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Abstract—This report investigates the k-Taxi Problem, a relatively new and important topic in online algorithms. The
author provides a comprehensive overview of the latest findings in the k-Taxi Problem, along with explanations of the
terminology. Additionally, the author explores alternative proofs to establish the equivalency between the k-server
problem and the easy version of the k-taxi problem. Lastly, several conjectures and open questions related to the k-Taxi

Problem are presented.

Index Terms—Online Algorithm, k-Taxi Problem, Competitive Ratio

1 INTRODUCTION

Online problems are an important topic in
computational theory, and have been discussed
broadly for many years. One of the most im-
portant approaches to evaluating the perfor-
mance of an algorithm on such problems is
competitive analysis. The k-Taxi Problem is
an interesting problem in this field which is
related to many well-studied problems under
an online problem context. The Metrical Task
Systems(MTS) problem is one of the important
online problems that is addressed by Borodin et
al. in 1992 [1], and two special cases of MTS is
the k-server problem and k-taxi problem. Fur-
thermore, most of the results of the easy version
of the k-taxi problem follows by the results of
the k-server problem, since the k-server prob-
lem could prove the equivalency with the easy
version of the k-taxi problem. In this report,
the author would like to give a comprehensive
overview of the most recent results of the k-
taxi problem, with sufficient terminology ex-
planation and possible alternative proof of the
equivalency of the k-server problem and the
easy k-taxi problem. In the end, some simple
conjectures and open questions related to k-taxi
problem and online competitive analysis would
be given.

1. Where it was called “easy taxicab” and “hard taxicab” in
[2] and these two versions of problem firstly been addressed by
(3l

2 PRELIMINARIES
ALG(x)

Competitive Ratio: parc = limsup 3 PT(x)

OPT(z)—o0
Metric Space: A M = (S, d) that defined by a set
of points S and a distance function d, is called
a metric space if it satisfies the listed 4 axioms.

o Positivity: d(z,y) > 0,Vz,y € S,z #y

o Reflexivity: d(z,z) =0,Vz € S

o Symmetry: d(z,y) = d(y,z),Vz,y € S

« Triangle Inequality: d(z,2) < d(z,y) +
d(y,z),Vz,y,z € S

Memoryless: The algorithm is memoryless
if and only if the algorithm makes the
decision based on the current information (for
example, in the case of the k-taxi problem, the
current location of the servers), with no prior
knowledge about past requests and decisions.

k-taxi problem: There exists k taxis placed on
the metric space M. We call the positions of
these k taxis as initial configuration. Requests
sequence, so-called o = [0y, 09,...] is fed into
the algorithm one by one. For each request
og; = (s,t), defined the pick-up location and
the destination of the request i. Our algorithm
needs to make a decision immediately to
decide which taxi to serve for the request. After
serving a request, the configuration is updated
to indicate that the chosen server has moved to



the destination of the request.

Easy version of k-taxi problem: Inherit the
definition from the previous k-taxi problem (2),
the objective for the easy version problem is to
minimize the distance of the entire trip that the
taxi traveled.

Hard version of k-taxi problem: Inherit the
definition from the previous k-taxi problem
(@), the objective for the hard version problem
is to minimize the distance of the empty runs
of a taxi, i.e. the distance between the original
position of the taxi to s, when o; = (s, 1).

Layered Graph Traversal Problem: This
problem is first introduced in [4]. H A layered
graph is a graph such that all the nodes could
be partitioned into layers, and edges only
exist between the adjacent layers. The first and
the last layer only contain 1 node ﬂ For this
problem, the next layer and connected edges
are revealed each run by the adversary, and the
player needs to make moves to the next layer.
A backward move is allowed. The competitive
ratio is defined as p(ALG) = Cos“’foth#.

Hierarchically Well-separated Trees(HSTs):
HST is a powerful idea that connects the
optimization problem on general metric
space to the same optimization problem on
HST. Bartal states the result in [5] that any
metric space could be transformed to HST by
randomization approach with the distortion
factor O(log(n)). Bartal [6] states that: if there
exists any (deterministic or randomized)
algorithm for an optimization problem P(with
linear objective function) on HST with the
competitive ratio p, and we can embedding the
metric space M into HSTs with a distortion
a, then there exists a randomized algorithm

2. Which is known equivalent to the Metrical Service System.

3. The author would argue this requirement can be waved,
because if we consider the second layer in the original notion
as the “first layer” in our new notation, we can just allow the
player to choose the start point from the “first layer” — by
the way, some of the vertexes may be unavailable to choose
since there is no edge between the first and second layer of the
original version of the graph. Similar reasoning could be done
for deleting the last layer with one node.
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with the competitive ratio ap for the original
optimization problem on M.

There are also some restrictions for HST. First,
it only guarantees a randomized algorithm
for the optimization problem. Secondly, the
objective function must be a linear combination
of distance, otherwise, we cannot conclude
anything from HST. Thirdly, even though the
HST itself does not support for embedding
a continuous infinite metric space, we could
still embed the metric space into HST by
discretization. The distortion factor used to
have a gap between log(n) and log*(n), but
has been closed by Fakcharoenphol, Rao and
Talwar in [7] in 2004.

k-Server Problem: The author would interpret
this problem as a special case of the k-taxi
problem. Inheriting the notation from k-taxi
problem. If Vo, = (s,t): s = ¢, then this is a
k-server problem.

3 ALTERNATIVE PROOF

3.1 Proof for the equivalence of easy-taxi
problem and %-Server Problem

In [8]], Coester and Koutsoupias prove that the
easy k-taxi problem is equivalent to the k-server
problem by extending the matric space to a
generalized one. Therefore, we can adapt the
competitive ratio from k-server problem to the
easy k-taxi problem.

After considering this problem, I would like to
show the reader a different approach to prove
the equivalence of the easy k-taxi problem and
k-server problem, from an online competitive
ratio aspect.

Let’s construct the input sequence from the
adversaries” aspect. Note that, this proof works
for all kinds of adversaries(oblivious adversary,
adaptive online adversary, adaptive offline ad-
versary).

Proof.
Assumption:

o The adversary wants the competitive ra-
tio to be as worse as possible.

o M is the metric space for this problem.

o C'is the initial configuration for taxis.



o ALG denotes an arbitrary algorithm, no
matter whether it is a deterministic or
randomized one.

o o0 is the sequence generated by the ad-
versary.

Claim 1: The adversary always generates
a request (s,s),s € M, (ie. for a request
o, = (s,t),s = t). Otherwise, our algorithm
would get a better competitive ratio.

Proof of Claim 1.
Let ALG denote the cost for ALG, and OPT
denotes the optimal solution for this request.
For any request o0; = (s,t), we would have to
move a taxi to serve. Assume that g; and gopr;
is the location for the taxi serving this request,
let us break this route into two parts: ALG,, =
dist(g;, s) + dist(s,t), OPT,, = dist(gopri,s) +
dist(s,t)
Then the competitive ratio in this case is
ALG(o) Y dist(gi,s) + > dist(s,1)
OPT (o) Y. dist(gopri,s) + . dist(s,t)
a+c < @
b+c = b’
holds iff a > b

Va,b,c € R U {0}

Since
ALG(c) > OPT (o)

Then
Z dist(g;,s) > Z dist(gopri, S)

With the fact that dist > 0 by the axiom of
the metric space, ¢ = > dist(s,t) > 0. Then
we know that if the adversary wants the worst
competitive ratio, the adversary would better
to set ¢ = 0 to get 7, that is the upper bound of
the competitive ratio. To be more specific, the
adversary set > dist(s,t) = 0, in order to get

ALG(0) _ > dist(gi, s)
OPT(o) > dist(gopri,S)

which is the worst competitive ratio that possi-
bly achieves. That is, an adversary would like to
set s = ¢ for any request of the request sequence
o, which match the definition of the k-server
problem. Therefore, the easy k-taxi problem
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would share the same result as the k-server
problem. O

Side notes: I found that my proof is much more
easier than the proof in [8], I suppose there are
some unaware gaps in my proof. I would really
appreciate any suggestion that comes from the
readers.

4 RELATED WORK

For the easy k-taxi problem, [8] shows the
equivalence of the k-taxi problem and k-server
problem. Therefore, the result of the determin-
istic competitive ratio of k-server problem from
[9] [10], which is 2k — 1, could be inherited to
the easy k-taxi problemﬂ It would be k if and
only if the k-server conjecture holds.

In terms of the lower bound related to the
easy k-taxi problem, [9] gives a proof and re-
sult for the deterministic case, which is Q(k).
For the randomized case, recent result in [11]]
updates the negative result of randomized k-
server problem of any metric with £ + 1 points
from Q(log(n)) to Q(log?(n)), refute the previous
conjecture that the lower bound for any metric
is 2(log(n)). By the equivalence of k-server and
easy k-taxi problem proved in [8], this lower
bound naturally carry over to the easy k-taxi
problem. Moreover, the theorem in [12] states,
for online problems against the adaptive online
adversary, the randomized competitive ratio at
most square root is better than the determinis-
tic competitive ratio, establish the relationship
between the randomized competitive ratio and
deterministic competitive ratio for the same
problem, which may be useful on proving fur-
ther lower bound.

In [13], Dehghani et al. name the easy k-taxi
problem as Uber problem, and propose some
results for the stochastic input. This is more
related to the real-life uber/scheduling sce-
nario. Because at most of the time, an adversary
is unavailable. They present that for any k-
server(uber problem) on a line, there exists a
3-approximation of the online algorithm. Also,
in a stochastic manner, [13] also give a result

4. Specifically, work function algorithm in [9] is one of the
well-known algorithms that can achieve this bound



for general metric space with n points, which is
O(logn).

However, in an adversarial manner, we have a
competitive ratio 2k — 1, which is good enough
due to n could be really large and do not
depend on k. This O(log n) result is useful only
if n is less than k2.

For the hard k-taxi problem, the results state
here would be grouped by the category of the
algorithm(i.e. Deterministic or Randomized).
For the deterministic algorithm on the hard k-
taxi problem, [8] have proved a lower bound
on a deterministic algorithm, which is Q(2%)
by the reduction of the layered graph traversal
problem.

For the randomized algorithm, [8] shows a
tight bound on HST for a randomized algo-
rithm against the adaptive online adversary.
[14] comes up with the probabilistic approxima-
tion of n-points metrics by HST with distortion
O(logn). Therefore, [8] states that there exists
a O(2%logn) randomized algorithm for hard k-
taxi problem. (By the theorem states in Section
Hierarchically Well-separated Tree).

Coester and Koutsoupias also provide some
special results for this hard k-taxi problem
in [8]. They propose an algorithm called
BIASEDDC, which can solve the hard 2-taxi
problem in general metric space with a compet-
itive ratio of 9. Meanwhile, an algorithm for 3-
taxi problem on a line, called REGIONTRACKER
achieves a constant competitive ratio. This
hard 3-taxi problem can be transformed to
other scheduling problems, e.g. three elevator
scheduling, so the result and algorithm they
give are useful in terms of real-life applications.

5 OPEN QUESTIONS AND CONJEC-
TURES

For hard k-taxi problem, there could be a study
on improving the lower bound from Q(2*) in
[8] to a tighten lower bound Q(2*logn). Since
intuitively, a deterministic algorithm can not do
better than a randomized algorithm. Therefore,
the lower bound may be able to bump up to
Q(2%logn) for deterministic algorithms in this
scenario.
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In terms of the easy k-taxi problem, currently,
the lower bound for the deterministic algorithm
is Q(k)( [9]), while for the randomized algo-
rithm is Q(log®(n)). The author would argue
that further work on improving the bound for
the deterministic algorithm is possible, based
on the lower bound result of the randomized
algorithm for the easy k-taxi problem.

There could also be some study on this prob-
lem if we slightly change some conditions. For
example, the metric space with a relaxed trian-
gle inequality, or discuss results on an infinite
metric space (i.e. n — 00), etc.

The research based on the stochastic input or in-
put with a specific distribution/feature would
also be an interesting question to discuss. Even
though it might be slightly off-topic of compu-
tational theory, in the case of the taxi problem,
besides the algorithms discussed above, we
can always learn the past data and improve
our algorithm performance over time through
reinforcement learning. Even though memory
probably is not always helpful in a competitive
analysis context, it helps in other aspects.
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