9+8R7ZCEdYJ1HxQXyYqwHBPP8trgXyNMJqpubxVSh+lHPrjo1ZwK0SNwZqcIMjZ795YUJyWIqNOFYqa7rpNrPsdSMcFqUvUzRFJMh7tOuoQKbOX4+yVSgQ6OEKEqkOUKjifr7R45jpUZxYF6Ol1bz3lj8z+tmOjr3cybSTFNBpoOijCMTdlwQCpmkRPORIZhIZnZFZIAlJtrUWDYluPORF0nrtOY6NffGgRLswwEcgwtncAnX0IAmEHiCF3iDd+vZerU+pnUtWbPe9uAPrM8fLFWcBA==</latexit><latexit sha1_base64="zPvUQqqlpEPLmgF1QMRHM+2nA/Q=">AAACCHicbVC7TsMwFL3hWUqBwMpiUSEQQ5WwgJiQ6MBYBH1ITagcx2mtOk5kO6Aqyj+w8CssDCDEF7DxN7iPAVqOZOvoHFv3nhOknCntON/W0vLK6tp6aaO8Wdna3rF3Ky2VZJLQJkl4IjsBVpQzQZuaaU47qaQ4DjhtB8Orsd9+oFKxRNzpUUr9GPcFixjB2kg9+8R7ZCEdYJ1HxQXyYqwHBPP8trgXyNMJqpubxVSh+lHPrjo1ZwK0SNwZqcIMjZ795YUJyWIqNOFYqa7rpNrPsdSMcFqUvUzRFJMh7tOuoQKbOX4+yVSgQ6OEKEqkOUKjifr7R45jpUZxYF6Ol1bz3lj8z+tmOjr3cybSTFNBpoOijCMTdlwQCpmkRPORIZhIZnZFZIAlJtrUWDYluPORF0nrtOY6NffGgRLswwEcgwtncAnX0IAmEHiCF3iDd+vZerU+pnUtWbPe9uAPrM8fLFWcBA==</latexit><latexit sha1_base64="4neD0/bcC+Kj9jUt0RDXqlSw84k=">AAACE3icbVC7TsMwFHXKq5RXgJHFokIghiphATFV0IGxCPqQmlA5jtNadZzIdkBVlH9g4VdYGECIlYWNv8FpM0DLlWwdnXOv7j3HixmVyrK+jdLC4tLySnm1sra+sbllbu+0ZZQITFo4YpHoekgSRjlpKaoY6caCoNBjpOONLnO9c0+EpBG/VeOYuCEacBpQjJSm+uax80B9MkQqDbJz6IRIDTFi6U12x6GjItjQPw2JhI3Dvlm1atak4DywC1AFRTX75pfjRzgJCVeYISl7thUrN0VCUcxIVnESSWKER2hAehpypPe46cRTBg8048MgEvpxBSfs74kUhVKOQ0935kfLWS0n/9N6iQrO3JTyOFGE4+miIGFQm80Dgj4VBCs21gBhQfWtEA+RQFjpGCs6BHvW8jxon9Rsq2ZfW9X6RRFHGeyBfXAEbHAK6uAKNEELYPAInsEreDOejBfj3fiYtpaMYmYX/Cnj8wftw51+</latexit><latexit sha1_base64="Zg6VExXRD2EVUPiUGZzpC1xXAz0=">AAACE3icbVC7TsMwFHV4lvIKMLJYVAjEUCUICcRUQQfGIuhDakLlOE5r1XEi2wFVUf6BhV9hYQAhVhY2/ganzQAtV7J1dM69uvccL2ZUKsv6NubmFxaXlksr5dW19Y1Nc2u7JaNEYNLEEYtEx0OSMMpJU1HFSCcWBIUeI21veJnr7XsiJI34rRrFxA1Rn9OAYqQ01TOPnAfqkwFSaZCdQydEaoARS2+yOw4dFcG6/mlIJKwf9MyKVbXGBWeBXYAKKKrRM78cP8JJSLjCDEnZta1YuSkSimJGsrKTSBIjPER90tWQI73HTceeMrivGR8GkdCPKzhmf0+kKJRyFHq6Mz9aTms5+Z/WTVRw5qaUx4kiHE8WBQmD2mweEPSpIFixkQYIC6pvhXiABMJKx1jWIdjTlmdB67hqW1X7+qRSuyjiKIFdsAcOgQ1OQQ1cgQZoAgwewTN4BW/Gk/FivBsfk9Y5o5jZAX/K+PwB7wOdgg==</latexit><latexit sha1_base64="Zg6VExXRD2EVUPiUGZzpC1xXAz0=">AAACE3icbVC7TsMwFHV4lvIKMLJYVAjEUCUICcRUQQfGIuhDakLlOE5r1XEi2wFVUf6BhV9hYQAhVhY2/ganzQAtV7J1dM69uvccL2ZUKsv6NubmFxaXlksr5dW19Y1Nc2u7JaNEYNLEEYtEx0OSMMpJU1HFSCcWBIUeI21veJnr7XsiJI34rRrFxA1Rn9OAYqQ01TOPnAfqkwFSaZCdQydEaoARS2+yOw4dFcG6/mlIJKwf9MyKVbXGBWeBXYAKKKrRM78cP8JJSLjCDEnZta1YuSkSimJGsrKTSBIjPER90tWQI73HTceeMrivGR8GkdCPKzhmf0+kKJRyFHq6Mz9aTms5+Z/WTVRw5qaUx4kiHE8WBQmD2mweEPSpIFixkQYIC6pvhXiABMJKx1jWIdjTlmdB67hqW1X7+qRSuyjiKIFdsAcOgQ1OQQ1cgQZoAgwewTN4BW/Gk/FivBsfk9Y5o5jZAX/K+PwB7wOdgg==</latexit><latexit sha1_base64="Zg6VExXRD2EVUPiUGZzpC1xXAz0=">AAACE3icbVC7TsMwFHV4lvIKMLJYVAjEUCUICcRUQQfGIuhDakLlOE5r1XEi2wFVUf6BhV9hYQAhVhY2/ganzQAtV7J1dM69uvccL2ZUKsv6NubmFxaXlksr5dW19Y1Nc2u7JaNEYNLEEYtEx0OSMMpJU1HFSCcWBIUeI21veJnr7XsiJI34rRrFxA1Rn9OAYqQ01TOPnAfqkwFSaZCdQydEaoARS2+yOw4dFcG6/mlIJKwf9MyKVbXGBWeBXYAKKKrRM78cP8JJSLjCDEnZta1YuSkSimJGsrKTSBIjPER90tWQI73HTceeMrivGR8GkdCPKzhmf0+kKJRyFHq6Mz9aTms5+Z/WTVRw5qaUx4kiHE8WBQmD2mweEPSpIFixkQYIC6pvhXiABMJKx1jWIdjTlmdB67hqW1X7+qRSuyjiKIFdsAcOgQ1OQQ1cgQZoAgwewTN4BW/Gk/FivBsfk9Y5o5jZAX/K+PwB7wOdgg==</latexit><latexit sha1_base64="Zg6VExXRD2EVUPiUGZzpC1xXAz0=">AAACE3icbVC7TsMwFHV4lvIKMLJYVAjEUCUICcRUQQfGIuhDakLlOE5r1XEi2wFVUf6BhV9hYQAhVhY2/ganzQAtV7J1dM69uvccL2ZUKsv6NubmFxaXlksr5dW19Y1Nc2u7JaNEYNLEEYtEx0OSMMpJU1HFSCcWBIUeI21veJnr7XsiJI34rRrFxA1Rn9OAYqQ01TOPnAfqkwFSaZCdQydEaoARS2+yOw4dFcG6/mlIJKwf9MyKVbXGBWeBXYAKKKrRM78cP8JJSLjCDEnZta1YuSkSimJGsrKTSBIjPER90tWQI73HTceeMrivGR8GkdCPKzhmf0+kKJRyFHq6Mz9aTms5+Z/WTVRw5qaUx4kiHE8WBQmD2mweEPSpIFixkQYIC6pvhXiABMJKx1jWIdjTlmdB67hqW1X7+qRSuyjiKIFdsAcOgQ1OQQ1cgQZoAgwewTN4BW/Gk/FivBsfk9Y5o5jZAX/K+PwB7wOdgg==</latexit><latexit sha1_base64="Zg6VExXRD2EVUPiUGZzpC1xXAz0=">AAACE3icbVC7TsMwFHV4lvIKMLJYVAjEUCUICcRUQQfGIuhDakLlOE5r1XEi2wFVUf6BhV9hYQAhVhY2/ganzQAtV7J1dM69uvccL2ZUKsv6NubmFxaXlksr5dW19Y1Nc2u7JaNEYNLEEYtEx0OSMMpJU1HFSCcWBIUeI21veJnr7XsiJI34rRrFxA1Rn9OAYqQ01TOPnAfqkwFSaZCdQydEaoARS2+yOw4dFcG6/mlIJKwf9MyKVbXGBWeBXYAKKKrRM78cP8JJSLjCDEnZta1YuSkSimJGsrKTSBIjPER90tWQI73HTceeMrivGR8GkdCPKzhmf0+kKJRyFHq6Mz9aTms5+Z/WTVRw5qaUx4kiHE8WBQmD2mweEPSpIFixkQYIC6pvhXiABMJKx1jWIdjTlmdB67hqW1X7+qRSuyjiKIFdsAcOgQ1OQQ1cgQZoAgwewTN4BW/Gk/FivBsfk9Y5o5jZAX/K+PwB7wOdgg==</latexit><latexit sha1_base64="Zg6VExXRD2EVUPiUGZzpC1xXAz0=">AAACE3icbVC7TsMwFHV4lvIKMLJYVAjEUCUICcRUQQfGIuhDakLlOE5r1XEi2wFVUf6BhV9hYQAhVhY2/ganzQAtV7J1dM69uvccL2ZUKsv6NubmFxaXlksr5dW19Y1Nc2u7JaNEYNLEEYtEx0OSMMpJU1HFSCcWBIUeI21veJnr7XsiJI34rRrFxA1Rn9OAYqQ01TOPnAfqkwFSaZCdQydEaoARS2+yOw4dFcG6/mlIJKwf9MyKVbXGBWeBXYAKKKrRM78cP8JJSLjCDEnZta1YuSkSimJGsrKTSBIjPER90tWQI73HTceeMrivGR8GkdCPKzhmf0+kKJRyFHq6Mz9aTms5+Z/WTVRw5qaUx4kiHE8WBQmD2mweEPSpIFixkQYIC6pvhXiABMJKx1jWIdjTlmdB67hqW1X7+qRSuyjiKIFdsAcOgQ1OQQ1cgQZoAgwewTN4BW/Gk/FivBsfk9Y5o5jZAX/K+PwB7wOdgg==</latexit>

bh : SD ! D ⇥ D0
<latexit sha1_base64="kkANPnNWAPHb3I0+jEtm+rPjV3M=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UUFyURQXFVtAuXFe0DmhAmk0kzdPJgZqKUkH9w46+4caGIWzfu/BsnbRbaemGGwzn3cu85bsKokIbxrVUWFpeWV6qrtbX1jc0tfXunK+KUY9LBMYt530WCMBqRjqSSkX7CCQpdRnru6KrQe/eECxpHd3KcEDtEw4j6FCOpKEc/th6oRwIksyC/gFaIZIARy25zpwUtGcPipyERsHXo6HWjYUwKzgOzBHVQVtvRvywvxmlIIokZEmJgGom0M8QlxYzkNSsVJEF4hIZkoGCE1B47m3jK4YFiPOjHXL1Iwgn7eyJDoRDj0FWdxdFiVivI/7RBKv1zO6NRkkoS4ekiP2VQmS0Cgh7lBEs2VgBhTtWtEAeIIyxVjDUVgjlreR50Txqm0TBvTuvNyzKOKtgD++AImOAMNME1aIMOwOARPINX8KY9aS/au/Yxba1o5cwu+FPa5w+xmJ1b</latexit><latexit sha1_base64="kkANPnNWAPHb3I0+jEtm+rPjV3M=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UUFyURQXFVtAuXFe0DmhAmk0kzdPJgZqKUkH9w46+4caGIWzfu/BsnbRbaemGGwzn3cu85bsKokIbxrVUWFpeWV6qrtbX1jc0tfXunK+KUY9LBMYt530WCMBqRjqSSkX7CCQpdRnru6KrQe/eECxpHd3KcEDtEw4j6FCOpKEc/th6oRwIksyC/gFaIZIARy25zpwUtGcPipyERsHXo6HWjYUwKzgOzBHVQVtvRvywvxmlIIokZEmJgGom0M8QlxYzkNSsVJEF4hIZkoGCE1B47m3jK4YFiPOjHXL1Iwgn7eyJDoRDj0FWdxdFiVivI/7RBKv1zO6NRkkoS4ekiP2VQmS0Cgh7lBEs2VgBhTtWtEAeIIyxVjDUVgjlreR50Txqm0TBvTuvNyzKOKtgD++AImOAMNME1aIMOwOARPINX8KY9aS/au/Yxba1o5cwu+FPa5w+xmJ1b</latexit><latexit sha1_base64="kkANPnNWAPHb3I0+jEtm+rPjV3M=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UUFyURQXFVtAuXFe0DmhAmk0kzdPJgZqKUkH9w46+4caGIWzfu/BsnbRbaemGGwzn3cu85bsKokIbxrVUWFpeWV6qrtbX1jc0tfXunK+KUY9LBMYt530WCMBqRjqSSkX7CCQpdRnru6KrQe/eECxpHd3KcEDtEw4j6FCOpKEc/th6oRwIksyC/gFaIZIARy25zpwUtGcPipyERsHXo6HWjYUwKzgOzBHVQVtvRvywvxmlIIokZEmJgGom0M8QlxYzkNSsVJEF4hIZkoGCE1B47m3jK4YFiPOjHXL1Iwgn7eyJDoRDj0FWdxdFiVivI/7RBKv1zO6NRkkoS4ekiP2VQmS0Cgh7lBEs2VgBhTtWtEAeIIyxVjDUVgjlreR50Txqm0TBvTuvNyzKOKtgD++AImOAMNME1aIMOwOARPINX8KY9aS/au/Yxba1o5cwu+FPa5w+xmJ1b</latexit><latexit sha1_base64="kkANPnNWAPHb3I0+jEtm+rPjV3M=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UUFyURQXFVtAuXFe0DmhAmk0kzdPJgZqKUkH9w46+4caGIWzfu/BsnbRbaemGGwzn3cu85bsKokIbxrVUWFpeWV6qrtbX1jc0tfXunK+KUY9LBMYt530WCMBqRjqSSkX7CCQpdRnru6KrQe/eECxpHd3KcEDtEw4j6FCOpKEc/th6oRwIksyC/gFaIZIARy25zpwUtGcPipyERsHXo6HWjYUwKzgOzBHVQVtvRvywvxmlIIokZEmJgGom0M8QlxYzkNSsVJEF4hIZkoGCE1B47m3jK4YFiPOjHXL1Iwgn7eyJDoRDj0FWdxdFiVivI/7RBKv1zO6NRkkoS4ekiP2VQmS0Cgh7lBEs2VgBhTtWtEAeIIyxVjDUVgjlreR50Txqm0TBvTuvNyzKOKtgD++AImOAMNME1aIMOwOARPINX8KY9aS/au/Yxba1o5cwu+FPa5w+xmJ1b</latexit>

h0 : SD⇥D0 ! D ⇥ D0
<latexit sha1_base64="Y7lHjhpWc1MkeLB0hgti5eNS6iM=">AAACFnicbVDLSsNAFJ34rPUVdelmsEjdWBIRFFdFu3BZ0T6gCWEynbRDJ5MwMxFKyFe48VfcuFDErbjzb5y0WdTWAwOHc+7lzjl+zKhUlvVjLC2vrK6tlzbKm1vbO7vm3n5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oJvc7j0RIGvEHNY6JG6IBpwHFSGnJM0+H1SvohEgNMWLpfealDegoGhIJG9VM0wjOCJ5ZsWrWBHCR2AWpgAJNz/x2+hFOQsIVZkjKnm3Fyk2RUBQzkpWdRJIY4REakJ6mHOk7bjqJlcFjrfRhEAn9uIITdXYjRaGU49DXk3kAOe/l4n9eL1HBpZtSHieKcDw9FCQM6rB5R7BPBcGKjTVBWFD9V4iHSCCsdJNlXYI9H3mRtM9qtlWz784r9euijhI4BEfgBNjgAtTBLWiCFsDgCbyAN/BuPBuvxofxOR1dMoqdA/AHxtcvRRmdhw==</latexit><latexit sha1_base64="Y7lHjhpWc1MkeLB0hgti5eNS6iM=">AAACFnicbVDLSsNAFJ34rPUVdelmsEjdWBIRFFdFu3BZ0T6gCWEynbRDJ5MwMxFKyFe48VfcuFDErbjzb5y0WdTWAwOHc+7lzjl+zKhUlvVjLC2vrK6tlzbKm1vbO7vm3n5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oJvc7j0RIGvEHNY6JG6IBpwHFSGnJM0+H1SvohEgNMWLpfealDegoGhIJG9VM0wjOCJ5ZsWrWBHCR2AWpgAJNz/x2+hFOQsIVZkjKnm3Fyk2RUBQzkpWdRJIY4REakJ6mHOk7bjqJlcFjrfRhEAn9uIITdXYjRaGU49DXk3kAOe/l4n9eL1HBpZtSHieKcDw9FCQM6rB5R7BPBcGKjTVBWFD9V4iHSCCsdJNlXYI9H3mRtM9qtlWz784r9euijhI4BEfgBNjgAtTBLWiCFsDgCbyAN/BuPBuvxofxOR1dMoqdA/AHxtcvRRmdhw==</latexit><latexit sha1_base64="Y7lHjhpWc1MkeLB0hgti5eNS6iM=">AAACFnicbVDLSsNAFJ34rPUVdelmsEjdWBIRFFdFu3BZ0T6gCWEynbRDJ5MwMxFKyFe48VfcuFDErbjzb5y0WdTWAwOHc+7lzjl+zKhUlvVjLC2vrK6tlzbKm1vbO7vm3n5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oJvc7j0RIGvEHNY6JG6IBpwHFSGnJM0+H1SvohEgNMWLpfealDegoGhIJG9VM0wjOCJ5ZsWrWBHCR2AWpgAJNz/x2+hFOQsIVZkjKnm3Fyk2RUBQzkpWdRJIY4REakJ6mHOk7bjqJlcFjrfRhEAn9uIITdXYjRaGU49DXk3kAOe/l4n9eL1HBpZtSHieKcDw9FCQM6rB5R7BPBcGKjTVBWFD9V4iHSCCsdJNlXYI9H3mRtM9qtlWz784r9euijhI4BEfgBNjgAtTBLWiCFsDgCbyAN/BuPBuvxofxOR1dMoqdA/AHxtcvRRmdhw==</latexit><latexit sha1_base64="Y7lHjhpWc1MkeLB0hgti5eNS6iM=">AAACFnicbVDLSsNAFJ34rPUVdelmsEjdWBIRFFdFu3BZ0T6gCWEynbRDJ5MwMxFKyFe48VfcuFDErbjzb5y0WdTWAwOHc+7lzjl+zKhUlvVjLC2vrK6tlzbKm1vbO7vm3n5bRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oJvc7j0RIGvEHNY6JG6IBpwHFSGnJM0+H1SvohEgNMWLpfealDegoGhIJG9VM0wjOCJ5ZsWrWBHCR2AWpgAJNz/x2+hFOQsIVZkjKnm3Fyk2RUBQzkpWdRJIY4REakJ6mHOk7bjqJlcFjrfRhEAn9uIITdXYjRaGU49DXk3kAOe/l4n9eL1HBpZtSHieKcDw9FCQM6rB5R7BPBcGKjTVBWFD9V4iHSCCsdJNlXYI9H3mRtM9qtlWz784r9euijhI4BEfgBNjgAtTBLWiCFsDgCbyAN/BuPBuvxofxOR1dMoqdA/AHxtcvRRmdhw==</latexit>

summarize
<latexit sha1_base64="MqORUeimf5swsZhKPz2CWUG/jTM=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0WhJtLDGRjwQuZG+Zgw27d+fuHgle+B02Fhpj64+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8O/fbE1Sax9GDmSboSzqMeMgZNVbyezokOpWSKv6E/XLFrboLkHXi5aQCORr98ldvELNUYmSYoFp3PTcxfkaV4UzgrNRLNSaUjekQu5ZGVKL2s8XRM3JhlQEJY2UrMmSh/p7IqNR6KgPbKakZ6VVvLv7ndVMTXvsZj5LUYMSWi8JUEBOTeQJkwBUyI6aWUKa4vZWwEVWUGZtTyYbgrb68Tlq1qudWvftapX6Tx1GEMziHS/DgCupwBw1oAoNHeIZXeHMmzovz7nwsWwtOPnMKf+B8/gDpOZIs</latexit><latexit sha1_base64="MqORUeimf5swsZhKPz2CWUG/jTM=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0WhJtLDGRjwQuZG+Zgw27d+fuHgle+B02Fhpj64+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8O/fbE1Sax9GDmSboSzqMeMgZNVbyezokOpWSKv6E/XLFrboLkHXi5aQCORr98ldvELNUYmSYoFp3PTcxfkaV4UzgrNRLNSaUjekQu5ZGVKL2s8XRM3JhlQEJY2UrMmSh/p7IqNR6KgPbKakZ6VVvLv7ndVMTXvsZj5LUYMSWi8JUEBOTeQJkwBUyI6aWUKa4vZWwEVWUGZtTyYbgrb68Tlq1qudWvftapX6Tx1GEMziHS/DgCupwBw1oAoNHeIZXeHMmzovz7nwsWwtOPnMKf+B8/gDpOZIs</latexit><latexit sha1_base64="MqORUeimf5swsZhKPz2CWUG/jTM=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0WhJtLDGRjwQuZG+Zgw27d+fuHgle+B02Fhpj64+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8O/fbE1Sax9GDmSboSzqMeMgZNVbyezokOpWSKv6E/XLFrboLkHXi5aQCORr98ldvELNUYmSYoFp3PTcxfkaV4UzgrNRLNSaUjekQu5ZGVKL2s8XRM3JhlQEJY2UrMmSh/p7IqNR6KgPbKakZ6VVvLv7ndVMTXvsZj5LUYMSWi8JUEBOTeQJkwBUyI6aWUKa4vZWwEVWUGZtTyYbgrb68Tlq1qudWvftapX6Tx1GEMziHS/DgCupwBw1oAoNHeIZXeHMmzovz7nwsWwtOPnMKf+B8/gDpOZIs</latexit><latexit sha1_base64="MqORUeimf5swsZhKPz2CWUG/jTM=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0WhJtLDGRjwQuZG+Zgw27d+fuHgle+B02Fhpj64+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8O/fbE1Sax9GDmSboSzqMeMgZNVbyezokOpWSKv6E/XLFrboLkHXi5aQCORr98ldvELNUYmSYoFp3PTcxfkaV4UzgrNRLNSaUjekQu5ZGVKL2s8XRM3JhlQEJY2UrMmSh/p7IqNR6KgPbKakZ6VVvLv7ndVMTXvsZj5LUYMSWi8JUEBOTeQJkwBUyI6aWUKa4vZWwEVWUGZtTyYbgrb68Tlq1qudWvftapX6Tx1GEMziHS/DgCupwBw1oAoNHeIZXeHMmzovz7nwsWwtOPnMKf+B8/gDpOZIs</latexit>

summarize
<latexit sha1_base64="MqORUeimf5swsZhKPz2CWUG/jTM=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0WhJtLDGRjwQuZG+Zgw27d+fuHgle+B02Fhpj64+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8O/fbE1Sax9GDmSboSzqMeMgZNVbyezokOpWSKv6E/XLFrboLkHXi5aQCORr98ldvELNUYmSYoFp3PTcxfkaV4UzgrNRLNSaUjekQu5ZGVKL2s8XRM3JhlQEJY2UrMmSh/p7IqNR6KgPbKakZ6VVvLv7ndVMTXvsZj5LUYMSWi8JUEBOTeQJkwBUyI6aWUKa4vZWwEVWUGZtTyYbgrb68Tlq1qudWvftapX6Tx1GEMziHS/DgCupwBw1oAoNHeIZXeHMmzovz7nwsWwtOPnMKf+B8/gDpOZIs</latexit><latexit sha1_base64="MqORUeimf5swsZhKPz2CWUG/jTM=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0WhJtLDGRjwQuZG+Zgw27d+fuHgle+B02Fhpj64+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8O/fbE1Sax9GDmSboSzqMeMgZNVbyezokOpWSKv6E/XLFrboLkHXi5aQCORr98ldvELNUYmSYoFp3PTcxfkaV4UzgrNRLNSaUjekQu5ZGVKL2s8XRM3JhlQEJY2UrMmSh/p7IqNR6KgPbKakZ6VVvLv7ndVMTXvsZj5LUYMSWi8JUEBOTeQJkwBUyI6aWUKa4vZWwEVWUGZtTyYbgrb68Tlq1qudWvftapX6Tx1GEMziHS/DgCupwBw1oAoNHeIZXeHMmzovz7nwsWwtOPnMKf+B8/gDpOZIs</latexit><latexit sha1_base64="MqORUeimf5swsZhKPz2CWUG/jTM=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0WhJtLDGRjwQuZG+Zgw27d+fuHgle+B02Fhpj64+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8O/fbE1Sax9GDmSboSzqMeMgZNVbyezokOpWSKv6E/XLFrboLkHXi5aQCORr98ldvELNUYmSYoFp3PTcxfkaV4UzgrNRLNSaUjekQu5ZGVKL2s8XRM3JhlQEJY2UrMmSh/p7IqNR6KgPbKakZ6VVvLv7ndVMTXvsZj5LUYMSWi8JUEBOTeQJkwBUyI6aWUKa4vZWwEVWUGZtTyYbgrb68Tlq1qudWvftapX6Tx1GEMziHS/DgCupwBw1oAoNHeIZXeHMmzovz7nwsWwtOPnMKf+B8/gDpOZIs</latexit><latexit sha1_base64="MqORUeimf5swsZhKPz2CWUG/jTM=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc0WhJtLDGRjwQuZG+Zgw27d+fuHgle+B02Fhpj64+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8O/fbE1Sax9GDmSboSzqMeMgZNVbyezokOpWSKv6E/XLFrboLkHXi5aQCORr98ldvELNUYmSYoFp3PTcxfkaV4UzgrNRLNSaUjekQu5ZGVKL2s8XRM3JhlQEJY2UrMmSh/p7IqNR6KgPbKakZ6VVvLv7ndVMTXvsZj5LUYMSWi8JUEBOTeQJkwBUyI6aWUKa4vZWwEVWUGZtTyYbgrb68Tlq1qudWvftapX6Tx1GEMziHS/DgCupwBw1oAoNHeIZXeHMmzovz7nwsWwtOPnMKf+B8/gDpOZIs</latexit>

lift
<latexit sha1_base64="u7Rdc6LmNIQ/WfqBlhd+/HBcJHQ=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0l60WPRi8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmljc2t7p7xb2ds/ODxyj0/aJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8LJ7dzvPHFtRKIecJryIKYjJSLBKFqp2zcRkSLCgVv1at4CZJ34BalCgebA/eoPE5bFXCGT1Jie76UY5FSjYJLPKv3M8JSyCR3xnqWKxtwE+eLeGbmwypBEibalkCzU3xM5jY2ZxqHtjCmOzao3F//zehlG10EuVJohV2y5KMokwYTMnydDoTlDObWEMi3srYSNqaYMbUQVG4K/+vI6addrvlfz7+vVxk0RRxnO4BwuwYcraMAdNKEFDCQ8wyu8OY/Oi/PufCxbS04xcwp/4Hz+AM6qj8w=</latexit><latexit sha1_base64="u7Rdc6LmNIQ/WfqBlhd+/HBcJHQ=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0l60WPRi8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmljc2t7p7xb2ds/ODxyj0/aJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8LJ7dzvPHFtRKIecJryIKYjJSLBKFqp2zcRkSLCgVv1at4CZJ34BalCgebA/eoPE5bFXCGT1Jie76UY5FSjYJLPKv3M8JSyCR3xnqWKxtwE+eLeGbmwypBEibalkCzU3xM5jY2ZxqHtjCmOzao3F//zehlG10EuVJohV2y5KMokwYTMnydDoTlDObWEMi3srYSNqaYMbUQVG4K/+vI6addrvlfz7+vVxk0RRxnO4BwuwYcraMAdNKEFDCQ8wyu8OY/Oi/PufCxbS04xcwp/4Hz+AM6qj8w=</latexit><latexit sha1_base64="u7Rdc6LmNIQ/WfqBlhd+/HBcJHQ=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0l60WPRi8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmljc2t7p7xb2ds/ODxyj0/aJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8LJ7dzvPHFtRKIecJryIKYjJSLBKFqp2zcRkSLCgVv1at4CZJ34BalCgebA/eoPE5bFXCGT1Jie76UY5FSjYJLPKv3M8JSyCR3xnqWKxtwE+eLeGbmwypBEibalkCzU3xM5jY2ZxqHtjCmOzao3F//zehlG10EuVJohV2y5KMokwYTMnydDoTlDObWEMi3srYSNqaYMbUQVG4K/+vI6addrvlfz7+vVxk0RRxnO4BwuwYcraMAdNKEFDCQ8wyu8OY/Oi/PufCxbS04xcwp/4Hz+AM6qj8w=</latexit><latexit sha1_base64="u7Rdc6LmNIQ/WfqBlhd+/HBcJHQ=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0l60WPRi8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmljc2t7p7xb2ds/ODxyj0/aJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8LJ7dzvPHFtRKIecJryIKYjJSLBKFqp2zcRkSLCgVv1at4CZJ34BalCgebA/eoPE5bFXCGT1Jie76UY5FSjYJLPKv3M8JSyCR3xnqWKxtwE+eLeGbmwypBEibalkCzU3xM5jY2ZxqHtjCmOzao3F//zehlG10EuVJohV2y5KMokwYTMnydDoTlDObWEMi3srYSNqaYMbUQVG4K/+vI6addrvlfz7+vVxk0RRxnO4BwuwYcraMAdNKEFDCQ8wyu8OY/Oi/PufCxbS04xcwp/4Hz+AM6qj8w=</latexit>

lift
<latexit sha1_base64="u7Rdc6LmNIQ/WfqBlhd+/HBcJHQ=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0l60WPRi8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmljc2t7p7xb2ds/ODxyj0/aJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8LJ7dzvPHFtRKIecJryIKYjJSLBKFqp2zcRkSLCgVv1at4CZJ34BalCgebA/eoPE5bFXCGT1Jie76UY5FSjYJLPKv3M8JSyCR3xnqWKxtwE+eLeGbmwypBEibalkCzU3xM5jY2ZxqHtjCmOzao3F//zehlG10EuVJohV2y5KMokwYTMnydDoTlDObWEMi3srYSNqaYMbUQVG4K/+vI6addrvlfz7+vVxk0RRxnO4BwuwYcraMAdNKEFDCQ8wyu8OY/Oi/PufCxbS04xcwp/4Hz+AM6qj8w=</latexit><latexit sha1_base64="u7Rdc6LmNIQ/WfqBlhd+/HBcJHQ=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0l60WPRi8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmljc2t7p7xb2ds/ODxyj0/aJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8LJ7dzvPHFtRKIecJryIKYjJSLBKFqp2zcRkSLCgVv1at4CZJ34BalCgebA/eoPE5bFXCGT1Jie76UY5FSjYJLPKv3M8JSyCR3xnqWKxtwE+eLeGbmwypBEibalkCzU3xM5jY2ZxqHtjCmOzao3F//zehlG10EuVJohV2y5KMokwYTMnydDoTlDObWEMi3srYSNqaYMbUQVG4K/+vI6addrvlfz7+vVxk0RRxnO4BwuwYcraMAdNKEFDCQ8wyu8OY/Oi/PufCxbS04xcwp/4Hz+AM6qj8w=</latexit><latexit sha1_base64="u7Rdc6LmNIQ/WfqBlhd+/HBcJHQ=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0l60WPRi8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmljc2t7p7xb2ds/ODxyj0/aJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8LJ7dzvPHFtRKIecJryIKYjJSLBKFqp2zcRkSLCgVv1at4CZJ34BalCgebA/eoPE5bFXCGT1Jie76UY5FSjYJLPKv3M8JSyCR3xnqWKxtwE+eLeGbmwypBEibalkCzU3xM5jY2ZxqHtjCmOzao3F//zehlG10EuVJohV2y5KMokwYTMnydDoTlDObWEMi3srYSNqaYMbUQVG4K/+vI6addrvlfz7+vVxk0RRxnO4BwuwYcraMAdNKEFDCQ8wyu8OY/Oi/PufCxbS04xcwp/4Hz+AM6qj8w=</latexit><latexit sha1_base64="u7Rdc6LmNIQ/WfqBlhd+/HBcJHQ=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBU0l60WPRi8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmljc2t7p7xb2ds/ODxyj0/aJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8LJ7dzvPHFtRKIecJryIKYjJSLBKFqp2zcRkSLCgVv1at4CZJ34BalCgebA/eoPE5bFXCGT1Jie76UY5FSjYJLPKv3M8JSyCR3xnqWKxtwE+eLeGbmwypBEibalkCzU3xM5jY2ZxqHtjCmOzao3F//zehlG10EuVJohV2y5KMokwYTMnydDoTlDObWEMi3srYSNqaYMbUQVG4K/+vI6addrvlfz7+vVxk0RRxnO4BwuwYcraMAdNKEFDCQ8wyu8OY/Oi/PufCxbS04xcwp/4Hz+AM6qj8w=</latexit>

domain restriction
<latexit sha1_base64="PrzW4+PNhk5dBfBCs+m9+bD+mdM=">AAAB/3icdVDLSsNAFJ34rPVVFdy4GSyCq5IUMe2u6MZlBfuANpTJZNIOnUeYmQglduGvuHGhiFt/w51/47SNoKIHLhzOuZd77wkTRrVx3Q9naXlldW29sFHc3Nre2S3t7be1TBUmLSyZVN0QacKoIC1DDSPdRBHEQ0Y64fhy5nduidJUihszSUjA0VDQmGJkrDQoHfZ1DCPJERVQEW0UxQuj7FbqXu3M96FbceewxPOr514derlSBjmag9J7P5I45UQYzJDWPc9NTJAhZShmZFrsp5okCI/RkPQsFYgTHWTz+6fwxCoRjKWyJQycq98nMsS1nvDQdnJkRvq3NxP/8nqpiWtBRkWSGiLwYlGcMmgknIUBI6oINmxiCcKK2lshHiGFsLGRFW0IX5/C/0m7WvFsMtfVcuMij6MAjsAxOAUe8EEDXIEmaAEM7sADeALPzr3z6Lw4r4vWJSefOQA/4Lx9AnnTlmY=</latexit><latexit sha1_base64="PrzW4+PNhk5dBfBCs+m9+bD+mdM=">AAAB/3icdVDLSsNAFJ34rPVVFdy4GSyCq5IUMe2u6MZlBfuANpTJZNIOnUeYmQglduGvuHGhiFt/w51/47SNoKIHLhzOuZd77wkTRrVx3Q9naXlldW29sFHc3Nre2S3t7be1TBUmLSyZVN0QacKoIC1DDSPdRBHEQ0Y64fhy5nduidJUihszSUjA0VDQmGJkrDQoHfZ1DCPJERVQEW0UxQuj7FbqXu3M96FbceewxPOr514derlSBjmag9J7P5I45UQYzJDWPc9NTJAhZShmZFrsp5okCI/RkPQsFYgTHWTz+6fwxCoRjKWyJQycq98nMsS1nvDQdnJkRvq3NxP/8nqpiWtBRkWSGiLwYlGcMmgknIUBI6oINmxiCcKK2lshHiGFsLGRFW0IX5/C/0m7WvFsMtfVcuMij6MAjsAxOAUe8EEDXIEmaAEM7sADeALPzr3z6Lw4r4vWJSefOQA/4Lx9AnnTlmY=</latexit><latexit sha1_base64="PrzW4+PNhk5dBfBCs+m9+bD+mdM=">AAAB/3icdVDLSsNAFJ34rPVVFdy4GSyCq5IUMe2u6MZlBfuANpTJZNIOnUeYmQglduGvuHGhiFt/w51/47SNoKIHLhzOuZd77wkTRrVx3Q9naXlldW29sFHc3Nre2S3t7be1TBUmLSyZVN0QacKoIC1DDSPdRBHEQ0Y64fhy5nduidJUihszSUjA0VDQmGJkrDQoHfZ1DCPJERVQEW0UxQuj7FbqXu3M96FbceewxPOr514derlSBjmag9J7P5I45UQYzJDWPc9NTJAhZShmZFrsp5okCI/RkPQsFYgTHWTz+6fwxCoRjKWyJQycq98nMsS1nvDQdnJkRvq3NxP/8nqpiWtBRkWSGiLwYlGcMmgknIUBI6oINmxiCcKK2lshHiGFsLGRFW0IX5/C/0m7WvFsMtfVcuMij6MAjsAxOAUe8EEDXIEmaAEM7sADeALPzr3z6Lw4r4vWJSefOQA/4Lx9AnnTlmY=</latexit><latexit sha1_base64="PrzW4+PNhk5dBfBCs+m9+bD+mdM=">AAAB/3icdVDLSsNAFJ34rPVVFdy4GSyCq5IUMe2u6MZlBfuANpTJZNIOnUeYmQglduGvuHGhiFt/w51/47SNoKIHLhzOuZd77wkTRrVx3Q9naXlldW29sFHc3Nre2S3t7be1TBUmLSyZVN0QacKoIC1DDSPdRBHEQ0Y64fhy5nduidJUihszSUjA0VDQmGJkrDQoHfZ1DCPJERVQEW0UxQuj7FbqXu3M96FbceewxPOr514derlSBjmag9J7P5I45UQYzJDWPc9NTJAhZShmZFrsp5okCI/RkPQsFYgTHWTz+6fwxCoRjKWyJQycq98nMsS1nvDQdnJkRvq3NxP/8nqpiWtBRkWSGiLwYlGcMmgknIUBI6oINmxiCcKK2lshHiGFsLGRFW0IX5/C/0m7WvFsMtfVcuMij6MAjsAxOAUe8EEDXIEmaAEM7sADeALPzr3z6Lw4r4vWJSefOQA/4Lx9AnnTlmY=</latexit>

f is summarized and then lifted on the top, whereas it is

first lifted and then summarized on the bottom path of the

diagram. The path on the bottom is the default one; lift the

function if it is not a homomorphism and then summarize

it as the first step of its parallelization process. The path on

the top is the shortcut that we propose which is better for

automation. The idea is that the process of summarization

maintains the relevant part of the computation for lifting

and discards the rest for simplicity.

Note that ĥ and h′ do not have the same function signa-

ture; while they agree on their ranges, their domains are

sequences of two different types. Therefore, this is not a

clean commutative diagram. The key insight is that the two

functions are identical up to a limitation of h′ that forgets
the extra information in its input sequences from D ′; infor-
mation that is provably redundant for the computation of h′.
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The diagram commutes after this restriction is applied to h′

to get to ĥ.

Theorem 5.3. Let f : Sn → D be a (rightward) memoryless
function, and summarized as h : SD → D. There exists a
homomorphic lifting ĥ : SD → D ×D ′ of h if and only if there
exists a homomorphic lifting f̂ : Sn → D ×D ′ of f . Moreover,
ĥ coincides with a summarization of f̂ .

The theorem guarantees that the summarized loop is liftable

to a homomorphism if and only if the original loop is, and

that the auxiliary code synthesized for the summarized loop

constitutes a lifting of the original loop. A more detailed

statement of Theorem 5.3 (which corresponds to the dia-

gram above) and its proof appear in [12].

5.2 Memoryless Lift
When a rightward function f : Sn → D is not memoryless,

a lifting may be required to add extra information to the

signature of the function (state of the loop) so that functions

д and ⊚ from Definition 4.2 exist. Every non-memoryless

function can be made memoryless by a rather trivial lifting.

Proposition 5.4. Given a rightward function f : Sn → D,
the function f × ι′ (function product) is memoryless where ι′ :
Sn → Sn−1 is defined as ∀δ ∈ Sn−1,σ ∈ Sn : ι′(σ •[δ ]) = δ .

In this trivial lifting, the extension to the function remem-

bers the last line of the input σ • [δ], that is δ , in a new

component and the join effectively processes δ from scratch,

ignoring the partially computed results by the inner loop

computation. The construction of Proposition 5.4 is guaran-

teed to always maintain the time complexity of the code. It is

essential, however, that the cheapest possible (non-trivial) lift-
ing is used, to gain optimal parallelism. Recall the balanced

bracket example from Section 2.1. The lifting (additions of

min_offset and line_bal state variables) in that example

is an instance of a non-trivial lifting. Proposition 5.4, in con-

trast, would suggest a simple admissible lifting which would

not lead to as much parallelism.

5.3 Algorithmic Memoryless Lift
The algorithmic problems of lifting a function to a homo-

morphism or to a memoryless function are related. When a

function is not memoryless, it means that there is not enough

information for amemoryless join operator (⊚) to exist in the

style of the diagram in Figure 2(b). Where the homomorphic
lifting algorithm asks what extra computation is required

for the results of two instances of the entire loop nest to

be joined together, an algorithm for memoryless lifting asks
what extra computation is required for an instance of the

loop nest to be joined with an instance of the inner loop nest.
Considering that the two functions share the same signature,

the problem is formally that of joining an inner loop nest to

an arbitrary state s⃗ , which is identical to the homomorphism

lift of the inner loop nest. The following proposition, whose

proof appears in [12] makes this observation precise.

Proposition 5.5. A multidimensional rightwards function f
defined through a family of functionsG (as in Definition 4.1)
can be lifted to a memoryless function if every member ofG
can be lifted to a ⊚-homomorphism for some ⊚.

6 Algorithmic Parallelization
In Sections 4 and 5, we presented the theoretical foundations

of our approach. Theorem 4.7 guarantees that it is sound
and complete to parallelize the summarized loop in place of

the original loop nest. Proposition 5.4 guarantees that any

loop nest can be transformed into one that is summarizable.

And, finally, Theorem 5.3 guarantees that a summarized loop

can be soundly and completely lifted to a homomorphism

in place of the original loop. In this section, we outline our

algorithmic approach to parallelization.

6.1 Efficient Divide-and-Conquer Solution
Consider a loop nest L of depth n where the number of itera-

tions of every loop is bounded by a parameterm. Assuming

no function calls are made, the loop nest has a time com-

plexity of O (mn ). Since the translation to functional form

preserves time complexity, this is also the time complexity

of the function hL : Sn → D corresponding to the loop nest.

For a parallel implementation of hL based on a join operator

⊙ to have reasonable speedups over constantly many pro-

cessors, the (sequential) complexity of the implementation

based on the join should not be higher than that of the origi-

nal code. Constantly many processors cannot compensate

for a variable increase in complexity.

Proposition 6.1. Let hL ∈ O (mn ) be ⊙-homomorphic. The
sequential implementation of hL based on ⊙ is in O (mn ) if
⊙ ∈ O (mn−1).

The proof appears in [12]. This observation leads to a

formal definition of parallelizability.

Definition 6.2. (Parallelizability) A rightward (respectively

leftward) function hL ∈ O (mn ) is efficiently parallelizable if

and only if it is ⊙-homomorphic and ⊙ ∈ O (mn−1).

The deduced upper bound on ⊙ is crucial to justify the

algorithmic choices made in Sections 7, where the time com-

plexity budget for join informs the choices of syntax for

syntax-guided synthesis [1]. Similarly, there are time and

space complexity budgets for an efficient lifting.

Corollary 6.3. If a function hL ∈ O (mn ) is lifted to ˆhL
D′
∈

O (mn ), then any d ′ ∈ D ′ has space complexity O (mn−1).

The proof follows directly from that of Proposition 6.1,

which also imposes the time complexity ofO (mn−1) for com-

puting d ′. The time and space complexity bounds for d ′

inform the syntactic form of the auxiliary accumulators and
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Figure 7. Parallelization Schema

the computation that produces them. In [12], we give a vari-

ation of the example from Section 2.2, and a proof that any

lifting of that function to a homomorphism has a space com-

plexity beyond the budget specified in Corollary 6.3. This

information-theoretic proof is very involved, but makes the

important point that an efficient lifting may not always exist,

and consequently neither does a complete lifting algorithm.

Theorem 6.4. An efficient lifting of a (multidimensional)
rightward function may not always exist.

6.2 Parallelization Schema
The diagram in Figure 7 illustrates the algorithmic steps in

our methodology to parallelize an input sequential program.

The light grey side performs the summarization of the loop,

which corresponds to the discovery of a map. The light blue
side parallelizes the summarized loop, which corresponds to

the discovery of a reduction. The key algorithmic steps are

the synthesis of the summarized outer loop and the parallel

join (respectively labeled as (II) and (I) in Figure 7), which

are solved using syntax-guided synthesis (Section 7), and

the memoryless lift and the homomorphism lift (respectively

labeled as (IV) and (III) in Figure 7) which are performed

using a deductive-style algorithm (Section 8). Each step of

the process is labeled with the theorem justifying it.

The test for a homomorphism in the schema is only nomi-

nal and implemented indirectly through the success or failure

of join synthesis algorithm. It is important to note that Rice’s

theorem dictates that determining whether a computable

function is a homomorphism in general is undecidable, and

therefore there exists no decision procedure for this test.

If a function is not memoryless, then in (IV), an efficient

memoryless lift is attempted; that is, the most efficient lift

whose time complexity is no more thanO (mn−2). If this fails,
we know we can always rely on the default admissible mem-

oryless lift (which is incidentally of complexity O (mn−1)). If
a homomorphism lift within the complexity budget (deter-

mined by k , the summarized loop depth) exists, then a classic

divide-and-conquer parallel program is produced. Otherwise,

we opt to parallelize the inner loop through the map and

leave the outer loop’s computation as sequential (as is the

case for the example in Section 2.1). When summarization

does not reduce the depth of the loop (i.e n = k), then there

is no benefit in parallelizing the inner loop nest through a

parallel map only; in this scenario, the parallelization fails.

7 Join Synthesis
In this section, we address the algorithmic problems of gen-

eration of the parallel join operator and the summarized outer
loop, respectively steps (I) and (II) from the general schema

of Figure 7. Although the two problems seem independent,

the latter turns out to be a special instance of the former.

7.1 Syntax-guided Synthesis of Parallel Join
We employ syntax-guided synthesis (SyGuS)[1] to generate

the parallel join. Given a correctness specification φ and syn-
tactic constraints describing the syntactic space S of possible

implementations for join, a syntax-guided synthesis solver

finds a solution x ∈ S where φ (x ) holds. The correctness
specification for the join operator ⊙ is that hL (the summa-

rized loop function) forms a homomorphismwith ⊙ (i.e. Defi-

nition 3.2); i.e., φ (⊙) ≡ ∀x ,y ∈ SD ,hL (x •y) = hL (x ) ⊙hL (y).
The main challenge in SyGuS is to appropriately define

the syntactic restrictions. On one hand, they need to be

expressive enough to include an efficient ⊙ that satisfies φ if

one exists. On the other hand, the smaller the state space S,

the more tractable the search problem for its synthesis.

We use an insight to define S effectively. A function f −1

is a weak inverse of a function f iff f ◦ f −1 ◦ f = f , and
f always has at least one weak inverse iff f is computable

and its domain is countable. All the functions of interest

in this paper have weak inverses of signature D → Sn . In
the proof of the third homomorphism theorem in [17], it

is observed that a join ⊙ for a homomorphism hL can be

constructively defined based on hL’s weak inverse. That is,

for all d,d ′ ∈ D we have d ⊙ d ′ = hL (h
−1
L (d ) • h−1L (d ′)).

This implies an ⊙ with a similar syntactic structure to hL
exists. Moreover, Proposition 6.1 implies that for ⊙ to remain

within the complexity budget, h−1L (d ) and h−1L (d ′) need to

have constant length.
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Example 7.1. Recall the maximum top-left subarray sum

example from Figure 5(c). The summarized function hmtls ’s

signature is the tuple of state variables ⟨rec,max_rec,mtl_rec⟩

and its weak inverse is a 2-row array with the same width

as the original input. It is illustrated below.

max rec[k � 1]max rec[0]

rec[0]�max rec[0] rec[k � 1]�max rec[k � 1]

. . .

. . .

A join con-

structed based

on this weak

inverse executes hmtls on 4 rows; the concatenation of 2 sets

of 2 rows coming from the left and the right threads.

In syntax-guided synthesis,S is defined by a programwith

holes (a sketch) and an expression grammar G specifying

possible completions for the holes. Intuitively, the solver

searches for substitutions from expressions inG for all holes

in the sketch, such that the resulting program satisfies the

correctness specification. The construction of the sketch we

use is an extension of the one in [11]. ForG , we use a standard
expression grammar parameterized by the operators of the

programs and the input variables of the join. The sketch is

constructed by replacing every variable in the body of hL by

a hole. For example, the parallel join for the example in the

introduction is synthesized using the following sketch:

aux_sum = ??LR + ??LR;
max_bot_box_sum = max(??LR + ??LR, ??R);

<latexit sha1_base64="S4tZSCX1fJMqLlPI8NlpGO1L79c="></latexit><latexit sha1_base64="S4tZSCX1fJMqLlPI8NlpGO1L79c="></latexit><latexit sha1_base64="S4tZSCX1fJMqLlPI8NlpGO1L79c="></latexit><latexit sha1_base64="S4tZSCX1fJMqLlPI8NlpGO1L79c="></latexit>

where ??LR (resp. ??R) are holes to be filled with expressions

over variables of the left and the right thread (resp. the right

thread only). The join from Figure 1 is a solution to the above

sketch, taken from [11], whose formal definition appears in

[12]. In contrast to [11], the body of our loops and the join

operator are not necessarily loop-free (e.g. the code from

Figure 5(c) and the corresponding join). We extend the sketch

construction by mapping the loops nested in the loop body

to loop skeletons in the sketch.

int mtl_rec = ??;
int * rec = ??;
int * max_rec = ??;
for(j=0; j < n; j++){
rec[j] = ?? + ??;
max_rec[j] = max(??,??);
mtl_rec = max(??,??);

}
<latexit sha1_base64="M8wNGEWtmZABDd48MetQ9x/W9V0="></latexit><latexit sha1_base64="M8wNGEWtmZABDd48MetQ9x/W9V0="></latexit><latexit sha1_base64="M8wNGEWtmZABDd48MetQ9x/W9V0="></latexit><latexit sha1_base64="M8wNGEWtmZABDd48MetQ9x/W9V0="></latexit>

For example, consider the

sketch illustrated on the right.

The crucial difference between

a looped sketch like this one

and those in [11] is that in a

loop, variables may have to be

referenced on the right-hand side of the assignments to effec-

tively implement recursion. Therefore, the extended sketch

allows for join variables to appear on the righthand side of

the expressions (i.e. ?? stands for all variables in contrast

to just left and right variables). The complete sketch admits

bounded repetitions of the above loop (not illustrated), which

then produces exactly the solution from Example 7.1 in 4 rep-

etitions. But, one can piggy back on the first loop to update

mtl_rec simultaneously with max_rec[] instead of having

to wait for the next loop in the repetition. This leads to the

discovery of an optimal join (i.e. the one in Section 2.2), com-

pared to a less efficient join of Example 7.1. Note that both

joins are valid solutions of the sketch.

Assuming that h−1L returns a constant-length (multidimen-

sional) sequence, and hL is a homomorphism, then a join

is guaranteed to exist in the space described by our sketch.

And, the synthesis procedure can soundly declare hL not to

be a a homomorphism when it cannot find a join.

7.2 Summarized Loop Synthesis
Assuming that the loop is memoryless, summarization of

the loop boils down to the synthesis of the operator ⊚ from

Figure 2(b). We argue why this problem is nearly identical

to the synthesis of a homomorphic join.

Proposition 7.2. A multidimensional rightward function f
(as defined in Definition 4.1) is memoryless iff every member
of the family of functionsG is ⊚-homomorphic.

The full proof can be found in [12]. Here, we sketch a high

level argument to provide some intuition. Consider a multidi-

mensional rightward function f as defined in Definition 4.1.

Assume that there exists a binary operator ⊚ and an initial

state /0д that satisfy the following condition

φ (⊚, /0д )
def
≡ ∀d ∈ D,δ ∈ Sn−1, G(d ) (δ ) = d ⊚G( /0д ) (δ ).

It is straightforward to see why the above characterization

is equivalent to the one given in Definition 4.2 for a mem-

oryless rightward function. Moreover, one can prove that

condition φ is equivalent to stating that every member of

the family of functions G is ⊚-homomorphic. Hence, the

operator ⊚ can be synthesized, using the specification φ, as
a homomorphism join operator of the function G. This is

the problem addressed in Section 7.1.

It is important to note that the complexity budget for

a memoryless join operator ⊚ may differ from that of the

parallel join operator ⊙. The budget for ⊙ is determined by

the depth of the summarized loop nest as formulated in the

definition of parallelizability (Definition 6.2). The budget for

⊚ is determined by the depth of the original loop nest. Note

that in Figure 7, k is the depth of the summarized loop nest

and n is the depth of the original loop nest.

8 Automatic Lifting
As argued in Section 5.3, a memoryless lift is a special in-

stance of the homomorphism lift and both problems admit

the same algorithmic solution. Here, we present an algo-

rithm for discovering a homomorphism lift, which would

respectively apply to modules (III) and (IV) in Figure 7.

8.1 Rewriting Oracle
Assume a memoryless function f : Sn → D defined re-

cursively as f (σ ) = foldl (⊕) ◦map(д) (σ ) is not a homomor-

phism. Leth : SD → D be the summarization of f , as defined
in Proposition 4.6, that is:

h([]) = f ([])

∀a ∈ D : h(x • [a]) = h(x ) ⊕ a
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for x ∈ SD and a ∈ D. Recall that according to Theorem 5.3,

a lifting for h can be computed instead of a lifting for f .
Let x ,y ∈ SD , s⃗ = h(x ), andy = [a1, . . . ,ak ] (with ai ∈ D).

The sequential computation of h(x • y) can be written as:

h(x • [a1, . . . ,ak ]) = (· · · (⃗s ⊕ a1) ⊕ · · · ) ⊕ ak . (1)

Lifting h to a homomorphism
ˆhD
′

corresponds to extend-

ing the image of h to D × D ′ and lifting the initial state to

(s⃗0, s⃗
′
0
) = ˆhD

′

([]). If ˆhD
′

is a homomorphism, then there exists

a binary operator ⊙ such that ( (⃗s, s⃗ ′) = ˆf D
′

(σ )):

ˆhD
′

(x • y) = (⃗s, s⃗ ′) ⊙ ˆhD
′

([a1, . . . ,ak ])

= (⃗s, s⃗ ′) ⊙
(
· · · (((s⃗0, s⃗

′
0
)⊕̂a1)⊕̂ · · · )⊕̂ak

)
. (2)

First, the following proposition, adapted from Theorem

6.2 of [11], indicates that s⃗ ′ is not relevant to the discovery

of the lifting
ˆhD
′

.

Proposition 8.1. If there exists a ⊙-homomorphic lifting ˆhD
′

of h, then there exists a ⊛-homomorphic lifting ˆhD
′

where for
all c,d ∈ D and c ′,d ′ ∈ D ′, there exists functions θ and θ ′

such that

(c, c ′) ⊛ (d,d ′) = (θ (c,d,d ′),θ ′(c,d, c ′,d ′)).

The significance of Proposition 8.1 is that the value of

the D component of the join result (i.e. θ (c,d,d ′)) need not

depend on the value of the D ′ component of its left input

(i.e. c ′). Interpreting this for equation 2, we conclude that

the value of πD (h(x ) ⊙ ˆhD
′

([a1, . . . ,ak ])), only depends on

h(x ) and ˆhD
′

([a1, . . . ,ak ]). Therefore, one can imagine an

algorithm that starts from an arbitrary state s⃗ = h(x ) and

tries to guess what ˆhD
′

([a1, . . . ,ak ])) should look like (as in

what D ′ should be) so that such a join exists. Specifically,

there is a function θ such that:

(· · · ( (⃗s ⊕ a1) ⊕ · · · ) ⊕ ak ) = (3)

θ (⃗s, h([a1, . . . ,ak ]), πD′ ◦ ˆh
D′ ([a1, . . . ,ak ]))

and, the third component of θ is the auxiliary computation

that needs to be discovered. Note that θ could stand for the

computation of a loop nest, in contrast to the setting in [11]

where it stood for an expression (i.e. loop-free code), which

means the lifting algorithm in [11] is not applicable and a

new lifting algorithm is required. Equation 3 is the key to

our algorithmic solution. The left hand side corresponds to

the sequential execution and the right hand side corresponds

to a parallel one. Since the join does not have access to the

input (i.e. a1, . . . ,ak ), the value of πD′ ◦ ˆhD
′

([a1, . . . ,ak ])

(i.e. the extra information in the signature of
ˆhD
′

) has to be

computed by the worker threads and passed on to the join.

Example 8.2. Figure 8 illustrates the two sides of Equation

3 for the maximum top-left rectangle example of Section 2.2.

Variables in red indicate the values of state variables from s⃗ .
Each α technically should include a field for rec[] and a field

max
<latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit>

max
<latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit>

mtl rec
<latexit sha1_base64="cIBW70STXOBA91YgEKisxbHNoHg=">AAAB9XicdVBNS8NAEN3Ur1q/qh69LBbBU0mKmPZW9OKxgv2AJpbNdtMu3WzC7kQpof/DiwdFvPpfvPlv3LYRVPTBwOO9GWbmBYngGmz7wyqsrK6tbxQ3S1vbO7t75f2Djo5TRVmbxiJWvYBoJrhkbeAgWC9RjESBYN1gcjn3u3dMaR7LG5gmzI/ISPKQUwJGus08AByB8AaK0dmgXLGrDad+5rrYrtoLGOK4tXOngZ1cqaAcrUH53RvGNI2YBCqI1n3HTsDPiAJOBZuVvFSzhNAJGbG+oZJETPvZ4uoZPjHKEIexMiUBL9TvExmJtJ5GgemMCIz1b28u/uX1UwjrfsZlkgKTdLkoTAWGGM8jwENungUxNYRQxc2tmI6JIhRMUCUTwten+H/SqVUdk8x1rdK8yOMooiN0jE6Rg1zURFeohdqIIoUe0BN6tu6tR+vFel22Fqx85hD9gPX2CRImkuA=</latexit><latexit sha1_base64="cIBW70STXOBA91YgEKisxbHNoHg=">AAAB9XicdVBNS8NAEN3Ur1q/qh69LBbBU0mKmPZW9OKxgv2AJpbNdtMu3WzC7kQpof/DiwdFvPpfvPlv3LYRVPTBwOO9GWbmBYngGmz7wyqsrK6tbxQ3S1vbO7t75f2Djo5TRVmbxiJWvYBoJrhkbeAgWC9RjESBYN1gcjn3u3dMaR7LG5gmzI/ISPKQUwJGus08AByB8AaK0dmgXLGrDad+5rrYrtoLGOK4tXOngZ1cqaAcrUH53RvGNI2YBCqI1n3HTsDPiAJOBZuVvFSzhNAJGbG+oZJETPvZ4uoZPjHKEIexMiUBL9TvExmJtJ5GgemMCIz1b28u/uX1UwjrfsZlkgKTdLkoTAWGGM8jwENungUxNYRQxc2tmI6JIhRMUCUTwten+H/SqVUdk8x1rdK8yOMooiN0jE6Rg1zURFeohdqIIoUe0BN6tu6tR+vFel22Fqx85hD9gPX2CRImkuA=</latexit><latexit sha1_base64="cIBW70STXOBA91YgEKisxbHNoHg=">AAAB9XicdVBNS8NAEN3Ur1q/qh69LBbBU0mKmPZW9OKxgv2AJpbNdtMu3WzC7kQpof/DiwdFvPpfvPlv3LYRVPTBwOO9GWbmBYngGmz7wyqsrK6tbxQ3S1vbO7t75f2Djo5TRVmbxiJWvYBoJrhkbeAgWC9RjESBYN1gcjn3u3dMaR7LG5gmzI/ISPKQUwJGus08AByB8AaK0dmgXLGrDad+5rrYrtoLGOK4tXOngZ1cqaAcrUH53RvGNI2YBCqI1n3HTsDPiAJOBZuVvFSzhNAJGbG+oZJETPvZ4uoZPjHKEIexMiUBL9TvExmJtJ5GgemMCIz1b28u/uX1UwjrfsZlkgKTdLkoTAWGGM8jwENungUxNYRQxc2tmI6JIhRMUCUTwten+H/SqVUdk8x1rdK8yOMooiN0jE6Rg1zURFeohdqIIoUe0BN6tu6tR+vFel22Fqx85hD9gPX2CRImkuA=</latexit><latexit sha1_base64="cIBW70STXOBA91YgEKisxbHNoHg=">AAAB9XicdVBNS8NAEN3Ur1q/qh69LBbBU0mKmPZW9OKxgv2AJpbNdtMu3WzC7kQpof/DiwdFvPpfvPlv3LYRVPTBwOO9GWbmBYngGmz7wyqsrK6tbxQ3S1vbO7t75f2Djo5TRVmbxiJWvYBoJrhkbeAgWC9RjESBYN1gcjn3u3dMaR7LG5gmzI/ISPKQUwJGus08AByB8AaK0dmgXLGrDad+5rrYrtoLGOK4tXOngZ1cqaAcrUH53RvGNI2YBCqI1n3HTsDPiAJOBZuVvFSzhNAJGbG+oZJETPvZ4uoZPjHKEIexMiUBL9TvExmJtJ5GgemMCIz1b28u/uX1UwjrfsZlkgKTdLkoTAWGGM8jwENungUxNYRQxc2tmI6JIhRMUCUTwten+H/SqVUdk8x1rdK8yOMooiN0jE6Rg1zURFeohdqIIoUe0BN6tu6tR+vFel22Fqx85hD9gPX2CRImkuA=</latexit>

rec[0] + ↵0[0]
<latexit sha1_base64="LJm+8njKf+nh4N3ejSOx8qhX0kU=">AAACEnicbVDLSgMxFM34rPU16tJNsBUUoWS60WXRjcsK9gEzQ8mkaRuaeZDcEcrQb3Djr7hxoYhbV+78G9PpLLT1QODknHtvbk6QSKGBkG9rZXVtfWOztFXe3tnd27cPDts6ThXjLRbLWHUDqrkUEW+BAMm7ieI0DCTvBOObmd954EqLOLqHScL9kA4jMRCMgpF69nnmAWAvH5Qp3p9ixdm06hIfX2CPymREe8TcqrhnV0iN5MDLxClIBRVo9uwvrx+zNOQRMEm1dh2SgJ9RBYJJPi17qeYJZWM65K6hEQ259rN8kyk+NUofD2JlTgQ4V393ZDTUehIGpjKkMNKL3kz8z3NTGFz5mYiSFHjE5g8NUokhxrN8cF+YAEBODKFMCbMrZiOqKAOTYtmE4Cx+eZm06zWH1Jy7eqVxXcRRQsfoBJ0hB12iBrpFTdRCDD2iZ/SK3qwn68V6tz7mpStW0XOE/sD6/AHRkpw7</latexit><latexit sha1_base64="LJm+8njKf+nh4N3ejSOx8qhX0kU=">AAACEnicbVDLSgMxFM34rPU16tJNsBUUoWS60WXRjcsK9gEzQ8mkaRuaeZDcEcrQb3Djr7hxoYhbV+78G9PpLLT1QODknHtvbk6QSKGBkG9rZXVtfWOztFXe3tnd27cPDts6ThXjLRbLWHUDqrkUEW+BAMm7ieI0DCTvBOObmd954EqLOLqHScL9kA4jMRCMgpF69nnmAWAvH5Qp3p9ixdm06hIfX2CPymREe8TcqrhnV0iN5MDLxClIBRVo9uwvrx+zNOQRMEm1dh2SgJ9RBYJJPi17qeYJZWM65K6hEQ259rN8kyk+NUofD2JlTgQ4V393ZDTUehIGpjKkMNKL3kz8z3NTGFz5mYiSFHjE5g8NUokhxrN8cF+YAEBODKFMCbMrZiOqKAOTYtmE4Cx+eZm06zWH1Jy7eqVxXcRRQsfoBJ0hB12iBrpFTdRCDD2iZ/SK3qwn68V6tz7mpStW0XOE/sD6/AHRkpw7</latexit><latexit sha1_base64="LJm+8njKf+nh4N3ejSOx8qhX0kU=">AAACEnicbVDLSgMxFM34rPU16tJNsBUUoWS60WXRjcsK9gEzQ8mkaRuaeZDcEcrQb3Djr7hxoYhbV+78G9PpLLT1QODknHtvbk6QSKGBkG9rZXVtfWOztFXe3tnd27cPDts6ThXjLRbLWHUDqrkUEW+BAMm7ieI0DCTvBOObmd954EqLOLqHScL9kA4jMRCMgpF69nnmAWAvH5Qp3p9ixdm06hIfX2CPymREe8TcqrhnV0iN5MDLxClIBRVo9uwvrx+zNOQRMEm1dh2SgJ9RBYJJPi17qeYJZWM65K6hEQ259rN8kyk+NUofD2JlTgQ4V393ZDTUehIGpjKkMNKL3kz8z3NTGFz5mYiSFHjE5g8NUokhxrN8cF+YAEBODKFMCbMrZiOqKAOTYtmE4Cx+eZm06zWH1Jy7eqVxXcRRQsfoBJ0hB12iBrpFTdRCDD2iZ/SK3qwn68V6tz7mpStW0XOE/sD6/AHRkpw7</latexit><latexit sha1_base64="LJm+8njKf+nh4N3ejSOx8qhX0kU=">AAACEnicbVDLSgMxFM34rPU16tJNsBUUoWS60WXRjcsK9gEzQ8mkaRuaeZDcEcrQb3Djr7hxoYhbV+78G9PpLLT1QODknHtvbk6QSKGBkG9rZXVtfWOztFXe3tnd27cPDts6ThXjLRbLWHUDqrkUEW+BAMm7ieI0DCTvBOObmd954EqLOLqHScL9kA4jMRCMgpF69nnmAWAvH5Qp3p9ixdm06hIfX2CPymREe8TcqrhnV0iN5MDLxClIBRVo9uwvrx+zNOQRMEm1dh2SgJ9RBYJJPi17qeYJZWM65K6hEQ259rN8kyk+NUofD2JlTgQ4V393ZDTUehIGpjKkMNKL3kz8z3NTGFz5mYiSFHjE5g8NUokhxrN8cF+YAEBODKFMCbMrZiOqKAOTYtmE4Cx+eZm06zWH1Jy7eqVxXcRRQsfoBJ0hB12iBrpFTdRCDD2iZ/SK3qwn68V6tz7mpStW0XOE/sD6/AHRkpw7</latexit>

max
<latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit>

max
<latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit>

rec[0] +
Pk

i=0 ↵i[0]
<latexit sha1_base64="ZH9oYi0rVkMi5L/Ccs9JycpNU+U=">AAACIXicbVDLSsNAFJ34rPUVdelmsBUEoSTd2I1QdOOygn1AE8NkOm2HTh7M3Agl5Ffc+CtuXCjSnfgzTtMstPXAhcM5987ce/xYcAWW9WWsrW9sbm2Xdsq7e/sHh+bRcUdFiaSsTSMRyZ5PFBM8ZG3gIFgvlowEvmBdf3I797tPTCoehQ8wjZkbkFHIh5wS0JJnNlInfySVbJBhBwBLRrNq33LxJXZUEngpv7ayx3SiXSLiMfG4NqvYMytWzcqBV4ldkAoq0PLMmTOIaBKwEKggSvVtKwY3JRI4FSwrO4liMaETMmJ9TUMSMOWm+XIZPtfKAA8jqSsEnKu/J1ISKDUNfN0ZEBirZW8u/uf1Exg23JSHcQIspIuPhonAEOF5XHjAdR4gppoQKrneFdMxkYSCDrWsQ7CXT14lnXrNtmr2fb3SvCniKKFTdIYukI2uUBPdoRZqI4qe0St6Rx/Gi/FmfBqzReuaUcycoD8wvn8AGuSiyQ==</latexit><latexit sha1_base64="ZH9oYi0rVkMi5L/Ccs9JycpNU+U=">AAACIXicbVDLSsNAFJ34rPUVdelmsBUEoSTd2I1QdOOygn1AE8NkOm2HTh7M3Agl5Ffc+CtuXCjSnfgzTtMstPXAhcM5987ce/xYcAWW9WWsrW9sbm2Xdsq7e/sHh+bRcUdFiaSsTSMRyZ5PFBM8ZG3gIFgvlowEvmBdf3I797tPTCoehQ8wjZkbkFHIh5wS0JJnNlInfySVbJBhBwBLRrNq33LxJXZUEngpv7ayx3SiXSLiMfG4NqvYMytWzcqBV4ldkAoq0PLMmTOIaBKwEKggSvVtKwY3JRI4FSwrO4liMaETMmJ9TUMSMOWm+XIZPtfKAA8jqSsEnKu/J1ISKDUNfN0ZEBirZW8u/uf1Exg23JSHcQIspIuPhonAEOF5XHjAdR4gppoQKrneFdMxkYSCDrWsQ7CXT14lnXrNtmr2fb3SvCniKKFTdIYukI2uUBPdoRZqI4qe0St6Rx/Gi/FmfBqzReuaUcycoD8wvn8AGuSiyQ==</latexit><latexit sha1_base64="ZH9oYi0rVkMi5L/Ccs9JycpNU+U=">AAACIXicbVDLSsNAFJ34rPUVdelmsBUEoSTd2I1QdOOygn1AE8NkOm2HTh7M3Agl5Ffc+CtuXCjSnfgzTtMstPXAhcM5987ce/xYcAWW9WWsrW9sbm2Xdsq7e/sHh+bRcUdFiaSsTSMRyZ5PFBM8ZG3gIFgvlowEvmBdf3I797tPTCoehQ8wjZkbkFHIh5wS0JJnNlInfySVbJBhBwBLRrNq33LxJXZUEngpv7ayx3SiXSLiMfG4NqvYMytWzcqBV4ldkAoq0PLMmTOIaBKwEKggSvVtKwY3JRI4FSwrO4liMaETMmJ9TUMSMOWm+XIZPtfKAA8jqSsEnKu/J1ISKDUNfN0ZEBirZW8u/uf1Exg23JSHcQIspIuPhonAEOF5XHjAdR4gppoQKrneFdMxkYSCDrWsQ7CXT14lnXrNtmr2fb3SvCniKKFTdIYukI2uUBPdoRZqI4qe0St6Rx/Gi/FmfBqzReuaUcycoD8wvn8AGuSiyQ==</latexit><latexit sha1_base64="ZH9oYi0rVkMi5L/Ccs9JycpNU+U=">AAACIXicbVDLSsNAFJ34rPUVdelmsBUEoSTd2I1QdOOygn1AE8NkOm2HTh7M3Agl5Ffc+CtuXCjSnfgzTtMstPXAhcM5987ce/xYcAWW9WWsrW9sbm2Xdsq7e/sHh+bRcUdFiaSsTSMRyZ5PFBM8ZG3gIFgvlowEvmBdf3I797tPTCoehQ8wjZkbkFHIh5wS0JJnNlInfySVbJBhBwBLRrNq33LxJXZUEngpv7ayx3SiXSLiMfG4NqvYMytWzcqBV4ldkAoq0PLMmTOIaBKwEKggSvVtKwY3JRI4FSwrO4liMaETMmJ9TUMSMOWm+XIZPtfKAA8jqSsEnKu/J1ISKDUNfN0ZEBirZW8u/uf1Exg23JSHcQIspIuPhonAEOF5XHjAdR4gppoQKrneFdMxkYSCDrWsQ7CXT14lnXrNtmr2fb3SvCniKKFTdIYukI2uUBPdoRZqI4qe0St6Rx/Gi/FmfBqzReuaUcycoD8wvn8AGuSiyQ==</latexit>

max
<latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit>

max
<latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit><latexit sha1_base64="N7EWMjity4olA7swJbx8Gj1EfRw=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4AmlMl02g6dScLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKSLeQoGSdxPNqQol74ST29zvPHJtRBw94DThgaKjSAwFo2gl31cUxwIzRZ9m/WrNrbtzkFXiFaQGBZr96pc/iFmqeIRMUmN6nptgkFGNgkk+q/ip4QllEzriPUsjqrgJsnnmGTmzyoAMY21fhGSu/t7IqDJmqkI7mWc0y14u/uf1UhxeB5mIkhR5xBaHhqkkGJO8ADIQmjOUU0so08JmJWxMNWVoa6rYErzlL6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBgwSe4RXenNR5cd6dj8VoySl2juEPnM8fqFySEw==</latexit>

mtl rec
<latexit sha1_base64="6054GPbilgycEGq/eREiyrcMmj8=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCVdYKxgYSwSfUhNFDmO01p1HrJvkKooAwu/wsIAQqx8BBt/g5tmgJYjWTo65z58j58KrsCyvo3axubW9k59t7G3f3B4ZB6fDFSSScr6NBGJHPlEMcFj1gcOgo1SyUjkCzb0ZzcLf/jApOJJfA/zlLkRmcQ85JSAljyzmTvlkFyyoMAOAI5AOJ5ktMCe2bLaVgm8TuyKtFCFnmd+OUFCs4jFQAVRamxbKbg5kcCpYEXDyRRLCZ2RCRtrGpOIKTcv9xf4XCsBDhOpXwy4VH935CRSah75ujIiMFWr3kL8zxtnEF65OY/TDFhMl4vCTGBI8CIRHHB9LYi5JoRKrv+K6ZRIQkHn1tAh2Ksnr5NBp21bbfuu0+peV3HUUROdoQtko0vURbeoh/qIokf0jF7Rm/FkvBjvxseytGZUPafoD4zPH/YhmEM=</latexit><latexit sha1_base64="6054GPbilgycEGq/eREiyrcMmj8=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCVdYKxgYSwSfUhNFDmO01p1HrJvkKooAwu/wsIAQqx8BBt/g5tmgJYjWTo65z58j58KrsCyvo3axubW9k59t7G3f3B4ZB6fDFSSScr6NBGJHPlEMcFj1gcOgo1SyUjkCzb0ZzcLf/jApOJJfA/zlLkRmcQ85JSAljyzmTvlkFyyoMAOAI5AOJ5ktMCe2bLaVgm8TuyKtFCFnmd+OUFCs4jFQAVRamxbKbg5kcCpYEXDyRRLCZ2RCRtrGpOIKTcv9xf4XCsBDhOpXwy4VH935CRSah75ujIiMFWr3kL8zxtnEF65OY/TDFhMl4vCTGBI8CIRHHB9LYi5JoRKrv+K6ZRIQkHn1tAh2Ksnr5NBp21bbfuu0+peV3HUUROdoQtko0vURbeoh/qIokf0jF7Rm/FkvBjvxseytGZUPafoD4zPH/YhmEM=</latexit><latexit sha1_base64="6054GPbilgycEGq/eREiyrcMmj8=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCVdYKxgYSwSfUhNFDmO01p1HrJvkKooAwu/wsIAQqx8BBt/g5tmgJYjWTo65z58j58KrsCyvo3axubW9k59t7G3f3B4ZB6fDFSSScr6NBGJHPlEMcFj1gcOgo1SyUjkCzb0ZzcLf/jApOJJfA/zlLkRmcQ85JSAljyzmTvlkFyyoMAOAI5AOJ5ktMCe2bLaVgm8TuyKtFCFnmd+OUFCs4jFQAVRamxbKbg5kcCpYEXDyRRLCZ2RCRtrGpOIKTcv9xf4XCsBDhOpXwy4VH935CRSah75ujIiMFWr3kL8zxtnEF65OY/TDFhMl4vCTGBI8CIRHHB9LYi5JoRKrv+K6ZRIQkHn1tAh2Ksnr5NBp21bbfuu0+peV3HUUROdoQtko0vURbeoh/qIokf0jF7Rm/FkvBjvxseytGZUPafoD4zPH/YhmEM=</latexit><latexit sha1_base64="6054GPbilgycEGq/eREiyrcMmj8=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCVdYKxgYSwSfUhNFDmO01p1HrJvkKooAwu/wsIAQqx8BBt/g5tmgJYjWTo65z58j58KrsCyvo3axubW9k59t7G3f3B4ZB6fDFSSScr6NBGJHPlEMcFj1gcOgo1SyUjkCzb0ZzcLf/jApOJJfA/zlLkRmcQ85JSAljyzmTvlkFyyoMAOAI5AOJ5ktMCe2bLaVgm8TuyKtFCFnmd+OUFCs4jFQAVRamxbKbg5kcCpYEXDyRRLCZ2RCRtrGpOIKTcv9xf4XCsBDhOpXwy4VH935CRSah75ujIiMFWr3kL8zxtnEF65OY/TDFhMl4vCTGBI8CIRHHB9LYi5JoRKrv+K6ZRIQkHn1tAh2Ksnr5NBp21bbfuu0+peV3HUUROdoQtko0vURbeoh/qIokf0jF7Rm/FkvBjvxseytGZUPafoD4zPH/YhmEM=</latexit>

loo
p

k

<latexit sha1_base64="4LaMNe1PwQqvaXfoPkf6lXKZrLc=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4WrKtYr0VvXisYD+gXUo2zbax2c2SZIWy9D948aCIV/+PN/+NabuCij4YeLw3w8y8IBFcG4w/nKXlldW19cJGcXNre2e3tLff0jJVlDWpFFJ1AqKZ4DFrGm4E6ySKkSgQrB2Mr2Z++54pzWV8ayYJ8yMyjHnIKTFWagkpEzTul8rYxXMg7J6dYlyrWlKpetXaBfJyqww5Gv3Se28gaRqx2FBBtO56ODF+RpThVLBpsZdqlhA6JkPWtTQmEdN+Nr92io6tMkChVLZig+bq94mMRFpPosB2RsSM9G9vJv7ldVMT1vyMx0lqWEwXi8JUICPR7HU04IpRIyaWEKq4vRXREVGEGhtQ0Ybw9Sn6n7Qqrodd76ZSrl/mcRTgEI7gBDw4hzpcQwOaQOEOHuAJnh3pPDovzuuidcnJZw7gB5y3T6DEjyc=</latexit><latexit sha1_base64="4LaMNe1PwQqvaXfoPkf6lXKZrLc=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4WrKtYr0VvXisYD+gXUo2zbax2c2SZIWy9D948aCIV/+PN/+NabuCij4YeLw3w8y8IBFcG4w/nKXlldW19cJGcXNre2e3tLff0jJVlDWpFFJ1AqKZ4DFrGm4E6ySKkSgQrB2Mr2Z++54pzWV8ayYJ8yMyjHnIKTFWagkpEzTul8rYxXMg7J6dYlyrWlKpetXaBfJyqww5Gv3Se28gaRqx2FBBtO56ODF+RpThVLBpsZdqlhA6JkPWtTQmEdN+Nr92io6tMkChVLZig+bq94mMRFpPosB2RsSM9G9vJv7ldVMT1vyMx0lqWEwXi8JUICPR7HU04IpRIyaWEKq4vRXREVGEGhtQ0Ybw9Sn6n7Qqrodd76ZSrl/mcRTgEI7gBDw4hzpcQwOaQOEOHuAJnh3pPDovzuuidcnJZw7gB5y3T6DEjyc=</latexit><latexit sha1_base64="4LaMNe1PwQqvaXfoPkf6lXKZrLc=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4WrKtYr0VvXisYD+gXUo2zbax2c2SZIWy9D948aCIV/+PN/+NabuCij4YeLw3w8y8IBFcG4w/nKXlldW19cJGcXNre2e3tLff0jJVlDWpFFJ1AqKZ4DFrGm4E6ySKkSgQrB2Mr2Z++54pzWV8ayYJ8yMyjHnIKTFWagkpEzTul8rYxXMg7J6dYlyrWlKpetXaBfJyqww5Gv3Se28gaRqx2FBBtO56ODF+RpThVLBpsZdqlhA6JkPWtTQmEdN+Nr92io6tMkChVLZig+bq94mMRFpPosB2RsSM9G9vJv7ldVMT1vyMx0lqWEwXi8JUICPR7HU04IpRIyaWEKq4vRXREVGEGhtQ0Ybw9Sn6n7Qqrodd76ZSrl/mcRTgEI7gBDw4hzpcQwOaQOEOHuAJnh3pPDovzuuidcnJZw7gB5y3T6DEjyc=</latexit><latexit sha1_base64="4LaMNe1PwQqvaXfoPkf6lXKZrLc=">AAAB7XicdVBNSwMxEJ31s9avqkcvwSJ4WrKtYr0VvXisYD+gXUo2zbax2c2SZIWy9D948aCIV/+PN/+NabuCij4YeLw3w8y8IBFcG4w/nKXlldW19cJGcXNre2e3tLff0jJVlDWpFFJ1AqKZ4DFrGm4E6ySKkSgQrB2Mr2Z++54pzWV8ayYJ8yMyjHnIKTFWagkpEzTul8rYxXMg7J6dYlyrWlKpetXaBfJyqww5Gv3Se28gaRqx2FBBtO56ODF+RpThVLBpsZdqlhA6JkPWtTQmEdN+Nr92io6tMkChVLZig+bq94mMRFpPosB2RsSM9G9vJv7ldVMT1vyMx0lqWEwXi8JUICPR7HU04IpRIyaWEKq4vRXREVGEGhtQ0Ybw9Sn6n7Qqrodd76ZSrl/mcRTgEI7gBDw4hzpcQwOaQOEOHuAJnh3pPDovzuuidcnJZw7gB5y3T6DEjyc=</latexit>

lo
op

1
<latexit sha1_base64="9F0FBuYn9G9nb72HOngR6S+nnR0=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbB05JtFeut6MVjBfsB7VKyabaNZjdLkhXK0v/gxYMiXv0/3vw3pu0KKvpg4PHeDDPzgkRwbTD+cApLyyura8X10sbm1vZOeXevrWWqKGtRKaTqBkQzwWPWMtwI1k0UI1EgWCe4u5z5nXumNJfxjZkkzI/IKOYhp8RYqS2kTJA3KFewi+dA2D09wbhes6Ra82r1c+TlVgVyNAfl9/5Q0jRisaGCaN3zcGL8jCjDqWDTUj/VLCH0joxYz9KYREz72fzaKTqyyhCFUtmKDZqr3ycyEmk9iQLbGREz1r+9mfiX10tNWPczHiepYTFdLApTgYxEs9fRkCtGjZhYQqji9lZEx0QRamxAJRvC16fof9Kuuh52vetqpXGRx1GEAziEY/DgDBpwBU1oAYVbeIAneHak8+i8OK+L1oKTz+zDDzhvn0jcju0=</latexit><latexit sha1_base64="9F0FBuYn9G9nb72HOngR6S+nnR0=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbB05JtFeut6MVjBfsB7VKyabaNZjdLkhXK0v/gxYMiXv0/3vw3pu0KKvpg4PHeDDPzgkRwbTD+cApLyyura8X10sbm1vZOeXevrWWqKGtRKaTqBkQzwWPWMtwI1k0UI1EgWCe4u5z5nXumNJfxjZkkzI/IKOYhp8RYqS2kTJA3KFewi+dA2D09wbhes6Ra82r1c+TlVgVyNAfl9/5Q0jRisaGCaN3zcGL8jCjDqWDTUj/VLCH0joxYz9KYREz72fzaKTqyyhCFUtmKDZqr3ycyEmk9iQLbGREz1r+9mfiX10tNWPczHiepYTFdLApTgYxEs9fRkCtGjZhYQqji9lZEx0QRamxAJRvC16fof9Kuuh52vetqpXGRx1GEAziEY/DgDBpwBU1oAYVbeIAneHak8+i8OK+L1oKTz+zDDzhvn0jcju0=</latexit><latexit sha1_base64="9F0FBuYn9G9nb72HOngR6S+nnR0=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbB05JtFeut6MVjBfsB7VKyabaNZjdLkhXK0v/gxYMiXv0/3vw3pu0KKvpg4PHeDDPzgkRwbTD+cApLyyura8X10sbm1vZOeXevrWWqKGtRKaTqBkQzwWPWMtwI1k0UI1EgWCe4u5z5nXumNJfxjZkkzI/IKOYhp8RYqS2kTJA3KFewi+dA2D09wbhes6Ra82r1c+TlVgVyNAfl9/5Q0jRisaGCaN3zcGL8jCjDqWDTUj/VLCH0joxYz9KYREz72fzaKTqyyhCFUtmKDZqr3ycyEmk9iQLbGREz1r+9mfiX10tNWPczHiepYTFdLApTgYxEs9fRkCtGjZhYQqji9lZEx0QRamxAJRvC16fof9Kuuh52vetqpXGRx1GEAziEY/DgDBpwBU1oAYVbeIAneHak8+i8OK+L1oKTz+zDDzhvn0jcju0=</latexit><latexit sha1_base64="9F0FBuYn9G9nb72HOngR6S+nnR0=">AAAB7XicdVBNSwMxEJ2tX7V+VT16CRbB05JtFeut6MVjBfsB7VKyabaNZjdLkhXK0v/gxYMiXv0/3vw3pu0KKvpg4PHeDDPzgkRwbTD+cApLyyura8X10sbm1vZOeXevrWWqKGtRKaTqBkQzwWPWMtwI1k0UI1EgWCe4u5z5nXumNJfxjZkkzI/IKOYhp8RYqS2kTJA3KFewi+dA2D09wbhes6Ra82r1c+TlVgVyNAfl9/5Q0jRisaGCaN3zcGL8jCjDqWDTUj/VLCH0joxYz9KYREz72fzaKTqyyhCFUtmKDZqr3ycyEmk9iQLbGREz1r+9mfiX10tNWPczHiepYTFdLApTgYxEs9fRkCtGjZhYQqji9lZEx0QRamxAJRvC16fof9Kuuh52vetqpXGRx1GEAziEY/DgDBpwBU1oAYVbeIAneHak8+i8OK+L1oKTz+zDDzhvn0jcju0=</latexit>

rec[m � 1]
+ ↵0[m � 1]

<latexit sha1_base64="DCjWlECldMr3t2ysJ7UAhQFDtrM=">AAACInicbVDNS8MwHE3n15xfVY9egpsgiKPdRb0NvXic4D6gLSVN0y0sTUuSCqPsb/Hiv+LFg6KeBP8Ys64H3XwQeLzf18sLUkalsqwvo7Kyura+Ud2sbW3v7O6Z+wc9mWQCky5OWCIGAZKEUU66iipGBqkgKA4Y6Qfjm1m9/0CEpAm/V5OUeDEachpRjJSWfPPK5QnlIeEK5m6xLhcknEJXKSgInjac+Nz2oOueQRexdIR8q1Aa0DfrVtMqAJeJXZI6KNHxzQ83THAW61uYISkd20qVlyOhKGZkWnMzSVKEx2hIHE05ion08sLTFJ5oJYRRIvTTXgv190SOYikncaA7Y6RGcrE2E/+rOZmKLr2c8jRThOP5oShjUCVwlhcMqY5BsYkmCAuqvUI8QgJhpVOt6RDsxS8vk16raVtN+65Vb1+XcVTBETgGp8AGF6ANbkEHdAEGj+AZvII348l4Md6Nz3lrxShnDsEfGN8/E5SipA==</latexit><latexit sha1_base64="DCjWlECldMr3t2ysJ7UAhQFDtrM=">AAACInicbVDNS8MwHE3n15xfVY9egpsgiKPdRb0NvXic4D6gLSVN0y0sTUuSCqPsb/Hiv+LFg6KeBP8Ys64H3XwQeLzf18sLUkalsqwvo7Kyura+Ud2sbW3v7O6Z+wc9mWQCky5OWCIGAZKEUU66iipGBqkgKA4Y6Qfjm1m9/0CEpAm/V5OUeDEachpRjJSWfPPK5QnlIeEK5m6xLhcknEJXKSgInjac+Nz2oOueQRexdIR8q1Aa0DfrVtMqAJeJXZI6KNHxzQ83THAW61uYISkd20qVlyOhKGZkWnMzSVKEx2hIHE05ion08sLTFJ5oJYRRIvTTXgv190SOYikncaA7Y6RGcrE2E/+rOZmKLr2c8jRThOP5oShjUCVwlhcMqY5BsYkmCAuqvUI8QgJhpVOt6RDsxS8vk16raVtN+65Vb1+XcVTBETgGp8AGF6ANbkEHdAEGj+AZvII348l4Md6Nz3lrxShnDsEfGN8/E5SipA==</latexit><latexit sha1_base64="DCjWlECldMr3t2ysJ7UAhQFDtrM=">AAACInicbVDNS8MwHE3n15xfVY9egpsgiKPdRb0NvXic4D6gLSVN0y0sTUuSCqPsb/Hiv+LFg6KeBP8Ys64H3XwQeLzf18sLUkalsqwvo7Kyura+Ud2sbW3v7O6Z+wc9mWQCky5OWCIGAZKEUU66iipGBqkgKA4Y6Qfjm1m9/0CEpAm/V5OUeDEachpRjJSWfPPK5QnlIeEK5m6xLhcknEJXKSgInjac+Nz2oOueQRexdIR8q1Aa0DfrVtMqAJeJXZI6KNHxzQ83THAW61uYISkd20qVlyOhKGZkWnMzSVKEx2hIHE05ion08sLTFJ5oJYRRIvTTXgv190SOYikncaA7Y6RGcrE2E/+rOZmKLr2c8jRThOP5oShjUCVwlhcMqY5BsYkmCAuqvUI8QgJhpVOt6RDsxS8vk16raVtN+65Vb1+XcVTBETgGp8AGF6ANbkEHdAEGj+AZvII348l4Md6Nz3lrxShnDsEfGN8/E5SipA==</latexit><latexit sha1_base64="DCjWlECldMr3t2ysJ7UAhQFDtrM=">AAACInicbVDNS8MwHE3n15xfVY9egpsgiKPdRb0NvXic4D6gLSVN0y0sTUuSCqPsb/Hiv+LFg6KeBP8Ys64H3XwQeLzf18sLUkalsqwvo7Kyura+Ud2sbW3v7O6Z+wc9mWQCky5OWCIGAZKEUU66iipGBqkgKA4Y6Qfjm1m9/0CEpAm/V5OUeDEachpRjJSWfPPK5QnlIeEK5m6xLhcknEJXKSgInjac+Nz2oOueQRexdIR8q1Aa0DfrVtMqAJeJXZI6KNHxzQ83THAW61uYISkd20qVlyOhKGZkWnMzSVKEx2hIHE05ion08sLTFJ5oJYRRIvTTXgv190SOYikncaA7Y6RGcrE2E/+rOZmKLr2c8jRThOP5oShjUCVwlhcMqY5BsYkmCAuqvUI8QgJhpVOt6RDsxS8vk16raVtN+65Vb1+XcVTBETgGp8AGF6ANbkEHdAEGj+AZvII348l4Md6Nz3lrxShnDsEfGN8/E5SipA==</latexit>

(a)
<latexit sha1_base64="15ExEL9vFF4mqPPpuoRUAyFFsHU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsugjWVE8wHJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqEacJ9yM6UiIUjKKVHqr0clCuuDV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXa55b8+7rlcZNHkcRzuAcquDBFTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP4gLjUg=</latexit><latexit sha1_base64="15ExEL9vFF4mqPPpuoRUAyFFsHU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsugjWVE8wHJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqEacJ9yM6UiIUjKKVHqr0clCuuDV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXa55b8+7rlcZNHkcRzuAcquDBFTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP4gLjUg=</latexit><latexit sha1_base64="15ExEL9vFF4mqPPpuoRUAyFFsHU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsugjWVE8wHJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqEacJ9yM6UiIUjKKVHqr0clCuuDV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXa55b8+7rlcZNHkcRzuAcquDBFTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP4gLjUg=</latexit><latexit sha1_base64="15ExEL9vFF4mqPPpuoRUAyFFsHU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsugjWVE8wHJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqEacJ9yM6UiIUjKKVHqr0clCuuDV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophtd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXa55b8+7rlcZNHkcRzuAcquDBFTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP4gLjUg=</latexit>

(b)
<latexit sha1_base64="A3/nS2rLohv9Q9aqPU4UtET9Omk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsugjWVE8wHJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqEacJ9yM6UiIUjKKVHqrB5aBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDK/9TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKu1zy35t3XK42bPI4inME5VMGDK2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCJkI1J</latexit><latexit sha1_base64="A3/nS2rLohv9Q9aqPU4UtET9Omk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsugjWVE8wHJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqEacJ9yM6UiIUjKKVHqrB5aBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDK/9TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKu1zy35t3XK42bPI4inME5VMGDK2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCJkI1J</latexit><latexit sha1_base64="A3/nS2rLohv9Q9aqPU4UtET9Omk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsugjWVE8wHJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqEacJ9yM6UiIUjKKVHqrB5aBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDK/9TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKu1zy35t3XK42bPI4inME5VMGDK2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCJkI1J</latexit><latexit sha1_base64="A3/nS2rLohv9Q9aqPU4UtET9Omk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXRsugjWVE8wHJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqEacJ9yM6UiIUjKKVHqrB5aBccWvuAmSdeDmpQI7moPzVH8YsjbhCJqkxPc9N0M+oRsEkn5X6qeEJZRM64j1LFY248bPFqTNyYZUhCWNtSyFZqL8nMhoZM40C2xlRHJtVby7+5/VSDK/9TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKu1zy35t3XK42bPI4inME5VMGDK2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwCJkI1J</latexit>

Parallel join
<latexit sha1_base64="kVTpqzFqYn8pPmGsOCXTt/olFAg=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVUkXmFAlFsYi0YfURJXj3LSmjh3ZDlJVdWHhV1gYQIiVf2Djb3DbDNByJEtH59x7fe+JMs608bxvZ2V1bX1js7RV3t7Z3dt3Dw5bWuaKQpNKLlUnIho4E9A0zHDoZApIGnFoR8Prqd9+AKWZFHdmlEGYkr5gCaPEWKnnngRCMhGDMDjQCW4QRTgHju+tintuxat6M+Bl4hekggo0eu5XEEuap3Yc5UTrru9lJhwTZRjlMCkHuYaM0CHpQ9dSQVLQ4Xh2xQSfWSXGiVT22XVm6u+OMUm1HqWRrUyJGehFbyr+53Vzk1yGYyay3ICg84+SnGMj8TQSHDMF1PCRJYQqZnfFdGCDoMYGV7Yh+IsnL5NWrep7Vf+2VqlfFXGU0DE6RefIRxeojm5QAzURRY/oGb2iN+fJeXHenY956YpT9ByhP3A+fwC725gK</latexit><latexit sha1_base64="kVTpqzFqYn8pPmGsOCXTt/olFAg=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVUkXmFAlFsYi0YfURJXj3LSmjh3ZDlJVdWHhV1gYQIiVf2Djb3DbDNByJEtH59x7fe+JMs608bxvZ2V1bX1js7RV3t7Z3dt3Dw5bWuaKQpNKLlUnIho4E9A0zHDoZApIGnFoR8Prqd9+AKWZFHdmlEGYkr5gCaPEWKnnngRCMhGDMDjQCW4QRTgHju+tintuxat6M+Bl4hekggo0eu5XEEuap3Yc5UTrru9lJhwTZRjlMCkHuYaM0CHpQ9dSQVLQ4Xh2xQSfWSXGiVT22XVm6u+OMUm1HqWRrUyJGehFbyr+53Vzk1yGYyay3ICg84+SnGMj8TQSHDMF1PCRJYQqZnfFdGCDoMYGV7Yh+IsnL5NWrep7Vf+2VqlfFXGU0DE6RefIRxeojm5QAzURRY/oGb2iN+fJeXHenY956YpT9ByhP3A+fwC725gK</latexit><latexit sha1_base64="kVTpqzFqYn8pPmGsOCXTt/olFAg=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVUkXmFAlFsYi0YfURJXj3LSmjh3ZDlJVdWHhV1gYQIiVf2Djb3DbDNByJEtH59x7fe+JMs608bxvZ2V1bX1js7RV3t7Z3dt3Dw5bWuaKQpNKLlUnIho4E9A0zHDoZApIGnFoR8Prqd9+AKWZFHdmlEGYkr5gCaPEWKnnngRCMhGDMDjQCW4QRTgHju+tintuxat6M+Bl4hekggo0eu5XEEuap3Yc5UTrru9lJhwTZRjlMCkHuYaM0CHpQ9dSQVLQ4Xh2xQSfWSXGiVT22XVm6u+OMUm1HqWRrUyJGehFbyr+53Vzk1yGYyay3ICg84+SnGMj8TQSHDMF1PCRJYQqZnfFdGCDoMYGV7Yh+IsnL5NWrep7Vf+2VqlfFXGU0DE6RefIRxeojm5QAzURRY/oGb2iN+fJeXHenY956YpT9ByhP3A+fwC725gK</latexit><latexit sha1_base64="kVTpqzFqYn8pPmGsOCXTt/olFAg=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVUkXmFAlFsYi0YfURJXj3LSmjh3ZDlJVdWHhV1gYQIiVf2Djb3DbDNByJEtH59x7fe+JMs608bxvZ2V1bX1js7RV3t7Z3dt3Dw5bWuaKQpNKLlUnIho4E9A0zHDoZApIGnFoR8Prqd9+AKWZFHdmlEGYkr5gCaPEWKnnngRCMhGDMDjQCW4QRTgHju+tintuxat6M+Bl4hekggo0eu5XEEuap3Yc5UTrru9lJhwTZRjlMCkHuYaM0CHpQ9dSQVLQ4Xh2xQSfWSXGiVT22XVm6u+OMUm1HqWRrUyJGehFbyr+53Vzk1yGYyay3ICg84+SnGMj8TQSHDMF1PCRJYQqZnfFdGCDoMYGV7Yh+IsnL5NWrep7Vf+2VqlfFXGU0DE6RefIRxeojm5QAzURRY/oGb2iN+fJeXHenY956YpT9ByhP3A+fwC725gK</latexit>
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Figure 8. Sequential (a) vs parallel (b) computations.

for mtl_rec of the saved states after summarization. But, we

abuse notation and take α[i] to mean α .rec[i] for brevity.
Note that the sequential computation executes k instances of

a loop that iteratesm times to update the value of mtl_rec
variable; one for each row of the original input. However, in

the parallel join, there is budget only for one (or generally

constantly many) of these loops. The two (expression) trees

(a) and (b) correspond to equivalent computations. The tree

(b) is more compact provided that the values of the terms

max0≤i<k
∑

0≤j≤i α j [l] are available (i.e. computed before

the join). These are exactly the auxiliary computations that

are extrapolated, once the left tree (a) is rewritten to the

equivalent right tree (b), and are stored in the max_rec[]
variable in Figure 5(c).

8.2 The Algorithm
If one starts from an arbitrary unfolding of the sequential

computation (i.e. the lefthand side of Equation 3 for an ar-

bitrary k), and attempts to rewrite it to a form that adheres

to the righthand side, then one can extrapolate a guess for

πD′◦ ˆh
D′

from πD′◦ ˆh
D′ ([a1, . . . ,ak ]). Let us assume an oracle

Normalize performs the left-to-right hand side transforma-

tion, and another oracle Discover-Recursion discovers the

implementation of the D ′ components of
ˆhD
′

. The Normalize
oracle transforms an expression into another, while the goal

of Discover-Recursion is to synthesize a function f ′ from the

expression of its unfolding on an input sequence.We propose

heuristic algorithms implementing these two oracles.

The algorithm forNormalize uses (generic) algebraic equal-
ities, applies them step by step until it reaches the desired

form. The key question is, how would the algorithm know

that it has reached its target? To characterize this, we need

to define a normal form for θ .

~

exps expi

Normal form. An expression ec over scalar
variables is in constant normal form if it is of

the form illustrated on the right where exps
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is an expression containing only state variables, expi is an
expression of input variables ofa1,a2, . . . ak , and ⊛ stands for
a constant-size expression skeleton consisting of operators

and constants (i.e. no variables).

Definition 8.3. An expression e is in >-recursive normal
form if it is defined recursively using an operator > as e =
ec | ec > e , where ec is in constant normal form (the base

case) and > satisfies the same condition as ⊛.

For example, in Figure 8(b), each leaf of the tree is in

constant normal form, and therefore, the entire tree is in

max-recursive normal form.

The normal form does not have to be unique, and in the

context of parallelization, one aims for the simplest normal

form. Intuitively, the constant normal form corresponds to a

constant time join. The expressions over input variables are

precisely what need to be additionally computed and made

available to the parallel join. However, the parallel join, in
general, may not be constant time and the recursive nature

of the definition addresses this. Note that the definition can

be easily generalized to higher dimensions by replacing the

constant normal form by another recursive normal form

(over a distinct fresh operator, e.g. ?).

Normalization. Implementing an ideal rewriting oracle is

impossible, since the problem of existence of a normal form is

undecidable in the general case (equivalent to the word prob-
lem). There has been a lot of research in the area of rewrite

systems notably for associative and commutative operators

[28, 31] that can inspire several heuristics for normalization.

We employ a cost-based search for the normal form as a

heuristic to work around the undecidability. Our algorithm

uses a set of standard algebraic equalities as rewrite rules

R and searches for the shortest normal form. The rules in R

are applied to an expression if they reduce its cost, and the

rewriting process terminates when no rule can be applied.

Our algorithm operates in two phases. In the first phase, its

goal is to find a constant normal form. If it succeeds, the task

is done (e.g. this is the case for lifting the example from the

introduction). If it fails, the second phase tries to rewrite the

result of the first phase into a recursive normal form. Both

phases perform a cost-based search and are distinguished by

their cost functions. The cost function for the first phase is

defined by the number of occurrences and the depth of the

state variables (of h) in the expression tree. The cost function

is identical to the one from [11], which is no coincidence

since the approach in [11] only uses constant normal forms.

In the second phase, the algorithm makes a guess about

>, inspired by expression e which is the result of the first

phase, and attempts to rewrite e to a >-recursive normal

form. Since phase one forces s⃗ (orh(x )) to the lowest possible
depth, operators that appear near the root of expression e are
good candidates for >. The algorithm chooses the simplest

> such that e = ec > e ′, where ec is in constant normal

form and e ′ is an arbitrary expression. The normalization

of the second phase is done using a cost function, which

is parametric on >. For a given >, the function combines

the sum of the sizes of expressions not in constant normal

form and the count of expressions in constant normal form

to produce a cost for the entire expression.

Definition 8.4. The cost function Cost> : Exp→ int × int
relative to operator > returning a pair (size, c>) is defined
by:

Cost> (e ) =




Cost> (e1) + Cost> (e2) if e = e1 > e2,

(0, 1)
if e is in constant

normal form,

(expsize (e ), 0) otherwise.

where expsize returns the size of the expression tree.

Intuitively, the expression is in >-recursive normal form

when it has cost (0, _). Moreover, we are interested in the

normal form with the smallest count of subexpressions in

constant normal form. A rule is applied if it decreases size or,
if it increases c> when size cannot be decreased and size > 0.

In the example of Figure 8, the expression in (a) is initially

in max-recursive normal form with cost (0,km + 1). When

the expression is rewritten in the first phase (using the cost

function from [11]) with the aim of reducing the occurrences

and depths of state variables, the cost goes down, but the nor-

mal form is lost. Since a constant normal form is not reached

at the end of the first phase, the second phase is applied,

using the cost function above, which yields the expression

in Figure 8(b). This expression is in max-recursive normal

form with cost (0,m + 1).
If the process fails to find a normal form for >, then an-

other operator ? is guessed and the process is repeated.

Since the expressions are finite-sized, only a finite number

of guesses are necessary and the process is guaranteed to

terminate. This simple heuristic is a small part of the contri-

butions of this paper, though it is promisingly effective as

demonstrated in Section 9.

Recursion discovery The normalize heuristic distills the
πD ◦ ˆh

D′ ([a1, . . . ,ak ]) part from its input expression, which

we know is required for a join operation to exist. It remains

to discover the recursive (i.e. looped) computation that can

be added to the original program that would produce this

required information. More precisely, the goal of recursion

discovery is to synthesize a function that computes the ex-

pression uk ≡ πD′ ◦ ˆh
D′ ([a1, . . . ,ak ]) for any k > 0. Recur-

sion discovery, based on input/output examples, has been

previously studied [25]. Our specific instance of the problem

is simpler and amenable to a simple heuristic solution.

Since uk is recursively (rightward) computable, there is

an operator ⊞ such that uk = uk−1 ⊞ ak for k > 0. If uk−1
and uk are simple expressions, we can extrapolate a hint on

what ⊞ is by identifyinguk−1 as a subexpression ofuk (that is
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precisely the subtree isomorphism [37]). In general, however,

uk , uk−1 and ak can be collections of complex expressions;

i.e. lists of expressions as is the case for the example of Sec-

tion 2.2. The solution remains the same, except, we identify

families of subtree isomorphisms. In our implementation,

we simplify the problem further by looking for specific pat-

terns of subtree isomorphisms corresponding to recursion

schemes such as zip, scans or folds. For example, a zip opera-

tor translates to having each expression in uk−1 isomorphic

to a subtree of one expression in uk .
For example, the expression sequencemax0≤i<k

∑
0≤j≤i α j [l]

(for 0 ≤ l < m) from Figure 8(b) can be computed in an aux-

iliary array max_rec[] using a zip operation and the state

variable rec[] as follows:

max_rec = zip (max ) rec max_rec.

More details on the recursion discovery algorithm can be

found in [12].

Complexity. Our proposed lifting algorithm bounds an infi-

nite search space through a cost function. In the worst case,

the algorithm has to explore a full-size tree with the depth of

the cost of the original expression (since the cost is strictly

decreasing), which is linear on the size of the expression. The

branching factor is bounded by the number of rewrite rules

multiplied by the size of the input expression, which pro-

vides a very coarse upper bound on the number of applicable

rules at each step. For an expression of size n and givenm
rewrite rules, the worst case complexity is O ((nm)n ). In prac-
tice, however, far fewer thanmn rules are applicable at each

point since only rules that decrease the expression cost are

considered applicable, and the lifting algorithm is lightning

fast, taking less than a second for all our benchmarks.

9 Experimental Evaluation
Implementation Our methodology is implemented as an

addition to our existing tool ParSynt [13]. We employ a new

incremental approach to synthesizing the join to mitigate the

large search problem. For a function f with rangeD, the state
of the loop is partitioned into incrementally larger substates

D1 ⊂ D2 ⊂ · · · ⊂ D such that the computation in f of

variables in Di does not depend on variables in Di+1. Once a

join for the range restriction of f to Di has been synthesized,

we only need to synthesize the join components for the

variables Di+1 \Di to obtain the join for the range restriction

to Di+1. This remark drives our incremental approach to

join synthesis. All synthesis times improve as a result of this

strategy, but the complex ones improve more substantially;

for example, for maximum top-left subarray, the synthesis
time is reduced from over 1000 to 116.3 seconds.

9.1 Evaluation
To the best of our knowledge, there is no tool or technique

that can parallelize the class of programs considered in this

paper, and therefore, our evaluation of ParSynt is not com-

parative. The theoretical results presented in this paper jus-

tify many of the choices made in our proposed methodology.

There are two key parts of the algorithmic modules, however,

that require empirical evaluation:

1. The effectiveness of the heuristics proposed in Section

8 for lifting; the (necessarily) incomplete algorithm

has no theoretical guarantees for success.

2. The efficiency of SyGuS-based solution for parallel join

generation and loop summarization; it is impossible

to theoretically predict join synthesis times.

Benchmarks. We use a diverse set of benchmarks, where

some implement highly non-trivial single-pass algorithms

over multidimensional arrays. Since a standard set of bench-

marks for this problem space does not exist, we included

any example we could find in the related work and parallel

programming/algorithms text books, but only those that ad-

mit a divide-and-conquer solution according to Definition

6.2. Table 1 includes a complete list. It is important to note

that the difficulty of an instance is not directly co-related

with code size or the classic notions of dependence such as

sparsity of dependencies. Rather, it depends on how complex

the required added computation is. Benchmark codes are

available online [13].

Performance of ParSynt . Table 1 presents the times spent

in the two steps summarized loop and parallel join genera-

tion. We do not report the individual times for liftings, since

they are negligible compared to the synthesis times; largest

lifting time was 12ms (3 orders of magnitude less than small-

est synthesis times). Table 1 reports how many auxiliary

accumulators were discovered during the lifting. To get a

sense of how significant the syntactic restrictions based on

the weak inverse are, consider as an example that synthesiz-

ing a join for the benchmark max top strip without them

would take 12.1 seconds. Moreover, using a straightforward

syntax-guided synthesis scheme (instead of deductive style

algorithm of Section 8), it took over 40 minutes to find the

auxiliary for mbbs which is arguably the simplest instance

that requires lifting.

Quality of the Synthesized Code. A divide-and-conquer

parallelization, in the style of this paper, is a data parallel

program with no inter-thread dependencies, and therefore,

reasonable parallelization speedups are expected. We imple-

mented our produced parallel solutions using Intel’s Thread

Building Blocks (TBB) library [33] as well as OpenMP, to

measure the speedups over the sequential variations. TBB

turned out to produce better performing parallel programs.

Speedups for four instances (one from each category) at 16

threads are compared below.

max bot strip mbbs mode bp

OpenMP 11.0 8.6 11.0 7.8

TBB 12.7 10.7 11.5 8.9
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Summarization time 1.2 1.3 1.1 1.2 1.2 1.5 4.6 1.2 1.2 1.2 1.6 1.4 30.2 1.4 5.3 6.2 2.5 1.3 1.3 1.3 1.3 2.1 2.4 1.4 54.9 1.3 2.3

# Aux required - 1 - - - - - - 1 2 - 1 1 1 1* 1* 2 2 - 1 2 - - - - - ✗

Join synthesis time 2.3 1.1 1.1 1.1 2.5 2.3 5.4 6.1 11.8 64.1 11.2 116.3 216.2 313.5 8.1 † 10.5 2.6 3.3 2.5 7.1 52.3 11.2 22.7 4.0 11.5 1.5 ✗

Table 1. Experimental results for performance of ParSynt . Times are in seconds. “–” indicates that lifting was not required.

Hardware: laptop with 8G RAM and Intel dual core m3-6Y30. The starred numbers of the middle row correspond to auxiliaries

for a memoryless lift, and otherwise for a homomorphism lift. †: time reported is spent by the solver to answer unsat, since the

summarized loop is not parallelizable.
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Figure 9. Speedups relative to the sequential implementa-

tion. Hardware: 8 eight-core Intel X6550 processors (64 cores
total) and 256G of RAM running 64-bit Ubuntu

Figure 9 illustrates the TBB speedups for up to 32 cores. In

the experiments, the size of the input arrays is about 2bn

elements and the grain size is set at 50k. On average, the

speedups are close to linear on the number of cores up to

around 32 cores. The examples with smaller speedups over

larger number of cores are those that have a more complex

parallel join operator; in particular, those with looped joins.

It is also known [8] that the overhead of TBB increases with

more cores and becomes very significant at 32 cores.

Correctness. Rosette performs bounded verification for

the solutions it generates. To have correctness over all in-

puts, we use the same scheme as [11] to produce correctness

proofs verified through Dafny [27]. The majority of the pro-

grams were verified using the same proof generation scheme

as [11]. However, the bold benchmarks in the table required

additional simple and generic lemmas that lift standard al-

gebraic identities over integers to those over sequences of

integers; for example, x⃗ +max (y⃗, z⃗) = max (x⃗ + y⃗, x⃗ + z⃗).

10 Discussion and Future Work
Input Programs. Theoretically, our approach admits any

program that can be semantically translated to a nested sys-

tem of recurrence equations. In this model, each loop is a

system of recurrence equations nested in the correspond-

ing system for its surrounding loop. This is in contrast to

other widely used models like System of Affine Recurrence

Equations (SARE) [39], designed to track dependencies, that

represent the loop nest as a flat system of equations associ-

ated with an iteration domain. The only strict limitation for

our input programs is that the input should not be modified

by the program. More details on our input model can be

found in [12].

Limitations. Not all loop nests admit an efficient divide-

and-conquer parallel solution with a syntactic divide opera-

tor that is the inverse of concatenation; for example, quick
sort is a divide-and-conquer solution with a non-trivial di-
vide operation whereas merge sort is a divide-and-conquer
solution with a divide that is inverse of concatenation. Syn-

thesis of non-trivial divide operators is an interesting topic

of research for future work.

The dynamic programming instances considered in Bell-

mania [23] also do not admit an efficient parallelization ac-

cording to Definition 6.2. Bellmania uses tiling (a different
divide) and a necessary scheduling of dependent tiles to cor-

rectly parallelize dynamic programming code. The produced

code, however, is not fully data parallel in the manner result-

ing frommanufacturing homomorphisms. A homomorphism

can be executed in parallel without the need for scheduling.

LCS (longest common substring), a dynamic programming

algorithm, can be rewritten to admit an efficient paralleliza-

tion (according to Definition 6.2). We used ParSynt on the

modified code, which failed to parallelize it. This is due to the

fact that the auxiliary accumulators required for its lifting

are conditional, and therefore fall beyond the reach of the

heuristics of recursion discovery currently implemented in

ParSynt . To sum up, within the class of programs that do

admit efficient parallelizations (as defined in Definition 6.2),
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the limitations of ParSynt are mainly due to the heuristic

natures of the implementations of the normalization and re-
cursion discovery methods. For more complex computations,

one can imagine that limitations of SyGuS solvers can play a

role in the failure to discover a join that theoretically exists.

Predictability. Due to the semantic nature of our approach,

one cannot predict parallelizability of a loop nest based on

any of its syntactic properties. Since parallelizability is equiv-

alent to the computation being semantically a homomor-

phism (or liftable to one), the only way to know if a loop nest

is parallelizable is to try to parallelize it. In fact, a negative

is quite hard to prove as the proof of Theorem 6.4 indicates.

Future work. The focus of this paper (and its predeces-

sor [11]) has been on synthesizing homomorphisms which

have simple fixed divide operations. An interesting direc-

tion for future research would be solutions for synthesizing

non-trivial divide operations. Note that with the join and

(potentially) the lifting being unknown, throwing in an un-

known divide operation in the synthesis problem can make

it substantially more difficult/interesting to solve.

11 Related Work
There is a vast body of literature on parallelizing code. We

review only the closely related work to our approach here.

Homomorphisms for Parallelization Our work is most

closely related to those that exploit homomorphisms for

parallelization [18, 30], and builds up on our recent work

[11], where sequence (list) homomorphisms are automati-

cally synthesized to parallelize simple (non-nested) loops.

This paper is a highly non-trivial generalization of the work

in [11] to arbitrarily nested loops. Less recent attempts in

using derivation of list homomorphisms for parallelization

included methods based on the third homomorphism theo-

rem [16, 18, 30], function composition [15], and quantifier

elimination [29], as well as those based on recurrence equa-

tions [4]. These techniques are either not fully automatic, or

rely on additional guidance from the programmer beyond

the input sequential code.

Simple Loop Parallelization More recently in [36], sym-

bolic execution is used to identify and break dependencies

in loops that are hard to parallelize. This approach can be re-

garded as a dynamic counterpart to that of [11], and its scope

is similarly limited to simple loops. In distributed computing,

a related vein of research has been focused on automatic

production of map/reduce programs, for example, by means

of specific rewrite rules [35] or synthesis [38]. GraSSP [14]

parallelizes a sequential implementation by analyzing data

dependencies and its scope is functions over lists. The (con-

stant sized) prefix information used in [14] is essentially a

special case of the auxiliary accumulators in [11].

Program Synthesis for Parallel Code Generation In

this paper, the specification for synthesis is the sequential in-

put program, and no other information (such as input/output

examples or a sketch) is required from the programmer. Syn-

thesis techniques have been leveraged for parallel programs

before, instances of which include synthesis of distributed

map/reduce programs from input/output examples [38] and

optimization and parallelization of stencils [24]. Aside from

the use of synthesis, these problem areas and the solutions

have little in common with the scope and approach in this

paper. Bellmania [23] synthesizes divide-and-conquer vari-

ations of a class of dynamic programming algorithms with
programmer’s guidance and the notion of divide-and-conquer
(with a fixed divide) in this paper differs from the one that

Bellmania uses.

Parallelizing Compilers and Runtime Environments
Automatic parallelization in compilers has been a prolific

and highly effective field of research, with source-to-source

compilers using highly sophisticated methods to parallelize

generic code [2, 7, 21] or more specialized nested loops with

polyhedral optimization [3, 40]. There is a body of work spe-

cific to reductions and parallel-prefix computations [5, 22, 26]

that deals with dependencies that cannot be broken. In con-

trast to correct source-to-source transformation achieved

through provably correct program transformation rules, the

aim of this paper is to use search (in the style of synthesis),

which facilitates the discovery of equivalent parallel imple-

mentations that are not reachable through a pre-established

set of correct transformation rules. There is work in the liter-

ature on breaking static dependencies at runtime [34] based

on the observation that actual runtime dependencies happen

rarely in some sparse problems. The scope of applicability

of our method is different and we consider these techniques

to be complementary. In [6], a static two-phase solution is

proposed that resolves dependencies in the first phase, and

can proceed to perform independent parallel tasks in the sec-

ond. We view the approach in this paper as complementary

to these techniques.
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