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Voting

Why have voting?
Synthesize the preferences of a group
Aggregate information, preferences, beliefs, decisions
Voting on:

Candidates

Laws

Verdicts for trials

Awards




Simple example

Say you want to pick the fairest outcome for the group
Everyone has their preferred number (e.g. price)
What should you do!?

Easy...take the average
Why fair?
Minimizes the squared loss




Why voting is hard

But in many situations there is no natural “average”!
Voting on:

Candidates

Laws

Verdicts for trials

Awards Averaging fails here...




Why voting is hard

Often need to pick a single winner that becomes binding for the group
President
Award-winner
Policy decision

Voting as group decision making

Parallels to clustering: finding the centre vs finding the “medioid”—the best
representative element



Individual preferences

Ve want to aggregate many individuals’ preferences
What are individual preferences!?

Setup: a group of k people are evaluating a finite set of possible alternatives




Individual preferences

The people want to produce a single group ranking that orders the
alternatives from best to worst

The ranking should reflect the collective opinion of the group

The challenge: how do we define what it means to reflect multiple, potentially
contradictory opinions?
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Individual preferences

Every person has a preference relation over the alternatives, denoted >; for
player i

Must satisfy two properties:

Complete:all pairs of distinct alternatives X and Y, either X >;Y orY > X




Individual preferences

A way to think about preference relations: as a graph
Nodes: alternatives
Directed edges: Y—X if X >Y

(complete and transitive example)



Individual preferences

Another way of expressing preferences: ranked list

For example:

mv—- B

Ranked list = preference relation
Obviously complete and transitive
Preference relation = ranked list

Less obvious but still true



Individual preferences

Claim: Ranked list = Preference relation

Proof:

A ranked list is complete, since for any pair of alternatives X andY, either X>Y
or Y>X

A ranked list is transitive, since if X is higher thanY and Y is higher than Z, then
X is also higher than Z.



Individual preferences

Claim: Preference relation — ranked list

Proof:

|dentify the alternative X that wins the most pairwise comparisons
Claim: X actually beats other alternative

Why!? Suppose Y >; X.ThenY would beat everything X beats (by transitivity),
and also X.Therefore beats more than X. Contradiction!

Put X at the top of the list, remove it from the set of
alternatives, and recurse

Relation is still complete and transitive over remaining alternatives

Construct a list by repeatedly finding the alternative that beats
everyone else



Individual preferences

Summary:

Preference relation = Ranked list

Ranked list =@ Preference relation

Therefore preference relations and ranked lists are equivalent!



Voting Systems

Voting system: a method that takes a set of complete and transitive individual
preference relations (or ranked lists) and outputs a group ranking

When there’s only two alternatives, what should we do!?

Majority Rule: whoever is preferred by a majority of the voters wins, other
one is second

(let k be odd to avoid ties)




Majority Rule
Easy enough, what about majority rule with more than two alternatives!?

What’s a natural way to extend it?

Majority rule on every pair of alternatives: X >Y if a majority of voters have
X >Y

Is this complete?

Everyone has a preference for every pair, and there’s always a majority
(assume k is odd). So this is complete

Is this transitive?



Majority Rule

Is majority rule on at least 3 alternatives transitive?

What does majority rule do here?



Majority Rule

Is majority rule on at least 3 alternatives transitive?

Y pasta > B pasta, B pasta > rice, rice > Y pasta!



Majority Rule

Majority rule with at least three alternatives can produce a non-transitive group
ranking
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Condorcet Paradox

Majority rule with at least three alternatives can produce a non-transitive
group ranking

Called the “Condorcet Paradox”

Really bad news!

Everyone had perfectly plausible
preferences

But they behave incoherently as a group, can’t
even decide on a favourite




Condorcet Paradox

Condorcet Paradox can even happen within a single individual
person

Consider a student deciding which college to attend

Wants a highly-ranked college, a small average class size, and maximum
scholarship money

Plans to decide between pairs by favouring the one does better on the most
criteria

College National Ranking Average Class Size | Scholarship Money Offered
X 4 40 $3000
Y 8 18 $1000
Z 12 24 $8000
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Majority Rule: Other Ideas

What about using majority rule another way?
Iterative approach: find a winner, remove from the list, and recurse

One idea: arrange alternatives in some order, then compare by majority vote,
compare the winner to the third alternative, and so on.

More generally, we can schedule any kind of elimination
tournament to determine the favourite

— Then recurse!



Majority Rule: Other Ideas

Graphically:

Overall group
favorite
Outcome of A
A-B winner
vs. C




Majority Rule: Other Ideas

Other kind of elimination tournament:

Overall group
favorite

Winner of Winner of
Avs. B Cvs.D




Majority Rule: Other Ideas

What'’s wrong with this!?
Strategic agenda setting: order matters!

Consider example from before:

In what order do we evaluate the alternatives?



Majority Rule: Other Ideas

In what order do we evaluate the alternatives?

Z wins X wins
overall / overall /
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Other systems?

Majority rule led to some bad outcomes
What about other strategies!?

Positional voting: produce a group ranking directly from the individual
rankings

Forget pairwise comparisons

Each alternative receives a certain weight based on its positions in all the
individual rankings



Borda count

Heisman trophy in college football (and NBA MVP, etc.) all use the following

method: get weight 0 for being picked last, | for being second last, ..., k-1 for
being picked first

Example: two voters, four alternatives
Voter |: A> B> C>D
Voter 2: B> C>A>D

A:3+ 1 =4

B:2+3=5

C:l+2=3 . o
D:0+0=0 ;

Group rankingiB>A>C>D
Called the “Borda Count”




Borda count

You can create your own variants (and many have) by changing the number of
points per position

Example: if only top 3 matter, you could assign 3 for first place, 2 for second
place, | for third place, and 0 otherwise

Ignoring ties, Borda Count always produces a complete,
transitive ranking!
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Borda count

But the Borda Count

Magazine tries to rank greatest movie of all time, asks five film critics to rank
Citizen Kane and The Godfather

Three prefer CK, two prefer TG => CK>TG => all good!

At the last second, they want to inject some modernity into the discussion, so
they include Frozen

First three only like old movies, so they vote:
CK>TG > F

Critics 4 and 5 only like past 40 years, so:
TG > F> CK

What is the Borda Count now!

L=




Borda count

First three only like old movies, so they vote:
CK>TG > F

Critics 4 and 5 only like past 40 years, so:
TG > F> CK

Borda:
CK:6,TG:7,F.2 => TG>CK?>F

But before Frozen was introduced it was CK > TG!

Both TG and CK beat Frozen head-to-head e _ |
Yet still Frozen influenced CK > TG e




Borda count

Borda Count is susceptible to “irrelevant alternatives™

What voters think of Frozen to
how they feel about relative ranking of TG and CK

This gives rise to another problem: voters can
strategically misreport their preferences

For example, say voters 4 and 5 actually had the true ranking
TG>CK>F

,2,3: CK > TG > F
45: TG > CK > F
Borda: CK > TG > F

By lying and reporting TG >; F >; CK, they get
TG to win




Irrelevant Alternatives in Politics

These problems with “irrelevant alternatives™ and strategic misreporting have
happened in elections around the world

Most vote with plurality voting: the candidate ranked at the top by most
voters wins

Q:
A:

“Third-party effects”/"spoiler effects”: if very few people favour some candidate,
this can swing outcome of two leading contenders

In response, some people strategically misreport their preferences



What’s The Deal?

Voting is one society’s most important institutions

On its face, seems like a relatively simple problem

Is there any system that is free of pathologies?



What’s The Deal?

Is there any system that is free of pathologies?

Let’s define “Free of pathologies™

* Criterion | “Unanimity”:if there is a pair X andY for which X >;Y for
every i,then X >Y

* Criterion 2 “Independence of Irrelevant Alternatives” (11A).
the ordering of X andY should only depend on the relative positions X and
Y in individual rankings

If we have a bunch of rankings that produces a group ranking with X >Y
Then we move some Z around in the individual rankings
It should still be the case that X > Y

* Criterion 3 “Non-=Dictatorship”: the group ranking should not just
always be what one particular voter thinks



Independence of Irrelevant Alternatives




Good Voting Systems

What satisfies Unanimity and 1A and non-dictatorship?

With two alternatives, majority rule clearly satisfies all

Arrow’s Theorem |[Arrow |953]:With at least three alternatives, no
voting system satisfies Unanimity, lIA, and Non-dictatorship

In general, there is no good voting
system!

In practice, this means that there will always be
inherent tradeoffs we have to choose from



What Do We Do Now?

How do we vote, how do we decide on things in the presence
of Condorcet’s Paradox and Arrow’s Theorem?

If you're faced with an impossibility result, you don’t just give up
One common technique is to look for important special cases

Arrow’s Theorem is a general result, so it doesn’t necessarily apply if
we make some additional assumptions



What Do We Do Now?

Go back to original Condorcet problem

y

Replace food with choices about how much money to spend on education



What Do We Do Now?

Go back to original Condorcet problem with money now:

1: X > Y>> Z X: small
2: Y > Z> X Y: medium
3: Z>3X>3Y Z: alot

Voter |’s preferences “make sense”
Voter 2’s preferences do too: prefer betweenY and Z, so say Y then Z then X
Voter 3’s preferences are harder to justify

Not impossible, but they’re more unusual



ldeal Points

Assume the preferences lie on a one-dimensional spectrum,

and each voter has an “ideal point” on the spectrum

They evaluate alternatives by proximity to this ideal point

Actually we can assume something weaker: each voter’s preferences “fall

away’ consistently on both sides of their favourite alternative
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Single-Peaked Preferences

Definition: a voter has “single-peaked preferences” if there is no alternative
Xs for which both neighbouring alternatives Xs.| and Xs+| are ranked above X

Equivalent to: every voter i has a top-ranked option X, and her preferences
fall off on both sides of t:

Xt >—Z Xt 1 >"z Xt 2 >—Z -+« and Xt >—’L Xt—l >—-Z Xt—2 >—Z ¢ oo
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alternatives | ’ ’ ’ alternatives X X X X X alternatives
X1 X2 X3 X4 X5 X1 X2 X3 X4 X5 1 2 3 4 5



Single-Peaked Preferences

Majority rule with single-peaked preferences

Recall majority rule: compare every pair of alternatives X and Y, and decide X
>Y orY > X by the majority of voters

Claim: If all individual rankings are single-peaked, then majority rule applied
to all pairs of alternatives produces a group preference relation that is
complete and transitive.

In other words, majority rule works!



Median Voter

Start off by trying to find a group favourite, then proceed by recursion on the
rest of the alternatives

Consider every voter’s top-ranked alternative — their peak — and sort this
set of favourites from left to right along the spectrum

A popular alternative can show up many times

Now consider the median of these favourites

— T T 1 | > — 1 1 1 1 .

alternatives | l | | | alternatives X ¥ " X . alternatives
X1 X2 X3 X4 X5 X1 X2 X3 X4 X5 1 2 3 4 5

Favourites: X, X2, X3 Median: X>



Median Voter

The median individual favourite is a natural candidate for potential group
favourite

Strikes a compromise between more extreme favourites on either side

Median Voter Theorem: With single-peaked preferences, the median
individual favourite defeats every other alternative in a pairwise majority vote.



Xz is global median favourite

Example

Then favourites are Xi, X3, X3 => X3 median favourite
Eventually we get X7 > X3 > X > X4 > Xs
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Voting as Information Aggregation

So far, trying to come up with methods for people who have
different preferences

Sometimes there is a “true” underlying ranking and people
with different information are trying to uncover it

Examples:
Jury deliberation

Board of advisors to a company



Simple Case: Simultaneous, Sincere Voting

Simple setting, two alternatives X and Y

One is genuinely the best choice, each voter casts vote on what she thinks
the right choice is

Assume everyone votes sincerely
Model: similar to information cascades
Prior probability that X is best is |/2

Each voter gets a private independent signal on which is best, prob of getting
right signal is g (> 1/2)

With probability g, voter should vote for what her signal says

Condorcet Jury Theorem:as the number of voters increases,
probability of the majority choosing correct decision goes to |

Oldest “wisdom of crowds” argument



Simple Case: Simultaneous, Sincere Voting

Formal Bayes argument
Recall Bayes Rule: P[A|B] = P[B|A]P[B]/P[A]

We want to compute P[X is best | X-signal]

Given: P[X is best] = /2 and P[X-signal | X is best] = g

Voter’s strategy: evaluate P[X is best | X-signal] then vote X if this probability > 1/2
P[X is best | X-signal] = P[X-signal | X is best]P[X is best]/P[X-signal]

X-signal can be observed if X is best or if Y is best:

P[X-signal] = P[X is best] * P[x-signal observed | X is best] + P[Y is best] * P[X-signal
observed | Y is best] = |/2q + |/2(l-q) = 1/2

So overall: P[X is best | X-signal] = (1/2)q/ (1/2) = q
Voter favours the alternative that is reinforced by her signal



Insincere Voting

VWVe just assumed sincere voting

But there are very natural situations where a voter should actually lie, even
though her goal is to maximize the probability that the group chooses the

right alternative!
Example, information cascades-style:
Experimenter has two urns, |0 marbles each

One urn has 10 white marbles (“pure”) and the other has 9 green and one
white (“mixed”)

Three people privately draw one marble and guess what urn it is, and all win
money if the majority of them are right



Insincere Voting

Suppose you draw a white marble

— Way more likely that urn is pure than mixed
If you draw a green marble

— Know for sure it’s mixed

But what should you guess?

First, when will your guess actually matter?

If the two others agree, then your guess doesn’t change anything!

Only case where it matters is if they're split
If they’re split, someone said mixed, so they know it’s mixed!
Then you should guess mixed to break the tie the right way!

Assuming others vote sincerely, you have an incentive to vote insincerely =>
everyone voting sincerely is not a Nash equilibrium



Insincere Voting

This is very naturally thought of as a game
Voters are players, guesses are strategies, and they result in certain payoffs
This is highly stylized setting so we can see what’s going on

But it happens in the real world too



Jury Deliberations

Consider a jury deliberating on a verdict: guilty or innocent

There is a “best” answer — whether the defendant is actually
guilty or innocent

Compare with Condorcet Jury Theorem setup:
|. Juries require a unanimous vote. Guilty only if everyone says guilty

2. In Condorcet, evaluate alternatives just by picking most likely one (if > |/2 sure,
pick it). Here, only pick guilty if sure beyond a reasonable doubt:

Pr [defendant is guilty | all available information| > z for some large z



Jury Deliberations

Each juror gets an independent private signal: guilty signal (G-signal) or
innocent signal (l-signal)

They usually get the right signal: P[G-signal | defendant guilty] =
P[l-signal | defendant innocent] = q,q > |/2

Assume prior probability of guilt of |/2, but doesn’t matter
What should a juror do?



Jury Deliberations

What should a juror do?
Say you receive an l-signal
At first it seems obvious that you should vote to acquit

But: conviction criterion is Pr |defendant is guilty | available information| > z SO if all

the other jurors received G-sighals you might still be above
that threshold

Second, ask yourself key question from before: when does my vote
actually matter?

Like before, your vote only changes the outcome if everyone
except you is voting guilty!

If you vote guilty, defendant is found guilty
If you vote to acquit, defendant is found innocent



Jury Deliberations

If everyone but you is voting guilty, what is the
probability of defendant being guilty?

Pr [defendant is guilty | you have the only I-signall
 Pr|defendant is guilty| - Pr [you have the only I-signal | defendant is guilty

Pr [you have the only I-signall

Pr [you have the only I-signal
= Pr|defendant is guilty| - Pr [you have the only I-signal | defendant is gquilty] +

Pr [defendant is innocent] - Pr [you have the only I-signal | defendant is innocent]

1 1

=5-¢ (1—q)+ 5(1 - )" q.



Jury Deliberations

If everyone but you is voting guilty, what is the probability of defendant
being guilty?

Pr [defendant is guilty | you have the only I-signall
 Pr|defendant is guilty| - Pr [you have the only I-signal | defendant is guilty

Pr [you have the only I-signall

Pr |defendant is guilty | you have the only I-signal] = <

Since g>1/2, (1-g)k2 is super small, so the probability goes to |

In only case where your vote to acquit matters, you should
vote guilty despite your I-signhal!



Jury Deliberations

Intuitively: because of the unanimity rule, you only affect the outcome when
everyone else holds the opposite opinion

Assuming everyone else is as informed as you,and assuming
independence (remember information cascades!), then the conclusion is

that they’re probably collectively right

The result is: assuming everyone else votes sincerely, you have an incentive to
vote insincerely

All-sincere voting is not an equilibrium
What is the equilibrium?

There are several

Most interesting is a mixed equilibrium (randomly disregard |-signal some
fraction of the time to correct for possibility that it's wrong)

In this equilibrium, probability of convicting an innocent
defendant does not go to zero as #jurors goes to infinity!



Jury Decisions

Why do we get such a bad outcome!?
Unanimity is a very harsh constraint.

If we relax to only requiring a certain fraction f saying guilty, then the
probability that we convict an innocent defendant goes to 0O



Summary

Voting: synthesizing the preferences of many people into a single group
preference

Many fundamental issues:

Condorcet paradox: most natural method (majority rule) can turn a set
of reasonable preference relations into an unreasonable one

Arrow’s Theorem: no general voting system simultaneously
satisfies unanimity, lIA, and non-dictatorship.

Special case: single-peaked preferences
Median Voter Theorem says we can get good outcomes

Jury deliberations: insincere voting can be incentivized
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