CSC2414 - Metric Embeddings*
Lecture 3: Diamond graph, and embdedding
planar graphs into /5.

Notes taken by Hamed Hatami

Summary: In this tutorial we prove that there exists a planar graph which
requires distortion 2(4/log(n)) to be embedded into the Euclidian space.

1 Introduction

In Tutorial 1 we mentioned a result of Bourgain that embedding the complete binary
tree into ¢o requires the distortion 4/loglog(n). This gives a lower bound for the
required distortion for embedding the planar graphs into the Euclidian space. But this
bound is not sharp, as Newman and Rabinovich [NRO3] showed that there exists a
planar graph which requires a distortion of at least y/log n to be embedded into /.

In Lecture 5 we saw that it is not possible to embed C into the Euclidian space
with distortion better than v/2. The idea is to amplify this: Define G to be a single
edge; For ¢ > 1, obtain GG; by replacing every edge of G;_; by two parallel paths each
containing 2 edges (i.e. by a copy of Cy). Note that the diamond graph G, contains 4*
edges and % vertices.

To simplify the presentation, we need to define the notion of anti-edge in the di-
amond graph. Assume that the edge (a,b) of G;_; was replaced in G; by edges
(a,x), (x,b) and (a,y), (y,b). The pair {z,y} will be called the anti-edge of (a,b)
at level i — 1. We denote by A’ the set of anti-edges at level i of G,,, and by A the set
of all anti-edges of G,,,1.e. A = U;:Ol A,

In order to show the lower-bound we need to prove a Poincaré inequality. First
recall the short diagonal inequality from Lecture note 6:

Lemma 1.1. Let z1, 29, x3, x4 be arbitrary points in a Euclidian space. Then
21 — z3]|* + [|22 — zal|” < |21 — 22|* + |22 — 23]|* + |23 — 2a]|* + |74 — 21|,
The Poincaré inequality that we wish to prove is a simple application of this lemma:

Lemma 1.2. Label the vertices of Gy as s and t, and let f : G,, — {5. Then

1£() = fOIF+ D @) = flIz < D @) = fwl. @

TyeA zy€Gp,
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Proof. Apply Lemma 1.1 to all copies of C that substituted edges of GG,,_1, and get

Yo @ —rwlz+ Y 1@ -fwlz< Yo If@) - f»l3,

zycGpn_1 zyeAn—1 zy€Gp

Now apply the same argument to the term » . - [ f(z) — f(y) |2 in the left hand
side to obtain:

Yo M@ —rwliz+ Y M@= fwlz< Y If @)~ FWls.

zyeGn_2 ryc An—1UuAn—2 TyeGn
Repeating this will eventually lead to (1). O
Now we are ready to prove the lower-bound:

Theorem 1.3. [NRO3] The required distortion to embed the shortest path metric of G,
into the Euclidian space is at least \/n + 1.

Proof. Let d denote the shortest path metric in GG,,, and s and ¢ be as in Lemma 1.2.
Trivially
d(s,t) =2",

and | | |
S d(w,y)? = [B(Gy)| x 220 = 41 5 22n % — g7,
zy€ A

which shows

d(s,t) —I—dey —4”+Z4”— n+1)4

rycA
On the other hand
3 d(x,y)? = |E(G,)| = 4
zy€Gn
So
st—|—Zda:y (n+1) Zdzy
zyeA zy€eG,
Combining this with Lemma 1.2 completes the proof. O

Next we want to prove a similar result for £,. The following analogue of short
diagonal lemma is valid in £,,.

Lemma 1.4. [LN0O4] Let x1,x2,x3, x4 be arbitrary points in £, where 1 < p < 2.
Then

21 —zs|2+ (p—1)llwa —zall2 < llwg — 22| |2+ |22 — 233 +[|ws — 4|3+ |24 — 21 |2

Replacing Lemma 1.1 with Lemma 1.2 in the proof of Lemma 1.4 proves the fol-
lowing Pincaré inequality.



Lemma 1.5. Label the vertices of Gy as s and t, and let f : Gy, — £, where1 <p < 2.
Then

1F() = FOI+ (=1 D 1@ —fWlz < > If@ - fwly @

ry€A zy€eGp
Now repeating the proof of Theorem 1.3 proves the following theorem.

Theorem 1.6. [LN04] The required distortion to embed the shortest path metric of G,

into £y, for 1 < p < 2is at least \/(p — 1)n + 1.

Exercise 1.7. Prove Lemma 1.5 and Theorem 1.6.
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