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Logistics

A2 out this week, due in 2 weeks
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Today

PageRank
Node centrality
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How to Organize and Find Information?
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How do you do this, exactly?



How to Organize Information?
How do you organize something as vast and messy as 
the Web?

First try: Human-curation 
Web directories

Yahoo, DMOZ, LookSmart

How do you organize big collections of documents 
containing information?

Goes way back before the Web
Patents, Legal cases, Medical research
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How to Organize Information?
It’s a hard problem!

Given a relatively tiny keyword string, find ~5 most 
relevant and important documents out of 100K, 1M, 
10M…, 10B… documents
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How to Organize the Web?

How do you organize the Web?

First try: Human curation 
Web directories

Yahoo, DMOZ, LookSmart

Second try: Web Search
Information Retrieval attempts to  
find relevant docs in a small  
and trusted set

Newspaper articles, Patents, etc.
But: The Web is huge, full of untrusted documents, random things, 
web spam, etc.
So we need a good way to rank webpages!
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How to Organize the Web?

Search engines efficiently rank any query using 
only info from the Web

So the answer has to be intrinsically there 
somewhere…

How do we do this?
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How to Organize the Web?

Information retrieval pre-Web problem: scarcity
Combing through thousands of documents to try to 
find the right ones

Search on the web problem: abundance
So many “relevant” pages with good text matches 
and seemingly high production values
What to trust?
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A First Try
Use the content on the page! 

Can you separate good, relevant pages from irrelevant 
or even malicious pages?
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Key Idea
Nothing on the “right” page makes it stand out from 
the thousands of others

But it will very often be linked to by others!
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Web Search: 2 Challenges
2 challenges of web search:

(1) Web contains many sources of information 
Who to “trust”?

Insight: Trustworthy pages may point to each other!

(2) What is the “best” answer to query “newspaper”?
No single right answer
Insight: Pages that actually know about newspapers might all be 
pointing to many newspapers
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Key Idea
Nothing on the “right” page makes it stand out from 
the thousands of others

But it will very often be linked to by others!

What’s a natural first thing to try if we want to 
harness the link structure?

13

U of T



Key Idea
Nothing on the “right” page makes it stand out from 
the thousands of others

But it will very often be linked to by others!

Restrict to a relevant set and count the in-links
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Idea: links as votes!
If I link to you, that’s usually a good thing

1. Model the Web as a directed graph

2. Use the link structure to compute importance 
values of webpages

3. Use these importance values for ranking

15



Link Analysis Algorithms
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We will cover the following link analysis algorithms to compute 
the importance or centrality of nodes in a graph:

Hubs and Authorities (HITS)
PageRank
Personalised PageRank



Query: “newspaper”
No one right answer

Restrict to a relevant set and count the in-links

Lots of newspapers, but lots of generically 
popular sites too
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(Note this is idealized example. In 
reality the graph is not bipartite)



What about the lists?
Nodes on the left: some are better than others!

Value of a list = sum of votes received by the 
pages it links to
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But wait! Reweight the pages
Linked to by good lists? Should be worth more

Value of a page: sum of list values of lists that linked to it
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Principle of Iterated Improvement
Why stop there?

We can keep doing this over and over and get better list scores and 
page scores
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Principle of Iterated Improvement
Hubs and Authorities

Hubs: pages that are “lists” of links that link to good stuff
Authorities: pages that are good, authoritative… and 
linked to by good hubs
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Principle of Iterated Improvement
Authority Update Rule: For each page p, update auth(p) to be the sum 
of the hub scores of all pages that point to it

Hub Update Rule: For each page p, update hub(p) to be the sum of 
the authority scores of all pages that it points to
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Link Analysis: summary so far
Goal (back to the newspaper example):

Don’t just find newspapers. Find “experts” – pages that link in a 
coordinated way to good newspapers

Idea: Links as votes

Hubs and Authorities 
Each page has 2 scores:

Quality as an expert (hub):
Total sum of votes of pages pointed to

Quality as an content (authority):
Total sum of votes of experts

Principle of repeated improvement

23

NYT: 10


Ebay: 3


Yahoo: 3


CNN: 8


WSJ: 9



Hubs and Authorities
Interesting pages fall into two classes:

1. Authorities are pages containing  
useful information

Newspaper home pages
Course home pages
Home pages of auto manufacturers

2. Hubs are pages that link to authorities
List of newspapers
Course bulletin
List of U.S. auto manufacturers
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NYT: 10
Ebay: 3
Yahoo: 3
CNN: 8
WSJ: 9



Mutually Recursive Definition
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Hubs and Authorities
[Kleinberg ‘98]

Each page has a hub score hi and an authority score ai 

HITS algorithm:


1. Initialize all scores to 1

2. Perform a sequence of hub-authority updates:


— First apply Authority Update Rule

— Then apply Hub Update Rule


3. Normalize (divide authority scores by sum over ai’s and same 
for hubs)
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(We normalize since the numbers get very big, 
and we only care about the relative sizes)



Hubs and Authorities: What happens?
[Kleinberg ‘98]

What happens after a lot of steps?

No matter what the starting scores are, it always converges to the same 
hub and authority scores!

Really a property of the link structure
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Hubs and Authorities: Example
[Kleinberg ‘98]
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1

2

3

4

5

6

Apply 2 rounds of hub and 
authority update steps on the 
graph below:

Node h<0> a<1> h<1> a<2> h<2>

1 1

2 1

3 1

4 1

5 1

6 1



Hubs and Authorities: Example
[Kleinberg ‘98]
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1

2

3

4

5

6

Apply 2 rounds of hub and 
authority update steps on the 
graph below:

Node h<0> a<1> h<1> a<2> h<2>

1 1 0

2 1 0

3 1 0

4 1 2

5 1 2

6 1 1



Hubs and Authorities: Example
[Kleinberg ‘98]
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1

2

3

4

5

6

Apply 2 rounds of hub and 
authority update steps on the 
graph below:

Node h<0> a<1> h<1> a<2> h<2>

1 1 0

2 1 0

3 1 0

4 1 2/5

5 1 2/5

6 1 1/5



Hubs and Authorities: Example
[Kleinberg ‘98]
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1

2

3

4

5

6

Apply 2 rounds of hub and 
authority update steps on the 
graph below:

Node h<0> a<1> h<1> a<2> h<2>

1 1 0 2/5

2 1 0 4/5

3 1 0 3/5

4 1 2/5 0

5 1 2/5 0

6 1 1/5 0



Hubs and Authorities: Example
[Kleinberg ‘98]
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1

2

3

4

5

6

Apply 2 rounds of hub and 
authority update steps on the 
graph below:

Node h<0> a<1> h<1> a<2> h<2>

1 1 0 (2/5)/(9/5)

2 1 0 (4/5)/(9/5)

3 1 0 (3/5)/(9/5)

4 1 2/5 0

5 1 2/5 0

6 1 1/5 0



Hubs and Authorities: Example
[Kleinberg ‘98]
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1

2

3

4

5

6

Apply 2 rounds of hub and 
authority update steps on the 
graph below:

Node h<0> a<1> h<1> a<2> h<2>

1 1 0 2/9

2 1 0 4/9

3 1 0 3/9

4 1 2/5 0

5 1 2/5 0

6 1 1/5 0



Hubs and Authorities: Example
[Kleinberg ‘98]
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1

2

3

4

5

6

Apply 2 rounds of hub and 
authority update steps on the 
graph below:

Node h<0> a<1> h<1> a<2> h<2>

1 1 0 2/9 0

2 1 0 4/9 0

3 1 0 3/9 0

4 1 2/5 0 6/9

5 1 2/5 0 7/9

6 1 1/5 0 3/9



Hubs and Authorities: Example
[Kleinberg ‘98]
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1

2

3

4

5

6

Apply 2 rounds of hub and 
authority update steps on the 
graph below:

Node h<0> a<1> h<1> a<2> h<2>

1 1 0 2/9 0

2 1 0 4/9 0

3 1 0 3/9 0

4 1 2/5 0 (6/9)/(16/9)

5 1 2/5 0 (7/9)/(16/9)

6 1 1/5 0 (3/9)/(16/9)



Hubs and Authorities: Example
[Kleinberg ‘98]
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1

2

3

4

5

6

Apply 2 rounds of hub and 
authority update steps on the 
graph below:

Node h<0> a<1> h<1> a<2> h<2>

1 1 0 2/9 0

2 1 0 4/9 0

3 1 0 3/9 0

4 1 2/5 0 6/16

5 1 2/5 0 7/16

6 1 1/5 0 3/16



Hubs and Authorities: Example
[Kleinberg ‘98]
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1

2

3

4

5

6

Apply 2 rounds of hub and 
authority update steps on the 
graph below:

Node h<0> a<1> h<1> a<2> h<2>

1 1 0 2/9 0 6/16

2 1 0 4/9 0 13/16

3 1 0 3/9 0 10/16

4 1 2/5 0 6/16 0

5 1 2/5 0 7/16 0

6 1 1/5 0 3/16 0



Hubs and Authorities: Example
[Kleinberg ‘98]
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1

2

3

4

5

6

Apply 2 rounds of hub and 
authority update steps on the 
graph below:

Node h<0> a<1> h<1> a<2> h<2>

1 1 0 2/9 0 (6/16)/(29/16)

2 1 0 4/9 0 (13/16)/(29/16)

3 1 0 3/9 0 (10/16)/(29/16)

4 1 2/5 0 6/16 0

5 1 2/5 0 7/16 0

6 1 1/5 0 3/16 0



Hubs and Authorities: Example
[Kleinberg ‘98]
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1

2

3

4

5

6

Apply 2 rounds of hub and 
authority update steps on the 
graph below:

Node h<0> a<1> h<1> a<2> h<2>

1 1 0 2/9 0 6/29

2 1 0 4/9 0 13/29

3 1 0 3/9 0 10/29

4 1 2/5 0 6/16 0

5 1 2/5 0 7/16 0

6 1 1/5 0 3/16 0



Hubs and Authorities: Example
[Kleinberg ‘98]
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1

2

3

4

5

6

Apply 2 rounds of hub and 
authority update steps on the 
graph below:

Node h<0> a<1> h<1> a<2> h<2> … a<*> h<*>

1 1 0 2/9 0 6/29 … 0 0.198

2 1 0 4/9 0 13/29 … 0 0.445

3 1 0 3/9 0 10/29 … 0 0.357

4 1 2/5 0 6/16 0 … 0.357 0

5 1 2/5 0 7/16 0 … 0.445 0

6 1 1/5 0 3/16 0 … 0.198 0

Note: in this example, values are very close to convergence after only 2 steps
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PageRank



Links as Votes
Hubs and Authorities works well for situations where pages can be strong 
signals of quality (endorsers) without themselves being endorsed

Think of things like commercial pages, where competitors are unlikely to 
link to each other, but may be endorsed by similar hubs

But in many situations, importance passes directly from 
one prominent page to another 

42



Links as Votes
Still the same idea: Links as votes

Page is more important if it has more links
In-coming links? Out-going links?

Think of in-links as votes:
www.utoronto.ca has 23,400 in-links
www.random-shady-website-uhoh.com has 1 in-link

Are all in-links equal?
Links from important pages count more
You’re important if important nodes vote for you
Recursive question! 

43

How would you set up an update rule with only one 
measure of importance, not two?

http://www.utoronto.ca
http://www.random-shady-website-uhoh.com


PageRank: The “Flow” Model
A “vote” from an important page is worth more:

44

rj = ri/3 + rk/4

j

ki

rj/3

rj/3rj/3

ri/3 rk/4
Each link’s vote is proportional to the 
importance of its source page

If page i with importance ri has di out-links, each 
link gets ri / di votes

Page j’s own importance rj is the sum of the 
votes on its in-links



Mental Model: PageRank as a Fluid

Think of PageRank as a “fluid” that circulates around the network, 
passing from node to node and pooling at the most important ones

PageRank Algorithm:
1. Initialize all nodes with 1/n PageRank
2. Perform k PageRank updates:

Basic PageRank Update Rule: Each page divides its current 
PageRank equally across its outgoing links. New PageRank is the 
sum of PR you receive.
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Page j’s PageRank Update equation: rj =
X

i!j

ri
di

<latexit sha1_base64="J4CEcZtYIQSUj76wod05JewYQ4Q=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQhJJUQTdC0Y3LCvYBTQiTyaSddjIJMxOlhHyEG3/FjQtF3Lpw5984bbPQ1gP3cjjnXmbu8RNGpbKsb6O0tLyyulZer2xsbm3vmLt7bRmnApMWjlksuj6ShFFOWooqRrqJICjyGen4o+uJ37knQtKY36lxQtwI9TkNKUZKS555IrwhvISOTCMvo46g/YFCQsQPcJhDJxQIZ8KjeRbo5plVq2ZNAReJXZAqKND0zC8niHEaEa4wQ1L2bCtRboaEopiRvOKkkiQIj1Cf9DTlKCLSzaZH5fBIKwEMY6GLKzhVf29kKJJyHPl6MkJqIOe9ifif10tVeOFmlCepIhzPHgpTBlUMJwnBgAqCFRtrgrCg+q8QD5BOQukcKzoEe/7kRdKu1+zTWv32rNq4KuIogwNwCI6BDc5BA9yAJmgBDB7BM3gFb8aT8WK8Gx+z0ZJR7OyDPzA+fwCCS58j</latexit>

Where di = out-degree of node i



PageRank: The “Flow” Model
Example: 8 nodes
Each starts with 1/8 PageRank
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PageRank: The “Flow” Model
Example: 8 nodes
Each starts with 1/8 PageRank
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PageRank: The “Flow” Model
Example: 8 nodes
Each starts with 1/8 PageRank

48

5/16



PageRank: The “Flow” Model
Principle of Repeated Improvement!

As in H&A, this process converges to limiting values
In equilibrium, doing another PageRank Update doesn’t change anything

49



PageRank: A Problem
In real graph structures, PageRank can pool in the wrong places

Consider a slightly different graph:

What happens?

50



PageRank: A Problem

51

All the PageRank ends up here!

In real graph structures, PageRank can pool in the wrong places

Consider a slightly different graph:

What happens?



PageRank: A Solution
Scaled PageRank: only divide a fraction s of the PageRank among 
outgoing links
The rest gets spread evenly over all nodes 

In effect we create a complete graph

Scaled PageRank Update Rule: First apply Basic PageRank Update Rule, scale 
down the values by s, then divide the residual 1-s units of PageRank equally: 
(1-s)/n to each.

52



PageRank: A Solution
Scaled PageRank converges to a unique set of equilibrium values (but it 
depends on s)

This is the PageRank used in practice, with s chosen between 0.8 and 0.9.
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PageRank: Random Surfer
Say a web surfer navigates links randomly (choosing each out-link with equal 
probability)

This is equivalent to the Basic PageRank Update!

Say they also jump to a random node in the graph with probability 1-s 
(“Random Restarts”)

This is equivalent to the Scaled PageRank Update

One way to think about PageRank of a node: limiting probability that a 
random surfer ends up at that node

54



PageRank: Random Surfer

Claim: The probability of being at page X after k steps of this 
random walk is equal to the PageRank of X after k applications of 
the Basic PageRank Update rule.

55

Proof: Let r1, r2, r3, … , rn represent probability of being at nodes 
1,2,3,…,n in a given step of the random walk. Given these, what is 
probability of being at node j in next step?

The Random Walk:  Walker chooses a starting node at random, then 
at each step picks one of the out-links of its current node uniformly at 
random.

• For each node i that links to j, 1/di prob of going to j

• Need to be at i for that to happen, so prob contribution is ri * 1/di

• Summing over nodes, r0j =
X

i!j

ri
di

<latexit sha1_base64="Xfo1yLT/eKbZo2445BRKZzF1vd8=">AAACFXicbVDLSsNAFJ34rPUVdelmsIgupCRV0I1QdOOygn1AE8JkMmmnnUnCzEQpIT/hxl9x40IRt4I7/8Zpm4W2HriXwzn3MnOPnzAqlWV9GwuLS8srq6W18vrG5ta2ubPbknEqMGnimMWi4yNJGI1IU1HFSCcRBHGfkbY/vB777XsiJI2jOzVKiMtRL6IhxUhpyTNPxJE3gJfQkSn3MuoI2usrJET8AAc5dEKBcCY8mmeBbp5ZsarWBHCe2AWpgAINz/xyghinnEQKMyRl17YS5WZIKIoZyctOKkmC8BD1SFfTCHEi3WxyVQ4PtRLAMBa6IgUn6u+NDHEpR9zXkxypvpz1xuJ/XjdV4YWb0ShJFYnw9KEwZVDFcBwRDKggWLGRJggLqv8KcR/pJJQOsqxDsGdPnietWtU+rdZuzyr1qyKOEtgHB+AY2OAc1MENaIAmwOARPINX8GY8GS/Gu/ExHV0wip098AfG5w/plp9U</latexit>

Same as before!



Web Search in Practice
Link Analysis was the basic revolutionary idea

Still used today

But now, lots of other signals used for ranking
■Anchor text: 

“I am a student at University of Toronto”
Can include in link analysis framework (give more weight to highly 
relevant anchor text)
■Click data

If everyone clicks on the second link, rank it first

56



57

PageRank Applications



PageRank Application: Online Dating

How do people pursue romantic partners online? 

58

In particular, how does desirability play into how people look for 
partners?

How do you define “desirability”?

All sorts of problems with trying to infer it from someone’s profile page



Consider the network of messages exchanged [Bruch and Newman, 2018]

59

N.B. The data in this paper is on heterosexual dating only.

PageRank Application: Online Dating



As before, there is significant information in the links!

60

Desirability: one is desirable if they are contacted a lot, and if 
they are contacted by other desirable people

PageRank Application: Online Dating



Idea:  Apply PageRank to the initial-contact graph

61

0.275

0.112

0.20

0.078

0.127

0.079

0.127

This gives a ranking over people using all of the information in their 
messaging behaviour

PageRank Application: Online Dating



Problem:  Real-life initial-contact graphs look more like this:

62

Males do most of the 
initial messaging 
(>80% in their data)

If you choose this representation (just the initial-contact graph), you 
don’t get enough information about the females’ preferences

PageRank Application: Online Dating



Fix:  Choose the representation where we include an edge u→v if u 
initially contacted v, and, optionally, an edge v→u if v replied to u

63

0.389

0.021

0.074

0.021

0.187

0.245

0.062

Women reply <20% of 
the time in the data

PageRank Application: Online Dating



Desirability (rank) as it varies with age, ethnicity, education

64

PageRank Application: Online Dating



There is a desirability gap: Both women and men tend to contact others 
who are ranked somewhat—but not excessively—higher than themselves 

65

PageRank Application: Online Dating



PageRank Application: Graph Search

Given: Conferences-to-authors graph

66

Goal: Proximity on graphs

Q: What is the most related 
conference to ICDM?

International Joint Conferences on Artificial Intelligence (IJCAI)
Knowledge Discovery and Data Mining (KDD)
International Conference on Data Mining (ICDM)
SIAM International Conference on Data Mining (SDM)
Association for the Advancement of Artificial Intelligence (AAAI)
Conference on Neural Information Processing Systems (NeurIPS/NIPS)

Conference Author



Random Walk With Restarts

67



Personalized PageRank

Goal: Evaluate pages not just by 
popularity or global importance, but by 
how close they are to a given topic

68

Solution: change teleportation vector!

Conference Author

Teleporting can go to: 
•  Any page with equal prob. (normal 

PageRank)
•  A topic-specific set of “relevant” pages
•  A single page/node (random walk with 

restarts)



Personalized PageRank
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S={4}

Nearby nodes have higher scores (red)

Final Personalized 
PageRank scores



Personalized PageRank

70



71

Spectral Analysis



Link Analysis: Spectral Analysis

Recall that we can represent graphs as 
adjacency matrices

Mij = 1 if i links to j

72

i

j

M

Since hub and authority scores are lists of numbers, 
we can represent them as vectors h and a

a

i

h



Link Analysis: Spectral Analysis

Q: Using M, h, and a, can you express the hub and 
authority update rules as matrix operations?

73

i

j

M a

i

h

Hub Update Rule: For each page p, update hub(p) to be the sum of the authority 
scores of all pages that it points to

Authority Update Rule: For each page p, update auth(p) to be the sum of the hub 
scores of all pages that point to it



Update Rules as Matrix-Vector Multiplication

Recall Hub Update Rule:

74

This corresponds exactly to the simple matrix-vector 
multiplication

.

h Ma

=

hi  Mi1a1 +Mi2a2 + . . .+Minan



Update Rules as Matrix-Vector Multiplication

Authority update rule is similar

75

This corresponds exactly to the simple matrix-vector 
multiplication

. =

a MTh

Transpose the  
matrix!

ai  M1ih1 +M2ih2 + . . .+Mnihn



Unwinding k steps of Updates
Let a<j> be the j-th authority vector, and similarly for h<j>

76

Generally:

ah1i = MThh0i

hh1i = Mah1i = MMThh0i

hhki = (MMT )khh0i

Similarly: ahki = (MTM)k�1MThh0i



Convergence
Recall your eigenvectors and eigenvalues:

77

Av = �v
v is an eigenvector of A, with corresponding eigenvalue lambda

At convergence, performing additional hub-authority steps won’t change 
anything

Thus Hubs and Authorities converges to the leading eigenvector of MMT 

and MTM!

(Full details in the reading) eigenvalueeigenvector

(MMT )hh⇤i = c · hh⇤i
<latexit sha1_base64="beFXYKAELvHlLsjIOPnG2x5AePs=">AAACI3icbZDLSgMxFIYz9VbrbdSlm2ARqosyUwVFEIpu3BQq9AadtmTStA3NJEOSEcrQd3Hjq7hxoRQ3LnwX03YW2vZA4OP/z0lyfj9kVGnH+bZSa+sbm1vp7czO7t7+gX14VFMikphUsWBCNnykCKOcVDXVjDRCSVDgM1L3hw9Tv/5MpKKCV/QoJK0A9TntUYy0kTr2ba5UalfOB+3YY4j3GYEX0JMzGsM7iD3cFRqutDt21sk7s4LL4CaQBUmVO/bE6wocBYRrzJBSTdcJdStGUlNs7st4kSIhwkPUJ02DHAVEteLZjmN4ZpQu7AlpDtdwpv6diFGg1CjwTWeA9EAtelNxldeMdO+mFVMeRppwPH+oFzGoBZwGBrtUEqzZyADCkpq/QjxAEmFtYs2YENzFlZehVsi7l/nC01W2eJ/EkQYn4BTkgAuuQRE8gjKoAgxewBv4AJ/Wq/VuTayveWvKSmaOwb+yfn4Bzo2jLg==</latexit>



Convergence
Why does it converge?

78

Fact:  Any n-by-n symmetric matrix A has a set of n eigenvectors that form a 
basis of Rn   (i.e. they are mutually orthogonal and are all unit vectors).

Call them z1,z2,…,zn with corresponding eigenvalues c1,c2,…,cn (such that  |
c1| ≥ |c2| ≥ … ≥ |cn|, and assume |c1| > |c2|)

Easy Fact:  MMT is symmetric.

Recall: (AB)T = BTAT
<latexit sha1_base64="nbh2FkqGylRay6ZmdhQmFdUDgxU=">AAAB+HicbVDLTgJBEOzFF+KDVY9eJhITvJBdNNGLCeDFIybLI4GFzA6zMGH2kZlZEyR8iRcPGuPVT/Hm3zjAHhSspJNKVXe6u7yYM6ks69vIbGxube9kd3N7+weHefPouCmjRBDaIBGPRNvDknIW0oZiitN2LCgOPE5b3vhu7rceqZAsCh01iakb4GHIfEaw0lLfzBertYueg25RredUe07fLFglawG0TuyUFCBFvW9+dQcRSQIaKsKxlB3bipU7xUIxwuks100kjTEZ4yHtaBrigEp3ujh8hs61MkB+JHSFCi3U3xNTHEg5CTzdGWA1kqveXPzP6yTKv3GnLIwTRUOyXOQnHKkIzVNAAyYoUXyiCSaC6VsRGWGBidJZ5XQI9urL66RZLtmXpfLDVaFSSePIwimcQRFsuIYK3EMdGkAggWd4hTfjyXgx3o2PZWvGSGdO4A+Mzx+2EZEt</latexit>

(MMT )T = (MT )T ·MT = MMT
<latexit sha1_base64="8fRV+N9tOo1Slb6ZznIB4KRU1hQ=">AAACDHicbVDLSgMxFM3UV62vqks3wSLUTZmpgm6Eghs3hQp9QTstmUymDc0kQ5IRytAPcOOvuHGhiFs/wJ1/Y6adhbYeCBzOOZebe7yIUaVt+9vKra1vbG7ltws7u3v7B8XDo7YSscSkhQUTsushRRjlpKWpZqQbSYJCj5GON7lN/c4DkYoK3tTTiLghGnEaUIy0kYbFUrleHzTPB014A8sZ62NfaFifa6lrUnbFngOuEicjJZChMSx+9X2B45BwjRlSqufYkXYTJDXFjMwK/ViRCOEJGpGeoRyFRLnJ/JgZPDOKDwMhzeMaztXfEwkKlZqGnkmGSI/VspeK/3m9WAfXbkJ5FGvC8WJREDOoBUybgT6VBGs2NQRhSc1fIR4jibA2/RVMCc7yyaukXa04F5Xq/WWpVsvqyIMTcArKwAFXoAbuQAO0AAaP4Bm8gjfryXqx3q2PRTRnZTPH4A+szx8r4pfn</latexit>

MMT is its own transpose (i.e. symmetric)



Convergence
Why does it converge?
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Fact:  Any n-by-n symmetric matrix A has a set of n eigenvectors that form a 
basis of Rn   (i.e. they are mutually orthogonal and are all unit vectors).

Call them z1,z2,…,zn with corresponding eigenvalues c1,c2,…,cn (such that  |
c1| ≥ |c2| ≥ … ≥ |cn|, and assume |c1| > |c2|)

Now, think about any matrix-vector product with the symmetric matrix MMT:

(MMT )x = (MMT )(p1z1 + p2z2 + · · ·+ pnzn)
<latexit sha1_base64="zseIe0I6/q4npO3TTr0imexL0cw="></latexit>

Since the z’s form a basis for Rn

Fact:  MMT is symmetric:

= p1MMT z1 + p2MMT z2 + · · ·+ pnMMT zn
<latexit sha1_base64="C4qsn4pCHYGPtwiL91oxxwoBVc0=">AAACGHicbVDLSsNAFJ3UV62vqks3g0UQhJpEQTdCwY2bQoW+oI1hMpm0QyeTMDMRaulnuPFX3LhQxG13/o3TJAttvTBwzrn3cOceL2ZUKtP8Ngorq2vrG8XN0tb2zu5eef+gLaNEYNLCEYtE10OSMMpJS1HFSDcWBIUeIx1vdDvvdx6JkDTiTTWOiROiAacBxUhpyS2f38DYter1h+aTa8EzTeyM2Jr0sR8pmao8U7WjYlbNtOAysHJQAXk13PKs70c4CQlXmCEpe5YZK2eChKKYkWmpn0gSIzxCA9LTkKOQSGeSHjaFJ1rxYRAJ/biCqfrbMUGhlOPQ05MhUkO52JuL//V6iQqunQnlcaIIx9miIGFQRXCeEvSpIFixsQYIC6r/CvEQCYSVzrKkQ7AWT14GbbtqXVTt+8tKrZbHUQRH4BicAgtcgRq4Aw3QAhg8g1fwDj6MF+PN+DS+stGCkXsOwZ8yZj+wmp0Y</latexit>

= p1c1z1 + p2c2z2 + · · ·+ pncnzn
<latexit sha1_base64="SOnQS+Ial+CjUZ0WJf5NYvO5JsY=">AAACFXicbZDLSgMxFIYzXmu9VV26CRZBUMrMKOhGKLhxWcFeoB1C5kzahmYyQ5IR2tKXcOOruHGhiFvBnW9jello6w+Bj/+cw8n5w1RwbVz321laXlldW89t5De3tnd2C3v7NZ1kClgVEpGoRkg1E1yyquFGsEaqGI1Dweph72Zcrz8wpXki700/ZUFMO5K3OVBjLVI4u8Yp8YB4A+LhU8s+EH9AfMstiBKjJ6YEIgfEthfdkjsRXgRvBkU0U4UUvlpRAlnMpAFBtW56bmqCIVWGg2CjfCvTLKXQox3WtChpzHQwnFw1wsfWiXA7UfZJgyfu74khjbXux6HtjKnp6vna2Pyv1sxM+yoYcplmhkmYLmpnApsEjyPCEVcMjOhboKC4/SuGLlUUjA0yb0Pw5k9ehJpf8s5L/t1FsVyexZFDh+gInSAPXaIyukUVVEWAHtEzekVvzpPz4rw7H9PWJWc2c4D+yPn8Ad/znC0=</latexit>

Since the z’s are eigenvectors of MMT
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Rewrite Hub-Authority computation this way:
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(MMT )kx = ck1p1z1 + ck2p2z2 + · · ·+ cknpnzn
<latexit sha1_base64="aq1B5E9BsZzTLm7O+dz6KBAGUlI="></latexit>

Every multiplication by MMT 
adds a ci to the i-th term

Dividing both sides by c1
hhki

ck1
= q1z1 +

✓
c2
c1

◆k

q2z2 + · · ·+
✓
cn
c1

◆k

qnzn
<latexit sha1_base64="uvkOWNZL1bqTZe1zRzZrDXGtJjY="></latexit>

Rewriting        as hhki = (MMT )khh0i = ck1q1z1 + ck2q2z2 + · · ·+ cknqnzn
<latexit sha1_base64="4k879LmClRbi3mwhjuuHhzfSVj8="></latexit>

X

i

qizi
<latexit sha1_base64="oi9Ru6DoE0N2JfHo+POnAwyQPQM=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAiuwiQt2uwKblxWsA9oQ5hMJ+3QmSSdmRRq6He4caGIWz/GnX/j9CGo6IELh3Pu5d57wpQzpRH6sNbWNza3tgs7xd29/YPD0tFxSyWZJLRJEp7ITogV5SymTc00p51UUixCTtvh6HrutydUKpbEd3qaUl/gQcwiRrA2kt9TmQgYHAfsPmBBqYxsz3MRqkFkVz3vsuIZgiqu61WhY6MFymCFRlB67/UTkgkaa8KxUl0HpdrPsdSMcDor9jJFU0xGeEC7hsZYUOXni6Nn8NwofRgl0lSs4UL9PpFjodRUhKZTYD1Uv725+JfXzXRU83MWp5mmMVkuijIOdQLnCcA+k5RoPjUEE8nMrZAMscREm5yKJoSvT+H/pOXaTsV2b6vlen0VRwGcgjNwARxwBergBjRAExAwBg/gCTxbE+vRerFel61r1mrmBPyA9fYJPUWSag==</latexit>

hh0i
<latexit sha1_base64="eSS3xwX9LAcLB2EraXtwbshlOwk=">AAAB/nicdVDLSgMxFM34rPU1Kq7cBIvgakg7I213BTcuK9gHtGPJpJk2NJMZkoxQhoK/4saFIm79Dnf+jem0gooeSDicc+/NzQkSzpRG6MNaWV1b39gsbBW3d3b39u2Dw7aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gsnl3O/cUalYLG70NKF+hEeChYxgbaSBfTy+zfocixGnEMG+zNlsYJeQU69XvLoHkWPuqls3BLkXFbcGyw7KUQJLNAf2e38YkzSiQhOOleqVUaL9DEvNiJlX7KeKJphM8Ij2DBU4osrP8vVn8MwoQxjG0hyhYa5+78hwpNQ0CkxlhPVY/fbm4l9eL9Vhzc+YSFJNBVk8FKYc6hjOs4BDJinRfGoIJpKZXSEZY4mJNokVTQhfP4X/k3bFKbtO5dorNbxlHAVwAk7BOSiDKmiAK9AELUBABh7AE3i27q1H68V6XZSuWMueI/AD1tsnOxOVow==</latexit>

lim
k!1

hhki

ck1
! q1z1

<latexit sha1_base64="D6dDFQtoNKw9v3Ygg5Ta2a5Mwvo="></latexit>

Since |c1| ≥ |c2| ≥ … ≥ |
cn|, and |c1| > |c2|

We’re done! Hub update converges to leading eigenvector of MMT

Analogous analysis shows authority update converges to leading eigenvector of MTM



PageRank Spectral Analysis

Recall the Basic PageRank Update Rule:
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Where         is the k-th update of j’s PageRank, and node i has di out-
links

rhk+1i
j =

X

i!j

rhkii

di
<latexit sha1_base64="LolhBfbyCZtIS3q0jiZtiwH++K8="></latexit>

rhkii
<latexit sha1_base64="K9s8Fr6Kk10d/v3TeZZW8QDpkO8=">AAACAHicbZC7TsMwFIZPuJZyCzAwsFhUSExVUpBgrMTCWCR6kZoQOa7TWnWcyHaQqqgLr8LCAEKsPAYbb4ObZoCWX7L06T/n2D5/mHKmtON8Wyura+sbm5Wt6vbO7t6+fXDYUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244vpnVu49UKpaIez1JqR/joWARI1gbK7CP5UPucSyGnKIx8mRB04AFds2pO4XQMrgl1KBUK7C/vEFCspgKTThWqu86qfZzLDUj5saqlymaYjLGQ9o3KHBMlZ8XC0zRmXEGKEqkOUKjwv09keNYqUkcms4Y65FarM3M/2r9TEfXfs5EmmkqyPyhKONIJ2iWBhowSYnmEwOYSGb+isgIS0y0yaxqQnAXV16GTqPuXtQbd5e1ZrOMowIncArn4MIVNOEWWtAGAlN4hld4s56sF+vd+pi3rljlzBH8kfX5A6ujlnI=</latexit>



PageRank Spectral Analysis

Recall the Basic PageRank Update Rule:
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Define a new matrix N:

Can you write down the basic PageRank rule in terms of N and r<k>?

And let r<k> be the vector of PageRank values after k 
Basic PageRank Updates, where 

where page i has 
di out-links

i

j

N

1/3
Nij =

1

di
<latexit sha1_base64="SuvUgRJHlX9qAgR5B/MUCWWVphQ=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCpJFXQjFNy4kgr2AW0Ik8mkHTt5MDMRSszCX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r3HSziTyrK+jdLS8srqWnm9srG5tb1j7u61ZZwKQlsk5rHoelhSziLaUkxx2k0ExaHHaccbXU38zgMVksXRnRon1AnxIGIBI1hpyTUPbtyM3efoEvUDgUlm55nvstw1q1bNmgItErsgVSjQdM2vvh+TNKSRIhxL2bOtRDkZFooRTvNKP5U0wWSEB7SnaYRDKp1sen+OjrXioyAWuiKFpurviQyHUo5DT3eGWA3lvDcR//N6qQounIxFSapoRGaLgpQjFaNJGMhnghLFx5pgIpi+FZEh1jkoHVlFh2DPv7xI2vWafVqr355VG40ijjIcwhGcgA3n0IBraEILCDzCM7zCm/FkvBjvxsestWQUM/vwB8bnD32qlcM=</latexit>

for edges i→j, 0 otherwise

rhk+1i
j =

X

i!j

rhkii

di
<latexit sha1_base64="LolhBfbyCZtIS3q0jiZtiwH++K8="></latexit>

X

i

rhkii = 1
<latexit sha1_base64="baiqqVUDLvlWQ0pC4TaOxJg6DJ4=">AAACC3icbZDLSsNAFIZPvNZ6i7p0M7QIrkpSBd0IBTcuK9gLNDFMptN26GQSZiZCCd278VXcuFDErS/gzrdxmmahrT8MfPznnJk5f5hwprTjfFsrq2vrG5ulrfL2zu7evn1w2FZxKgltkZjHshtiRTkTtKWZ5rSbSIqjkNNOOL6e1TsPVCoWizs9Sagf4aFgA0awNlZgVzyVRgFD8j7zOBZDTtEYeTKnqfGvkBvYVafm5ELL4BZQhULNwP7y+jFJIyo04Vipnusk2s+w1IyYW8teqmiCyRgPac+gwBFVfpbvMkUnxumjQSzNERrl7u+JDEdKTaLQdEZYj9RibWb+V+ulenDpZ0wkqaaCzB8apBzpGM2CQX0mKdF8YgATycxfERlhiYk28ZVNCO7iysvQrtfcs1r99rzaaBRxlOAYKnAKLlxAA26gCS0g8AjP8Apv1pP1Yr1bH/PWFauYOYI/sj5/ALBdmic=</latexit>
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Recall the Basic PageRank Update Rule:
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Define a new matrix N:

1/3
Nij =

1

di
<latexit sha1_base64="SuvUgRJHlX9qAgR5B/MUCWWVphQ=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCpJFXQjFNy4kgr2AW0Ik8mkHTt5MDMRSszCX3HjQhG3/oY7/8Zpm4W2HrhwOOde7r3HSziTyrK+jdLS8srqWnm9srG5tb1j7u61ZZwKQlsk5rHoelhSziLaUkxx2k0ExaHHaccbXU38zgMVksXRnRon1AnxIGIBI1hpyTUPbtyM3efoEvUDgUlm55nvstw1q1bNmgItErsgVSjQdM2vvh+TNKSRIhxL2bOtRDkZFooRTvNKP5U0wWSEB7SnaYRDKp1sen+OjrXioyAWuiKFpurviQyHUo5DT3eGWA3lvDcR//N6qQounIxFSapoRGaLgpQjFaNJGMhnghLFx5pgIpi+FZEh1jkoHVlFh2DPv7xI2vWafVqr355VG40ijjIcwhGcgA3n0IBraEILCDzCM7zCm/FkvBjvxsestWQUM/vwB8bnD32qlcM=</latexit>

for edges i->j, 0 otherwise

rhk+1i
j =

X

i!j

rhkii

di
<latexit sha1_base64="LolhBfbyCZtIS3q0jiZtiwH++K8="></latexit>

where page i has 
di out-links

rhk+1i = N1ir
hki
1 +N2ir

hki
2 + · · ·Nnir

hki
n

<latexit sha1_base64="EyacGmpe6rpsTaxDYMuiieszVl8="></latexit>

rhk+1i = NT rhki
<latexit sha1_base64="r1/jGULE+LFOs19PdRhqoePe3Vg=">AAACG3icbZDLSgMxFIbP1Futt1GXboJFEIQyUwXdCAU3rqRCb9AbmTRtQzOZIckIZeh7uPFV3LhQxJXgwrcxnQ5SWw8EPv7/nCTn90LOlHacbyuzsrq2vpHdzG1t7+zu2fsHNRVEktAqCXggGx5WlDNBq5ppThuhpNj3OK17o5upX3+gUrFAVPQ4pG0fDwTrM4K1kbp2UXbiFsdiwCkanbmoJROeoGt016nMm79W1847BScptAxuCnlIq9y1P1u9gEQ+FZpwrFTTdULdjrHUjJj7cq1I0RCTER7QpkGBfaracbLbBJ0YpYf6gTRHaJSo8xMx9pUa+57p9LEeqkVvKv7nNSPdv2rHTISRpoLMHupHHOkATYNCPSYp0XxsABPJzF8RGWKJiTZx5kwI7uLKy1ArFtzzQvH+Il8qpXFk4QiO4RRcuIQS3EIZqkDgEZ7hFd6sJ+vFerc+Zq0ZK505hD9lff0Az4KgqA==</latexit>
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Similarly, PageRank converges to the leading 
eigenvector of NT



PageRank and HITS

PageRank and HITS are two solutions to the same problem:
What is the value of an in-link from u to v?
In the PageRank model, the value of the link depends on the links into u
In the HITS model, it depends on the value of the other links out of u

The destinies of PageRank and HITS post-1998 were very different
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