CSC2414 - Metric Embeddings
Lecture 1. Embnedding trees into Euclidian space

Notes taken by

Summary: In this tutorial we discuss a result of Bourgain which says
that every binary tree can be embedded with distorfiggylog log n) into
L.

1 Introduction

In this tutorial we discuss a result of Bourgain regarding the distortion of the Euclidian
embeddings of a binary tree. First let us notice that every tree mettic is

Theorem 1.1. LetT be a tree. There exists an isometric embeddir§j ofto /7.

Proof. The proof is by induction om, the number of vertices. The base of induction
is trivial. LetT be a tree om vertices and be a leaf ofl". By induction hypothesis
there exists an isometric embeddifigrom 7' — v to ¢~ '. Define the mag from f

to /7 by g(u) := f(u) ® 0 for everyu € T — v andg(v) := f(w) & 1 wherew is the
unique neighbor of, in 7. Now it is easy to see thatis an isometric embedding af
into /7. O

Now let us consider the Euclidian spaée, Let T' be a complete binary tree and
f be its embedding intd} as it is defined in the proof of Theorem 1.1. What is
the distortion of the embedding when we consider it as a mapping intH? It is
easy to see that the new distance of two verticesdv in {5 is \/dr(u,v). Since
the maximum value ofly(u,v) is 2log, n, we conclude that the distortion ¢f is
v/2log, n. But this is not optimal. Bourgain in a short paper showed that it is possible
to improve this bound t®(+/loglog n), and this is sharp.

Theorem 1.2. LetT be the complete binary tree of heightlt is possible to embed
into £, with distortionO(v/%).

Proof. Label the vertices of’ by 1,...,n, wheren = 2"t — 1 is the number of
vertices, and denote biy(i) the distance of from the root of the tree. Consider the
embeddingf : T — ¢4 defined as

otherwise
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10); = { : 1+ h(i) — h(j) j is an ancestor of




For example ifT" is a complete binary tree with three vertices labelled & 3
(wherel is the root). Then

f) = (1,0,0)
f2) = (v2,1,0)
f(3) = (\/57 0, 1)'

First let us notice that the contraction 6fis a constant. Consider two vertices
and; of distanced, and the shortest path between th&ifi=3), i1, ..., i4-1,i4(= J).
Suppose that, is the common ancestor éfandj. Then for0 < k£ < r we have
f(@)i, = vk + 1 while f(j);, = 0. Also forr < k < d, we havef(i);, = 0 while
f(9)i, = vVd—k + 1. This shows that
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So it remains to compute the expansionfof Lemma 1.3 below shows that we
only need to compute the expansion on the edges of the tree; betan edge of the
tree where is the parent of. The two vectors (i) and f(j) are the same except on
the coordinates corresponding to the vertices of the path frtorthe root. For any
vertext on this pathf(j): = /1 + h(j) — h(t) while f(i); = /1 + h(i) — h(t) =
Vh(j3) — h(t). So
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Lemma 1.3. Let G be a weighted graph and, its corresponding metric. L&tX, p)
be a metric space anfl: (G, d) — (X, p). Then the expansion g¢fis

p(f(w), f(v))
e d(u,v)

Proof. Consider two arbitrary vertices and w and the shortest path between them
v1(=v),...,vx(=w). Then
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N. Linial, A. Magen and M. Saks showed that every tree can be embedded into the
Euclidian space with distortio®(loglogn).

Theorem 1.4. Let T be a tree o vertices. It is possible to embédinto Z; with
distortionO(log logn).

The result is improved by Mat&ek.

Theorem 1.5. LetT" be a tree o vertices. It is possible to embédinto ¢/, with

distortionO(/loglog n).



