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The subject of this work is quantum programming — the study of developing of pro-
grams intended for execution on a quantum computer. We look at programming in the
context of formal methods of program development, or programming methodology.
Our work is based on probabilistic predicative programming, a recent generalisation of
the well-established predicative programming. It supports the style of program devel-
opment in which each programming step is proven correct as it is made. We inherit the
advantages of the theory, such as its generality, simple treatment of recursive programs,
and time and space complexity. Our theory of quantum programming provides tools
to write both classical and quantum specifications, develop quantum programs that
implement these specifications, and reason about their comparative time and space

complexity all in the same framework.
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Chapter 1

Introduction

Modern physics is dominated by concepts of quantum mechanics. Today, over seventy
years after its recognition by the scientific community, quantum mechanics provides the
most accurate known description of nature’s behaviour. Surprisingly, the idea of using
the quantum mechanical nature of the world to perform computational tasks is very
new, less than thirty years old. Quantum computation and quantum information is the
study of information processing and communication accomplished with quantum me-
chanical systems. In recent years the field has grown immensely. Scientists from various
fields of computer science have discovered that thinking physically about computation
yields new and exciting results in computation and communication. There has been
extensive research in the areas of quantum algorithms, quantum communication and
information, quantum cryptography, quantum error-correction, adiabatic computation,
theoretical quantum optics, and the very new quantum game theory. Experimental
quantum information and communication has also been a fruitful field. Experimental
quantum optics, ion traps, solid state implementations and nuclear magnetic resonance

(NMR) all add to the experimental successes of quantum computation.

The subject of this work is quantum programming — the study of developing pro-

grams intended for execution on a quantum computer. We assume a model of a quan-



CHAPTER 1. INTRODUCTION 2

tum computer proposed by Knill [10]: a classical computer with access to a quantum
device that is capable of storing quantum bits, performing certain operations and mea-

surements on these bits, and reporting the results of the measurements.

We look at programming in the context of formal methods of program develop-
ment, or programming methodology. This is the field of computer science concerned
with applications of mathematics and logic to software engineering tasks. In particular,
the formal methods provide tools to formally express software specifications, prove cor-
rectness of implementations, and reason about various properties of specifications (e.g.
implementability) and implementations (e.g. time and space complexity). Today for-
mal methods are successfully employed in all stages of software development, such as

requirements elicitation and analysis, software design, and software implementation.

In this work the theory of quantum programming is based on probabilistic predica-
tive programming, a recent generalisation of the well-established predicative program-
ming [7, 8], which we deem to be the simplest and the most elegant programming
theory known today. It supports the style of program development in which each pro-
gramming step is proven correct as it is made. We inherit the advantages of the theory,
such as its generality, simple treatment of recursive programs, and time and space
complexity. Our theory of quantum programming provides tools to write both classical
and quantum specifications, develop quantum programs that implement these specifi-
cations, and reason about their comparative time and space complexity all in the same

framework.

The rest of this work is organised as follows. Chapter 2 is a brief outline of re-
lated work. Chapter 3 is the introduction to quantum computation. It assumes that
the reader has some basic knowledge of linear algebra and no knowledge of quantum
computing. Chapter 4 contains the introduction to probabilistic predicative program-
ming. The reader is assumed to have some background in logic, but no background in

programming theory is necessary. The contribution of this work is Chapters 5 and 6.
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Chapter 5 defines the quantum system and chapter 6 introduces programming with the
quantum system. Chapter 6 contains several well-known problems, their classical and
quantum solutions, and their formal comparative time complexity analyses. Chapter 7

states conclusions and outlines directions for future research.



Chapter 2

Related Work

The first quantum programming language, QCL, was introduced by Omer [13]. It con-
tains many useful high-level features and embeds a classical sub-language. Somewhat
similar to QCL is the work of Bettelli et al. [2], who proposed a quantum extension
of the language C++. They also proposed ways to optimise representations of quan-
tum operators at run-time. Perhaps the closest to our work is the work of Sanders
and Zuliani [14]. They propose a quantum programming language qGCL, which is the
extension of probabilistic pGCL, which, in turn, builds upon Dijkstra’s GCL (Guarded
Command Language). This is the first attempt at systematic quantum program develop-
ment and verification. Finally, Selinger [15] proposed a functional quantum program-
ming language, which is guaranteed to be run-time error-free and represents programs

with quantum flow charts.



Chapter 3

Introduction to quantum computation

This chapter explains the basic concepts of quantum computation. We start with a brief
reminder of linear algebra, proceed with the introduction of basic principles of quan-
tum computation, and finish with the analysis of a simple, but illustrative example of
quantum algorithms. For a more thorough introduction to the field of quantum com-
putation the reader is referred to [12]. This chapter does not discuss such interesting
and important subjects as quantum communication or quantum cryptography. In an
attempt to keep the introduction short, we exclude anything non-necessary for under-

standing the analyses of the several quantum algorithms presented in later chapters.

3.1 Basics from linear algebra

In this section we provide a brief overview of the notions from linear algebra neces-
sary for understanding the basics of quantum computation. We assume the reader has
some background in first and second-year linear algebra. The purpose of this section
is to remind the reader of some basic facts about complex vector spaces and intro-
duce the algebraic notations used in quantum mechanics. The reader with insufficient

background in linear algebra is referred to [11] for a more detailed introduction.
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The vector spaces considered will all be finite-dimensional complex vector spaces
that are of interest in quantum computation and quantum information. In this section,

whenever we refer to a vector space, finite dimensionality is implied.

3.1.1 Dirac notation

The Dirac notation, invented by Paul Dirac, is often used in quantum mechanics because
of the advantages it offers. In this notation a vector v (a column vector by convention)
is written inside a ket: |v). The dual vector (defined later) of |v) is (v|, written inside
a bra. The inner products are then bra-kets (v|w). For n-dimensional vectors |u) and
|v) and m-dimensional vector |w), the value of the inner product (u|v) is a scalar and
the outer product operator |v)({w| corresponds to an m by n matrix. The Dirac notation
clearly distinguishes vectors from operators and scalars, and makes it possible to write

operators directly as combinations of bras and kets.

3.1.2 Vector spaces

Let C be the set of complex numbers. The complex conjugate of z € C is denoted by
z*.  The i*" element of a vector |v) is denoted v;. An inner product on a vector space
V is a function (-|-) : V x V — C, linear in the second argument, such that for vectors

v}, [w) € V
1. (v|w) = (wlv)*
2. (v|v) > 0 with equality if and only if v is a zero vector.

A Hilbert space (written ) is defined as an inner product space (a vector space with
an inner product defined on it) that is complete with respect to the norm defined by
the inner product. In the case of finite dimensionality, a Hilbert space is equivalent to

an inner product space.
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The dual vector space of a Hilbert space H, written #*, is defined as a set of linear
maps H — C, such that (w| € H* if (w| : |[v) — (w|v), the inner product of |w) €
H and |v) € H. In the matrix representation, (w|, called a dual vector of a column
vector |w), is obtained by taking the corresponding row vector and then taking the
complex conjugate of its every element. In this setting, the inner product of two column
vectors |v) and |w) is simply standard matrix multiplication of the row vector (v| and
the column vector |w): (v||w) or (v|w). There is no need to have different notations for
the action of the dual operator and the corresponding matrix multiplication, since the
two are equivalent.

If |v) and |w) are vectors in the inner product spaces V' and W, with dimensions n
and m, respectively, then the outer product |w)(v| is defined as the operator from V' to

W with the following action:

(lw)(w])(Ju)) = [w){v]w)

The expression |w)(v||u) has two potential meanings: the operator |w)(v| acting on
|u) € V, and scalar multiplication of (v|u) and |w). These two meanings coincide, which
is made clear by the notation. In matrix representation, the action of the operator |w)(v|
corresponds to premultiplication by the m by n matrix obtained by vector multiplication
of the column vector |v) and the row vector (w|.

The Hilbert space of our interest is the space C?" of 2"-dimensional complex vectors,

with the inner product (-|-) : C** x C*" — C, defined by

(vjw) = Zz :0,.2" v X w;

For the sake of consistency, we use this quantifier notation throughout this work. For
now the reader should understand this notation as “the sum as i varies from (including)
0 to (excluding) 2™ of v} x w;”. Sometimes we will omit the values that i can take as it
varies, if they can be understood from the context. The reasons for using this quantifier

notation will become clear in Chapter 4.
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The norm of z € C is written |z| and is defined by |z| = \/(z|z). If |z| = 1, then z is
called a unit vector. A basis is a set of linearly independent vectors that span the vector
space. Vectors |v) and |w) are orthogonal if (v|w) = 0. A set of vectors is orthonormal if

each pair of distinct vectors are orthogonal and each vector is unit vector.

3.1.3 Operators

An operator A defined on a vector space V is linear if for any two vectors |v), |w) € V

and any scalar z,
A(lv) + [w)) = Alv) + Alw)  and  A(z X |v)) = z X (A[]v))

If Ais a linear operator on a Hilbert space H, then there exists a unique linear operator

At on H, such that for all vectors |v), |w) € H,
(ATw))|v) = (w|Alv),  orsimply  (v|AT|w)* = (w[Alv)

The operator At is called the adjoint of A. In matrix representation, A’ corresponds
to the Hermitian conjugate of A. If A" = A, then A is called a Hermitian operator. If
A'A = AAT, then A is called a normal operator. If ATA = I, where I is the identity
operator on #, then A is called a unitary operator. If W is a k-dimensional subspace
of a d-dimensional vector space V, then there is an orthonormal basis |vg), ..., |vg_1)
for V, such that |vg),...,|vk—1) is an orthonormal basis for W. The operator P =
>4:0,..k - |v;){v;| is called a projector on W.

The following several linear algebra results are important in quantum mechanics.
Any projector is a Hermitian operator. Any Hermitian operator is normal. The Spectral
Decomposition Theorem tells us that an operator is normal if and only if it is diagonal-
isable. This implies that a normal operator A on a Hilbert space H can be written as
A =>"i-)\ x P, where ); are the eigenvalues of A and P; is the projector onto the

A; eigenspace of A. These projectors satisfy what are called the completeness relation,
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> i- P, = I, and the orthonormality relation, P;P; = ¢;; x P;, where ¢;; is 1 if i = j, and
0‘ otherwise. Any unitary operator is normal, and therefore has a spectral decompo-
sition. If A is normal, the eigenvalues of A are real. Unitary operators preserve inner
products between vectors. If A is unitary, then all eigenvalues of A have modulus 1. A

unitary operator has a unique inverse, which is also a unitary operator.

3.1.4 Tensor product

The tensor product is a way of combining vector spaces to form larger vector spaces.
If V and W are Hilbert spaces of dimensions m and n, respectively, then V ® W is a
Hilbert space of dimension m x n. The elements of the tensor product space are the
linear combinations of the tensor products of the elements of the original vector spaces.
In particulay, if |v;), 0 < ¢ < n form an orthonormal basis of a vector space V' and |w,),
0 < j < m form an orthonormal basis of a vector space W, then |v;) ® |w,), 0 < i < n,
0 < j < m form an orthonormal basis of a vector space V @ W. If |v), |v1), |v2) € V and

[w), |w), lws) € W, and z is a scalar, then
L zx (jv) @ |w)) = (z x [v)) ® |w) = [v) ® (z X |w))
2. (Jo1) + |v2)) ® Jw) = (1) ® [w)) + (Jvz) ® [w})

3. J0) ® (Jwr) + |w2)) = ([v) ® [wn)) + ([v) & [w2))

If A is a linear operator defined on V/, and B is a linear operator defined on W, then

A ® B is a linear operator defined on V @ W:
(A® B)(jv) ® [w)) = (Av)) ® (B|w))

for |v) € V and |w) € W. This definition extends naturally to all elements of V ® W:
(A@B) (Y ik x oy @ fwi) ) =D i- ks x (Aler)) @ (Bluy)

The tensor product of operators is well-defined.
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It may be more natural to think about tensor products in terms of matrices. Suppose
A is an m by n matrix and B is a p by ¢ matrix. The Kronecker product® of A and B,

written A ® B, is the following m x p by n x ¢ matrix:

AO,OB Ao,lB AO,n—lB

A ® B — Al,oB Al,lB Al,n—lB

Am’oB Am,lB Am—l,n—lB

The sub-matrices A; ;B are p by ¢ matrices obtained by scalar multiplication of an
entry A, ; of the matrix A and the entire matrix B.
Transpose, complex conjugation, and adjoint operations distribute over tensor prod-

uct. The tensor product of two unitary operators is a unitary operator.

3.1.5 Computational basis

In quantum mechanics, the vector spaces of interest are the Hilbert spaces of dimension
2" for some n € N. A convenient orthonormal basis is what is called a computational

basis, in which we label 2" basis vectors using binary strings of length n as follows:

100...00) corresponds to (1,0,0, ...,0,0,0)”
N——

N i

v
n 2n

100...01) corresponds to (0, 1,0, ...,0,0,0)”

100...10) corresponds to (0,0, 1, ...,0,0,0)”

11...10) corresponds to (0,0,0, ...,0,1,0)”

[11...11) corresponds to (0,0,0, ...,0,0,1)"

IThe term Kronecker product is most often used in the context of matrices, while the term tensor
product is used in the context of operators. Essentially, the two are equivalent.
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It is important not to confuse |0), the zero vector in Dirac notation, with the vector
(0,0). From now on, whenever we refer to a zero vector, we will mean the zero vector
in Dirac notation. The tensor product |i) ®|j) can be written simply as |ij). An arbitrary

vector in ‘H can be written as a weighted sum of the computational basis vectors.

3.2 Postulates of quantum mechanics

In this section we introduce the basic concepts of quantum mechanics, as they pertain
to the quantum systems that we will consider for quantum computation. The discussion
of the underlying physical processes, spin—%—particles, etc. is not of our interest. We are

concerned with the model for quantum computation only.

Postulate 1 (state space): Associated to any isolated physical system is a Hilbert space,
known as the state space of the system. The system is completely described by

its state vector, which is a unit vector in the system’s state space.

The simplest quantum system is a quantum bit, or a qubit, which has a two-dimensional
state space. Since |0) and |1) form an orthonormal basis for a two-dimensional Hilbert

space, the state of a qubit is described by a vector
ax |0) + 5 x |1)

where a and  are complex numbers. The condition that the state is a unit vector
means that |a|? +|3|? = 1. The coefficients o and 3 are called the amplitudes of |0) and
|1}, respectively. If both a and /5 are non-zero, then the state is in a superposition of the
basis states |0) and |1).

If |b) and |¢) are two states of an n-qubit system, such that |¢) = e x [+) for some
0, then |¢) and |@) are indistinguishable. Very often in literature we see [¢b) = ¥ x |1)),
which is an unfortunate use of equality, since in general the vectors [¢) and ¥ x |1))

are different.
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Postulate 2 (evolution): The evolution of a closed quantum system is described by a

unitary transformation.

That is, if the state of the system at time ¢; is described by a state vector |¢), and the
state of the same system at time ¢, is described by a state vector |i,), then the states
are related by a unitary operator U, which depends only on the times ¢; and ,: [1)9) =
Ulty). Note that since unitary transformations preserve the norm, the resulting vector
represents a valid system state. Another important remark is that unitarity of evolution
operators implies reversibility, since every unitary operator has a unique inverse, which

is unitary.

Postulate 3 (measurement): Quantum measurements are described by a collection
{M,,} of measurement operators, which act on the state space of the system
being measured. The index m refers to the possible measurement outcomes. If
the state of the system immediately prior to the measurement is described by a
vector |1), then the probability of obtaining result m is (¢)| M\ M,,|+), in which

case the state of the system immediately after the measurement is described by

Mm 1)
V(WM M )
equation > m - M} M,, = I.

the vector The measurement operators satisfy the completeness

An important special class of measurements is known as projective measurements, which
are equivalent to general measurements provided that we also have the ability to per-
form unitary transformations.

A projective measurement is described by an observable M, which is a Hermitian op-
erator on the state space of the system being measured. This observable has a spectral
decomposition M = Y m-\,, X P,,,, where P,, is the projector onto the eigenspace of M
with eigenvalue ),,, which corresponds to the outcome of the measurement. The prob-

ability of measuring m is (1| P,,|v), in which case immediately after the measurement

P |)

V@ Pmlv)

the system is found in the state
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Given an orthonormal basis |v,,), 0 < m < 2", measurement with respect to this
basis is the corresponding projective measurement given by the observable M = > m -
Am X P, where the projectors are P, = vy ) (V|-

Measurement with respect to the computational basis is the simplest and the most
commonly used class of measurements. In terms of the basis |m), 0 < m < 27, the
projectors are P, = |m){m| and (¢| P,|%) = |1|?. The state of the system immediately
after measuring m is |m).

In the case of a single qubit, for example, measurement of the state o x [0) + 3 x |1)
results in the outcome 0 with probability |«|? and outcome 1 with probability |5|?. The
state of the system immediately after the measurement is |0) or |1), respectively.

Suppose the result of the measurement is ignored and we continue the computation.
In this case the system is said to be in a mixed state. A mixed state is not the actual
physical state of the system. Rather it describes our knowledge of the state the system
is in. The conventional notation for mixed states is inconsistent. In the above example,

the mixed state is expressed by the following equation:

[¥) = laf® x {]0)} + [B* x {[1)}

The equation is meant to say that [¢) is |0) with probability |a|? and it is |1) with
probability |3|2. The brackets {} cease to denote a set and are meant to denote the
meta-state. The use of equality is unfortunate: |a|? x {|0)}} + |3]*> x {|1)} is not a valid
quantum state. Furthermore, an application of operation U to the mixed state results
in another mixed state — U (|a|? x {|0)} + |82 x {|1)}) = |a? x {U]0)} + |8]> x {U|1)},
although |a]? x {]0)} + |B]? x {|1)} is not in the domain of U. We will resolve this
inconsistency in later chapters.

There are two important principles of quantum computation pertaining to measure-
ments that are worth emphasising. We do not prove these in this work. The detailed

proofs can be found in [12].
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Principle of deferred measurement: Measurements can always be moved from an in-
termediate stage of quantum computation to the end of the computation. If any
stage of the computation uses results of the measurement, then the classically
controlled operations can always be replaced by conditional quantum opera-

tors.

Principle of implicit measurement: Without loss of generality, any qubits that are not

measured at the end of the computation may be assumed to be measured.

Postulate 4 (composite systems): The state space of a composite physical system is
the tensor product of the state spaces of the component systems. If we have
systems numbered 0 up to and excluding n, and each system i, 0 < i < n,

is prepared in the state [¢;), then the joint state of the composite system is

%) ® [1) ® ... ® [thn_1).

It is important to understand that, while we can always describe a composite system
given descriptions of the component systems, the reverse is not true. Indeed, given a
state vector that describes a composite system, it may not be possible to factor it to
obtain the state vectors of the component systems. A well-known example is the state
[9) = |00)/+/2 + [11)/+/2. The reader may verify that there are no single qubit states
|11) and [1)s), such that [1)) = |[¢)1) ®[1)9). The state of the system that cannot be written
as a product of states of its component systems is called an entangled state.

In a composite n-qubit system, to apply one-qubit operation U; to qubit i, 0 < i < n,
we apply the operation Uy®U; ®...QU,, ; to the entire system. For example, applying A
to the first and B to the second qubits of the two-qubit system in state |¢y) ® [1);) results
in state (A® B)(|1ho)®|11)) = (A1) ® (B|11)). Consequently, we can can apply a one-
qubit operation U to a particular qubit and leave the rest of the qubits unchanged. To do
so, we apply U to the target qubit and the one-qubit identity operation I to every other

qubit in the system. For example, if we apply U to the second qubit of the system in a
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state [1po) ®[¢1), we get the state (IQU)(|40) ®[¢1)) = (I[1h0)) @ (Ulth1)) = o) @ (Ul¢1)).

To apply U to every qubit in the n-qubit system, we apply U®™ (U tensored with itself n
times) to the system. In a two-qubit system, U%?(|1p) ® [11)) = (U @ U)(|1hy) ® [11)) =
(Ulho)) ® (Uler)).

Just as it may not be possible to represent the state of a multi-qubit system as tensor
product of its component systems, it may not be possible to represent an operation on
a composite system as a tensor product of single-qubit operations on the component
systems. Consider, for example, “controlled-NOT” (CNOT) operation on two qubits

defined by

CNOT(|0} ® |z)) = [0) ® |z)

CNOT()®|z)) =11) ® |1 — x)

where z € 0,1. It can be shown that there are no two single-qubit operations U, and

Ui, such that CNOT = U, ® U;.

3.3 A quantum algorithm

In this section we look at one of the most famous quantum algorithms, Deutsch’s algo-
rithm [4]. While Deutsch’s algorithm is simple and easy to understand (compared to
most of the quantum algorithms), it illustrates two important aspects of quantum com-
puting: quantum parallelism and quantum superposition. Moreover, it solves a problem
that a classical computer cannot solve even in principle.

The problem is as follows. Given a function f : 0,1 — 0, 1, usually referred to as
a (classical) oracle, compute f(0) & f(1), where & denotes the “exclusive or” operator,
provided that we are only allowed to query the oracle once. It is easy to convince
oneself (by listing all possibilities) that there is no classical solution to this problem.

Before we present the quantum solution, we need to introduce two important op-
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() H X X H
Us

i H y el

So S1 S, S;
Figure 3.1: Deutsch’s algorithm
erators. The first one is the Hadamard transform, defined by

H|0) = —= < (|0) + (1))

DO

H[1) = —=x(|0) = [1))

>

Hadamard is unitary and self-inverse. The second one is a quantum version of the
oracle f. A standard way of defining a reversible version of f is to introduce an auxiliary

bit as follows:

freo(®,y) = (2,9 © f(7))

The quantum oracle is a quantum version of f,:

Ur(lz) @ [)) = |2} @ |y & f(x))

An important property of the oracle is that its application to state |z) ® (|0) — |1))/v/2,
z € 0,1, results in state (—1)/® x |z) ® (|0) — [1))/v/2. The value of f(z) gets pushed
into the amplitude of |z).

Traditionally we use quantum circuits to describe and analyse quantum algorithms.
Figure 3.1 shows a quantum circuit that implements Deutsch’s algorithm.

Initially the system is in state |0) ® |1). The first step of the algorithm is two appli-

cations of the Hadamard transform. After this step the system is in state

0)+11) o 100 = 1)

(H|0)) ® (H[1)) = 7 7
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The second step, the application of the oracle, results in state

0)+11) [0) = (1)) _ (=170 x [0) + (~1)/D x 1) _ [0) — [1)
Uf( NV, )‘ NG ®=/

Finally, applying Hadamard to the first qubit yields the state

(C1)7O  0) + (~1)D x |1)
(1) 5 (0) + 1)) + (1) x (o) — 1))
2

=+ [f(0) @ f(1))

Measuring the first qubit in the computational basis gives f(0) @ f(1) with probability
1.

It is convenient to think of the action of the quantum oracle simply as mapping
lz) to (—=1)7@ x |z), for z € 0,1. Then use of an auxiliary qubit, prepared in state

(|0 — |1))/v/2 and unchanged by the application of the oracle, is implicit.



Chapter 4

Introduction to probabilistic

predicative programming

This chapter introduces the programming theory of our choice, on which our work on
quantum programming is based — probabilistic predicative programming. We briefly
introduce parts of the theory necessary for understanding chapters 5 and 6 of this work.
For a course in predicative programming the reader is referred to [7]. Introduction to

probabilistic predicative programming can be found in [8].

4.1 Predicative programming

In the theory of predicative programming specification is a boolean expression and
refinement is logical implication. The theory applies to sequential and parallel, stand-
alone and interactive, terminating and non-terminating, deterministic, non-deterministic,
and probabilistic computation. It supports reasoning about computation time and space
without introducing new concepts. While being remarkably general, it is also remark-

ably simple.

18
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4.1.1 Specifications

A specification is a boolean expression. The variables in a specification represent the
quantities of interest, such as prestate (inputs), poststate (outputs), and computation
time and space. We use primed variables to describe outputs and unprimed variables
to describe inputs. For example, specification z' = x + 1 in one integer variable z states
that the final value of z is its initial value plus 1. A computation satisfies a specification
if, given a prestate, it produces a poststate, such that the pair makes the specification
true. A specification is implementable if for each input state there is at least one output

state that satisfies the specification.

4.1.2 Specification notation

We use standard logical notation for writing specifications: A (conjunction), V (dis-
junction), = (logical implication), = (equality, boolean equivalence), # (non-equality,
non-equivalence), and if then else. — and — are the same as = and =, but with
lower precedence. We use standard mathematical notation, such as + — * / mod. We
use lowercase letters for variables of interest and uppercase letters for specifications.

In addition to the above, we use the following notations:

prestate
o' poststate
ok —o =0

=1 =azNy=yA...
ri=e=—2a =eANy =yA...
ok specifies that the values of all variables are unchanged. In the assignment z := e,
x is a state variable (unprimed) and e is an expression (in unprimed variables) in the
domain of z.
If R and S are specifications in variables z,y,... , R” is obtained from R by sub-

stituting all occurrences of primed variables z',y’,... with double-primed variables
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2",y",...,and S” is obtained from S by substituting all occurrences of unprimed vari-
ables x, y, ... with double-primed variables z”,4", ..., then the sequential composition
of R and S is defined by

R_ S — 3.’1:” yll . RII /\ SII
Here is the precedence order:

numbers, names, bracketed expressions
function application (juxtaposition)

superscript, subscript, exponentiation

x /

®

+ — &

=#<>< >

N

\%

==

if then else := measure
A V-3 X8

— ==

Juxtaposition and the infix operator — and / associate from left to right. The
infix operators + x A V ; associate in both directions. The operators = < > < > are
continuing. For example, x = y = z means x = y A y = z. The operators = «— =
are the same as = < =, but with lower precedence.

Various laws can be proved about sequential composition. One of the most impor-
tant ones is the substitution law, which states that for any expression e of the prestate,

state variable x, and specification P
x :=e; P = (for x substitute e in P)

According to the precedence rules listed above, this expression should be read as
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follows:

((x :=e); P) = (for z substitute e in P)

4.1.3 Refinement

Specification S is refined by specification P if and only if S is satisfied whenever P is

satisfied:
Vo,0' - S« P

Specifications S and P are equal if and only if they are satisfied simultaneously:
VYo,0' - S =P

Given a specification, we are allowed to implement an equivalent specification or a

stronger one.

4.1.4 Bunches

A bunch is a collection of objects. It is different from a set, which is a collection of
objects in a package. Bunches are simpler than sets; they don’t have a nesting structure.
A bunch of one element is the element itself. We use upper-case to denote arbitrary
bunches and lower-case to denote elements (an element is the same as a bunch of one
element). A, B denotes the union of bunches A and B. A : B denotes bunch inclusion
— bunch A is included in bunch B. We use notation z, ..y to mean from (including) x

to (excluding) y.

4.1.5 Functions

If z is a fresh (previously unused) name, D is a bunch, and b is an arbitrary expression,

then Az : D - b is a function of a variable (parameter) z with domain D and body b. If
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f is a function, then Af denotes the domain of f. If z : Af, then fx (f applied to x)
is the corresponding element in the range. A function of n variables is a function of 1
variable, whose body is a function of n — 1 variables, for n > 0. A predicate is function
whose body is a boolean expression. A relation is a function whose body is a predicate.

A higher-order function is a function whose parameter is a function.

4.1.6 Quantifiers

We are now ready to explain what our quantifier notation really means. A quantifier
is a unary prefix operator that applies to functions. If p is a predicate, then Vp is the
boolean result, obtained by first applying p to all the elements in its domain and then
taking the conjunction of those results. Taking the disjunction of the results produces
dp. Similarly, if f is a numeric function, then ) f is the numeric result, obtained by
first applying f to all the elements in its domain and then taking the sum of those
results.

For example, applying the quantifier } to the function i : 0,..2" - |+i|?, for some
quantum state 1, yields: S A\i : 0,..2" - |¢i]?, which for the sake of simplicity we ab-
breviate to Y i : 0,..2" - |i|%. In addition, we allow a few other simplifications. For
example, we can omit the domain of the free variable if it is clear from the context. We
can also group variables from several quantifications. For example, » i :0,..2" - > j :

0,..2" - 2™ " can be abbreviated to ) 1,5 : 0,..2" - 27™"",

4.1.7 Program development

A program is an implemented specification. For simplicity we only take the following
to be implemented: ok, assignment, if then else, sequential composition, booleans,
numbers, bunches, and functions.

Given a specification S, we proceed as follows. If S is a program, there is no work
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to be done. If it is not, we build a program P, such that P refines S, i.e. S <= P. The
refinement can proceed in steps: S < ... < R< Q < P.

One of the best features of Hehner’s theory, is its simple treatment of recursion. In
S « P itis possible for S to appear in P. No additional rules are required to prove the

refinement. For example,
r>0=>2"=0«= ifzr=0thenokelse (z:=2—-1;2>0=2'=0)

The specification says that if the initial value of z is non-negative, its final value must
be 0. The solution is: if the value of z is zero, do nothing, otherwise decrement z and

repeat. The refinement is proved as follows:

ifr=0thenokelse (z:=2—1;2>0=2'=0) expand ok
—ifr=0thenz' =zelse (z:=2—1;2>0=2"=0) substitution
—ifr=0thena' =zelse (z —1>0=2'=0) context
—ifz=0thenz' =0else (z—1>0=2=0) weaken

= if x =0 then (z > 0 = 2z’ = 0) else (z > 0 = z' = 0) case idempotence

—zz>0=42"=0

4.1.8 Time and space

To talk about computation time and space we don’t need to expand the theory. We
add special variables — time variable ¢ and space variable s — and we treat them
the same way that we treat any other variable. For example, consider the program in

section 4.1.7.
P < if z = 0 then ok else (z :=z — 1; P)
P—z>0=12=0

How long does the computation take? To account for time we add a time variable t.

We use t to denote the time, at which the computation starts, and ¢’ to denote the time,
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at which the computation ends'. We choose to use a recursive time measure, in which
we charge 1 time unit for each time P is called. We replace each call to P to include

the time increment as follows:

P« if z =0 then ok else (z :=z — 1;t :=t+ 1; P)

It is easy to see that ¢ is incremented the same number of times that x is decremented,

ie.t' =t+z,if x > 0, and t' = 0o, otherwise. We prove this as follows:

if z = 0 then ok
else(z:=x—1;t:=t+1;2>0At'=t+zVr<0At =c0) expand ok
—ifr=0thenz' =z At =1t
else(z:=zx—1;t:=t+1;2>0At'=t+2Vr<0OAt =oc0) substitute
—ifr=0thenz' =z At =1t
elsex—1>0At'=(t+1)+(z—1)Vz—1<0At =00  context, math

— ifzr=0thenz=0A2' =0At =t+2Vr<OAt =

elsez 20Nz —1>0At' =t+2Vr#0Az—-1<O0At =00 weaken
— ifz=0thenz >0At =t+2Vze<OAt =0 case
elsez>0At'=t+zVr<OAt =00 idempotence

—zz>0At =t+2zV<0OAt =

4.2 Probabilistic predicative programming

Probabilistic predicative programming was introduced in [7] and was further devel-
oped in [8]. It is a generalisation of predicative programming that allows reasoning

about probability distributions of values of variables of interest. Although in this work

'In case of non-termination, ¢’ = oo
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we apply this reasoning to boolean and integer variables only, the theory does not

change if we want to work with real numbers: we replace summations with integrals.

4.2.1 Probabilistic specifications

A probability is a real number between 0 and 1, inclusive. A distribution is an expres-
sion whose value is a probability and whose sum over all values of variables is 1. For
example, if n is a positive natural variable, then 27" is a distribution, since for any n,
27" is a probability, and Y n - 27" = 1. In two positive natural variables m and n,
27"~™ is also a distribution. If a distribution of several variables can be written as a
product of distributions of the individual variables, then the variables are independent.
For example, m and n in the previous example are independent. Given a distribution
of several variables, we can sum out some of the variables to obtain a distribution of
the rest of the variables. In our example, > " n - 27"~™ = 2-™_ which is a distribution of
m.

To generalise boolean specifications to probabilistic specifications, we use 1 and
0 for boolean true and false, respectively.? If S is an implementable deterministic
specification and p is a distribution of the initial state z,y, ..., then the distribution of

the final state is

Zx,y,...-Sxp

Consider the following example. Let z and y be two integer variables, and X and Y be

distributions of z and y, respectively:

X= (z=0)/2+(x=1)/2

Y= (y=0)/3+(@y=1)x2/3

2Readers familiar with T and L notation can notice that we take the liberty to equate T = 1 and
1 =0.
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These distributions say that initially z is 0 one half of the time and 1 one half of the
time and initially y is 0 one third of the time and 1 two thirds of the time. The joint

distribution is then

XxY=(z=y=0)/6+(xz=0Ay=1)/3

+x=1Ay=0)/6+(z=y=1)/3
Let the specification S be
y=y+zx
Then the distribution of the final state is:

Yay SxXxY =73 wy- (Y =y+tziz =2)x

The distribution says that after the computation the values of x and y, respectively, are
both 0 one sixth of the time, 0 and 1 one third of the time, both 1 one sixth of the time,
and 1 and 2 one third of the time. Note that we cannot express this distribution as a
product of distributions of the final value of z and the final value of y. They are no
longer independent.

A probability distribution of initial and final values of variables is a probabilistic
specification. Sequential composition and if then else are generalised to apply to prob-

abilistic specifications as follows.

If R and S are specifications in variables z,y,... , R” is obtained from R by sub-
stituting all occurrences of primed variables z',y’,... with double-primed variables
z",y", ..., and S” is obtained from S by substituting all occurrences of unprimed vari-

ables z,y, ... with double-primed variables z”,4", ... , then the sequential composition
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of R and S is defined by
R; S = Zx”,y", ... -R'"xS"
If p is a probability and R and S are distributions, then
ifpthen Relse S— px R+ (1—-p) xS

Various laws can be proven about sequential composition. One of the most important
ones, the substitution law, introduced in section 4.1, applies to probabilistic specifica-

tions as well.

4.2.2 Developing probabilistic programs

To implement a probabilistic specification we use a pseudo-random number generator.
Since we cannot, even in theory, produce a real random number generator by means of
traditional computing, we assume that a pseudo-random number generator generates
truly random numbers and we simply refer to it as random number generator. For a
positive natural variable n, we say that rand n produces a random natural number
uniformly distributed in 0,..n. To reason about the values supplied by the random
number generator consistently, we replace every occurrence of rand n with a fresh
variable r whose value has probability (r : 0,..n)/n. If rand occurs in a context such as
r = rand n, we replace the equation by r : (0,..n)/n. If rand occurs in the context of a
loop, we parametrise the introduced variables by the execution time.

Recall the example from sections 4.1.7 and 4.1.8.

P« if z =0 then ok else (z :=z — 1;t :=t+ 1; P)

P= (z>0=2'=0)A{'=t+2z)
Let us change the program slightly by introducing some probabilities:

P < if z = 0 then ok else (z := z — rand 2;t :=t + 1; P)
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In the new program at each iteration z is either decremented by 1 or it is unchanged,
with equal probability. Our intuition tells us that the revised program should still work,
except it should take longer. Let us prove it. We replace rand with r : time — (0, 1)

with r¢ having probability 1/2. Ignoring time:

if z = 0 then ok

else (z:=z —rand 2;z > 0= 12" =0) replace ok and rand
—ifz=0thenz' =2z

else (z:=z—rt;z >0=2"=0) substitute
— ifr=0thena' =zelse (z—rt>0=2'=0) if then else
—=z=0Az2"=2zVz#0A(z—rt>0= 2’ =0) context, material implication
—z=0A2'=0V2#0Az<rtVz#0A2 =0 boolean laws, rt : 0,1

—zz>0=2"=0

As for the execution time, we can prove that it takes at least = time units to complete.
That is, if we are lucky every time, we make progress toward z' = 0 at each iteration.

On the other hand, if we are extremely unlucky; it is possible that ¢’ = cc.

if z = 0 then ok

else (z :=z —rand 2;t:=t+ 1;t' > t + x) replace ok and rand
— ifr=0thenz' =z At =t

else (z:=z—rt;t:=t+1;t' >t+x) substitute
— ifr=0thenz' =z At =t

elset' >t+1+x—rt context
—ifr=0thenz' =z At =t+x

elset' >t +z+ (1—rt) weaken

= ifr=0thent >t+zxelset >t+z case idempotence
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=—t'>t+x

How long should we expect to wait for the execution to complete? In other words, what
is the distribution of #'? We can either give a little thought to the problem or recall what
we've learned about Negative Binomial Distribution in a statistics class some years ago,

to arrive at the following distribution of the final states:

t—t—1 1
o T N | !
O0=2'=z=t'-t)+(0==x <x§t—t)><< o1 >X2t’—t where
ny\ n!
m)  m!x(n—m)
The proof is as follows:
1 .
Zrt-ix(lfxz()thenok
else (x::x—rt;t::t—i-l;
O=2a2"=ax=t'—1)+ replace ok,
O=a' <3<t —1) x substitute
t—t—1 » 1
z—1 2t~
1 . ' '
— ZTt'éx ifr=0thenz =z At =t
else ((Ozx':a:—rt:t'—t—l)—i—
O=2'<z—rt<t —t—1)x expand,
_— 1
t'—t—2 1 distribute —
X 2
r—rt—1 2t -t-1

= (ifszthen (' =z At =1)/2

else ((O:x':x:t’—t—l)/2+

th—t—2 1
O=a2'<z<t —-t-—1 —
( <z < )><< o1 >><2t,_t)> +
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(ifx:(]then (' =znt' =1)/2

else ((O:x':x—lzt’—t—l)/Z—i- collect

t—t—2 1 terms
D=a'<z—-1<t—-t—1)x X ——

= ifz=0thenz' =z At =t
else ((O:x':x:t’—t—l)—i—

t—t—2
(O:x'<x§t'—t—1)x< )—i—
z—1

O=2'=2z—-1=t'—t—-1)+ context,
O=2'<z-1<t—t—-1)x (#;j;2>) « —L_ arithmetic
= ifz=0thenz' =z At =t
else %x(m’zo)x

<(1:x:t'—t)><1~|—(1:x<t’—t)><1+

, , v —t—1
I<z=t-t)xl+(l<z<t —1t)x .
1‘_

— ifz=0thena’' =z At =t

se L , , ¢ —t—1 it
ese%x(OZx <z <t-—t)x .1 expand i

¥ —t—1 1
D=za'<z<t—1t)x X ——
O=2o'<z<t -1 ( z—1 ) 9=t

Since for positive z, ¢’ is distributed according to the negative binomial distribution

with parameters z and 3, its mean value is

E:#w#—ﬂx(m=x:ﬁh¢%+®<xéf—¢%<Cuﬁ_l)xﬁia

r—1

— 2Xx+t

Therefore, we should expect to wait 2 x x time units for the computation to complete.
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4.2.3 Partial probabilistic specifications

Suppose we want the computation to produce =’ = 0 with probability p and z' # 0
with probability 1 — p. We do not care what the exact value of the non-zero z is, the
specification is satisfied as long as z is not zero 1 — p of the time. The probabilistic

specification is:
(#' =0) xp+ (' #0) x (1-p)

and one way to implement it is:

(' =0) xp+(2' #0) x (1 —p)
>(@'=0)xp+ (' =1) x (1-p)

—ifpthenz:=0elsez:=1

Partial specifications often come up in quantum computation. The goal of a number
of quantum algorithms is to successfully discriminate between their inputs with high

probability. In such cases a (partial) probabilistic specification often looks like
(function of the input) = z' =0

where z is the indicator variable. The implementation assigns values to = according to
the distribution that refines the specification.

There is an intrinsic problem with formalising specifications as superdistributions
— the convex closure problem, which we do not address in this work. See [8] for an

example of the problem.



Chapter 5

The quantum system

This chapter introduces our formalisation of a quantum system. It defines pure and
mixed quantum states, operations on a quantum state, composition of quantum sys-

tems, and a quantum measurement.

5.1 The quantum state

Let C be the set of all complex numbers with the absolute value operator | - | and
the complex conjugate operator *. Then a state of an n-qubit system is a function

1 :0,..2" — C, such that:

Zx :0,..2" - |yz|® =1

If ¢ and ¢ are two states of an n-qubit system, then their inner product, (1|¢) : C, is

defined by:
(Wlp) =) w:0,.2" ($2)" x (¢m)
A basis of an n-qubit system is a collection of 2" quantum states by_», such that:
Vi j:0,.2" (bilb) = (i = j)

32
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Most of the time we choose the computational basis, which is the simplest, to describe
the quantum system. We adopt the following Dirac-like notation for the computational
basis: if z : 0,..2", then x denotes the corresponding n-bit binary encoding of x and

|x) : 0,..2" — C is the following quantum state:
X)) =Xi:0,.2"- (i = x)

Given a not necessarily computational basis by _9», an arbitrary state ¢ of an n-qubit

system can be written as:

5.2 Composing quantum systems

If ¢ is a state of an m-qubit system and ¢ is a state of an n-qubit system, then ¢ ® ¢, the

tensor product of ¢ and ¢, is the following state of a composite m + n-qubit system:
Y@= Ni:0,.2""" (i div 2") x ¢(i mod 2")

For example, a 3-qubit system composed from a 1-qubit system in state |1) and a 2-qubit

system in state |00) is described by the following state:

1) ® [00) = Ai : 0,..2"72 - |1)(i div 2%) x |00) (i mod 2%)
=Xi:0,..8-((idivd) =1) x ((i mod 4) = 0)
=Xi:0,.8-(i=4)

= |100)

Here is another example. The composition of two 1-qubit quantum systems, the first

one in state |1) and the second one in a superposition state |0)/v/2 + |1)//2, results in
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a 2-qubit system in state:
1)@ (|0)/vV2+1)/vV2) = (Xi:0,1-i=1)® (Ai:0,1-1/v/2)
=Xi:0,.4-((idiv2)=1)/V2
= [10)/V2 + [11)/V2

which is the equally weighted superposition of states |10) and |11) in a 2-qubit system.

We write ®" to mean tensored with itself n times. For example,

S~

n

0" = [0)®...®[0)=10...0)

n

5.3 Unitary transformations

An operation defined on a n-qubit quantum system is a higher-order function, whose
domain and range are maps from 0, ..2" to the complex numbers. An identity operation

on a state of an n-qubit system is defined by
I"=Xp:0,.2" — C-

For a linear operation A, the adjoint of A, written Af, is the (unique) operation, such

that for any two states 1) and ¢,

(¥lAg) = (ATy|g)

The unitary transformations that describe the evolution of a n-qubit quantum system

are operations U defined on the system, such that:
Ulv =17

In this setting, the tensor product of operators is defined in the usual way. If ¢ is a state

of an m-qubit system, ¢ is a state of an n-qubit system, and U and V' are operations
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defined on m and n-qubit systems, respectively, then the tensor product of U and V is

defined on an m + n qubit system by:

UeV)Wed) =(Uyp)e (Ve
which, for bases by _om and ¢, on, extends linearly to:
UeV) (Zj £0,.2™, 01 0,.2" ki % (b ® cj))
= j:0,.2™ i:0,.2" ky x (Ub; ® V)

Just as with tensor products of states, we write U®" to mean operation U tensored with

itself n times:

U =U®..Q0U
———

n

To apply an operation U defined on a 1-qubit system to qubit 7 in a composite n-qubit

system, we apply the operation U} to the entire system, where U is defined by:

Ul'=10.0IURI®..QI
w_/ N——

% n—i—1

Consider the following example of a unitary transformation. The Hadamard transform
defined on a 1-qubit system is a higher-order function from 0,1 — C to 0,1 — C,

defined by:
H=XMp:0,1=C-i:0,1-(0+ (=1)"x1)/vV2 (5.1)

The operation H®" on a n-qubit system applies H to every qubit of the system. Its

action on a zero state of an n-qubit system is:

HEM0)*" = "2:0,..2" - [x)/V2" (5.2)
On a general state |x), the action of H®" is:

HEMx) =) y:0,.2" - (=1)*Y x [y)/V2" (5.3)

where x - y is the bitwise inner product of x and y modulo 2 (bitwise XOR).
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5.4 Measurement

Suppose we have a system of n qubits in state 1) and we measure it. Suppose also that
we have a variable r from the domain 0, ..2", which we use to record the result of the
measurement, and variables z, , . . ., which are not affected by the measurement. Then
the measurement corresponds to a probabilistic specification that gives the probability
distribution of ¢’ and ' (these depend on 7 and on the type of measurement) and
states that the variables z, y, . .. are unchanged.

For a general quantum measurement described by a collection M = M, o~ of mea-
surement operators, which satisfy the completeness equation Y m : 0,..2"- M} M,, = I,
the specification is measure,, 1) r, where

My
(| M), My

measure, ¢ r = (b|M},Mp1p) x | o' =

To obtain the distribution of, say, ' we sum out the rest of the variables as follows:

Mr’,(/)
(| M M)

Ny M M) x [y =

= (Y| M, M)

For the projective measurement defined by an observable O = Y m - A, x P,,, where

P,, is the projector on the eigenspace of O with eigenvalue \,,:

VAW Fb)

Given an arbitrary orthonormal basis B = by_1», measurement of 1 in basis B is:

measurep ¢ r = (| Pu1)) X (w = Frv ) x(@'=x)x Yy =vy)...

measureg )7 = |[(bp|)2 x (V' =bp) x (' =2) x (¥ = y)...

Finally, the simplest and the most commonly used measurement in the computational

basis is:

measure r = |[Yr'Px (W' =) x (' =2) x (¥ =y)...
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In this case the distribution of 7’ is |¢)r'|* and the distribution of the quantum state is:
2
D P x (@ =)

which is precisely the mixed quantum state that results from the measurement. We
have recovered consistency in the definitions of pure and mixed states by providing
the tools to compute directly with distributions and, thus, removing the necessity to

introduce an awkward notation {} for the mixed state.



Chapter 6

Quantum programming

We are now ready to introduce our theory of quantum programming. This chapter
begins with an introduction of the basic building blocks — the simplest programs that
we assume to be implemented. This is a reasonable assumption, since we adopt Knill’s
model of a quantum computer [10], and this model guarantees precisely the operations
we assume to be implemented. Then this chapter presents several well-known quantum
algorithms together with their classical versions and their comparative time complexity
analyses; these are intended to demonstrate the generality and the simplicity of our
framework. The chapter concludes with the discussion of quantum computation with
mixed states, where we show restoring consistency in the definition of the mixed state

and the application of operators to it.

6.1 A quantum program

In order to develop quantum programs we need to add to our list of implemented
things from section 4.1.7. We add variables of type quantum state as in section 5.1 and
we allow the following three kinds of operations on these variables. If ¢ is a state of an

n-qubit quantum system, r is a natural variable, and M is a collection of measurement

38
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operators that satisfy the completeness equation, then:
1. ¢ := |0)®™ is a program
2. 1 := Uq, where U is a unitary transformation on an n-qubit system, is a program
3. measure,; 1) r is a program

The special cases of measurements, described in section 5.4, are therefore also allowed:
for an observable O and an orthonormal basis B, measureg g r, measureg ¢ r, and
measure ¢r are programs.

Now we are ready to develop quantum programs. In the rest of this chapter we will
describe a few well-known problems, develop both classical and quantum solutions to

these problems, and analyse their complexity.

6.2 Fair coin

We begin with the following simple problem. The task is to simulate a flip of a fair
coin. Let us use a variable ¢ from the domain 0, 1 to represent the coin so that 0 and 1

represent head and tail, respectively. The probabilistic specification is then:
(d=0)/2+(=1)/2

The specification says that we want to obtain head with probability 1/2 and tail with
probability 1/2.
First, let us consider a classical solution. Assume we have a (pseudo-) random

number generator rand, as shown in section 4.2.2. Then

(d=0)/2+4(d=1)/2

|

(d:0,1)/2

c:=rand 2
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There is only one problem. We cannot, even in theory, create rand by means of classical
computing.
On the other hand, with a quantum computer, in theory we can implement the

following. Let ¢ be a state on a 1-qubit system. Then

(d=0)/2+4(d=1)/2

— [(|0)/V2 + |1)/V2) ¢|? definition of measure
— measure (|0)/v2+[1)/v2) ¢ Hadamard
— measure (H|0)) ¢ substitution

= 1) := |0); ¢ := H; measure ¢ ¢

6.3 Deutsch’s problem

Recall the Deutsch’s problem discussed in section 3.3. The task is: given an oracle
function f : 0,1 — 0,1, compute f0 & f1. For now, we ignore the restriction on the

number of queries to the oracle. With natural z, the specification is:
¥ =f0 f1
Here is a simple classical solution. With natural y:

= f0® f1 strengthen
2 =f0df1AY = f1 substitution

=z :=f0,y:=fLiz:=xdy

The only reason we do not implement the specification by simply assigning f0& f1to x
is that we want to be able to add time increments before each statement that contains
a call to f (see time analysis later in this section). It is therefore convenient to have

one call to f per statement.
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Recall that the definition of the quantum analog of the above classical oracle is:
Us=M:0,1=C-2:0,1-(-1)/" x oy
Let us develop a quantum solution. With a state v of a 1-qubit system:

r=f0® f1 arithmetic
= [(((=1)7°/2 4+ (=1)71/2) x |0) + ((-1)7°/2 — (=1)7'/2) x [1)) 2'|>  measure

— measure (((=1)7°/2+ (=1)/1/2) x |0) +

(=1)°/2 — (=1)71/2) x |1)) = arithmetic
= measure ((—1)7°/2 x (|0) + |1)) + (=1)7"/2 x (|0) — [1))) = Hadamard
— measure ((—1)"°/v2 x (H|0)) + (=1)"'/v2 x (H[1))) = linearity
— measure H((—1)"°/v2 x [0) + (-1)"1/vV2 x 1)) = Oracle
— measure H(U;|0)/v2+ U;[1)/V?2) z linearity
— measure H(U;(|0)/v2+[1)/V2)) = Hadamard
= measure H(U;(H|0))) = substitutions

=1 1= |0); ¢ := H; ¢ := Upyp; ¢ := Hp; measure ¢ x

So far we have two solutions — a simple classical one and a complicated quantum one.
Let us add the restriction on the number of allowed calls to the oracle. We add a time
variable ¢ and decide to charge 1 unit of time for a call to the oracle, leaving all other

operations free. The new specification is:
¥=f0® fIAt =t+1
The above quantum solution still works:

r=f0® fIANt =t+1 as before
= [((=1)°/2+ (=) /2) x [0) + ((=1)7°/2 = (=1)'/2) x [1)) &' |*x

t'=t+1) as before
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= |H(U;(H|0))) 2'|* x (t' =t+1) substitutions
== 0); Y= Hys t =t 415 ¢ == Upp; o := H;
[ 2'|* x (¢ =1) measure

= :=(0); ¢ := Hyp; t:=t 4+ 1; ¢ := Upyp; o := Hyp; measure ¢ x

Readers can convince themselves that the new specification is unimplementable classi-

cally. Our classical solution fails with the time-constraint:

t=t+Lzxz=f0;t:=t+L,y=fl,z:=xdy substitution
— 12 =f0DfIANY = fIAt =t+2 weaken

= =f0D fINt =t+2

Classically, at least two calls to the oracle functions are necessary to compute f0 & f1.

6.4 Deutsch-Josza problem

Deutsch-Josza problem generalises Deutsch’s problem to n qubits [5]. It is an example
of the broad class of quantum algorithms that are based on quantum Fourier trans-
form [9]. The task is: given a function f : 0,..2" — 0, 1, such that f is either constant
or balanced, determine which case it is. Without any restrictions on the number of calls

to f, we can write the specification (let us call it S) as follows:
(f is constant V f is balanced) = b' = f is constant

where b is a boolean variable and the informally stated properties of f are defined

formally as follows:

fis constant = Vi :0,..2" - fi = f0

fis balanced = ‘Zz :0,.2"- (=1 =0
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It is easy to show that
(f is constant V f is balanced) = (f is constant = Vi :0,.2" ' +1- fi = f0)

In other words, given that the function is either constant or it balanced, the function is
constant if and only if half of its values plus one are the same.
Our task is now a little simpler: we need to implement the specification R defined

as follows:
V= Vi:0,.2" ' +1-fi=f0

The idea for a solution is simple. We query f with values of z from the domain 0, ..2",
until we either get two different values of f, in which case we conclude that the func-
tion is balanced, or we have queried f with more than half of possible values for x and
got the same value of f each time, in which case we conclude that f is constant. The

program, in integer variables x and y, is:
R y:=f0;z:=1; P
P=VYi:0,.z-(fi=y)=— R
P« ify+# frthenb:= |

else if 1 = 2" ' then b := T else (z :=z + 1; P)
Interested readers can find the detailed proof in Appendix C.1.
The quantum solution is a direct generalisation of Deutsch’s algorithm. We intro-
duce a variable r from the domain 0,..2", a quantum state ¢ : 0,..2" — C and make

use of the generalised quantum oracle:
Ur=M:0,.2" - C-2:0,..2" - (=1)7" x ¢z

The idea is to create a suitable superposition for state v, so that a measurement of 1)

produces 0 if and only if f is constant, so that:
S<= Q; b:=(r=0) , Where

Q = [ is constant V f is balanced = f is constant = (r' = 0)
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To implement () we notice that:

f is constant — (‘Zx f“/?” = ) (6.1
f is balanced = (‘Zx e/ = 0) (6.2)

Introducing variables z, y, and z from the domain 0,..2" and assuming f is constant V

f is balanced, we proceed:

[ is constant = (r' = 0)
— |(X - (-1t x |z)) 0‘2 < (' = 0) +
(Zy 1,..2" (Zz z - (=1)X%H2 /9" x |z) y‘z) x (r' #0)

where x - z is the bitwise product of x and z. To understand this step we need to

analyse the state Y z,x - (—=1)¥#t/2/2" x |z). Since |z) applied to 0 is 1 for z = 0
and 0 for all other values of z, the application () z,z - (—1)**"/%/2" x |z)) 0 can be

simplified to Yz - (—=1)/2/2".

(X z,@ - (=1)*H/7 /27 x |2)) 0|” is 1, if f is con-
(X 2@ (—1)=He/2m x [z)) y|

is non-zero only when z = y, so that the sum over non-zero values of y reduces to

stant, and it is 0, otherwise. On the other hand,

>y:1,.2"Y - (—1)"'3’”1/2”‘2. Since Y z,x - (—1)¥%+2 /2" x |z) is a valid quantum
state, whenever f is constant (and thus |Y" z - (—1)/#/2"| = 1), all other amplitudes
are 0, ie. |[Yy:1,.2" Y- (~1)*YH7/27|> = 0. When f is balanced, the squares of
these amplitudes must sum to 1, and so |y : 1,..2" Y @ - (—1)*¥H/=/2n | =1,

Now that we have some intuition about why the two expressions are equal, we can

produce a formal proof of this step:
2
‘ Zz,z C(=1)%EHT 9" x |Z) ) 0‘ x (r'=0) + unitarity of
(Zy 1,..2" (Zz z - (—1)X%H2 /9 i |z) ) y‘ ) r' #0) quantum state

— (X ew (1 x |z>) S =0)+
(1 Zz x - (—1)X#Hejon |z)>

2
0 ) x (r' #0) definition of |z)
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2) x (r' #0) from (6.1)

which concludes the proof of this step. We continue as follows:

‘(Zz x - (—1)%=H /o |z> 0‘ r'=0)+
(Zy 1,..2"- ‘(Zz x - (=1)%%HT/on x| ))
(S ot ) o

2
) X (r' #0) arithmetic

measure
— measure (Z 21 - (—1)H j9n \z)) r arithmetic
— measure (Y o (-1)/7/v2ix (32 (-1)*/v2" x |2))) r  Hadamard
— measure (Zx (=1)f2 /2 x (H®”\x>)> r linearity
— measure (H®” (Zx (=1)77/v/27 x \x})) r Oracle
— measure (H°" (Y- Usx)/Vo7)) r linearity
— measure (H*" (U (Y z-/v2"))) r Hadamard
— measure (H®"(U;(H®"|0)*"))) r substitute

— q:=[0)®"; ¢ :== H®"q; q := U;q; q := H®"q; measure qr
The complete solution is:
q:=10)®"; q:= H®"q; ¢ :=Uyq; q :== H®*"¢q; measure gr; b := (r' = 0)

Let us add to the specification a restriction on the number of calls to the oracle. Suppose

the new specification is:
(f is constant V f is balanced = V' = f is constant) A (' =t + 1)

where we charge 1 unit of time for each call to the oracle and all other operations

are free. Clearly, the above quantum solution works. Classically the specification is
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unimplementable. In fact, the strongest classically implementable specification is
(f is constant V f is balanced => b = f is constant) A (t' =t +2""1 +1)

which is implemented by the above classical program. The proof of refinement can be
found in Appendix C.2. In other words, the quantum solution offers an exponential
speed-up.

Deutsch-Josza algorithm is a powerful illustration of the potential of quantum com-

putation.

6.5 Grover’s search

Grover’s quantum search algorithm [6] is well-known for the quadratic speed-up it
offers in the solutions of NP-complete problems. The algorithm is optimal up to a
multiplicative constant [3]. The task is: given a function f : 0,..2" — 0,1, find z :
0,..2", such that fx = 1. For simplicity we assume that there is only a single solution,
which we denote z;, i.e. fz; = 1and fz = 0 for all z # ;. The proofs are not very
different for a general case of more than one solutions.

As before, we use a general quantum oracle, defined by
Uslx) = (1) x [x)
In addition, we define the inversion about mean operator as follows:

M:(0,.N—-C) —(0,.N —C)
Mip— Az:0,.N-2x (Zi:O,..N-q/)i/N) _ gz
where N = 2",

Grover’s algorithm initialises the quantum system to an equally weighted superpo-

sition of all basis states |x), z : 0,..N. It then repeatedly applies U, followed by M to
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the system. Finally, the state is measured. The probability of error is determined by the
number of iterations performed by the algorithm.

The algorithm can be understood in a beautiful way with the help of a geometric
analysis of the operators. Let a be the sum over all z, which are not solutions, and let
5 be the solution:

1
vN -1

B = ‘X1>

o=

xe#xl-\@

Then the oracle U; performs a reflection about the vector « in the plane defined by «
and S (see figure 6.1). In other words, Us(a x a+b x ) = a x a — b x (5. Similarly, the
inversion about mean operator is a reflection about the vector v in the plane defined
by « and /. Therefore, the result of Uy followed by M is a rotation in this plane. We

define 6 to be the rotation angle:
6 =2 x arcsin/1/N

Since each rotation leaves us in the plane defined by « and 3, then the state of the

system after ¢ rotations by # radians is:
Y =cos((2xi+1)x0/2) xa+sin((2xi+1)x6/2)xp

Suppose we charge one unit of time for each call to the oracle and all other operations

are free. Consider the specification:

2
S = (sin ((2 X (t' —t) + 1) x arcsin \/1/N)) X (r'=uz1) +
2
(1 - <sin ((2 x (# — 1) + 1) x arcsin \/1/N)> ) x (r' # 21)/(N — 1)
where r is the result variable from the domain 0,..N. The specification says that we
2
want the solution (sin((? X (t' —t)+ 1) x arcsin \/1/N )) of the time, where ¢ — ¢ is
the number of times we use the oracle. We show that Grover’s algorithm implements

this specification.
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B

G

a2

y

Figure 6.1: Grover’s search algorithm

As usual, we want to specify the quantum state that, when measured, gives the

desired distribution. With a quantum state variable ¢ : 0,..N — C:

5= (sin (@ (¢ —1) +1) x aresin /I/N)) " x (' = 2:) +
(1 - (sin ((2 x (' —t) + 1) x arcsin m))2> /
(N—1) x (' # 1) trigonometry
— (sin ((2 x (' —t) + 1) x arcsin \/1/71\7))2 x (r' = z1) +
(cos (2 (# = 1) + 1) x aresin /I/N) ) /(N = 1) x (' £ 21)  arithmetic
— ‘( Sin((2 x (' — 1) + 1) x 8/2) x [x)) +

S w#acos((2x (' — 1) +1) x 0/2) x \X>/\/ﬁ) "

2
measure

=’ = sin((2x (t' —t)+1) x0/2) x |x1) +
cos((2x (' =) +1) x 0/2) x Yz #x1-|x)/VN -1,

measure ¢ r def. of a&f
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— ' = sin((2x (' —t)+1)x0/2) x 8+
cos((2x (' —t)+1) x 0/2) x a;

measure ¢ r
Let P be the description of the quantum state immediately before the measurement.

P=1'=sin((2x (' —t)+1) x0/2) x B+cos((2x (' —t)+1) x 0/2) x «
— W =Pyt
Since v _, is the state obtained by ¢’ — ¢ rotations by @ radians, we define the spec-

ification R to describe the rotation. With a natural £ that represents the number of

iterations performed:
R = ’Qb:@bi:}’(/ﬂ:’(ﬂk/\tlzt-i-k—i
Adding initialisation, we prove:

P = Nt'=t+k substitutions
— =00 =Yy v=t; =V =Y At'=t+k—1 definition of R

= 1:=0; Y :=79o; R

Our task has been simplified. We now need to implement ¢ := 1)y and R and we are
done. To implement the assignment, we note that v, is an equally weighted superposi-
tion of all basis states |x) for z : 0,..N, and we already know that this superposition can
be produced by the application of n Hadamards to the zero state of an n-qubit system.

In other words,

o= cos((2x0+1)x0/2) x a+sin((2x0+1) x0/2) x 3 def. of 6
= cos(arcsin y/1/N) X a + sin(arcsin y/1/N) x 3 trigonometry
—axVN—-1/VN+8/VN def. of @ andf

— Zx + z1 - |X)/VN + |%,)/VN arithmetic
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= Zx - |x)/VN Hadamard

= H®"|0)®"
Then, using the Substitution Law:
P i:=0; ¢ :=1(0)®"; ¢:= H®™; R

Having understood the geometry of Grover’s algorithm, implementing R is easy. Adding

the time increment before the call to the oracle, we have:
R<«<= ifi=Fkthenokelse (i:=i+1; t:=t+1; ¢ :=Us; ¥ := My; R)

Proving the refinement is a bit of work. Firstly, let us analyse the action of the oracle
followed by the inversion about mean on the state in the «a, 8 plane. On the general

state 1), the action of the operators is:

M(Upp) = Az -2 x (Zi : (Uﬂ/})i/N) — (Up)z oracle
— Az % (Zz 1)/ % w) — (=1)'* x ¢ action of f
— Az % (Zz (=1)= wi) —(=1)"= x g arithmetic
:Ax% (Zz#xl wz>——xwx1 (—1)"= x ¢z
:Aa:-lfx_xlthen—x(zz¢x1 wz) N=2  vm

else%x (Zz;«éxl ¢z> - — XY —Yx

Therefore, the action of the operators on the solution state |x;) is

2
else — —

N —
M(Us|xy)) = Az - if = z; then N

N 2
= \Xl——xeséxl

and the action on the non-solutions state is:

2x (N=1) ,  N-2

M(Uf (Zx#xl-\x»):)\x-ifx:xl thenT I
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:wxmgﬂv&%zx#xﬂw

Then the action of the two operators on the state v; in the «, 8 plane is:

M(Uy)
— M (Uf ( cos((2 x i+ 1) x /2)/vV/N =1 x (Zx £, - |x>) +
sin((2 x i +1) x 6/2) x [x1))) linearity
— cos((2xi+1) x 0/2)/VN=1x M (U; (Yo # - 10)) +
sin((2 x i+ 1) x 0/2) x M(U(|x,))) action of M (Uy)
— cos((2 xi+1) x6/2)/v/N —1x

(WX|X1>+N§2XZ$#$1-|X>> +

sin((2xi+1) x 0/2)x

N -2 2 . .
N X IXq) — N X Zx # - |x>) arithmetic

(
— ( cos((2x¢+1)x9/2)x¥+

—2
)><|x1>+
-2

sin((2 x i+ 1) x 0/2) x ¥

( cos((2xi+1)x0/2) x N
sin((2 x4+ 1) x 6/2) x w)/

N
VN -1 xe;«éxl-|x)
We now recall some trigonometry to prove that this state is identical to the state of the

system after i + 1 rotations by é radians.

N -2
N
2x N -1

sin((2xi+1) x 6/2) x — N definition of ¢

= cos((2xi+1)x80/2) x (2xcos*(0/2) — 1) —

cos((2xi+1)x60/2)x

sin((2 x 1+ 1) x 6/2) x (2 x sin(0/2) x cos(0/2)) trigonometry
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= cos((2xi+1) x6/2) x cosf —

sin((2x 7+ 1) x 0/2) x sinf

|

cos((2xi+1)x60/2+06)

cos((2x (i+1)+1)x6/2)

and similarly

2 N -1
cos((2 xi+1)x6/2)x XT+

N -2
N

= sin((2 x5+ 1) x 6/2) x (2 x cos*(6/2) — 1) +

sin((2x i+ 1) x 0/2) x

52

trigonometry

definition of 0

cos((2 xi+1) x0/2) x (2 xsin(0/2) x cos(6/2)) trigonometry
= sin((2 x i+ 1) x /2) x cosf +
cos((2xi+1) x80/2) x sinf trigonometry
= sin((2xi+1) x0/2+0)
— sin((2x (i 4+1)+1) x §/2)
so that
MUptp;) = sin((2 x (i +1)+1) x 0/2) x [x1) +
cos((2x (i+1)+1) x 0/2)/VN—=1x > x#z - [x) (6.3)

:¢i+1

Finally, we are ready to prove the refinement. Starting with the right side:

if 2 = k then ok

else (i:=i+1; t:=t+1; Y :=Upy; v := My; R)

—ifi=ktheny' =Y At =tAT =iANk =k

else (i:=i+1; t:=t+1; v :=Uspy; ¢ := My

b= =V =Yy At =t +k—1)

expand ok, R

substitute, weaken
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= ifi=Fktheny' =y At =t

else M(Upp) =iy = =P At =(t+1)+k— (i +1) math, weaken
— ifi=ktheny =9, =>¢' =pAt' =t+k—1

else p =, AM(Uspp) = i1 = ' = ANt =t +k — i context
—ifi=ktheny =, = =Yy At =t+k—1i

else ) =) AM(Usthi) = i1 = ¢ =t At =t +k—i from (6.3)
—ifi=ktheny =v; = =Yy At =t+k—1i

elsey =1, =Y =y ANt =t+k—i case idempotence

=yY=ti=>Y = At =t+k—1
In summary,

2
S = <sin ((2 X (t' —t) 4+ 1) x arcsin \/1/N)> X (r'=mz) +
2
(1 - (sin ((2 x (' —t) + 1) x arcsin \/1/N)) ) x (' # 1) /(N — 1)
=— P; measure ¢ r

P<—i:=0; ¢ :=|0)®" ¢ := H®"Y; R

R<«=ifi=Fkthenokelse (i:=i+1; t :=t+1; ¢ :=Usp; ¥ := Mi); R)
Specification S carries a lot of useful information. For example, it tells us that the

2

probability of finding a solution after & iterations is (sin((2 X k+1) x arcsin y/1/N )) .
Or we might ask how many iterations should be performed to minimise the probability
of an error. Examining first and second derivatives, we find that the above probability
is minimised when ¢’ — ¢ = (7 x i)/(4 x arcsin 4/1/N) — 1/2 for integer i. Of course,
the number of iterations performed must be a natural number. It is interesting to note
that probability of error is periodic in the number of iterations, but since we don’t gain
anything by performing extra iterations, we pick 7 = 1. Finally, assuming 1 < N = 2",

we obtain an elegant approximation to the optimal number of iterations: [r x v/27/4],



CHAPTER 6. QUANTUM PROGRAMMING 54

with the probability of error approximately 1/2".

In contrast, the best a classical algorithm can do to solve the problem is to randomly
sample elements from 0,..2" and check the value of the oracle f on each element. To

match Grover’s algorithm, such a classical algorithm requires ©(2") calls to the oracle.

6.6 Computing with Mixed States

As we have discussed in section 3.2, the state of a quantum system after a measurement
is traditionally described as a mixed state. An equation ¢y = {|0)}/2 + {|1)}/2 should
be understood as follows: the state 1 is |0) with probability 1/2 and it is |1) with
probability 1/2. In contrast to a pure state, a mixed state does not describe a physical
state of the system. Rather, it describes our knowledge of in what state the system is.
Writing ¢ = {|0)}/2+ {|1)}/2 is inconsistent, since, in addition to the ambiguity in the
notation {} also used for sets, {|0)}/2 + {|1)}/2 is not in the domain of ). Moreover,
unitary operations are not applicable to mixed states. Traditionally, the application of
operators is extended linearly: U({|0)}/2 + {|1)}/2) = {U|0)}/2 + {U|1)}/2, which is
also inconsistent.

In our framework, there is no need for an additional mechanism to compute with
mixed states. Indeed, a mixed state is not a system state, but a distribution over system
states, and all our programming notions apply to distributions. The above mixed state
is the following distribution over a quantum state ¢: (¢» = |0))/2 + (v» = |1))/2. This
expression tells us, for each possible value in the domain of ¢, the probability of 1
having that value. For example, ) is the state |0) with probability (|0) = |0))/2+ (|0) =
[1))/2, which is 1/2, it is |1) with probability (|1} = [0))/2 + (|]1) = [1))/2, which is
also 1/2, and for any non-zero scalars « and 3, 1 is @ x |0) + 8 x |1) with probability

(ax [0)+ B x [1) =|0))/2+ (a x |0) + 8 x [1) = [1))/2, which is 0. One way to obtain
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this distribution is to measure an equally weighted superposition of |0) and |1):

W' =0)/V2 + [1)/V2; measure ¢ r measure
= ' = [0)/V2+ [1)/V2; |[9r'? x (¢ = [r)) sequential composition
= > " (" =0)/V2+ [1)/V2) x [¢"r* x (' =|r)) one point law
= [(10)/V2+ [1)/V2)r'* x (' = 1))
= (¥ =|r))/2

Distribution of the quantum state is then:

S =)= (0 =[0)/2+ (¥ = [1))/2

as desired.
Similarly, there is no need to extend the application of unitary operators. Consider

the following toy program:
¥ :=|0); ¢ := H; measure ¢ r; if r = 0 then ¢ := Hq) else ok

In the second application of Hadamard the quantum state is mixed, but this is not
evident from the syntax of the program. It is only in the analysis of the final quantum
state that the notion of a mixed state is meaningful. The operator is applied to a (pure)

system state, though we are unsure what that state is.

Y = |0); ¢ := Hy; measure ¢ r;

if r = 0 then ¢ := H1 else ok as before
= (' =Ir))/%;
if r = 0 then ¢ := H else ok sequential composition

- ZT//’¢// . ( n_ |1‘”>)/2 %
((7,// — 0) x (wl — ku) X (7‘/ — ,r,//) +

(" =1)x Y =¢") x (r' =1")) one point law
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— (W' =H|0)) x (' =0)+ (¥' = [1)) x (" =1)) /2
= (' = 0)/vV2+[1)/V2) x (' = 0)/2+
(@' =) x (' =1)/2

The distribution of the quantum state after the computation is:

Do W =10)/V2+1)/V2) x (' = 0)/2+ (@' = 1)) x (' =1)/2
= (' = [0)/V2+[1)/V2)/2+ (¢ = |1))/2

A lot of properties of measurements and mixed states can be proven from the definitions
of measurement and sequential composition. For example, the fact that a measurement
in the computational basis, performed immediately following a measurement in the
same basis, does not change the state of the system and yields the same result as the

first measurement with probability 1, is proven as follows:

measure v r; measure ) r measure
= |pr'|? x (' =|r')); [r']* x (' =r)) sequential composition
== 21/1",7“"' [Wr" 2 x (" = 1) x [ r']> x (@' =) one point law
= [pr']* x (¢' = |1)) measure

= measure Y r

In case of a general quantum measurement, the proof is similar, but a little more com-
putationally involved.

Recall the example from section 4.2.2:

P < if x =0 then ok else (x :=z —rand 2; t :==t+1; P)

P= (z>0=2"=0A{>t+2)

Let us replace the magical rand with a measurement that results in 0 and 1 with prob-
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ability 1/2 each. Introducing a quantum state ¢) and r : 0, 1:

P <= if x = 0 then ok

else (¢ := |0); ¥ := Hy; measure r; x :=x —7r; t:=t+1; P)

We need to prove that the new program is correct. In other words, we need to show
that the quantum program also satisfies the specification z > 0 = 2’ = 0. Starting with

the right side and ignoring time for now:

if z = 0 then ok
else (¢ :=|0); ¢ := H1; measure ¢ r;
zi=zx—r;z>0=12"=0) measure
= if x = 0 then ok
else (1 :=|0); ¥ := Hi; [Yr']? x (¢ =|r)) x (2" = z); substitute,
z=zx—r;z>0=12"=0) apply H|0)
— if x = 0 then ok
else (v =) x (' =2)/2;  >r = 12" =0) seq. composition
— if x = 0 then ok
else Zw”,r”,x”- (" =) x (2" =2x)/2 x sum
(" >r" =2 =0)
— if x = 0 then ok

else(z>0=2"=0)/24+(z>1=2"=0)/2 if then else , ok

(#0)x (x<0)/2+ (z #0) x (z' =0)/2 +
(x#0)x (z<1)/24 (£ #0) x (' =0)/2 arithmetic

= (z>0=2"=0)
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We expect the distribution of 2’ and #' to be the same as in section 4.2.2, namely:
t—t—1 1
(O:x':x:t'—t)+(0:$'<:E§t'—t)><( .1 )x%
Let us prove it. Adding time and starting with the right side:
Zw',r' - if z = 0 then ok
else ( Y :=|0); ¢ := H1; measure ¢ r;
ri=x—r;t:=t+1; measure,
O=2'=z=t'—1)+ substitute,
t—t—1 1
R, ! lyv H
0=z <:13§t—t)><<x_1 )XF> apply H|0)
= Zw',r' - if z = 0 then ok
else ( W' =) x (' =t) x (' =2)/2; sequential
O=a'=z—r=t'—t—1)+ composition

O=z'<z—r<t—-t-1)x
t'—t—2 o 1
z—r—1 2t —t—1
:ZW,T'-ifa::Othenok
noon oo I |4 7 no_
else Zz/;,r,t,x (W' =1") x (" =1t) x (2" =x)/2x%
(OZZ‘IZZ‘”—T”:t,—t”—l)—I—

O=2" <2"—r"<t'—t"—1)x

t—t"—2 1 sum
o — et 1] X 2t’—t”—1
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= ZQ[J’,T’- if z = 0 then ok
else ( O=2'"=2z=t'-t-1)/2+
O=2'"=2—-1=t'—-t-1)/2+
0= <z<t—-t—-1)x
f-t-2) 1,
x—1 2t =t
0= <z-1<t—-t-1)x
t—t—2 1 math
-2 ) 2

= Zw',r'- if z = 0 then ok

1
else ( TR O=2'=z=t—t—-1)+ expand ok,
1 v —t—1 .
— < _ if then else
2t,7t><(0 r<x<t t)x( .1 ))
:Z1ﬁ',r'-<(x:O)x(:r’z:r)x(t':t)x(w'zwx(r':r)—{-
1
(a:;éO)xzt,_tx(O:x':x:t’—t—l)-l— sum,
Ox L xo=d<o<t—tx (! simplify
(x;é)XQt,_tx(—x<x_ —1) X o1

— (0=2'=z=1t—1t)+

t—t—1 1
— ! <tl_t -
0=2"'<z< )x( .1 )><2t,_t

59

This concludes the proof. As before, we should expect to wait 2 x z time units for the

computation to complete.



Chapter 7

Conclusion and Future Work

We have presented a new approach to developing, analysing, and proving correctness
of quantum programs. Since we adopt Hehner’s theory as the basis for our work, we
inherit its advantageous features, such as simplicity, generality, and elegance. Our work
extends probabilistic predicative programming in the same fashion that quantum com-
putation extends probabilistic computation. We have provided tools to write quantum
as well as classical specifications, develop quantum and classical solutions for them,
and analyse various properties of quantum specifications and quantum programs, such
as implementability, time and space complexity, and probabilistic error analysis uni-
formly, all in the same framework. Today quantum computation is a field of interest of
scientists of very heterogeneous backgrounds: physicists, computer scientists, informa-
tion theorists, and cryptographers, among others. Or hope is that the simplicity of our
work, as well as our use of a familiar Dirac-like notation, will contribute to bringing

together researchers from these different areas.

Traditionally, quantum computation is presented in terms of quantum circuits. We
attempt to depart from this convention for the same reason that classical computation
is generally not presented in terms of classical circuits. As we develop more complex

quantum algorithms, we will need ways to express higher-level concepts with control
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structures in a readable fashion. As was mentioned in Chapter 2, a few attempts were
already made in this direction. Since the works of Omer [13] and later Betelli et al. [2]
do not involve mathematical proof techniques, there is little use in comparing our work
to theirs. The quantum programming language, proposed by Selinger [15], is also very
different from our approach. It uses density matrices to represent quantum states,
which has both advantages and disadvantages. One obvious advantage of his approach
is uniform treatment of pure and mixed states. Disadvantages of using density matrices
include the inherent difficulty of applying operations to them and problems with visual
recognition of quantum states and their properties. A claimed advantage is a lack
of growth in distributions as the computation progresses. However, the expressions
describing the density matrices still grow in the same fashion. In addition, their use
of flow charts to represent quantum programs also decreases readability and ease of
writing somewhat, for more complex algorithms. The work of Sanders and Zuliani [14]
is more similar to our work. Our claim is that, while being no less expressive than
gqGCL, our approach is simpler and more intuitive. Facility of developing recursive
programs, familiarity of notation, and uniformity in time complexity analysis are the

evidence.

Research in the immediate future will involve reasoning about non-locality. We will
attempt to express quantum teleportation, dense coding, and various games involving
entanglement, in a way that makes complexity analysis of these quantum algorithms
simple and natural. We can easily express teleportation as refinement of a specifica-
tion ¢’ = 4, for distinct qubits ¢ and ¢, in a well-known fashion. However, we are
more interested in the possibilities of simple proofs and analysis of programs involving
communication, both via quantum channels and exhibiting the LOCC (local operations,
classical communication) paradigm. We also plan to formalise quantum cryptographic
protocols, such as BB84 [1], in our framework and provide formal analysis of these

protocols. This will naturally lead to formal analysis of distributed quantum algorithms
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(e.g. distributed Shor’s algorithm for factoring [16]).
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Appendix A

Notations

ok

65

ket in Dirac notation (6)
complex conjugate (6)
inner product (6)
Hilbert space (6)

dual vector (7)

outer product (7)

norm (8)

adjoint (8)

tensor product (9)

Hadamard transform (16)

final value of variable z (19)

pre-state (19)
post-state (19)

(19)
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X/ + -0

=#<><>

AV <=
PR
x,.y
A:B
Ax:D-b

EDY

00
P;R
if then else

rand

(¥]o)
)

®n

H

measure

if then else — +—= —
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assignment (19)

math symbols (20)

(20)

boolean symbols (20)

sequential composition (20)

from (including) z to (excluding) y (21)
bunch inclusion (21)

function (22)

quantifiers (22)

time variable (23)

space variable (23)

infinity (24)

sequential composition (generalised) (27)
generalised (27)

pseudo-random number generator (27)
inner product of states (32)

Dirac-like notation (33)

tensored n times (34)

identity (34)

unitary transformation (34)

Hadamard transform on states (35)

quantum measurement (36)
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quantum oracle (46)

inversion about mean (46)
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Appendix B

Refinement Laws

Here we list the rules that are used in proofs in this work.

For state variables z, vy, . .

., probability p, booleans a, b, and ¢, boolean specification

P, and probabilistic specifications » and S:

ok=— 2'=azNy =yn... expand ok
ifpthen Relse R— px R+ (1—p) xS if then else
R;S — Zx”, y' ... R'"x S" sequential composition
z :=e; S = (for z substitute e in .S) substitution

if b then Pelse P— P

case idempotence

Zx : D - (z =e) x S = (for z substitute e in 5) one point law

a=(b=c)=— aNb=c portation

aA(a=b)=0b

Modus Ponens

For a state 1) of an n-qubit system:

Zx £ 0,..2" - x| =1

unitarity of quantum state
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Us=XMp:0,.2" = C-2:0,.2" - (—1)7" x oz quantum oracle
H=X:0,1=C-i:0,1-(0+ (=1)" x 41)/V2 Hadamard transform
H®™|0)®" = Zx £ 0,..2" - |x)/V/2n Hadamard on |0)®"
HEMx) =) y:0,.2" - (1) x [y)/vV2" Hadamard on |x)

For a collection M = M, _,» of measurement operators, which satisfy the completeness
equation Y- m:0,..2" - M{ M,, = I, an observable O = " m - \,, x P, where P, is

the projector on the eigenspace of O with eigenvalue ),,, and an orthonormal basis

B = bo,__gn:
measure,; i r general
M,
— (|M, Myp) x | ' = m :ﬁ ; X (' =) x (¥ =y)... measurement
/llj MT’MT’w
measurep ¢ r projective
/ P’I{,l/] ! !
= (Y|Puy) x [ Y = W X(@=x)yx @y =y)... measurement
measureg ' r measurement
— (b |)P x (W' =bp) x (&' =2) x (¥ =) ... in basis B
measure i r measurement

= ' x (@ =) x (' =2)x (¥ =y)... in comp. basis



Appendix C

Proofs omitted from Chapter 6

C.1 A classical solution for Deutsch-Jozsa problem
Our classical solution is:

R=— V¥ =Vi:0,.2% +1- fi= f0
R y:=f0;2:=1; P
P=Vi:0,.x-fi=y=— R
— Vi:0,.2-fi=y= 0 =Vi:0,.2" ' +1-fi= f0
P« ify# frthenb:= 1|

elseif 2 = 2" then b := T else (z := 2+ 1; P)

The proof of the first refinement is as follows:

y:=f0;,xz:=1; P definition of P
=y:=f0; z:=1;

Vi:0,.x-fi=y= b =Vi:0,.2""' +1- fi= f0) substitute
—=Vi:0,.1-fi=f0= b =Vi:0,.2" ' +1- fi= f0 simplify
= =Vi:0,.2" +1-fi=f0 definition of R
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prmm—— R
The proof of the second refinement is as follows:

ify# fxrthenb:= L

elseifz =2""' then b := T else (z :== v+ 1; P) definition of P
—ify # fz thenb:= L

elseifz =2" ' thenb:=T

else (z:=z+1; (Vi:0,.x-fi=y = substitute

bV =Vi:0,.2" '+ 1- fi= f0))

—ify # fx thenb:= L

elseifz =2"' thenb:=T

else (Vi:0,.2+1-fi=y= b =Vi:0,.2"" "' +1-fi=f0) assignment
—ify# fzthend = LA =z Ay =y

elseifr =2""'thent =T Az =2Ay =y

else (Vi:0,.2+1-fi=y= b =Vi:0,.2"" 1 +1-fi= f0)
We now need to prove three refinements:

y#fzAb =LAz =zAy=y= P
y=frAz=2"""AV=T Az =aAy=y= P
y=frAz#2" A

Vi:0,.0+1-fi=y= b =Vi:0,.2" ' +1-fi=f0)= P
The first proof:

y# frAb =1L AN =zny =y=

Vi:0,.x-fi=y= b =Vi:0,.2"' +1- fi=f0) portation
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—y# fe ANV =LA =zAy =yAVi:0,.2-fi=y =
¥ =Vi:0,.2" +1-fi=f0

=T
The second proof:

y=feAz=2"""Ab=TAd =2Ay=y=

Vi:0,.x-fi=y= b =Vi:0,.2" ' +1- fi= f0) portation
—=y=feAz=2""AV =T A =AYy =yAVi:0,.2- fi=y=—>

bV =Vi:0,.2"" ' 4+1-fi=f0

=T
The third proof:

y=fzAz#2"A
Vi:0,.24+1-fi=y= b =Vi:0,.2" ' +1. fi= f0) =
Vi:0,.x-fi=y= b =Vi:0,.2""' +1- fi= f0) portation
—y=fr Az #2"AVi:0,.2-fi=yA
Vi:0,.24+1-fi=y= b =Vi:0,.2" +1. fi= f0) =
¥=Vi:0,.2" 41 fi=f0
— £ 2" AV 0,0 4+1-fi=yA
Vi:0,.24+1-fi=y= b =Vi:0,.2"' +1. fi= f0) =
¥ =Vi:0,.2"" +1-fi=f0 Modus Ponens

=T
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C.2 Deutsch-Jozsa problem with time restriction
We add a time variable ¢:

R=(b'=Vi:0,.2" " +1-fi=fO)At <t+2"1+1
Ri=t=t+1,y:=f02z:=1; P
P=Vi:0,.2- fi=y=—

(V' =Vi:0,.2" 41 fi=fO)At <t+2"t -2 +1
P«<—t:=t+1;ify+# fx thenb:= L

elseif z = 2" then b := T else (z := 2 + 1; P)

The proof of the first refinement is as follows:

t:=t+1; y:= f0; z:=1;
Vi:0,.2-fi=y=—
(b =Vi:0,.2" ' 41 fi=fO)At <t+2"'—2+1) substitute

—Vi:0,.1-(fi=f0) =

(W =Vi:0,.2" ' 41 fi=fO)At <t+14+2""—1+1 simplify
=00 =Vi:0,.2" " +1-fi=fO)At' <t+2"1+1 definition of R
=R

To prove the second refinement, we divide the proof into three simpler proofs, as in the

previous section:

ti=t+1;y# fxAb =LA =zAy =yAt'=t=— P
ti=t+1l,y=frAz=2"""AV=TAz =zAy =yAt'=t= P

tr=t+1;y=faAz#2"'AN(z:=2+1; P)= P
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The first proof:

ti=t+Ly# fe A =1L A =zAy =yAt' =t =

Vi:0,.x- fi=y—=

(V' =Vi:0,.2" ' +1-fi=fO)At <t+2" 1 —x+1) substitute
—y# fe ANV =1L At =zAy =yAt'=t+1=

(Vi:0,.q fi=y=—

(b =Vi:0,.2" ' 41 fi=fO)At <t+2"'—2+1) portation
—y#fe ANV =LA =zAy =yAt' =t+1A

Vi:0,.2-fi=y—>

(W =Vi:0,.2" ' +1-fi=fOOAt <t+2""—z+1

=T

The second proof:

t=t+1,y=faAc=2" At =T A2 =2 Ay =yAt =t =

Vi:0,.x- fi=y—=

( y

(V' =Vi:0,.2" ' +1-fi=fO)At <t+2" 1 —x+1) substitute
—=y=faeAz=2""AV=TAzd =AYy =yArt =t+1 =

Vi:0,.x-fi=y =

(V' =Vi:0,.2" 1+ 1-fi=fO)At' <t+2" ' —2+1) portation
—y=feAz=2"""AV=TAzd =cAy =yAt' =t+1A

Vi:0,.z- fi=y—>

(V' =Vi:0,.2" 41 fi=fOOAt <t+2"1—2+1

=T
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The third proof:

ti=t+1;y=frAz#2"1 A

(x:=24+1; Vi:0,.2- fi=y =

(V' =Vi:0,.2" 41 fi=fO)At <t+2"—2+1) =

(Vi:0,.x-fi=y—=—

(V' =Vi:0,.2" ' +1-fi=fO)At <t+2" 1 —2+1) substitute
—t:=t+1l,y=frAx#2"'A

Vi:0,.x4+1 - fi=y =

(V' =Vi:0,.2" ' +1-fi=fOA <t+2"'—2—-1+4+1) =

Vi:0,.x- fi=y—=

(V' =Vi:0,.2" ' +1-fi=fO)At <t+2""—24+1) substitute
—y=faeAz#2" A

(Vi:0,.x+1-fi=y=

(V' =Vi:0,.2" ' +1-fi=fOA <t+1+2""—z—-14+1)=

Vi:0,.20-fi=y=—

(V' =Vi:0,.2" ' +1-fi=fO)At <t+2"'—24+1) portation
—y=fae AT #£2"AVi:0,.2-fi=yA

Vi:0,.24+1-fi=y—=

(V' =Vi:0,.2""+1-fi=fOAt <t+1+2"" —2) =

V=Vi:0,.2" '+ 1-fi=fOAt <t+2" ' —2+1 absorption
— £ 2" AV 0, x4+ 1 fi=yA

Vi:0,.x+1-fi=y=

(V' =Vi:0,.2" ' +1-fi=fOAt <t+1+2"" —2) =

V=Vi:0,.2" 41 -fi=fO)AY <t4+2"1—z+1 Modus Ponens
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prm— T

Thus, we have proved an upper bound on ¢, ' < ¢t + 2"~! 4+ 1. We now show that the

bound is tight, i.e. we obtain ¢’ = ¢ + 2"~! + 1 for some input. We prove:

R=—(Vi:0,.2" '+ 1-fi=f0= t'=t+2" 1 +1)
R—t=t+1,y:=f0;, 2:=1; P

P=—(Vi:0,.2" '+1-fi=f0= t'=t+2" ' —2+1)
P—t:=t+1;ify+# fx thenb:= L

elseif z = 2" ' then b := T else (z := z + 1; P)

The proof of the first refinement is as follows:

t:=t+1; y:= f0; z:=1;
Vi:0,.2" ' +1-fi=f0= t'=t+2"t—2+1) substitute
= (Vi:0,.2" ' +1-fi=f0= t'=t+1+2"'~1+1) math

— R
For the second refinement we prove:

t:=141;
ify# fzrthenb:= L
elseifr =2""'thenb:=T
else (z:=xz+1; substitute
(Vi:0,.2" ' +1-fi=f0= t'=t+2"'—z+1))
— ify# frthend = LA =as Ay =yAt =t+1
elseifr =2""'thent =TAz =2Ay =yAt =t+1

else (Vi:0,.2" ' +1-fi=f0= t'=t+1+2"1 -z —-1+1)
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As before, we have three refinements to prove:

yZfrAb =1LAd =axANy =yAt'=t+1= P

y=frAz=2"""A=T A2 =AYy =yAt'=t+1= P

y=fr Az #2" ANV :0,.2" 41 fi=f0= t'=t+14+2"—2)= P

The first proof:

y# frAb =LA =azny =yAt =t+1=

Vi:0,.2" ' +1-fi=f0= t'=t+2" -2 +1)
—yAfr ANV =LA =zAy =yAt' =t+1A

Vi:0,.2" P4l fi=f0= t'=t+2" -z +1
= l= t'=t+2" -z +1

=T
The second proof:

y=fe Az =2"""A =T Az =zAy =yAt =t+1 =

Vi:0,.2" ' +1-fi=f0= t'=t+2" ' —2+1)
—y=faeAz=2"""AV=TAd =zcAy =yAt =t+1A

Vi:0,.2" "4l -fi=f0= t'=t+2" ' —zx+1

=T
The third proof is trivial:
y=frAz#2"A
(Vi:0,.2" ' +1-fi=f0= t'=t+14+2""—2) =

(Vi:0,.2" ' +1-fi=f0= t'=t+2"""—2+1)

=T

portation

simplify

simplify

portation

weakening
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