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ABSTRACT OF THE DISSERTATION
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by Aleksandar Nikolov

Dissertation Director: S. Muthukrishnan

The main focus of this thesis work is computational aspects of discrepancy theory. Dis-
crepancy theory studies how well discrete objects can approximate continuous ones.
This question is ubiquitous in mathematics and computer science, and discrepancy the-
ory has found numerous applications. In this thesis work, we (1) initiate the study of
the polynomial time approximability of central discrepancy measures: we prove the first
hardness of approximation results and design the first polynomial time approximation
algorithms for combinatorial and hereditary discrepancy. We also (2) make progress on
longstanding open problems in discrepancy theory, using insights from computer sci-
ence: we give nearly tight hereditary discrepancy lower bounds for axis-aligned boxes in
higher dimensions, and for homogeneous arithmetic progressions. Finally, we have (3)
found new applications of discrepancy theory to (3a) fundamental questions in private
data analysis and to (3b) communication complexity. In particular, we use discrep-
ancy theory to design nearly optimal efficient algorithms for counting queries, in all
parameter regimes considered in the literature. We also show that discrepancy lower
bounds imply communication lower bounds for approximation problems in the one-way
model. Directions for further research and connections to expander graphs, compressed

sensing, and the design of approximation algorithms are outlined.
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Chapter 1

Introduction

Many questions in combinatorics and computer science can be phrased as questions
about how well a “simple” probability measure can approximate a “complex” measure.
Discrepancy theory provides useful tools to address such questions. A number of tech-
niques in computer science, often developed independently from discrepancy theory,
naturally relate to discrepancy problems: e-nets, expander graphs, randomized and it-
erative rounding are just a few examples. Understanding these techniques within the
framework of discrepancy theory provides context and a fresh viewpoint, which can
lead to further progress. On the other hand, discrepancy theory itself raises interesting
and under-explored computational questions.

In this thesis we initiate the study of the computational complexity of approximat-
ing combinatorial discrepancy measures. We show the first hardness of approximation
results and design the first nontrivial polynomial time approximation algorithms. The
geometric techniques we develop for our approximation algorithms allow us to resolve
a number of important questions in discrepancy theory. They also have further appli-
cations in computer science: they allow us to characterize the necessary and sufficient
noise required to answer statistical database queries while preserving individual privacy,
in all parameter regimes considered in the literature.

We finish the thesis with directions for further research. We sketch connections
between discrepancy theory and communication complexity, expander graph construc-
tions, compressed sensing, and the design of approximation algorithms. We hope that
investigating these connections further will prove fruitful.

We start this introductory chapter with a brief historical background on discrepancy

theory, and an overview of some applications of discrepancy to computer science. Then



we introduce basic measures of discrepancy and provide a more detailed overview of

the major results of the thesis.

1.1 Historical Background

Discrepancy theory has its origins in number theory and the theory of uniformity of
distribution. Central objects of study in the latter area are uniform sequences, i.e. se-
quences of bounded real numbers that “hit” every interval of the same length equally of-
ten in the limit. An early and fundamental result is Weyl’s criterion of uniformity [148],
which can be used to show, for example, that the sequence (i mod 1)32,, which is fun-
damental in Diophantine approximation, is uniform in [0, 1) for any irrational c.

The 1930s saw the emergence of a line of work inquiring into the necessary irreqular-
1ty of discrete distributions. The uniformity of a sequence shows that the sequence in a
sense converges to a uniform distribution. But what if we are interested in more precise
information about the speed of convergence or in characterizing the most uniform se-
quence? The modern formulation of discrepancy grew out of such considerations in the
work of van der Corput [143] [144], van Aardenne-Ehrenfest [141], [142], and Roth [126].
The latter paper gave an influential geometric reformulation of the question of quan-
tifying the discrepancy of a sequence. It turns out that this question is equivalent to
the problem of determining the smallest absolute deviation of a discrete counting mea-
sure supported on n points from the Lebesgue measure in the plane, where deviation is
measured with respect to axis aligned rectangles. This reformulation naturally suggests
investigating discrepancy with respect to other shapes and essentially started the field
of geometric discrepancy theory.

Combinatorial discrepancy also has its origins in number theory, particularly in the
study of irregularities with respect to long arithmetic progressions. Recall that the van
der Waerden theorem implies that for any k there exists an n such that any bi-chromatic
coloring of the integers {1,...,n} contains a monochromatic arithmetic progression of

length at least k. This fundamental result in Ramsey theory is an example of extreme



discrepancy: it shows that for any two-coloring of a large enough set, there exist arith-
metic progressions that are extremely imbalanced. But the value of n with respect to k
in van der Waerden’s theorem is enormous, and a natural question is how well one can
simultaneously balance long arithmetic progressions on {1,...,n}. A beautiful result
of Roth from 1964 shows that no matter how we color the positive integers between 1
and n red and blue, some arithmetic progression will have Q(n'/4) integers of one color
in excess of the other [127]. This is a classical problem in combinatorial discrepancy
theory, which is generally concerned with simultaneously balancing a collection of sets
with respect to a bichromatic coloring of their union.

The modern definition of combinatorial discrepancy and its connection to classical
discrepancy (i.e. uniformity of distribution) are due to Beck [19]. Informally, Beck
observed that combinatorial discrepancy is equivalent to the discrepancy question of
approximating a given counting measure by a counting measure with half the support
of the given one. This intuition can be formalized into transference theorems between
the two notions of discrepancy.

In a striking result, Beck showed that Roth’s lower bound on the discrepancy of
arithmetic progressions is nearly tight [20]. Beck’s paper introduced the partial coloring
method, which still remains one of the most powerful tools for proving discrepancy upper
bounds. In another celebrated result (known as the Six Standard Deviations Suffice
theorem), Spencer showed a tight upper bound of O(y/n) on the discrepancy of O(n)
subsets of a universe of size n, by refining the partial coloring method of Beck [135].
Both Beck’s result on arithmetic progressions and Spencer’s result show that a careful
coloring strategy can achieve much better discrepancy bounds than a simple random
coloring.

Geometric vector balancing questions are closely related to combinatorial discrep-
ancy theory. Typically, a vector balancing problem asks to give signs to a sequence
of vectors from a normed vector space, so that the signed sum of the vectors is as
small as possible in a prescribed norm. Equivalently, the problem is to partition a
set of vectors into two sets, so that the sums over each are as close as possible. Such

questions were considered by Dvoretzky, Barany and Grinberg [16], Giannopoulos [67]



Banaszczyk [10), 9], among others. Vector balancing problems are naturally related to
notions of matrix discrepancy [93]: intuitively, the discrepancy of a matrix measures the
minimum possible imbalance between 2-partitions of its columns. Matrix discrepancy
generalizes total unimodularity, and like it, it is related to problems of approximating

real valued vectors with integral vectors [93].

1.2 Connections with Computer Science

The applications of discrepancy theory to computer science are numerous and many of
them are beautifully surveyed in the monograph of Chazelle [41]. Here we give just a
few examples, with no claims to being exhaustive.

The theory of uniformity of distribution and related discrepancy theory questions
are intimately connected to quasi-Monte Carlo methods in numerical analysis. A sur-
vey of this topic can be found in the monograph by Niederreiter [114], who covers
applications to numerical integration (via the Koksma-Hlawka inequality and similar
results), optimization, and pseudorandom number generation. Glasserman [69] gives ap-
plications of quasi-Monte Carlo methods and low discrepancy constructions in financial
engineering. Shirley [134] gives applications to computer graphics.

Discrepancy theory has many important applications in derandomization. Partic-
ularly successful has been the use of e-approximations and e-nets in derandomizing
algorithms in computational geometry. There has also been considerable interplay be-
tween techniques for deterministically constructing low discrepancy colorings and low
discrepancy sets, and range searching problems. These connections are surveyed by
Matousek [100] and Chazelle [41].

Alon and Mansour [5] gave a fast deterministic interpolation algorithm for multi-
variate polynomials which relies on a construction of a low discrepancy set with respect
to exponential sums. The results of Alon and Mansour are related to the foundational
work of Naor and Naor on e-biased spaces [111], i.e. low-discrepancy sets with respect

to Fourier characters. e-biased spaces have numerous applications, since they allow the



construction of very small sample spaces, on which the uniform distribution approxi-
mates a k-wise independent distribution. For example, e-biased spaces have been used
in work on work on property testing [71], color coding in parametrized complexity [7],
and the construction of min-wise independent permutations [32], themselves useful in
information retrieval and streaming algorithms.

FEzxpander graphs are another classical derandomization tool with deep links to dis-
crepancy theory. Expanders can be characterized as graphs which closely approximate
a random graph with respect to cuts. This characterization is captured in the Expander
Mizing Lemma, and its converse [25]. For general information on expander graphs see
the book of Chung [44]. Linial, and Wigderson [79], and Vadhan [I40] survey applica-
tions to derandomization and metric embeddings.

Some deterministic algorithms can be interpreted as derandomizations via discrep-
ancy techniques, even though this connection may not be apparent at first. Chazelle [41]
discusses such a view of the famous linear time deterministic median algorithm [27].
This interpretation of median finding inspires Chazelle’s deterministic near-linear time
minimum spanning tree algorithm [43] (the discrepancy theory view of the algorithm
can also be found in [41]).

The above examples show that discrepancy is a useful tool for the design of efficient
(deterministic) algorithms. It also turns out that both lower bounds on discrepancy
and constructions of low-discrepancy sets are useful in understanding the limitations of
models of computation. Chazelle [42] used lower bounds from combinatorial discrepancy
theory to prove lower bounds on the size of linear circuits with bounded coefficients for
geometric range searching problems. More recently, Larsen [89] used discrepancy lower
bounds to give update time vs. query time trade-offs for dynamic range searching with
bounded coefficients in the group model. Wei and Yi [147] gave lower bounds on the
space complexity of approximate range counting data structures. The use of discrepancy
for giving lower bounds on randomized communication complexity is classical (see the
book [88]). Interestingly, in communication complexity, high complexity is certified by
low discrepancy, in contrast to all other examples so far.

A recent line of work in combinatorial optimization connects discrepancy theory



and the design of approximation algorithms for hard combinatorial problems. These
applications have a different flavor from the applications to numerical analysis, deran-
domization, and complexity theory. Recall that the Ghouila-Houri characterization of
totally unimodular (TU) matrices [66] shows that a matrix is TU if and only if any
subset of its columns can be almost perfectly balanced. This is a low-discrepancy prop-
erty. TU matrices have considerable significance in combinatorial optimization, since
any integer linear program whose constraints can be encoded by a TU matrix can be
solved exactly using generic linear programming algorithms. Thus, extremely low dis-
crepancy matrices allow for rounding linear programming solutions without sacrificing
the quality of the solution. This is another example of how low-discrepancy objects
provide a bridge between the continuous and the discrete. It turns out that a similar
property holds in more generality: a solution of a linear program can be rounded to an
integer solution, without increasing the cost or violating the constraints by much more
than an appropriate discrepancy value associated with the constraint matrix [93]. This
connection was recently exploited by RothvoB [I128] to give an improved approximation
algorithm for the bin-packing problem. His work circumvents an earlier negative result
by Newman, Neiman, and the author [I13], also proved via discrepancy.

Despite the numerous applications of discrepancy theory to computer science, until
recently relatively little was known about many central computational questions about
discrepancy itself. Many non-trivial discrepancy upper bounds were first proved us-
ing non-constructive methods: the proofs only showed existence, but did not suggest
an efficient algorithm to find a low-discrepancy set or coloring. Some exceptions are
the work of Beck and Fiala [18], which is an early example of iterative rounding, and
the work of Bohus [28] on the discrepancy of permutations (which uses similar meth-
ods). Moreover, simple randomized constructions are efficient, and also can usually be
derandomized using standard techniques.

The situation was changed by a breakthrough result of Bansal, who gave a construc-
tive version of Spencer’s Six Standard Deviations Suffice theorem, based on semidefinite
programming and randomized rounding via discretized Brownian motion [11]. Bansal’s

work still relied on the original partial coloring lemma used by Spencer. Lovett and



Meka gave a new constructive proof of Spencer’ partial coloring lemma, with improved
parameters [95]. An exceptionally simple algorithm which makes a vector balancing
result of Giannopolous constructive, and essentially subsumes all of the above algorith-
mic results, was given recently by Rothvofl [129]. These new algorithms make a number
of nontrivial discrepancy constructions efficient, and therefore available as algorithmic
tools. Rothvof3’s work on the bin-packing problem, for example, relies on Lovett and
Meka’s algorithm. The recent progress suggests that we can expect more algorithmic
applications of deep results in discrepancy theory.

Even less was known until recently about the inherent computational complexity
of computing measures of discrepancy itself. The only result we are aware of prior
to the work presented in this thesis is Lovasz’s proof that 2-coloring a hypergraph is
NP-hard [92]. As noted by Beck and Sés |21, 2-coloring a hypergraph is a special case

of computing combinatorial discrepancy.

1.3 Notions of Discrepancy

In this section we introduce the basic notions of discrepancy that will be studied in the

rest of the thesis.

1.3.1 Lebesgue Measure Discrepancy

Among the most well-studied discrepancy problems is the classical question of unifor-
mity of distribution: how “uniform” can a set of n points in [0, 1]¢ be, i.e. how well can
the counting measure on a finite set of n points approximate the Lebesgue measure on
[—1,1]¢ with respect to a family of subsets of [0,1]¢. Here the “complicated measure”
is the continuous Lebesgue measure, and the simple measure is the counting measure
on a discrete set. Formally, let S be a family of measurable subsets of [0, 1]¢. Then the
Lebesgue measure discrepancy of a point set P C [—1,1]¢ of size |P| = n with respect
to S is defined as
D(P,S) £ sup |nv(S) — [SN P,
Ses



where v is the Lebesgue measure. More generally, we can define the discrepancy of P

with respect to S in terms of any measure:
D(P,S, p) = sup [nu(S) — SN Pl.
Ses

We can now define the discrepancy of S with respect to the measure y as the optimal

discrepancy achievable by any n-point set P:
D(n, S, p) = inf D(P,S, ),

where the infimum is taken over all subsets P of [0,1]¢ of size |P| = n. When p is the

Lebesgue measure v, we simply use the notation D(n, P).

1.3.2 Combinatorial Discrepancy

Another well-studied special case of the general question of approximating general mea-
sures by simple measure is combinatorial discrepancy. Combinatorial discrepancy stud-
ies how well a counting measure on a set of size n can be approximated by a counting
measure on a set of size at most n/2. Formally, let (S,U) be a family of subsets of a

set U of size |U| = n. We shall call (S,U) a set system. For X C U, define
disc(X,S) = max/||S| —2|X N S||.
Ses

Equivalently (and this is the more common definition), for a function x: U — {—1, 1},
we can write

disc(x, S) = max Ix(S)I,

where x(S) £ Y ccs X(e). Analogously to Lebesgue measure discrepancy, we can define
the discrepancy of S as
disc(S) £ mindisc(x, S),
X

where the minimum is taken over functions x: U — {—1,1}.

1.3.3 Hereditary Discrepancy and the Transference Lemma

It is often beneficial to consider the combinatorial discrepancy of restrictions of S,

as disc(S) turns out to be too sensitive to changes in S. In fact, any set system



of any discrepancy can be turned into a set system of discrepancy 0 by adding new
elements to the universe. The restriction S|y of a family S to W C U is the family

Slw £ {SNW :S € S}. Then we define

herdisc(s,S) £ Wcr(rjlz'ag‘c/K disc(S|w),

and we define the hereditary discrepancy of S as
herdisc(S) £ herdisc(|U], S).

Note that the definition herdisc(s, S) makes sense even when U is an infinite set and S
is an infinite family of subsets of U, and so does herdisc(S) with the maximum function
substituted by the supremum function.

The two notions of discrepancy introduced above — Lebesgue measure discrepancy

and combinatorial discrepancy — are related by the transference lemma of Beck.

Lemma 1.1 ([19]). Assume that D(n,S) = o(n) and that herdisc(n, S) satisfies herdisc(2n,S) <
(2 —¢€)disc(n,S) for some fized constant €. Then D(n,S) = O(herdisc(n,S)).

1.3.4 Discrepancy of Matrices and Rounding Algorithms

Discrepancy and hereditary discrepancy can be extended in a natural way to matrices.
Let A be the the incidence matriz of a set system (S,U), i.e. a matrix A € RS*Y
so that age = 1 if e € S and ag. = 0 otherwise. The discrepancy and hereditary
discrepancy of S are equal respectively to the discrepancy and hereditary discrepancy
of A, defined as

disc(A) £ pemin A4z oo;

herdisc(s, A) = max  disc(Aw);
WCU:|W|<s

herdisc(A) £ herdisc(|U]|, A),

where Ay is the submatrix of A consisting of the columns indexed by the set W. The
above definitions are valid for any matrix A, and serve as the definitions of matrix

discrepancy and hereditary discrepancy.
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An important motivation for the study of the hereditary discrepancy of matrices is
that it is related to rounding algorithms, themselves useful in approximation algorithms.
This is yet another example of how discrepancy related to questions of approximating

continuous quantities by discrete ones.

Theorem 1.1 ([93]). For any matric A € R™*", and any vector ¢ € [—1,1]", there

exists a vector v € {—1,1}" such that

||Az — Ac||co < 2herdisc(A).

This theorem related the hereditary discrepancy of A to the linear discrepancy,

defined as the worst-case error due to rounding:

lindisc(A4) £ max min  ||Az — Ac|.
ce[-1,1]" ze{-1,1}"

In these terms, the theorem shows that lindisc(A) < 2herdisc(A).

1.3.5 L,-Discrepancy

A relaxed, average notion of Lebesgue measure discrepancy has also been extensively
studied in the literature, and its importance is comparable to the worst-case discrepancy.
Given a collection of measurable subsets S of [0,1]¢, and a measure p on S, the L,

discrepancy of an n-points set P C U is

P 1/p
D, (P, 8) 2 </ ()~ s P du(S)> ,

where v is the d-dimensional Lebesgue measure.
A similar kind of average discrepancy can also be considered in the combinatorial
setting. Namely, for a set system (S,U), we define

1/p
di £ )
so® 2 i (5 s

Ses

More generally, for a non-negative weight function w S — [0, 00), not identically 0, we

similarly define

) A ) 1 » 1/p
discp,w(S) = X:Ugi%l—ll,l} (w(S) Z w(S)|x(9)] > .
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We can define herdiscy, (s, S) as the maximum of disc, ,,(S|w) over all restrictions of
S to sets W of size at most s, and herdiscy, ., (S) as herdiscy, ,(|U[,S). When w is equal
to a constant function, i.e. the weights are uniform over the sets, we use the notation
discy(S), herdiscy (s, S) and herdiscy(S).

These notions extend to matrices in the natural way.

1.4 Main Results of the Thesis

In this thesis we initiate the study of the computational complexity of central measures
of combinatorial discrepancy. Prior to our work it was known that computing combi-
natorial discrepancy ezactly is NP-hard. We prove a much stronger statement, which
essentially implies that no non-trivial approximation to combinatorial discrepancy is
possible, unless P = NP. In particular, from the work of Spencer [135], it is known
that the discrepancy of a set system of m subsets of a universe of size n is at most
O(y/nlog(2m/n)). In Chapter 2| we show that it is NP-hard to distinguish between
set systems that achieve this maximum attainable discrepancy bound up to constants,
and set systems with the minimum possible discrepancy of 0. Our results come in two
regimes: m = O(n), in which it is NP-hard to distinguish between discrepancy 0 and
discrepancy Q(y/n), and m = n¢ for a constant ¢ > 1, in which it is NP-hard to dis-
tinguish between discrepancy 0 and discrepancy Q(v/nlogn). Our main technique is a
method of composing set systems achieving asymptotically maximum discrepancy with
a set system of constant size sets which either has discrepancy 0 or a constant fraction
of the sets have nonzero discrepancy, and it is NP-hard to distinguish between the two
cases. The technique is general enough that it allows us to prove optimal hardness
results for more restricted set systems: set systems with polynomially bounded primal
shatter function, which are a subset of the systems with constant VC-dimension.

We then proceed to study the hardness of computing hereditary discrepancy. Hered-
itary discrepancy looks superficially harder than discrepancy, since it is the maximum
discrepancy over an exponentially large collection of set systems (i.e. all 2" — 1 non-

trivial restrictions of the original set system). Moreover, we do not know whether the
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problem of deciding herdisc(S) < t is in NP; it does naturally belong to IT5 in the sec-
ond level of the polynomial hierarchy. Nevertheless, the richer structure of hereditary
discrepancy can make it more tractable. A classical example of this is that set systems
of the lowest possible hereditary discrepancy 1 are exactly the totally unimodular set
systems (by [66]) and can be recognized in polynomial time, as shown by Seymour [133].
This already contrasts with the situation with discrepancy. In Chapter [2| we show that
Seymour’s result is the best possible, in the sense that it is NP-hard to distinguish
between hereditary discrepancy at most 2 and at least 3; this also implies that it is
NP-hard to approximate hereditary discrepancy by a factor smaller than 3/2 (this was
later improved to a factor 2 hardness by Austrin, Guruswami and Hastad [§]).

Then in Chapter [4] we give the first polynomial time approximation algorithm for
hereditary discrepancy. Our algorithm approximates the hereditary discrepancy of any
m x n matrix (and therefore any set system of m subsets of a size n universe as well)
within a factor of O(log?’/ 2m). Our result shows that the robustness of hereditary
discrepancy does in fact make it more tractable.

The key to our approximation algorithm is a characterization of herdisc(A4) by a
geometric quantity associated with the matrix A: the side length of the smallest cube
which contains an ellipsoid containing all the columns of A, seen as vectors in R™. We
call this quantity the ellipsoid-infinity norm of A and denote it ||A||goo. We show that
it is equal to the optimal value of a convex minimization problem, and therefore can be
computed in polynomial time using standard techniques. Because hereditary discrep-
ancy is not an NP optimization problem, coming up with a simple fractional relaxation
of it seems impossible. Indeed showing that ||A||geo gives upper and lower bounds on
herdisc(A) is challenging in both directions. We use a known bound by Banaszczyk [9)]
for a vector balancing problem to show that herdisc(A) = O(y/Iogm) - ||Al|poo. We
use convex programming duality and the Restricted Invertibility Principle of Bourgain
and Tzafriri [30] to show that ||A| e = O(logm)herdisc(A). Moreover, we can find
in deterministic polynomial time a submatrix of A on which hereditary discrepancy is
approximately maximized. An algorithm of Bansal [I1] and a vector balancing upper

bound we prove in Chapter [3] can be used to find a coloring of discrepancy at most
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O(logm) - ||A||Eeo for any submatrix of A. Here we do not quite match the best upper
bound we can prove, because Banaszczyk’s bound has so far resisted attempts to find
a constructive proof.

In the remainder of the thesis we show a number of applications of the ellipsoid-
infinity norm to fundamental questions in discrepancy theory and private data analysis.
In Chapter [6] we give new tight upper and lower bounds on the discrepancy of natural set
systems. The most prominent examples from geometry are set systems induced by axis-
aligned boxes in constant dimension, and set systems of subcubes of the Boolean cube
(i.e. axis-aligned boxes in high dimension). We also essentially determine the hereditary
discrepancy of homogeneous arithmetic progressions; doing the same for the discrepancy
remains a challenging open problem, known as the Erdos discrepancy problem. These
results use a number of favorable properties of the ellipsoid infinity norm proved in
Chapter |5 e.g. that it satisfies the triangle inequality and is multiplicative with respect
to tensor products. We use these properties, and the fact that the ellipsoid-infinity
norm approximates hereditary discrepancy, to deduce the new upper and lower bounds
from bounds for simpler set systems, which are easy to compute.

Then, in Chapter [7] we apply the ellipsoid-infinity norm and discrepancy theory to
problems in private data analysis. We study the popular model of differential privacy,
which is applicable to computing aggregate queries on databases that contain the per-
sonal information of many individuals. Differential privacy requires that the algorithm
that computes the query answers behave almost identically after adding or removing
individuals to the database. Differential privacy provides strong semantic guarantees:
it implies, for instance, that the cost (i.e. any notion of privacy risk measured by a non-
negative utility function) is not increased significantly by participating in the database.
These strong guarantees come at the price of sacrificing exact query answers. Indeed,
this is inevitable: Dinur and Nissim [48] have shown that answering any large enough
set of a simple class of queries, called counting queries, with too much accuracy allows
an adversary to recover almost the entire database, clearly violating any sensible notion
of privacy. We start our investigation of differential privacy by giving a discrepancy

theory viewpoint of this kind of reconstruction attack. We show that any algorithm that
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answers a set of counting queries with error less than (an appropriate variant of) the
hereditary discrepancy of an associated matrix allows a reconstruction attack. In par-
ticular, such an algorithm violates differential privacy, showing that the necessary error
for answering counting queries under differential privacy is bounded from below by (a
variant of) the hereditary discrepancy. On the other hand, we use the ellipsoid infinity
norm to show that there exists a simple efficient differentially private algorithm that
answers any set of counting queries with error not much more than the hereditary dis-
crepancy of the associated matrix. This exhibits an interesting threshold phenomenon:
on one hand, error less than the discrepancy allows a dramatic breach of privacy in
the form of a reconstruction attack; on the other hand, a simple efficient algorithm
has error only slightly more than the discrepancy. Our results extend the results of
Hardt and Talwar [78], who considered a stronger notion of privacy than we do; more
importantly, our algorithms are more efficient and hopefully will be practical. Since we
characterize the necessary and sufficient error to achieve differential privacy for any set
of counting queries in terms of discrepancy, we can use the results from Chapter [0] to
give nearly tight upper and lower error bounds for some natural sets of queries, such as
range queries and marginals. We also use the discrepancy-based reconstruction attacks
to prove tight lower bounds on error in a stronger model of privacy, pan-privacy, that
applies to streaming algorithms and requires that the memory state of the algorithm
itself be private. Even for simple queries, the state of the algorithm can be used to
answer many counting queries, allowing us to use a reconstruction attack.
Unfortunately, the nearly optimal algorithm from Chapter[7]may not be usable when
the database size is much smaller than the number of queries. In this case, the error
of our algorithm may exceed the database size, i.e. the algorithm provides only trivial
error guarantees. Nevertheless, it has long been known that it is possible to reduce the
error under the assumption that the database is small, and in fact non-trivial error is
achievable unless the number of queries asked is exponentially large in the size of the
database. Indeed, the reconstruction attacks that prove the optimality of our algorithm
in Chapter [T use databases of size at least the number of queries, and are invalid if the

database is smaller. In this context, it would be desirable to have an efficient algorithm
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whose error is optimal for any pair of query set and database size bound. We achieve
such a guarantee, but with respect to a weaker average measure of error. Our main
algorithmic tool is sparse regression: we post-process the output of an algorithm very
similar to the one in Chapter [7] by performing a regression step to enforce the constraint
that the query answers must be consistent with the small database size bound. Via a
geometric argument we show that this post-processing step indeed reduces the error.
We then show that the reduced error is in fact nearly optimal, by giving a variant
of the discrepancy-based reconstruction attacks that only uses small databases. To
prove optimality we also need to extend our analysis of the ellipsoid infinity norm from
Chapter

In Chapter [9] we show an interesting connection between our work on differential pri-
vacy and communication complexity. Since we have shown that approximate answers to
a set of queries allow a reconstruction attack via discrepancy, we can use Fano’s inequal-
ity to give a lower bound on the mutual information between a random database and
any random variable that allows giving approximate query answers. As an application
we give a new proof of Woodruff’s one-way distributional communication complexity
lower bound for approximating hamming distance under the uniform distribution [151].

We conclude the thesis with directions for future work. We outline some connections
between problems in computer science and discrepancy theory that seem promising: in
particular we outline a discrepancy theory view of expander graphs, compressed sensing,

and rounding algorithms for hard combinatorial optimization problems.

1.5 Basic Notation

We use the notation [n] for the set {1,...,n}.

We denote matrices by capital letters, for example A € R™*™ is an m by n real
matrix; matrix entries are denoted as lower case letters, for example for the matrix A,
a;; is understood to be the entry in the i-th row and j-th column. We use the standard
notation [|z|, for the £; norm of a vector x € R", i.e. ||z, = (321, |xi]p)1/p. Moreover,

the ¢2 norm is, as usual, defined as ||z|loc = max]_; |z;|.
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The tensor product (or Kronecker product) A ® B of two matrices A € R™*" and
B € RP*? is a matrix whose rows are indexed by [m] x [p], columns are indexed by
[n] x [¢], and the entry corresponding to pairs (i,k), (j,1) is defined as the product
Ak, (1) = @ijbr. This is a matrix representation of the tensor product of the linear
operators represented by A and B, with the basis of the image and domain of A ® B
chosen in the natural way using the corresponding bases of the image and domain of A

and B. In block representation, A ® B is

auB algB s alnB
A® B =

am1B  amaB - ampB

For a matrix A, we use 0;(A) to denote the i-th largest singular value of A. The
notation X > 0 (respectively X > 0) means hat X is positive semidefinite (resp. positive
definite). The notation X > Y means that X —Y = 0, i.e.X dominates Y in the positive
semidefinite (PSD) sense.

We will use the term set system for a pair (S,U), where § is a family of subsets
of the universe U. When there is no ambiguity, we will often denote the set system
simply by S. The degree Ag(e) of an element e € U is the maximum number of sets in
S to which e belongs, i.e. Ag(e) = ||{S € S: e € S}|. The maximum degree of the set
system S is Ag = max.cy As(e).

For a set system (S,U), where S = {S1,...,Sn}and U = {ey, ..., e, }, the incidence
matriz A of the set system is defined by

1, e €5;
Ai]’ =

0, otherwise

In other words, the i-th row of A is the indicator vector of S;.
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Chapter 2

Computational Hardness

2.1 Overview

One of the corner-stone results of combinatorial discrepancy theory is Spencer’s Six
Standard Deviations Suffice theorem. Using the probabilistic method, it is easy to see
that for any set system S of m subsets of a universe of size n, a random coloring
achieves disc(x,S) = O(y/nlogm) with very high probability. Qualitatively, Spencer’s
theorem shows that when m = O(n) we can do much better, and the y/logm term is

unnecessary. We state this result next.

Theorem 2.1 ([I35]). For any set system (S,U) with |S| =m and |U| = n, disc(S) =
O(y/nlog 22).

Moreover, Spencer showed that when m = n, the constant in the asymptotic nota-
tion is at most 6, which gives the name of the paper. Besides Spencer’s proof, several
others are known: an independent geometric proof by Gluskin [70], a simplification
of Gluskin’s proof by Giannopoulos [67], and a simplification of Spencer’s proof using
an entropy argument, due to Boppana (see [6l Chap. 13]). However, all of the above
mentioned proofs crucially use a pigeonhole argument with an exponential number of
pigeons and holes, and therefore they do not easily yield efficient algorithms. Until
recently, it was not known whether any efficient algorithm can find a coloring matching
Spencer’s discrepancy bound, given a set system is input (and in fact Spencer con-
jectured otherwise). By contrast, the sub-optimal random coloring argument yields a
trivial randomized algorithm, and can be derandomized using standard techniques (see
e.g. [41] for details). Nevertheless, in a breakthrough paper, Bansal [11] showed that

there is an efficient algorithm to find a coloring matching Spencer’s bound.
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Theorem 2.2 ([11} 13]). There exists a deterministic polynomial time algorithm that,
on input a set system (S,U) with |S| =m, |U| =n, and m = O(n), outputs a coloring

X : U — {—1,1} such that disc(x,S) = O(y/n).

Bansal used the key technical lemma from Spencer’s proof as a black box. Follow-
ing his work, Lovett and Meka [95] and Rothvofl [129] gave completely constructive
arguments of Spencer’s theorem.

Bansal’s algorithm gives a coloring with discrepancy that matches (within constants)
the worst case discrepancy for all set systems with m = O(n) sets. This left open the
question: Can we achieve discrepancy bounds tailored to the optimal discrepancy of the
input instance instead of the worst case discrepancy over all instances? In particular,
can we get better guarantees for discrepancy if the optimal discrepancy for the input
instance is small? Given that the existence of an efficient algorithm for achieving worst
case discrepancy was open until recently, it is not surprising that very little is known
about these questions.

In this chapter, we show strong hardness results that rule out any better discrepancy
guarantees for efficient algorithms. We show that from the perspective of computational
efficiency, Bansal’s results are tight for general set systems. Specifically, it is NP-hard
to distinguish between set systems of discrepancy 0, and set systems of discrepancy
Q(m) This means that even if the optimal solution has discrepancy zero, we
cannot hope to efficiently find a coloring with discrepancy o(y/n). The proof goes via
composing a family of high discrepancy set systems with a family for which it is NP-
hard to distinguish instances with discrepancy zero from instances in which a constant
fraction of the sets have discrepancy €2(1). The composition amplifies this zero versus
Q(1) gap.

The methods are general enough that we also obtain a similar theorem for set sys-
tems with bounded shatter function. For such set systems, we show that the upper
bounds due to Matousek [99] are tight. The proof for this latter result involves using
high discrepancy set systems that have bounded shatter function in the composition,
and proving that the resulting set system also has bounded shatter function. Thus,

our methods suggest a general framework where we can obtain computational lower
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bounds for computing the discrepancy on other restricted set systems. In particular,
our composition consists of two main steps that need to be tailored to a specified type
of restricted set system: (i) plug in a lower bound (i.e. high discrepancy) instance
for a set system with certain specified properties, and (ii) show that the final set sys-
tem maintains these specified properties. If these two steps can be carried out, the
discrepancy of the lower bound instance will be translated to computational hardness
of distinguishing between discrepancy zero and discrepancy equal to that of the lower
bound instance.

We finish the chapter with a constant hardness of approximation result for hereditary
discrepancy, which complements the approximation algorithm presented in Chapter [4
Subsequent to publication, this result has been improved by Austrin, Guruswami and

Hastad [§].

2.2 Preliminaries

In the proof of our hardness result, we show that using a strong discrepancy lower bound,
we can amplify a small hardness of approximation gap. The strong discrepancy lower
bound is a lower bound on a slight relaxation of discrepancy in which we allow “coloring”
with slightly larger numbers than 4+1. The problem that gives a small hardness of
approximation gap for discrepancy is the MAX-2 — 2-SET-SPLITTING problem, closely
related to NAE-SAT. We introduce both ingredients in this section.

The relaxation of discrepancy we use is called b-bounded discrepancy, and is defined

for a set system (S,U) over a universe U and a positive integer b as follows:

discl?!
isc, (S) = m)gn réleaéi Z x(e

where x ranges over x : U — {—b,...,b} such that |[{e : x(e) # 0} > ¢|U|. We
observe that, similarly to discrepancy, discl (S) is equal to the quantity

discy(4) £ min || Az|o,

for A € R™ " the incidence matrix of S and z ranging over vectors in {—b,...,b}"

such that [{i : z; # 0} > ¢n.
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Next we define the MAX-2 — 2-SET-SPLITTING problem.
MAX-2 — 2-SET-SPLITTING
Input: A set system (S,U), where each set S € S contains exactly 4 elements.
Output: A coloring x : U — {—1,1} such that {S € S: > .gx(e) = 0} is maxi-
mized.

The following hardness result is due to Guruswami. The observation that we may
assume that any universe element in a hard instance belongs to a bounded number of

sets was made in [36].

Theorem 2.3 ([75]). There exists a positive integer B such that for any ¢ < % the
following holds. Given an instance (S,U) of MAX-2—2-SET-SPLITTING with maximum

degree As < B, it is NP-hard to distinguish between the following two cases:
Completeness disc(S) = 0;
Soundness Vx : U — {—1,1} [{S€S8:)>  cqx(e)#0} > om.

An immediate consequence of Theorem [2.3]is that it is NP-hard to decide whether
the discrepancy of a set system is 0. However, we prove a stronger result in the next
section.

For some of our hardness results we need to use the well-known notion of 4-wise
independent sample spaces. We give a definition and a basic existence and construction

result next.

Definition 2.1. A set S C {—1,1}", |S| = m, is a k-wise independent sample space

on {—1,1}" if for each set T C [n] of size at most k, and each vector b € {—1,1}T,
{zeS:x;=0b VieT} =m27"

For any constant k, k-wise independent sample spaces can be constructed in deter-
ministic polynomial time. The following result is due to Alon, Babai, and Itai [3], and

an exposition is also given in [6].

Lemma 2.1 ([3]). For any natural number k and any n = 2t — 1, there ewists k-wise

independent sample space S on {—1,1}" of size 2(n + 1)*/2). S can be constructed in

deterministic polynomial time in n*.
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2.3 Hardness for Arbitrary Set Systems

To carry out our NP-hardness reduction, we need to be able to construct instances of
set systems with high discrepancy reasonably efficiently. The next two lemmas gives

such constructions for the regimes m = O(n) and m = w(n).

Lemma 2.2. There exists a deterministic algorithm that, for any n = 2* for a positive
integer k, outputs in time polynomial in n a set system (S,U) such that |S| = |U| =n

and discg)] (S) > %\/gbn for any positive integer b and any positive ¢.

Proof. Let H be the n x n Hadamard matrix, i.e. a matrix H € {—1,1}"*" such that
HTH = nl. Such matrices are known to exist for each n = 2¥ and can be constructed
in time O(nlogn). We let U = [n]| and let S be the system whose incidence matrix

is A = %(H + J), where J is the n x n all-ones matrix. Let us fix an arbitrary

x€{=b,...,—1,1,...,b}" such that [{i:x; # 0}| > ¢n. We have
1 1 < 1 1
Azl > L Hle — 51D 2l > S|l — 3 Axl
i=1

The first inequality follows from the triangle inequality, and the second from the fact
that the all-ones vector is one of the rows of A. It follows that [|[Az|s > 3||Hz s
Since H is a Hadamard matrix, and using the relationships between the £ and £

norms, we have

1 1
Hallow > ol Halls = ZoV/aTHTHE = o2 > \/én.

The last inequality follows because for at least ¢ fraction of the coordinates i, |z;| > 1.

Because x was arbitrary, we have discg:] (S) = discg;] (A) > 1/n, as desired. O

The following lemma is well-known.

Lemma 2.3. Let s € {—1,1}" be picked uniformly from a 4-wise independent sample

space. Then, for any vector x € R"”,

Prll(s, )| > allell] > 3(1 - a?)?
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Proof. Let z = |(s,x)|>. We need to show that z > o?||x||3 with probability at least
%(1 — a?)2. Because s is sampled from a 4-wise independent sample space, Ez = ||z||3.

Also, we can upper bound the second moment of z as follows:
n n—1 n
B2 =Y 2} +6) Y afa} =3|eli - 2ol < 3Jlz)2*,
i=1 i=1 j=i+1

Then, by the Paley-Zygmund inequality,

Pr[z > o?||z|3] = Pr[z > o’Ez] > (1 — o?)?
This completes the proof. O

The next lemma (i.e. the bounded discrepancy lower bound for m = w(n)) was
(essentially) proved for b = 1 by Rabani and Shpilka, and it is easy to see that their
proof can be adapted to any b. We describe their construction and the (modified)

analysis here for completeness.

Lemma 2.4 ([121]). There exists a deterministic algorithm that, for any positive integer
k, outputs in time polynomial in n = k(2¥ — 1) a set system (S,U) such that |U| = n,
|S| = O(n?/log®n), and discg)] (S) = Q(¢*/2/nlogn) for any positive integer b.

Proof. Let S € {—1,1}™0X"0 be a matrix whose rows form a 4-wise independent sample
space, and one of the rows is the all-ones row. By Lemma we can take mo = 22k+1
and ng £ 2% — 1. Let ¥ be the matrix whose rows form the set {—1,1}*, and define
the matrix M € {1, 1}2km0Xk”0 as the tensor product M £ ¥ ® S. Moreover, for
o € {—1,1}*, define the mg x kng matrix M? = 0T ® S. Clearly, the rows of M are the
union of the rows of M7 over all o € {—1,1}%.

Then, the set system (S, U) is the one with incidence matrix A = (M + J), where
J is the n x n all-ones matrix. By construction, |U| = k(2¥ — 1) and |S| = 231, as
required.

It remains to verify that discgf] (S) = disc([;:](A) = Q(¢%/?/nlogn). To this end,
let us fix an arbitrary = € {—b,...,b}", such that [{i : x; # 0}| > ¢n. As in the

proof of Lemma [2.2] because A contains the all-ones row, it suffices to prove | Mz (s =

Q(qb?’/?\/nlog n). Let us write = e; @ ' 4 ... + e, ® 2¥, where ¢; is the t-th standard
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basis vector in R* and each z! is a vector in R™. Pick s to be a uniformly random row
from S, and define X (¢) to be the indicator random variable for the event {|(s,x!)| >

llz'[l2}. By Lemma EX(t) > §—§, and, by linearity of expectation,

k k k
1 26
ED " I(s,ah)] > gllxtlleX(t) > 36 > Il
t=1 t=1 t=1

Therefore, by averaging, there exists a row s* = S;, of S so that Zle (st zt)| >
g—z Zle |zt||2. Define o € {—1,1}* by o, = sign({s’,z')). By construction of M, we
have

[Mz|oo > |M7 ]l >

k
Z oy(s', xt)
t=1

To complete the proof we need to lower bound Zle |zt]]2. Let T be the set of block

i 28 &
=> s’ ah)] > gz ]2 (2.1)
t=1

t=1

indexes t such that [{(t — 1)ng +1 < i < tng : x; # 0} > ¢no/3. Observe that
|T| > 2¢k/3; indeed, otherwise the number of zero coordinates of x would be at least

2 1

(1-Z0)1 -

3 P)nok > (1 — ¢)nok = (1 — ¢)n,

contradicting our choice of z. For any t € T, ||xt||2 > /éno/3, and

k

2v3 2v/3
S lletlle = 3l > 222y = 2302 v,
t=1

teT

Since the choice of = was arbitrary, together with (2.1)) this completes the proof. O

The following question, which asks for an improvement of the above construction,

appears to be open.

Question 1. Is there a deterministic polynomial time algorithm which, for infinitely
many n and any constant ¢, constructs a set system (S, [n]) such that |S| = O(n'**) and
disc(S) = Q(nlogn). Note that such set systems exist, by a randomized construction,
and Lemma can be modified to give a construction of set systems of size |S| =
O(n?*¢) for any c and disc(S) = Q(nlogn).

As a warm-up, we prove an easier hardness result for discrepancy of matrices with
bounded integer entries. An additional trick allows to make the hard matrix binary
(and therefore an incidence matrix of a set system) by blowing up the number of rows

slightly.
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Theorem 2.4. There exists a constant B, such that for matrices A € {0, ..., B}O(”)X”
it is NP-hard to distinguish between the cases (1) disc(A) = 0 and (2) disc(A) =
Q(y/n). Moreover, for matrices A € {0,...,B}O(”3)X", it is NP-hard to distinguish
between the cases (1) disc(A) =0 and (2) disc(A) = Q(v/nlogn).

Proof. We prove the theorem by reduction from MAX-2 — 2-SET-SPLITTING. We give
the proof of the first statement, and the second follows analogously. Let (Sp,U), |U| =
n, be an instance of MAX-2 — 2-SET-SPLITTING with maximum degree Ags, < B; we
have mg £ |Sp| < Bn. Moreover, we can assume that mg is a power of 2, by adding
at most Bn new elements, each appearing in a unique singleton set. Let Ay be the
incidence matrix of the resulting set system. Let (S1,U;) be the set system output
by the algorithm in Lemma for k = logy |So|, and let A; be its incidence matrix.
The reduction outputs the matrix A = A; Ag. It is clear that this is a polynomial time
reduction, and that A has mg = O(n) rows. Since each column of Ay has at most B

ones, the entries of A are non-negative integers bounded by B. It remains to analyze

disc(A).

Completeness When disc(Sp) = 0, there exists an x € {—1, 1}" such that Apx = 0, and therefore

Az = A1(Apz) = 0, and disc(A4) = 0.

Soundness If for all x : U — {-1,1}, {5 € Sp : > .cqgx(e) # 0} > ¢my, then for any
xe{-1,1}", Aoz € {—4,-2,0,2,4}™0, and [{i : (Aoz); # 0}| > ¢mg. Then, by
the definition of 4-bounded discrepancy,

disc(A) = xe{rgilnl}n | A1 (Aoz) |00 > disc[;l (A1) = Q(v/n).

Since, by Theorem it is NP-hard to distinguish between the Completeness and
Soundness cases for MAX-2 — 2-SET-SPLITTING instance with maximum degree B, the

first part of the theorem follows. The second part is proved analogously, by using the

set system from Lemma as (S1,Uy). O

To adapt the reduction above to output a set system (or equivalently, a binary

matrix), we need a simple technical lemma, stated and proved next.
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Lemma 2.5. Let (S,U) be a set system with mazimum degree As. Then S can be
partitioned in polynomial time into at most Ag + 1 parts, each of which is a set system

with mazimum degree 1, i.e. no two sets share an element.

Proof. Construct a graph G = (V, E), where each vertex in V is associated with one
set in § and there is an edge between two vertices in V' if the associated pair of sets
have a non-empty intersection. Each vertex in V has degree at most Ag, and therefore
G can be colored with at most Ags + 1 colors in polynomial time using the standard
greedy algorithm. The color classes partition V into As + 1 independent sets, where
each independent set is associated with a collection of pairwise disjoint sets from S.
Therefore, we can partition S so that each part is the union of the vertices associated

to a color class of vertices in V. O

We are now ready to prove our main result.

Theorem 2.5. Given a set system (S,U) with |S| = m, |U| =n and m = O(n), it is
NP-hard to distinguish between the cases (1) disc(S) = 0 and (2) disc(S) = Q(/n).
Moreover, given a set system (S,U) with |S| = m, |U| = n and m = O(n3), it is NP-

hard to distinguish between the cases (1) disc(A) =0 and (2) disc(A) = Q(y/nlogn).

Proof. Once again we prove the first statement, and the second statement (after “More-
over”) follows analogously. Again, we use a reduction from MAX-2 — 2-SET-SPLITTING.
Let (Sp,U), |[U| = n, and Ap be as in the proof of Theorem Let, furthermore,
(81, U1) again be the set system output by the algorithm in Lemma for k = log, |Sol,
and let A; be its incidence matrix. By Lemma So can be partitioned into B + 1
parts, each part consisting of disjoint sets; let us call the parts S&, e é3 +1 Let us
write Ag = AJ + ... + Aég 1 where Al is a matrix whose non-zero entries form an
incidence matrix for S§. In other words, A} is the projection of Ay onto the rows
corresponding to the sets in . The reduction outputs the union of the set systems
St ... S8BT where S is the set system with incidence matrix A® = A; Af.

It is clear that this is a polynomial time reduction, and that S has (B+1)mg = O(n)

sets. Since each column of A for each ¢ has at most a single 1, the entries of each A’
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are binary, and therefore each A is indeed an incidence matrix. It remains to analyze

disc(S).

Completeness When disc(Sp) = 0, there exists an z € {—1,1}" such that Ajz = 0 for all ¢,
and therefore Az = Aj(Alz) = 0 for all ¢. Since disc(S) = max?! disc(S') =

max? ! disc(A?), we have disc(S) = 0.

Soundness If for all x : U — {—1,1}, [{S € Sp : > _.cqx(e) # 0}| > ¢my, then for any = €
{=1,1}", Aoz € {—4,-2,0,2,4}™0, and [{i : (Aox); # 0} > ¢mo. But Agz =
Zf: 1 Az, and each ALz is a projections of Agx onto a coordinate subspace.

Therefore, by averaging, there exists a ¢ such that |{i : (Ahz); # 0} > %ﬂ¢mo.

Then, by the definition of 4-bounded discrepancy,
. . . 4
disc(A) = _min_ |41 (402) | = discy) 1) (41) = Av).

As noted in the Completeness case, the discrepancy of S is at least as large as

disc(8?) = disc(A?), and therefore, disc(S) = Q(y/n) in this case.

Since, by Theorem [2.3] it is NP-hard to distinguish between the Completeness and
Soundness cases for MAX-2 — 2-SET-SPLITTING instance with maximum degree B, the

first part of the theorem follows. The second part is again proved analogously, by using

the set system from Lemma as (S1,Uq). O

2.4 Hardness for Set Systems with Bounded Shatter Function

For some special classes of set systems there exist bounds that improve on the guarantees
of Spencer’s theorem. For example, Matousek [99] showed improved discrepancy bounds
for set systems whose shatter function is polynomially bounded. Such set systems arise
frequently in computational geometry and computational learning theory. Moreover,
Matousek’s bounds can be made constructive using the work of Lovett and Meka [95]. In
this section, we show tight inapproximability results for the discrepancy of set systems
with polynomially bounded shatter function. They are proved using the same approach

that was used for proving Theorem
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Let (U,S) be a set system on n = |U| elements and m = |S| sets. Given W C U,

recall that the restriction of S to W is S|y ={SNW : S € S}.

Definition 2.2. The primal shatter function 7s(s) of S evaluated at s is equal to the

mazximum number of distinct sets in any restriction S|y to a set W of size |[W| = s.

Matousek [105] proved that for set systems (U, S) such that 75(s) = O(s?), herdisc(S) =
O(n!/?=1/24) The proof relies on the entropy lemma; since Lovett and Meka [95] gave
a constructive version of the lemma, MatousSek’s bound can be proved constructively

as well. We show that this is essentially best possible.

Theorem 2.6. Given a set system (U,S), with |[U| = n and ws(s) = O(s%), it is
NP-hard to distinguish between the cases (1) herdisc(S) = 0, and (2) herdisc(S) =
Q(nl/zfl/Qd).

2.4.1 Generalizing Alexander’s Bound

One of the main ingredients in the proof of Theorem [2.5is a family of high discrepancy
set systems: in the m = O(n) regime this was the Hadamard set systems, which are a
tight example for Spencer’s theorem. Analogously, in the proof of Theorem [2.6] we use a
family of high discrepancy set systems with polynomially bounded shatter function. The
family consists of systems of sets defined by halfspaces. The discrepancy lower bound
for such set systems was proved by Alexander [2]. We present the result as it appears
in Chazelle [41]. We need to extend the original result to b-bounded discrepancy, which
we do via the proof technique introduced in [40].

We first need to introduce a new definition. For a set P of points in R?, let A(P) =
maxy yev || — yl|2, and, similarly, §(P) = ming yep ||z — y|[3. Le. A(P) is the diameter

of P and §(P) is the distance between the closest pair of points.
Definition 2.3. A set P of n points in R? is c-spread if A(P)/5(P) < en'/4,

Observe that the set of vertices of a regular grid inside a d-dimensional cube is
1-spread.

The following simple fact will be useful in the proof of Theorem
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Lemma 2.6. Let P be a c-spread set of n points in R, If W C P and |W| > ¢n, then
W is (¢c/¢"?)-spread.

Proof. Since A(W) < A(P) and §(W) > dpin(P), A(Y)/5(Y) < A(P)/§(P) < en'/,

By |W| > ¢n we have en!/? < ﬁ\W\l/d, and this completes the proof. O

We can now state the generalized version of Alexander’s lower bound.

Lemma 2.7. Let P be a O(1)-spread set of n points in RY, and let S be the set system
induced by closed halfspaces on P. Then, disc([f] (S) = Q(n'/2=1/24) for all constant b
and ¢.

Proof. First we give a lower bound on disc[lb] (S) for every constant b, and then we
deduce the lower bound for every constant ¢ via Lemma The bound on disc[lb} (S)
follows from a small modification of the argument in [40]. We sketch the modification,
following Section 3.3. of Chazelle [41].

First, we introduce notation that closely follows Chazelle’s. Let P be a well-spread
point set in R%, and let v = (v1,0,...,0) be a vector in R?, where v; is a small real
number to be specified later. We consider a union of P with ¢ = [d/2] + 1 copies of
itself, each translated by a multiple of v:

t
P, = (P+jv).
=0

Fix an assignment x : P — {£1,...,£b}. The coloring is extended to P, as follows:

xo-+0) = (17 () o)

For a hyperplane h, let hT denote the closed halfspace above h, i.e. the halfspace
bounded by h that does not contain the origin. Let D(h) denote the discrepancy of
h* N P, and let D,(h) denote the discrepancy of h™ N P, with respect to the extended
coloring. Consider a cube that encloses P, and pick a random hyperplane through the
cube according to the measure on hyperplanes invariant under rigid motion. By aver-
aging, E[D(h)?] > max; D(h)?, where the expectation is taken over picking a random

hyperplane as described above. Chazelle [41] shows that
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The next step in the proof is to bound E[D,(h)?] from below. Define a weight function
G(p.q) as

S (V)P —a+ vl ifp g,

G(p,q) =

—(* D)ol if p=gq.

Chagzelle further proves the following facts:

E[Dy(h)?] = = Y x(p)x(9)G(p, q); (2.2)
p,qeX

> |G (@, y)| = O(||v|*nt D/, (2.3)

T#Y

All the statements so far are independent of the range of the assignment function Yy.
Next we show how to modify the proof in order to accommodate the larger domain of
assignments.

We separate the cross terms in the expression for E[D,(h)?], and show that
even if the points in P are assigned colors from {£1,42,...,+b}, the cross terms are
dominated by the remaining terms. Note that for any p,q € X, |x(p)x(q)| < b?, and
x(p)? > 1. Then,

E[Dy(H)?| == x(p)*G(p,p) = > x()x(9)G(p, q)
p

pF#q

> — ZGpp — ") |G(p,q)|

p#q
By the definition of G(p,q), and the bound ([2.3)), we have

E[Dy(h)?] = Q(nllv]| — 0?|lv|**n!*E=0/),

Setting ||v]| = en~'/? gives E[Dy(h)?] = Q((c — b*c*)n'~1/4). Choosing ¢ small enough
so that ¢ > b?c? completes the proof of disc[lb} (S) = Q(n!/2-1/2d),

It remains to deduce the lower bound for constant ¢ < 1. Observe that disc([s} (S)

is equal to the minimum of disc[lb] (Slw) over all W C P of size |W| > ¢n. Since every
such W is O(1)-spread by Lemma and S|y is equal to the set system induced

1/2—1/2d)‘

by closed halfspaces on W, we have disc[lb} (Slw) = Q(n This completes the

proof. O
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It is a well known fact that a set system (P, S) of halfspaces in R? has s(s) = O(s%)

(see e.g. [105]). Thus, such set systems are a tight example for Matousek’s upper bound.

2.4.2 The Reduction

Our proof of the hardness of approximating discrepancy on set systems with polynomi-
ally bounded shatter function follows the structure of the proof of Theorem The
two key steps in the proof of Theorem are using systems of halfspaces instead of
Hadamard set systems, and showing that the shatter function of the final construction

is bounded by O(s?). The following lemma is helpful in achieving this second goal.

Lemma 2.8. Let Sy be a set system of pairwise disjoint sets, with incidence matrix
Ag € R™*", Furthermore, let Sy be a set system such that s, (s) = O(s?), and let
Ay € R"™ ™0 be its incidence matriz. Then the set system S with incidence matrix

A = Ay Ag has shatter function T5(s) < s, (s) = O(s?).

Proof. Assume without loss of generality that the ground set of Sy is [n], and fix W
to be an arbitrary subset of [n] of size s. Let, furthermore, X be the subset of [mg]
indexing the non-zero rows of Ay. Clearly, Aw = (A14o)w = (A1)x(Ao)x,w, where
(Ao)x,w is the restriction of Ay to rows indexed by X and columns indexed by W.
Moreover, |X| < s because each column of Ay has at most a single nonzero entry.
Then, (A1)x has at most 7g, (s) distinct rows, and, therefore, Ay = (A1) x(Ao)xw

has at most as many distinct rows as well. O

Proof of Theorem [2.6. Let (Sp,U), |U| = n, be an instance of MAX-2—2-SET-SPLITTING
with maximum degree at most B and mg = |Sp| < Bn sets. Furthermore, let (S, P)
be a set system induced by all closed halfspaces on a O(1)-spread point set P of size
|P| = mg. Let Ap and A; be the incidence matrices respectively of Sy and S;. Using
Lemma we partition Sg into B 4 1 set system S&, . ,S(])BH, each consisting of
pairwise disjoint sets. As in the proof of Theorem we write Ag = A} +...+ AOB +
where A} is the projection of Ay onto the rows corresponding to sets in S§. Then the
reduction outputs the union S of the set systems S',...,SBT!, where S is the set

system with incidence matrix A" = A; A}.
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The analysis of completeness and soundness is analogous to the analysis in Theo-
rem but substituting Lemma for Lemma It remains to prove that S has
shatter function bounded as 7s(s) = O(s%). From the definition of 75(s) and the union

bound, it is immediate that
ms(s) < Y mei(s),
t=1

so it suffices to show that for any ¢, ms:(s) = O(s?). This last bound follows from

Lemma 2.8 and this completes the proof. O

2.5 Hardness of Approximating Hereditary Discrepancy

While no non-trivial approximation to discrepancy is possible (unless P = NP), we will
see in Chapter {4] that hereditary discrepancy admits a polylogarithmic approximation.
Here we show a complementary negative result: approximating herdisc better than a

factor of 3/2 is NP-hard.

Theorem 2.7. Given a set system (S,U), it is NP-hard to distinguish between the two
cases (1) herdisc(S) < 2 and (2) herdisc(S) > disc(S) > 3.

Theorem implies that it is NP-hard to decide if a set system has hereditary
discrepancy 2. By contrast, there exists a polynomial time algorithm that recognizes
matrices (and therefore set systems) with hereditary discrepancy 1. Matrices with
hereditary discrepancy 1 are exactly the totally unimodular matrices [66], and an effi-
cient algorithm for their recognition was given by Seymour [133].

The proof of Theorem [2.7) is a straight-forward reduction from the 2-colorability
problem for 3-uniform set systems. Recall that a set system is r-uniform if all sets in

it have size r. We also have the following definition.

Definition 2.4. A set system (S,U), is 2-colorable if and only if there exists a set
T C U such that for all S € S, SNT # ) and SNT # S. The set T is called a

transversal of S.

The hardness of deciding whether a 3-uniform set system is 2-colorable follows from

Schaefer characterization of the hardness of binary constraint satisfaction problems.
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Lemma 2.9 ([I30]). There exists a family of 3-uniform set systems such that deciding

whether a set system in the family is 2-colorable is NP-complete.

Given the lemma, the hardness reduction for hereditary discrepancy is straightfor-

ward.

Proof of Theorem [2.7. The proof is a reduction from the problem of deciding if a 3-
uniform set system is 2-colorable. We show that a 2-colorable 3-uniform set system has
hereditary discrepancy at most 2, while a set system that does not have a transversal

has discrepancy at least 3. Then the theorem follows from Lemma [2.9

Completeness If a 3-uniform set system (S, U) is 2-colorable, this is witnessed by a transversal
T C U. We define a coloring by x(e) = 1 if e € T, and x(e) = —1 otherwise.
This coloring witnesses disc(S|w) < 2 for any W C U. Indeed, because T is a
transversal, any .S € § has at most two elements given the same color by x. This

clearly holds for any subset of S as well, and, therefore, |x(S N W)| < 2.

Soundness If a 3-uniform set system (S, U) is not 2-colorable, then for any x : U — {—1,1},
disc(S, x) > 3. Indeed, if there exists a coloring such that disc(S, x) < 2, then

T 2 {eecU:x(e) =1} forms a transversal.
O

We remark that subsequent to publishing this result, Austrin, Guruswami and
Hastad [8] have shown an improved hardness of 2 — ¢ for any ¢ > 0. A factor of
two is a matural barrier for techniques used here and in that work, where in the low
discrepancy case, the same coloring works for all restrictions of the set system. Giving
either a constant factor approximation to hereditary discrepancy or a super-constant

hardness result remains an open problem:

Question 2. Can hereditary discrepancy be approximated within some fized constant

in polynomial time?
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Chapter 3

Vector Discrepancy and the Komlés Problem

3.1 Overview

Vector discrepancy is a convex relaxation of discrepancy, and an important tool in con-
structive discrepancy minimization. Unlike discrepancy, vector discrepancy is efficiently
computable, since it is a convex minimization problem. We shall also see in subsequent
chapters that vector discrepancy is key in designing efficient approximation algorithms
for hereditary discrepancy, and has an interesting relationship with differential privacy.

In this chapter we lay out the background for these results. We define vector discrep-
ancy and review an important result of Bansal that relates hereditary vector discrepancy
and hereditary discrepancy. Bansal’s result reduces approximating hereditary discrep-
ancy to approximating hereditary vector discrepancy. However, to have any hope to
approximate the latter, we need an upper bound. The main new result of this chapter is
a solution to a vector discrepancy analogue of the Komlds problem, which will be used
in Chapter [4] to give near tight upper bounds on hereditary vector discrepancy. Our

upper bound on vector discrepancy uses strong duality for semi-definite programming.

3.2 Definition and Relationship with Hereditary Discrepancy

Let (S,U) be a set system. Vector discrepancy is defined analogously to discrepancy,

but we “color” U with unit n-dimensional vectors rather than +1:

> xle)

ecS

vecdisc(S) &  min  max
x:U—Sn—1 Se8

)

2

where S?~! is the unit sphere in R". Hereditary vector discrepancy is also defined

analogously, i.e. hvdisc(S) = maxyy cy veedisc(S|w ).
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Like discrepancy, vector discrepancy generalizes to matrices A € R™*™:

UL, Un €SP =1

vecdisc(A) £ min  max HZ Ajju; H2
j=1

Notice that when A is the incidence matrix of S, the definitions agree, i.e. vecdisc(S) =
vecdisc(A). The corresponding notion of hereditary vector discrepancy of matrices is
hvdisc(A) = max jc, hvdisc(A;). For the rest of the chapter we shall focus on vector
discrepancy for matrices, since this is the more general notion.

Vector discrepancy can be equivalently defined as the optimal value of a convex
program. In particular, vecdisc(A)? can be written as the optimal solution to the

semidefinite program

Minimize D s.t. (3.1)

(AXAT)y; <D Vi<i<m (3.2)

X =0. (3.4)

To see the equivalence, write the vectors uy,...,u, forming a vector coloring as the

columns of the matrix U and set X = UTU > 0. Also, by the Cholesky decomposition
of positive semidefinite matrices, any X > 0 can be written as X = UTU where the
columns of U are unit vectors and therefore give a vector coloring. Since semidefinite
programs can be optimized in polynomial time, vecdisc(A) can be approximated to
within an additive € in time polynomial in m,n,loge™! [72] (see also the book [67]).
Vector discrepancy is a relaxation of discrepancy, i.e. vecdisc(A) < disc(A) for all
matrices A: a coloring z € R™ achieving disc(A) induces a vector coloring {u; = z;v}"
achieving the same value for vector discrepancy, where v is an arbitrary unit vector.
An immediate corollary is that hvdisc(A) < herdisc(A) for all A. A partial converse is

implied by the following result of Bansal.

Theorem 3.1 ([I1]). For any matriz A € R™*", disc(A) = O(logm) hvdisc(A). More-
over, there exists a polynomial time randomized algorithm that computes a coloring

x € {—1,1}" such that, with high probability, | Az||cc = O(logm)hvdisc(A).
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The converse is the following corollary of Theorem [3.1}

Corollary 3.2. There exists a fized constant C, such that for any matriz A,
hvdisc(A) < herdisc(A) < (Clogm) - hvdisc(A).

Hereditary discrepancy is a maximum over an exponential number of NP-hard prob-
lems. Hereditary vector discrepancy is a maximum over an exponential number of con-
vex optimization problems, which is intuitively more tractable. Nevertheless, it is not
clear how to give non-trivial upper bounds on hereditary vector discrepancy. In this
chapter we develop a tool that will allow us to give such upper bounds.

An interesting question is whether the upper bound in Corollary[3.2]can be improved
to O(yv/logm). This would be tight, since the power set (2V, U) has discrepancy [n/2] =
Q(logm) and vector discrepancy y/n = O(y/logm), as witnessed by taking X = I in

B-D-GD.

3.3 Relationship with L,;-discrepancy

In a sense vector discrepancy is a relaxation of average discrepancy. This fact is captured

by the following proposition.

Proposition 3.1. For any matriz A € R™*",
vecdisc(A) < max discy ,(A).
w

Proof. Let us define max,, disca ,(A) as the value of a zero-sum game. The strategy set
of the Max player is [m], and the strategy set of the Min player is {—1,1}". The pay-off
for a pair of strategies (i, z) is (Z?Zl Aijxi)2. It is easy to verify that max,, discg ., (A)
is the value of this game. Then, by von Neumann’s min-max theorem,

1/2

n
. . 2
max discg o (A) = Hﬁn miax Emwn( E 1 Aijxj) ,
j:

where II ranges over all probability distributions on {—1,1}" and E,. g1 is the expec-
tation operator when z is sampled from II. The right hand side is an upper bound on

vecdisc(A), because for each distribution IT we can define an assignment of unit vectors
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x with the same discrepancy. It is more convenient to define the positive semidefinite
matrix X in the program ({3.1)—(3.4). Let IT be a distribution on {—1,1}", and define
Xij = Ean[mimj], i.e. the correlation matrix of II. As a correlation matrix, X is a

PSD matrix. Moreover, X;; = E[x?] =1, and
AXAT = AE[z2T]AT = E[(Ax)(Ax)T],

so (AX AT);; is equal to E(Zyzl Aijxj)2. Therefore, X for an optimal mixed strategy
IT for the Min player is a feasible solution to (3.1)—(3.4) with objective value equal to

the value of the zero sum game. O

Proposition and Corollary [3.2] together imply that

max herdiscy ,,(A) < herdisc(A) < O(logm) - max herdisca ,(A).

w

There are several natural improvements to these bounds that remain open, and would
have interesting consequences. One such improvement is replacing hereditary discrep-
ancy and hereditary Lo-discrepancy with discrepancy and Lo-discrepancy. Another
is replacing the bond O(logm) with O(y/logm. We are not aware of any counterex-
amples to either of these strengthenings. On the other hand, the power set example
we mentioned in relation to Corollary shows that the factor O(y/logm) would be
tight. Indeed (2Y,U) has discrepancy [n/2] and Lo discrepancy /n for any weights
w : 2V — R. To show the latter claim, pick a coloring x : U — {—1,1} uniformly at

random, and observe that

w(;U) Z w(S)X(S)2 = (29) Z w(S)E[X(S)Q] =V,

Se2v

where the expectation is taken over the choice of x. By averaging, there exists some

which achieves Lo discrepancy bounded above by the expectation.
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3.4 Duality for Vector Discrepancy

Let us first state the strong duality theorem for general semidefinite programs (SDPs).

Consider an SDP in the form:

Minimize tr(FTX) s.t. (3.5)

tr(Al X) = b, Vl1<i<k, (3.6)

tr(CJTX) > d; V1<j <Y, (3.7)

X =0. (3.8)

Above Aq,..., A, and C1,...,Cy are matrices with the appropriate dimension so that

the matrix product is well-defined.

The dual SDP is:

Maximize bTy +dTz  s.t. (3.9)
k ¢
Z yidi + Z z;Cj 2 F), (3.10)
i=1 j=1
% >0 V1<j<C. (3.11)

The strong duality theorem of semidefinite programming identifies sufficient conditions
under which the optimal values of (3.5)—(3.8) is equal to the optimal value of ([3.9)—
(3.11}).

Theorem 3.3. If the optimal value of (3.5)—(3.8) is finite, and there is a feasible X > 0
such that tr(C]TX) > dj for all j € [{] , then the optimal value of (3.5)—(3.8) is equal
to the optimal value of (3.9)—(3.11]).

For a proof see [65, Chap. 4] or [31 Sec. 5.9.1]. This is a special case of the more
general duality theory for cone programming.

Theorem [3.3] easily leads to the following dual characterization of vector discrep-
ancy. The dual given below was independently derived by Matousek in his work on the

determinant lower bound [106].
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Proposition 3.2. For any matriz A € R™*":

vecdisc(A)? =maxtr(Q) s.t. (3.12)
Q = ATPA, (3.13)
P diagonal , P = 0,tr(P) <1, (3.14)
Q diagonal . (3.15)

Proof. We put (3.1)—(3.4) in the form

Minimize tr(EnJrl,nH)N() s.t.

tI‘(EjJ'X) =1 V1 < Jj<mn,
tr(EnH,nHX) — tI‘(ATEm'AX) >0 Vi <1 <m,
X = 0.

Above we use E; ; to denote a standard basis matrix, i.e. the matrix with (¢, j) entry
1, and all other entries 0. The new variable X should be thought of as the direct sum
of X from (3.1)—(3.4) and the variable t. Let r be the maximum ¢ norm of any row of

A. One can verify that that for an arbitrary ¢ > 0,

4 1 0
0 r’4e
is a strictly feasible positive definite solution to the above program. Moreover, the
optimal value of the program is bounded in the interval [0,72]. The proposition then
follows directly from Theorem [3.3]if we take P to be the diagonal matrix whose entries

are the dual variables corresponding to inequality constraints, and @) to be the diagonal

matrix whose entries are the dual variables corresponding to equality constraints. [J

In the sequel we shall analyze a strengthening of vecdisc(A), defined by the following
SDP:

w(A)? Emax t st (3.16)
AXAT < ¢, (3.17)

zj; =1 V1<j<n (3.18)
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It is not hard to see that vecdisc(A) < p(A), since for any matrices X and X, and any
i € [m], AXAT < tI implies (AXAT);; = e] AX ATe; < t, where ¢; is the i-th standard
basis vector, i.e. a vector with 1 in position 7 and 0s everywhere else. On the other
hand, p(A) is more robust with respect to linear transformations of A, which will be a
crucial for giving a near tight upper bound on herdisc(A).

A derivation very similar to the proof of Proposition [3.2] gives a dual characterization

of u(A).

Lemma 3.1. For all A € R™*":

(A)? =maxtr(Q) s.t. (3.19)
Q 2 ATPA, (3.20)
P = 0,tr(P) <1, (3.21)
Q diagonal. (3.22)

Proof. We can write (3.16)—(3.18) in the form

Minimize ¢ s.t.

tI — AXAT =,
X7Y7ti07
.%'jjzl Vlgjgm

The constraint tI — AXAT = Y can be thought of as n? equality constraints. This
program can then be put in standard form analogously to the proof of Proposition
Setting X = I, t = ||A||3 +¢, and Y = tI — AAT, where € > 0 is arbitrary and ||A]|2 is
the o — f5 operator norm, gives a positive definite feasible solution. The optimal value
is bounded in the interval [0,]|A]|3]. The lemma then follows from Theorem after
taking ) to be the diagonal matrix whose entries are the dual variables corresponding
to the constraints x; = 1, and P to be the n X n matrix whose entries correspond to

the constraints (tI — AXAT); ; = y; ;. -
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3.5 The Komléds Problem

Recall that we denote the maximum degree of a set system S by As. By a classical result
of Beck and Fiala [I8], disc(S) < 2As — 1. Furthermore, Beck and Fiala conjectured
that disc(S) = O(y/Ags). Proving this conjecture remains an elusive open problem in
discrepancy theory.

Let ||Alj1—2 be the ¢1 — ¢3 norm of the matrix A, equal to the maximum ¢, norm
of its columns. If A is the incidence matrix of S, then ||A]|12 = v/As. The Komlés
conjecture is a strengthening of the Beck-Fiala conjecture, stating that there exists
an absolute constant C' such that disc(4) < C - ||A]1-2 for any matrix A. While
this conjecture also remains open, a partial result due to Banaszczyk [9] shows that
disc(A) < O(y/Togm) - || A|l1—2. The Komlds conjecture belongs to a class of vector bal-
ancing problems, considered in generality by Barany and Grinberg [16]. These problems
ask to determine, given two norms || - || and || - ||z, the supremum of

n
iy 12 @il
over all n and all sequences vy, ..., v, sich that ||v;||x < 1 for all i. Beck and Fiala’s
proof in fact bounds this supremum by 2 when the sequence of vectors have ¢; norm at
most 1, and the goal is to bound the ¢, norm of their signed combination.

The Beck-Fiala theorem and Banaszczyk’s theorem, and vector balancing upper
bounds in general, give upper bounds on hereditary discrepancy without any additional
effort. The reason is that the assumptions of such results hold for any restricted set
system, or, respectively, submatrix. Le. Agr < Ag for any &' = S|, and [|As|1-2 <
||All1—2. This makes vector balancing results useful for giving general upper bounds on
hereditary discrepancy. In the Chapter [4 we will see an application of this fact to the
design of an approximation algorithm for hereditary discrepancy.

Next we state the main new result of this chapter, which resolves a vector discrep-

ancy version of the Komlds problem. Recall the strengthening of vector discrepancy

1(A), defined in (3.16)—(3.18).

Theorem 3.4. For any m x n real matriz A, vecdisc(A) < pu(A) < [|All1-2.
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This upper bound is the best possible, and is tight, for example, for the identity
matrix I. Theorem implies that if the efficient upper bound in Theorem can be
strengthened to O(y/log m), we would have a new and algorithmic proof of Banaszczyk’s
result. Banaszczyk’s proof itself does not seem to yield an efficient algorithm to find a
coloring matching his discrepancy upper bound.

A weaker bound of vecdisc(4) = O(v/Iogm) - ||Al|1—2 can be derived in a variety
of ways: directly from Banaszczyk’s upper bound; from the existence of constant dis-
crepancy partial colorings for the Komlds conjecture; from Matousek’s recent upper
bound [106] on vector discrepancy in terms of the determinant lower bound of Lovész,
Spencer, and Vesztergombi [93]. An alternative proof giving vecdisc(A4) < C||A||12 for
a constant C' > 1 was communicated to us by Oded Regev, Raghu Meka, and Shachar
Lovett. Such a bound also follows from Proposition and a result Matousek [I0T].
However, none of these proofs yield the tight constant of 1.

To prove Theorem we need a well-known lemma, also known as the Cauchy
Interlace Theorem. It follows easily from the variational characterization of eigenvalues,

see e.g. [24], Sec. 3.1].

Lemma 3.2. Let M be a symmetric real matrix with eigenvalues \y > ... > \,. Let
also U € R™F be a matriz with mutually orthogonal unit columns, and let pi1 > ... >

be the top k eigenvalues of UTMU. Then for any 1 < i <k, Ap_prs < s < N\
The following is an immediate consequence of Lemma [3.2

Lemma 3.3. Let M € R™™ : M = 0 be a symmetric real matriz with eigenvalues
M > ...> N\, > 0. Let also U € R™k be a matriz with mutually orthogonal unit

columns. Then det(UTMU) < Aj...Ag.

The final lemma we need states that if a sequence x of positive reals multiplicatively
majorizes a sequence ¥y, then the sum of the terms in y dominates the sum of the terms
in . We give two proofs: one based on Schur convexity and a self-contained elementary

one.
Lemma 3.4. Letx1 > ...>x, >0 andy; > ... > y, > 0 such that

VE<n:x1...0 > y1... Yk (3.23)
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Then,

1+ ...+ Tn > Y1+ ...+ Yn. (3.24)

Proof. First we prove the lemma using the general tool of Schur convexity. Define the
new sequence a; > ... > a, by a; = Inx;, and, similarly, by > ... > b, by b; = Iny;.
By assumption and the monotonicity of the logarithm, a = (a;)}'_, weakly majorizes

b= (b;)]~, from below, i.e.

k k
v1§k§nzzai22bz’-
=1 =1

This is written b <,, a. Consider the function f(a) = >, e%. Since it is symmetric
with respect to permuting the coordinates, convex, and monotonically increasing in
each coordinate, b <, a implies f(b) < f(a) (see [98, Sec. 3.C]), which proves the
lemma.

We now give an alternative self-contained proof using a powering trick. We will

show that for all positive integers L, (1 + ...+ z,)" > L (y1 +... +y,)". Taking L-th

= nl

roots, we get that o1 4+ ...+, > ~—47(y1 +... + ya). Letting L — oo and taking

= (nh/L
limits yields the desired result.
By the multinomial theorem,
L ; ,
(14 ... +z,)l = Z —x (3.25)
i14...4+in=L h

The inequalities (3.23)) imply that whenever iy > ... > iy, leley > yilyﬁf

Therefore,
L E L' i1 in
. . 110 ...0p!
112> >in
i1+...+in=L
Given a sequence iy, ..., i, let 0 be a permutation on n elements such that i,(;) >

cos 2 g(n). Since y1 > ... > yn, we have that yio(l) ...y;(’(") > y’f ...y, Furthermore,

there are at most n! distinct permutations of i1, ..., 7, (the bound is achieved exactly
when all i1, ..., 1, are distinct). These observations and the multinomial theorem imply
that
n!L! , ,
W+ o)< D (3.27)
! i)
i1>...>in

i1+...+in="L
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Inequalities (3.26) and (3.27) together imply (z1 + ...+ 2,)" > %(yl + . 4 yn)l as
desired. 0

Proof of Theorem [3.4, We will show that for any positive semidefinite matrix P > 0,
and any diagonal matrix @ such that Q@ < ATPA, we have tr(Q) < | A|F_tr(P).
Together with Lemma this implies the theorem.

We can assume, by homogeneity, that ||Al/;—2 = 1; under this assumption, we need
to show that for P and @ feasible for 7, tr(Q) < tr(P). Let us define
¢i = ¢, and also define p; = \;(P) > 0 to be the i-th largest eigenvalue value of P.
Let, without loss of generality, ¢1 > ... > ¢ > 0 > @11 > ... > @n. Observe that

Z;il ¢ > >y ¢i = tr(Q). Therefore, it suffices to show

tr(Q) < ZQi < sz‘ < sz‘ = tr(P). (3.28)
=1 =1 =1

Denote by Aj the matrix consisting of the first k columns of A, and by @ the

diagonal matrix with ¢1,...,qr on the diagonal. We first show that
vk < TL/ : det(ALPAk.) < P1-...DPk- (329)

Let wuq,...ur be an orthonormal basis for the range of A; and let U, be the matrix
(u1,...ux). Then Ay = UpU] Ay, since UpUJl acts as an orthogonal projection on the
range of Ay, and therefore it leaves the columns of Ay invariant. Each column of the

square matrix U Ay, has norm at most ||A| 12 = 1, and, by Hadamard’s inequality,
det(ALUy) = det(U] A) < 1.
Therefore,
VE < n': det(ALPAy) = det(U] Ay)2 det(U] PUL) < det(U] PUS).

By Lemma we have that det(U] PUy) < p1 ... pg, which proves ([3.29).
By constraint ([3.20]), we have that for all k and for all u € R¥, uTATPAgu > uTQpu.

Then, we have that

Vk <n':det(AJPAy) > det(Qr) = q1...qx (3.30)
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Combining (3.29)) and (3.30]), we have that

VE<n ipr..pp>qr...qk (3.31)
By Lemma (3.31)) implies (3.28]), and completes the proof of the theorem. O

Bibliographic Remarks

A preliminary version of a weaker form of the result of the current chapter appears

in [115].
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Chapter 4

Approximating Hereditary Discrepancy

4.1 Overview

In Chapter 2| we showed that no non-trivial efficient approximation for discrepancy is
possible, unless P = NP. In this chapter we will see that the robustness of hereditary
discrepancy has a computational consequence: there exists a deterministic polynomial
time algorithm that approximates the hereditary discrepancy of any given matrix within
a polylogarithmic factor. The technical tools we develop to approximate hereditary
discrepancy have further applications. In Chapter [7] we will use them to characterize
the error of differentially private algorithms for linear queries; in Chapter [6] we give
applications to discrepancy theory, most prominently a new and near-tight lower bound
for the combinatorial discrepancy of axis-aligned boxes.

Recall that by Corollary a factor a(m,n) approximation to hereditary vector
discrepancy implies a factor a(m,n)log m approximation to hereditary discrepancy. In

this chapter we do give such an approximation result with a(m,n) = O(logm).

Theorem 4.1. There exists a polynomial time algorithm that approximates hvdisc(A)
within a factor of O(logm) for any m x n matriz A. Moreover, the algorithm finds a

submatriz Ay of A, such that hvdisc(A) = O(logm) vecdisc(Ay).

Theorem follows from a geometric characterization of hereditary vector discrep-
ancy. We show that, up to a factor of O(logm), hvdisc(A) is equal to the smallest value
of ||E||sc over all O-centered ellipsoids that contain the columns of A. Here, ||EF|/ is
just the maximum ¢7} norm of all points in E, or, equivalently, the maximum width of
FE in the directions of the standard basis vectors ey, ..., e,. For a given matrix A, we

denote the minimum achievable value of || E'||~ over ellipsoids F containing the columns
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of A by ||A||Eeo and call it the ellipsoid infinity norm of A. A priori, it is not clear
how to relate this quantity in either direction to the hvdisc(A), as it is not a fractional
“relaxation” in the traditional sense. It is in fact non-trivial to prove either of the two
inequalities relating || Al| goo to hvdisc(A).

Proving that the ellipsoid infinity norm is an upper bound on hereditary vector
discrepancy relies on the upper bound for the Komlés problem proved in Theorem [3.4]
We apply a linear transformation 7' to the containing ellipsoid E achieving || Al oo, SO
that T'E is the unit ball. Then Theorem applies; because of the transformation, we
need to make sure that in the transformed space the vector discrepancy is low in a set of
directions different from the standard basis. This is where it is crucial that Theorem [3.4]
gives an upper bound on p(A), rather than merely on the vector discrepancy. While, on
the face of things, this argument only gives an upper bounds on the vector discrepancy
of A, it in fact also works for any submatriz as well, because if E contains all columns
of A, it also contains all the columns of any submatrix of A. This simple observation
is crucial to the success of our arguments.

To show that ||A||geo also gives a lower bound on hvdisc(A), we analyze the convex
dual of the optimization problem defining ||A||goo. We can transform dual certificates
for this problem to dual certificates for vector discrepancy of some submatrix of A.
The dual of the problem of minimizing ||E||~ over ellipsoids E containing the columns
of A is a problem of maximizing the nuclear norm (i.e. the sum of singular values)
over re-weightings of the columns and rows of A. To get dual certificates for vector
discrepancy for some submatrix, we need to be able to extract a submatrix with a large
least singular value from a matrix of large nuclear norm. We accomplish this using the
restricted invertibility principle of Bourgain and Tzafriri [30]: a powerful theorem from
functional analysis which states, roughly, that any matrix with many approximately
equal singular values contains a large well-conditioned submatrix. Using a constructive
proof of the theorem by Spielman and Srivastava [I37], we can also find the well-
conditioned submatrix in deterministic polynomial time; this gives us a submatrix of A

on which hereditary vector discrepancy is approximately maximized.
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Theorem immediately implies a O(log?m) approximation of herdisc via Corol-

lary However, we can improve this bound to an O(log3/ 2 m) approximation:

Theorem 4.2. There ezists a polynomial time algorithm that approximates herdisc(A)
within a factor of O(logg/2 m) for any m x n matriz A. Moreover, the algorithm finds

a submatriz Ay of A, such that herdisc(A) < O(log®? m) vecdisc(Ay).

To prove Theorem we retain the same lower bound on hereditary discrepancy,
but prove a new upper bound. Rather than bounding vector discrepancy from above in
terms of ||A||goo, and then bounding discrepancy in terms of vector discrepancy, we give
a direct upper bound on discrepancy in terms of ||A||g. For this purpose, we use a
general form of Banaszczyk’s upper bound for the Komlés problem that we mentioned
in Chapter Banaszczyk’s general result [9] shows that for any convex body K of
large Gaussian volume, and a matrix A with columns of at most unit Euclidean norm,
there exists a x € {—1,1}" such that Az € CK for a constant C. We use this theorem
analogously to the way we used Theorem we find a linear transformation 7' that
maps the ellipsoid E achieving ||Al|geo to the unit ball, and we specify a body K such
that if some +1 combination of the columns of T'A is in K, then the corresponding
combination of the columns of A is in the infinity ball scaled by O(y/logm).

Lovész, Spencer and Vesztergombi [93] defined the following quantity, commonly

called the determinant lower bound:
detlb(A) = max max | det(B)[M*,

where for each k, B ranges over k x k submatrices of A. They proved that detlb(A)

gives a lower bound on hereditary discrepancy.
Theorem 4.3 ([93]). For any matriz A, detlb(A) < 2herdisc(A).

Matousek [106] showed that this lower bound is tight up to O(log®?m). These re-
sults do not immediately yield an approximation algorithm for hereditary discrepancy,
as the determinant lower bound is a maximum over exponentially many quantities and
not known to be efficiently computable. We show that ||A||gs approximates detlb(A)

up to a factor of O(logm) via a determinant-based version of the restricted invertibility
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principle. We give an elementary self-contained proof of this version of the princi-
ple. This provides also an elementary proof (without using the restricted invertibility
principle) of the lower bound in Theorem

In Chapter [5| we give some useful properties of the ellipsoid infinity norm, and we
prove that there exist examples for which our upper and lower on bounds herdisc(A) in
terms of ||A||goo are tight (such examples were discovered independently by Matousek.
The properties of || - ||geo Will be later used in Chapter |§| to prove upper and lower

bounds on the discrepancy of natural set systems.

4.2 Preliminaries

In this section we review the tools that will be needed in the proof of our approximation

result.

4.2.1 Restricted Invertibility

For a matrix M, we denote by |[|[M|l2 = [[M|l22 = Omax(M) the spectral norm of

M and |[M|gs = \/ZZ o2(M) = \/Z” a,ij the Hilbert-Schmidt (or Frobenius) norm
of M. Recall that the ¢; — ¢ norm ||[M]|1—2 is equal to the maximum Euclidean
length of the columns of the matrix M = (a;)iy, i.e. [|[M |12 = max,,|,|,—1 [[Mz|2 =
maxX;ep] || Mil|2-

A matrix M trivially contains an invertible submatrix of & columns as long as
kE < rank(M). An important result of Bourgain and Tzafriri [30] (later strengthened by
Vershynin [146], and Spielman and Srivastava [137]) shows that when k is strictly less
than the robust rank || M||%,¢/||M||3 of M, we can find k columns of M that form a well-
tnvertible submatrix. This result is usually called the restricted invertibility principle.

Next we state a tight algorithmic version of it, due to Spielman and Srivastava.

Theorem 4.4 ([137]). Let € € (0,1), and let M be an m by n real matriz. For any

M]3
2113

integer k such that k < €2 there exists a subset J C [n] of size |J| = k such that
2
Omin(My)? > (1 — 6)2%. Moreover, J can be computed in deterministic polynomial

time.
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We will need the following weighted version of Theorem [£.4] which can be proved

by a slight modification of the argument of Spielman and Srivastava.

Theorem 4.5. Let € € (0,1), let M be an m X n real matriz, and let W be an n x n

diagonal matriz such that W = 0 and tr(W) = 1. For any integer k such that k <

2 [|IMW/2|[3,

e there exists a subset J C [n] of size |J| = k such that omin(My)? >

(1 —e)?|MWY2|24. Moreover, J can be computed in deterministic polynomial time.

For completeness, we also give a reduction from Theorem [£.5] to Theorem [£.4 The

reduction is based on the following simple lemma.

Lemma 4.1. Let W = 0 be a diagonal matriz with rational entries, such that tr(W) =
1. Then for any m by n matrix M, there exists a m X £ matriz L such that LLT =

LMW MT. Moreover, all columns of L are columns of M.

Proof. Let £ be the least common denominator of all diagonal entries of W i.e. {W = D
for an integral diagonal matrix D. Denote the j-th column of M by v;, and let L be a
matrix with d;; copies of the j-th column of v;. Clearly,
n
LLT = djvju] = MDMT = (AW AT.
j=1
Observe, finally, that the number of columns of L is equal to %, dj; = €377 wj; =,

since tr(W) = 1 by assumption. O

Proof. Proof of Theorem [4.5| By introducing a tiny perturbation to W, we can make it
rational while changing ||MW1/2||g and |[MW?/2|5 by an arbitrarily small amount.
Therefore, we may assume that W is rational. Then, by Lemma there exists a

matrix L with £ columns all of which are columns of M, such that LLT = (MW MT.

Let k£ be an integer such that

| < 62||]\4VV1/2||%{5 _ 2 t(MWMT) 5 &r(LLT) 62||L||%(S
T w3 Amax(MWMT) - Emax(LLT) IL1I3

where A\pax (MW MT is the largest eigenvalue of MW MT. By Theorem there exists

a set J of size k, such that

L3 tr(LLT
(L) > (1o Polis _ (g e ELD)

. = (1=e)’te(MWMT) = (1—¢)?|| MW/2|| ;5.
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But since all columns of L are also columns of M, and no column in L; can be repeated
or otherwise omin(L ) = 0, there exists a set K C [n] of size k such that oy, (Mg)? >

(1= IMW25s. =

We also use an elementary lemma which can be thought of as a version of the
restricted invertibility principle for determinants. This result is much easier to prove.

A similar argument was used in [106].

Lemma 4.2. Let M be an k X n matriz, and let W be an n x n diagonal matriz such

that W = 0 and tr(W) = 1. Then there exists a k-element set J C [n] such that
| det(M)|V* > \/k/e - | det(MW MT)|'/2k,

Proof. Applying the Binet-Cauchy formula to the matrix MW?'/2 and slightly simpli-
fying, we have

det(MW MT) = Zdet My)? T wis-
jed
Now >, [Liesjwi; < & (Z” 1w]])k = 1, because each term of the left-hand side

appears k!-times on the right-hand side (and the weights w;; are nonnegative and sum

to 1). Therefore

det(MWMT)

IA

(maxdet My) ) Z Hwﬂ

J jeJ

1
o max det(M;)?.

IN

So there exists a k-element J with
| det(M)|Y* > (k)2 det(MW M|V > \/k/e - | det(MW MT)|"/?*,

where the last inequality follows from the estimate k! > (k/e)F. O

4.2.2 Geometry

We review some basic notions from convex geometry.

A convex body is a convex compact subset of R™. For a convex body K C R, the

polar body K° is defined by K° = {y : (y,x) < 1Vx € K}. A basic fact about polar
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bodies is that for any two convex bodies K and L, K C L < L° C K°. A related
fact is that for any convex bodies K and L, (K N L)° = conv{K° U L°}. Moreover, a
symmetric convex body K and its polar body are dual to each other, in the sense that
(K°)° =K.

A convex body K is (centrally) symmetric if —K = K. The Minkowski norm ||z| x
induced by a symmetric convex body K is defined as ||z|x £ min{r € R : z € rK}.
The Minkowski norm induced by the polar body K° of K is the dual norm of ||z| x
and also has the form ||y||xo = max,cx (z,y). It follows that we can also write ||z| x
as |||k = maxyecgo (z,y). For a vector y of unit Euclidean length, |y| ko is the
width of K in the direction of y, i.e. half the Euclidean distance between the two
supporting hyperplanes of K orthogonal to y. For symmetric body K, we denote by
|K|| = max,ck ||z|| the radius of K under the norm || - ||.

Of special interest are the /' norms, defined for any p > 1 and any z € R™ by
lzll, = 0o, \:L‘]p)l/p. The ¢3! norm is defined for as ||z||s = max]", |x;|. The norms
£y and (7" are dual if and only if % + % =1, and £7" is dual to £}. We denote the unit
ball of the /' norm by B)" = {x : [|z||, < 1}. As with the unit ball of any norm, B}
is convex and centrally symmetric for p € [1, o0].

An ellipsoid in R™ is the image of the ball By* under an affine map. All ellipsoids
we consider are symmetric, and therefore, are equal to an image F'B3* of the ball BS*
under a linear map F'. A full dimensional ellipsoid F = F Bg can be equivalently defined
as E = {x : 2T(FFT)~'2 < 1}. The polar body of a symmetric ellipsoid £ = FBY is
the ellipsoid E° = {z : TFFTx < 1}. It follows that for E = F'BY" and for any z,

2]z = /aT(FFT)~'z and for any y, [lyl|ze = /yT(FFT)y.



53

4.2.3 Convex Duality

Here we review the theory of Lagrange duals for convex optimization problems. Assume

we are given the following optimization problem:

Minimize fo(x) (4.1)
s.t.
Vi<i<m: fi(x) <0. (4.2)

The Lagrange dual function associated with (4.1)—(4.2) is defined as g(y) = inf, fo(z)+
S yi fi(z), where the infimum is over the intersection of the domains of f1,...,... fm,
and y € R™, y > 0. Since g(y) is the infimum of affine functions, it is a concave upper-
semicontinuous function.

For any x which is feasible for 7, and any y > 0, g(y) < fo(x). This fact is

known as weak duality. The Lagrange dual problem is defined as
Maximize g(y) s.t. y > 0. (4.3)

Strong duality holds when the optimal value of equals the optimal value of —
. Slater’s condition is a commonly used sufficient condition for strong duality. We
state it next.

Theorem 4.6 (Slater’s Condition). Assume fo, ..., fm in the problem ([.1)-([{4.2) are
convez functions over their respective domains, and for some k > 0, f1,..., fr are affine
functions. Let there be a point x in the relative interior of the domains of fo,..., fm,
so that fi(x) <0 for 1 <i <k and fj(x) <0 for k+1 < j <m. Then the minimum
of f equals the mazimum of , and the maximum of s achieved if
it 1s finite.

For more information on convex programming and duality, we refer the reader to

the book by Boyd and Vandenberghe [31].

4.3 Ellipsoid Upper Bounds on Discrepancy

In this section we show that ellipsoids of small infinity norm provide upper bounds on

both hereditary vector discrepancy and hereditary discrepancy. Giving such an upper
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bound is in general challenging because it must hold for all submatrices simultaneously.
The proofs use Theorem and Banaszczyk’s general vector balancing result, stated

next.

Theorem 4.7 ([9]). There exists a universal constant C' such that the following holds.
Let A be an m by n real matriz such that ||All1—2, and let K be a convexr body in
R™ such that Prlg € K] > 1/2 where g € R™ is a standard m-dimensional Gaussian
random vector, and the probability is taken over the choice of g. Then there exists

x € {—1,1}" such that Az € CK.
We start our argument with the main technical lemmas.

Lemma 4.3. Let A = (aj)j_; € R™", and let F' € R™*™ be a rank m matriz
such that Vj € [n] : aj € E = FB3*. Then there exists a matric X > 0 such that

Vjen]:Xj;=1and AXAT X FFT.

Proof. Observe that, a; € E < F~la; € BY". This implies |[F~'A||1_2 < 1, and, by
Theoremm there exists an X with X;; = 1 for all j such that (F~1A)X(F~1A4)T < I.
Multiplying on the left by F' and on the right by FT, we have AX AT < FFT, and this

completes the proof. ]

Lemma 4.3|is our main tool for approximating hereditary vector discrepancy. By the
relationship between vector discrepancy and discrepancy established by Bansal (Corol-
lary , this is sufficient for a poly-logarithmic approximation to hereditary discrep-
ancy. However, to get tight upper bounds on discrepancy (and improved approximation

ratio), we give a direct argument using Banaszczyk’s theorem.

Lemma 4.4. Let A = (a;)]_; € R™*", and let F' € R™ ™ be a rank m matriz such

that ¥j € [n] : aj € E = FBY'. Then, for any set of vectors vi,...,v, € R™, there

exists * € {£1}" such that Vi € [k] : |(Az,v;)| < C\/(v]FFTv;)logk for a universal

constant C.

Proof. Let P = {y : |(y,v;)| < Jv]FFTv; Vi € [k]}. We need to prove that there
exists an x € {—1,1}" such that Az € (Cy/logk)P for a suitable constant C. Set



55

Figure 4.1: A linear transformation allows to apply Banaszczyk’s theorem.

K 2 F~'P. To show that there exists an x such that Az € (Cy/Iogk)P, we will show
that there exists an z € {—1,1}" such that F~'Ax € (Cy/logk)K. For this, we will
use Theorem As in the proof of Lemma |F~1All12 < 1. To use Theorem
we also need to argue that for a standard Gaussian g, Pr[g € (Cv/Iogk)K] > 1.

For an intuitive explanation of the proof, see Figure When the vectors v; are
unit length, the quantity \/m is just half the width of F in the direction of v;,
and the bounding halfspaces of the polytope P are supporting hyperplanes of E. It
follows that P contains E, which contains the columns of A. The map F~! transforms
E to a ball BY*, and P to the polytope K which contains B3*. The lower bound
Pr[g € (Cylogk)K] > 3 follows from standard facts about Gaussians: either Sidak’s
lemma, or the Chernoff bound.

Let us first derive a representation of K as the intersection of slabs:

tK =tF~'P = {tF 'y : |(y,v;)| < \/v] FFTv; Vi € [k]}
={z: |[(Fz,v;)| < t\/v] FET; Vi € [k]}
={z: (z, FTv;)| < t\/v] FFTv; Vi € [k]}.

Let g be a standard m-dimensional Gaussian vector. Then E,|(g, FTv;)|? = v; FFTv;; by
standard concentration bounds, Pr[|{g, FTv;)|? > t?(v;FFTv;)] < exp(—t2/2). Setting
t = v/21n 2k and taking a union bound over all i € [k] gives us that Pr[g ¢ v2In 2k K] <
1/2. By Theorem this implies that there exists an x € {—1,1}" such that F~1Ax €
C+v/21In2k K, and, by multiplying on both sides by F, it follows that Az € Cv/21n2k P.

O
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The property that all columns of a matrix A are contained in F is hereditary: if it
is satisfied for A, then it is satisfied for any submatrix of A. This elementary fact lends
the power of Lemmas and the bound given by ellipsoids is universal in the
sense that the discrepancy bound for any direction v; holds for all submatrices Ay of A
simultaneously. This fact makes it possible to upper bound hereditary discrepancy in
arbitrary norms, and in the rest of the chapter we do this for ¢7!, which is the norm of
interest for standard definitions of discrepancy. We consider ellipsoids E that contain
the columns of A and minimize the quantity || E||so: the largest {s norm of the points

of E. Note that || F||, for an ellipsoid £ = FBj", can be written as

IE]l0o = max (r,y) = max |y||ge = max/e] FFTe;, (4.4)
z€Ey: |yl =1 y:llyllhi=1 i€[n]

where the first identity follows since ¢; is the dual norm to £, and the final identity
follows from the formula for || - |go and the fact that a convex function over the ¢; ball
is always maximized at a vertex, i.e. a standard basis vector e; (e; has 1 in the i-th
coordinate and Os everywhere else). The next definition and theorem give our main

upper bound on hereditary (vector) discrepancy, which is in terms of || E||so.

Definition 4.1. For a matriz A = (a;)?_; € R™*", the ellipsoid-infinity norm of A is
defined as
[Allpoo = min{||Elle : a; € E Vi € n}.

For a set system S with incidence matriz A, we define ||S||goc = || A|| Eoo-

Theorem 4.8. For any matriz A € R™*™, hvdisc(A) < ||A||Eso, and herdisc(A) =

O(Vlogm) - || Al| oo

Proof. Let € > 0 be arbitrarily small and let F' be a rank m matrix such that the
ellipsoid E = FBj" contains the columns of A and satisfies ||E|o < [|A| oo + €. Let
Ay be an arbitrary submatrix of A (J C [n]). Since all columns of A are contained
in F, this holds for all columns of A; as well, and by Lemma we have that there
exists X = 0 with X;; = 1 forall j € J, and A;X AT, < FFT. Therefore, for all ¢ € [m],

e] AjXAle; < e;FFTe; < |E|2%, by (4.4). Since J was arbitrary and e can be made
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as small we as we like, this implies the bound on hvdisc(A4). To bound herdisc(A), in

Lemma set k =m and v; = ¢; for ¢ € [m] and e; the i-th standard basis vector. [J

4.4 Lower Bounds on Discrepancy

In Section we showed that the hereditary (vector) discrepancy of a matrix A can be
bounded from above in terms of the || A|| goo- In this section we define | A|| goo as a convex
optimization problem, and show that it provides lower bounds for discrepancy as well.
We use convex duality and the restricted invertibility theorem for this purpose. The
lower bound we derive is new in discrepancy theory and we give further applications of

it in Chapter [6]

4.4.1 The Ellipsoid Minimization Problem and Its Dual

Recall that for a block matrix
A B
X = ,
BT C
the Schur complement of an invertible block C' in X is A — BTC~'B. When C > 0,
X > 0if and only if A — BTC™'B = 0.
To formulate the problem of minimizing ||E||cc = max,cg ||z]lc as a convex op-

timization problem we need the following well-known lemma, which shows that the

matrix inverse is convex in the PSD sense. We give a proof for completeness.

Lemma 4.5. For any two m x m matrices X = 0 and Y = 0 and any o € [0,1],

(X +(1-a)Y)!'<aX 1+ (1-a)Y L

Proof. Define the matrices

Xt T y=t I
U - V =
I X I Y
The Schur complement of X in U is 0, and therefore U > 0, and analogously V' > 0.
Therefore aU + (1 — )V = 0, and the Schur complement of aX + (1 — @)Y in aU +
(1—a)V is also positive semidefinite, i.e. X 1+ (1—-a)Y ! = (aX +(1—-a)Y)"t = 0.

This completes the proof, after re-arranging terms. O
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Consider a matrix A = (a;)j_; € R™*" of rank m. Let us formulate [|A[/goc as a

convex minimization problem. The problem is defined as follows

Minimize ¢ s.t. (4.5)
X =0 (4.6)
Vieml:e] X e <t (4.7)
Vj € [n]:ajXa; < 1. (4.8)

Lemma 4.6. For a rank m matriz A = (aj)?’zl e R™*"  the optimal value of the

optimization problem (4.5)—(4.8)) is equal to ||Al|goo. Moreover, the objective function
(4.5) and constraints (4.7)-(4.8]) are conver overt € R and X > 0.

Proof. Let A be the optimal value of f. Given a feasible X for 7,
set E = X~Y2BJ (this is well-defined since X > 0). Then for any j € [n], ||la;||z =
a}Xaj <1 by (4.8), and, therefore, aj € E. Also, by (4.4), || E||%, = max", e] Xe; < t.
This shows that ||A||ge < A. In the reverse direction, let £ = FBJ* be such that
Vj € [n] : aj € E. Then, because A is full rank, F' is also full rank and invertible, and
we can define X = (FFT)~! and t = ||E||%,. Analogously to the calculations above, we
can show that X and t are feasible, and therefore A < ||A|| goo-

The objective function and the constraints are affine, and therefore convex.
To show are also convex, let Xi,t; and X5,y be two feasible solutions and let
a € [0,1]. Then, Lemma implies that for any i, e] (aX; + (1 — a)X2) te; <

aX{ 4+ (1 - )Xyt < aty + (1 — a)ts, so constraints ([&.7]) are convex as well. O

The Schatten 1-norm of a matrix M, also known as the trace norm or the nuclear
norm, is equal to |[M||s, = 3., 0:(M) = tr((MMT)"/?), where X'/2 denotes the pos-
itive semidefinite root of the matrix X > 0. The dual of f is a problem of
maximizing the nuclear norm over re-weightings of the columns and rows of A. Before
we prove this fact, let us cite a theorem from convex analysis, which will be used in our

proof.

Lemma 4.7 (Corollary 7.5.1. in [124]). Let f: R™ — RU{—o0} be an upper-semicontinuous

concave function. Then for any x and y in the effective domain of f (i.e. f(x), f(y) >
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—00),

flz)= 1;%1 fQz + (1= Ny).

Lemma [£.7] states that an upper semi-continuous concave function is continuous
along any segment in its effective domain. More general statements are known, but we
will not need them.

We now state the dual characterization of (4.5)—(4.8).

Theorem 4.9. Let A = (a;)}_; € R™*" be a rank m matriz. Then,

|A] G0 =max || P2 AQ?|[3, s.t. (4.9)
tr(P) =tr(Q) =1 (4.10)
P,.Q > 0; P, Q diagonal. (4.11)

Proof. We shall prove the theorem by showing that the convex optimization problem
f satisfies Slater’s condition, and its Lagrange dual is equivalent to f
. Let us first verify Slater’s condition. We define the domain for constraints
as the open cone {X : X > 0}, which makes the constraint X > 0 implicit. Let
d = ||Al1—2, X = I, and t = d+e¢ for some ¢ > 0. Then the affine constraints are
satisfied exactly, and the constraints are satisfied with slack since € > 0. Moreover,
by Lemma all the constraints and the objective function are convex. Therefore,
f satisfies Slater’s condition, and consequently strong duality holds.

The Lagrange dual function for (4.5)—(4.8)) is by definition

n
g(p,r) = mf t—{—ZpZ TX —t)—|—2rj(a]T-Xaj—1),
j=1

with dual variables p € R™ and r € R", p,r > 0. Equivalently, writing p as a diagonal
matrix P € R™*™ P » 0, r as a diagonal matrix R € R™ "™ R = 0, we have
g(P,R) = inf; xs ot +tr(PX 1) —tr(tP) + tr(ARATX) — tr(R). If tr(P) # 1, then
g(P, R) = —o0, since we can take t to —oo while keeping X fixed. On the other hand,

for tr(P) = 1, the dual function simplifies to

g(P,R) = Inf tr(PX ') + tr(ARATX) — tr(R). (4.12)
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Since X > 0 implies X ! = 0, g(P, R) > —tr(R) > —oo whenever tr(P) = 1. Therefore,
the effective domain {(P, R) : g(P, R) > —oo} of g(P, R) is the set of pairs of diagonal
non-negative matrices (P, R) such that tr(P) = 1.

Let us first consider the case when P and ARAT are both invertible. After differen-
tiating the right hand side of with respect to X, we get the first-order optimality
condition

X 'PX~! = ARAT. (4.13)

Multiplying by P'/2 on the left and the right and taking square roots gives the equiv-
alent condition PY/2X-1pl/2 — (P1/2ARATP1/2)1/2. This equation has a unique so-
lution, since P and ARAT were both assumed to be invertible. Since tr(PX~!) =
tr(PY/2X~1PY2) and also, by (£13), tr(ARATX) = tr(X 'P) = tr(PX 1), we sim-
plify g(P, R) to

g(P,R) = 2tr((PY2ARATPY?)1/2) _ tr(R) = 2||PY2AR'?||s, — tr(R).  (4.14)

We will now use Lemma to argue that equation holds also when P and and
ARAT are not invertible. Fix any non-negative diagonal matrices P and R such that
tr(P) = 1 (i.e. any P and R in the domain of g), and for A € [0,1] define P(\) £
AP 4+ (1= A)21 and R(\) £ AR+ (1 — A)I. Observe that for any A € [0,1), P())
is invertible, and, because AAT > 0 by the assumption that A is of full row-rank m,

AR(MN)AT is also invertible. Then, by Lemma and (4.14)), we have

9(P. 1) = limg(P(\), R(N)) =lim |2||P(\)'* AR |5, — tx(R()]

= 2| PY2ARY?||g, — tr(R).

where the last equality follows since the nuclear norm and the trace function are con-
tinuous.

We showed that f satisfies Slater’s condition and therefore strong duality
holds, so by Theorem and Lemma |Al|%y, = max{g(P,R) : tr(P) = 1,P,R =
0, diagonal}. Let us define new variables ) and ¢, where ¢ = tr(R) and Q = R/c.

Then we can re-write g(P, R) as

g(P,R) = g(P,Q,c) = 2||PY?A(cQ)"?| s, — tr(cQ) = 2/c|| P2 AQ"?| 5, — c.
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From the first-order optimality condition % = 0, we see that maximum of g(P,Q,c)

is achieved when ¢ = HP1/2AQ1/2H%1 and is equal to ||P1/2AQ1/2||?91. Therefore, max-
imizing ¢g(P, R) over diagonal positive semidefinite P and R such that tr(P) = 1 is
equivalent to the optimization problem (4.9)—(4.11)). This completes the proof. O

4.4.2 Spectral Lower Bounds via Restricted Invertibility

In this subsection we relate the dual formulations of the min-ellipsoid problem from
Section to the dual of vector discrepancy. The connection is via the restricted
invertibility principle and gives our main lower bounds on hereditary (vector) discrep-
ancy.

Let us first derive a simple lower bound on vecdisc(A) from the dual (3.12)—(3.15)).

Lemma 4.8. For any m X n matriz A, and any m X m diagonal matriz P > 0 with
tr(P) = 1, we have
vecdisc(A) > v/nomin (P2 A).

Proof. Observe that the solution (P,Q), where Q £ opin(P'/2A)%I, is feasible for
(3.12)—(3.15)). By Proposition vecdisc(A4)? > tr(Q) = nomin(PY/2A)2. O

We define a spectral lower bound based on Lemma

specLB(A) £ Irk%ic - ﬁ?ﬁzk max \/Eo'min(Pl/gAJ),

where P ranges over positive (i.e. P = 0) m x m diagonal matrices satisfying tr(P) = 1.
Lemma [4.8| implies immediately that hvdisc(A) > specLB(A).
The next lemma relates the dual characterization of ||A||gs to the spectral lower

bound

Lemma 4.9. Let M be an m by n real matriz, and let W = 0 be a diagonal matriz such
that tr(W) = 1 and r 2 rank MW?/2. Then there exists a submatriz My of M, |J| <,

9 o ClIMW2E
such that |J‘O'm1n(MJ) Z W

M as input, J can be computed in deterministic polynomial time.

, for a universal constant ¢ > 0. Moreover, given
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Proof. By homogeneity of the nuclear norm and the smallest singular value, it suffices
to show that if ||MI/V1/2||%~1 =1, then [J|omin(My)? > ﬁ for a set J C [n] of size
at most r. Let us define M & MW1/2,

Let Ky 2 {i € [r] : 277! < ¢3(M) < 27!} for an integer 0 < t < log, 7, and

T={ic[r]:0<0;(M)< s} Then

logy T
Yo oMy =1-> oi(M) >1/2,
t=0 €Ky €T

since |T| < r. Therefore, by averaging, there exists a ¢* such that » ;¢ oi(M) >

1
2logy r”

@; for convenience, let us define K £ Ky, k 2 |K| <r, and a =

Next, we define a suitable k x n matrix with singular values o;, i € K. Let M =
UXVT be the singular value decomposition of M, with U and V orthogonal, and X
diagonal with o1(M),..., (M) on the main diagonal. Set Ug to be the submatrix
of U whose columns are the left singular vectors corresponding to ai(M ) for i € K,
and define the projection matrix IT £ U xUJ. The nonzero singular values of M =
UgXkVT are exatly those o;(M) for which i € K, as desired. We have ||[IIM|s, > a
by the choice of K, and ||[TIM ||o < 2c/k because all values of IIM are within a factor of
2 from each other. Finally, applying Cauchy-Schwarz to the singular values of IIM, we
have that ||[TIM | zs > a/k'/?. By Theorem applied to M and W with € = 3, there

exists a set J of size r > k > |J| > k/16 such that oy, (IIM )2 > o?/4k, implying that
1
[T [0min (M)* > | |omin([IM)? > 0.

Finally, J can be computed in deterministic polynomial time, by Theorem ]

Theorem 4.10. For any rank m matriz A € R"™*",
Al Eco = O(logm) hvdisc(A).

Moreover, we can compute in deterministic polynomial time a set J C [n] such that

|Al| oo = O(log m) vecdisc(Ay).

Proof. Let P and @ be optimal solutions for (4.9)-(4.11]). By Theorem Al Eco =
| P/2AQ"?||s,. Then, by Lemma applied to the matrices M = PY/2A and W = Q,
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there exists a set J C [n], computable in deterministic polynomial time, such that

P12 401/2 All o
specLB(A) > /| J|omin(PY/2Aj) > | Qs _ cllAlle '
logm ]ng

(4.15)
0

By a similar argument, but using Lemma [4.2] in the place of Theorem 4.5, we show

that ||A||geo approximates detlb(A).

Theorem 4.11. There exists a constant C' such that for any m x n matrix A of rank r
detlb(A) < [|A]|Eoo = O(logr) - detlb(A).

Proof. For the inequality detlb(A) < ||A||goo, we first observe that if B is a k x k
matrix, then

|det B['Y* < || Blls, (4.16)

el

Indeed, the left-hand side is the geometric mean of the singular values of B, while the
right-hand side is the arithmetic mean.

Now let B = Ay j be a k x k submatrix of A, with rows indexed by the set I and
columns indexed by the set .J, with detlb(A) = |det(B)|"/*. Define P = 1 diag(1;) and
Q= %diag(lJ), where 1; and 1; are, respectively, the indicator vectors of the sets I

and J. By Theorem

detlb(A) = |det(B)|"* < —|IBlls, = |[PY2AQ" s, < || All poc-

T =

For the second inequality ||A||goc < O(logm)-detlb(A), we use a strategy analogous
to the proof of Lemma [£.9] By homogeneity, we can again assume, without loss of
generality, that ||A||gec = 1. Let P and @ be optimal solutions to (4.9)-(4.11), so that
| PY/2AQ?||s, = 1 by Theorem For brevity, let us write A £ PY/2AQ"?, and let
01> 09 > -+- > 0 > 0 be the nonzero singular values of A.

By an argument analogous to the one we used in the proof of Lemma there is

some integer t such that if we set K £ {i € [m]: 277! < oy < 27}, then

A 1
Zai Z o= 21
€K 0827
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Let us set k = |K]|.

As in Lemma we define a k X n matrix with singular values o;, i € K. Let
A = UZVT be the singular-value decomposition of A. Set Ux to be the submatrix of U
whose columns are the left singular vectors corresponding to o; for ¢ € K. The singular
values of B £ UIT(A = UrgX VT are exatly those o; for which 7 € K, as desired. As all

o; for i € K are within a factor of 2 from each other, we have, by the choice of K,

| det(BBT)|Y/?* = (H az)l/k > 5% Zaz >

It remains to relate det BBT to the determinant of a square submatrix of A, and
this is where Lemma is applied—actually applied twice, once for columns, and once

for rows.
First we set C 2 ULPY2A; then B = CQ'/2. Applying Lemma [4.2| with C' in the
K

role of M and @ in the role of W, we obtain a k-element index set J C [n] such that
| det(Cy)|[Y* > /k/e - | det(BBT)|Y/2.

Next, we set Dy £ P24, and we claim that det(D}D;) > (det C;)2. Indeed, we have
Cj;=U}JDy, and, since U is an orthogonal transformation, (UTD;)T(UTD;) = D} D;.

Then, by the Binet—Cauchy formula,
det(DVD;) = det((UTD)Y(UTD)) = Z:det(UzDJ)2
> det(ULDy)? = (det Cy)2.

The next (and last) step is analogous. We have DT = ATPY2, and so we apply
Lemmawith AT in the role of M and P in the role of W, obtaining a k-element subset
I C [m] with |det A7 ;"% > \/k/e - |det(D}D,)|"/% (where A; s is the submatrix of
A with rows indexed by I and columns by J).

Following the chain of inequalities backwards, we have

detlb(A) > |det(Ar)|Y* > /k/e-|det(DTD)|V* > /E/e | det(Cy) [/

> (k/e)|det(BBT)|2 > L,

2e

and the theorem is proved. ]
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4.5 The Approximation Algorithm

We are now ready to give our approximation algorithm for hereditary vector discrepancy
and hereditary discrepancy. In fact, the algorithm is a straightforward consequence of

the upper and lower bounds we proved in the prior sections.

Theorem 4.12. Given a real matriz A € R™*", ||A||goc can be approzimated to within

any degree of accuracy in deterministic polynomial time, and satisfies the inequalities

1
——— || 4| Eoo < hvdisc(A) < ||A]|Eoos
O(logm)” oo < hvdise(A) < [[Allp
1 .
m”AHEOO < herdlSC(A) < O(log1/2 m) . HA||EO<)7
1
T E— < < .
il < detlb(4) < 4]

Moreover, the algorithm finds a submatriz Ay of A, such that |A|| Boo < vecdisc(Ay).

+|
O(logm)

Proof. We first ensure that the matrix A is of rank m by adding a tiny full rank
perturbation to it, and adding extra columns if necessaryﬂ By making the perturbation
small enough, we can ensure that it affects herdisc(A) and hvdisc(A) negligibly. The
approximation guarantees follow from Theorems and and S is computed as in
Theorem [£.10

To compute || Al oo in polynomial time, we solve ([4.5)—(4.8). By Lemma [4.6] this is
a convex minimization problem, and as such can be solved using the ellipsoid method
up to an e-approximation in time polynomial in the input size and in loge™" [72]. The
optimal value is equal to ||A||ge by Lemma and, therefore, we can compute an

arbitrarily good approximation to ||A||geo in polynomial time. O

Observe that Theorem implies Theorems [4.1] and

Bibliographic Remarks

The first polynomial time approximation algorithm for hereditary discrepancy with a

polylogarithmic approximation guarantee was published in [118], and was a corollary

!There are other, more numerically stable ways to reduce to the full rank case, e.g. by projecting A
onto its range and modifying the norms we consider accordingly. We choose the perturbation approach
for simplicity.
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of work in differential privacy. The approach in the current chapter is more direct,
achieves an improved approximation ratio, and make explicit the central quantity of
interest: the ellipsoid infinity norm. The material in the chapter is the result of joint

work with Kunal Talwar, and a preliminary version appears at [116].
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Chapter 5

More on the Ellipsoid Infinity Norm

5.1 Overview

In this chapter we prove that the ellipsoid infinity norm satisfies a number of nice
properties. We show that it is invariant under transposition, satisfies the triangle
inequality (and, therefore, is a matrix norm), and is multiplicative with respect to
tensor products. Moreover, we prove strengthenings of the triangle inequality in some
special cases when the matrices have disjoint support. These properties will be exploited
in Chapter [0, where we use them to give remarkably easy proofs of new and classical
upper and lower bounds on the discrepancy of natural set systems.

We additionally give examples for which each of the upper and lower bounds in

Theorem are tight.

5.2 Properties of the Ellipsoid-Infinity Norm

Here we give several useful properties of the ellipsoid infinity norm. These properties
make it possible to reason about the the ellipsoid infinity norm of a complicated matrix
by decomposing it as the sums of simple matrices. Since the ellipsoid infinity norm
approximates hereditary discrepancy, the properties hold approximately for herdisc

too, and we will see a number of applications of them in Chapter [6]

5.2.1 Transposition and Triangle Inequality

Two properties of |Al|goo that are not obvious from the definition, but follows easily
from Theorem [4.9] are that |AT||peo = ||A| Eoo and ||[A + Bl oo < ||AllEoo + || Bl Eoo-

We prove both next.
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Proposition 5.1. For any real matriz || Al oo = ||AT|| Boo-

Proof. Tt is easy to see that the nuclear norms ||M||g, and |[|[M™]||s, are equal. Indeed,
M and MT have the same nonzero singular values, and, therefore, the respective sums of
singular values are also equal. Now, given A, let P, and Q be such that || P/2AQ"/?||s,,
as in Theorem [£.9 We have

1Al oo = [1PY2AQ 2|5, = [(Q'*)TAT(PV2)T s, = Q'2AT P25, < | AT oo
The opposite inequality follows symmetrically. O

Proposition 5.2. For any two mxn real matrices A, B, ||A+B||goo < [|A|lEcot]| Bl Eco

Proof. Let P,Q be such that ||[PY2(A + B)Q'Y?||s, = ||A + B||geo. Since || - ||s, is a

matrix norm and satisfies the triangle inequality (see [24], Sec. IV.2]), we have

IA+ Bllpw = [PV2(A+B)Q"?|ls, = |PY2AQY? + P2BQ'|s,

< [|PY2AQY2ls, + |IPY2BQ2|ls, < | Allpso + || Bll oo

5.2.2 Unions and Direct Sums

The next proposition sometimes strengthens the triangle inequality when the ranges of
the matrices A and B lie in orthogonal coordinate subspaces. Unlike the previous two
propositions, this one appears easier to prove from the definition of || - || g, rather than

the dual characterization. We recall (4.4]), which states that for any ellipsoid E = F'BY",
|1 E|0o = mrglx \/elFFTe;,
1=
where e; is the i-th standard basis vector.

Proposition 5.3. Let Ay, ..., Ay be real matrices, each with n columns. For the matriz

Aq
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we have

k
Al < VEmlix | Al .

Proof. Let each A; have m; rows, and let m = mq + ...+ my. Let also E; = F;By" be

the ellipsoid that achieves || A;| goo. Define a new ellipsoid E as F £ FBY* where

FL0 ... 0
0 F 0
F=vk 2
0 0 F,

Le., I is the direct sum of F1, ..., Fy. It is clear from ([@4)) that || E||cc = vk max?_, || Ei]| -
To finish the proof, we need to show that any column a of A is contained in E. Let II; be
the projection onto the coordinate subspace corresponding to the rows of A;. Then, IT;a

is a column of A;. Let us write the ellipsoid E in the form E = {z : 2T(FFT) 1z < 1},

where
(P F)~! 0 0
1 0 (FyFD)~L .. 0
FFT)y ' =—
( ) k : : - : ’
0 0 oo (REDT!

and, analogously, write F; = {z : 2T(F;F]) "'z < 1}. By the choice of the E;, Il,a € E;,

so aTIL;(F;F])"';a < 1 for all 4. It follows that,
k

_ 1 _
aT(FFT)la = - ;aTHi(FiFiT) M <1,
and, therefore a € F, as desired. This finishes the proof. O

We remark that for the setting of Proposition Matousek [I07] proved the

stronger bound

1Alzse < /1 A1 + -+ 1Akl
An even stronger bound is possible when we take the direct sum of matrices.

Proposition 5.4. If A is the block-diagonal matrix

Al 0
A= :
0 A
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where Ay and Ay are real matrices, then then || Al oo = max(||A1||Eoos |A2]| Eoo)-

Proof. Let, as in the proof of Proposition each A; have m; rows, and let m =
my + ma. Let also E; = F;B3" be the ellipsoid that achieves ||A;||poo. Define a new

ellipsoid F as E £ FBY* where

0
0 F
It is clear from (4.4) that ||E||cc = max{||F1]|co, || E2|lcc}- To finish the proof, we need

to show that any column a of A is contained in E. Let us write the ellipsoid E in the

form E = {x : 2T(FFT)"lz < 1}, where

FET -1
= (D ,
0 (FFY)~

and, analogously, write E; = {z : 2T(F;F])"'z < 1}. Notice that for any column a of
A, aT(FFT) la is equal to bT(F,F])~'b for some column b of A;, i € {1,2}. By the

choice of E;, b € E;, and, therefore,
a"(FFT)la =bT(FF) b < 1.

This finishes the proof. O

5.3 Tensor product

Here we show that || - | zeo is multiplicative with respect to tensor products. This fact
is going to prove very useful in analyzing the combinatorial discrepancy of axis-aligned

boxes in Chapter [6

5.3.1 Properties of Tensor Products

The tensor product of matrices (a.k.a. Kronecker product) exhibits a number of useful
properties with respect to matrix multiplication and addition. In an abstract setting,
these properties are often used as the definition of the tensor product. We list them

next. The properties hold for any complex matrices for which the operations make
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sense given the dimensions; we write them in terms of matrices, but since they hold for

single row or single column matrices, they are valid for vectors as well.
1. Bilinearity

A®B+A®C=A® (B+0),

A®B+C®B=(A+C)®B.

2. Scaling For any constant c:
c(A® B) =(cA)® B=A® (cB).
3. Conjugate Transpose
(A® B)" = A" ® B*.
4. Mixed Products

(A® B)(C® D) = (AC) ® (BD).

The following well-known (and simple) lemma characterizes the singular value de-

composition of tensor products.

Lemma 5.1. For any two matrices A € C™*™ and B € CP*4, with singular value
decompositions A = Ua¥X sV} and B = UgXgVy, the matriz A ® B has singular value
decomposition A® B = (Us @ Up)(Xa ® Xp)(Va® Vp)*.

Proof. The lemma follows easily from the properties of tensor products. We first verify

that the claimed decomposition indeed equals A ® B:

Ua@Up)(EAa®ER)(VA®VE)" = ((UaXa) ® (UsER)) ® (Va® Vp)*
= ((UaZa) ® (UpEp)) @ (Vi@ Vp)
= (UaXAaV}) @ (UgXpVp) = A® B.

Then it remains to verify that this is indeed a singular value decomposition. The matrix

Y4 ® Xp is easily seen to be diagonal. Also,

(Ua®Up) (Ua®@Up) = (Uy @ Up)(Ua®@Up) = (UpUa) ® (UpU) =1 @1 =1,
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and, therefore, U4 ® Up is orthonormal. By an analogous argument, V4 ® Vg is or-

thonormal, and this completes the proof. O

5.3.2 Multiplicativity of the Ellipsoid Infinity Norm

Theorem 5.1. For any A € R"™*" and B € R"™**, |A ® B||Eoc = || Al Eco|| Bl Eco -

Proof. Let us first prove that ||[A ® B|lgeo < ||Al|Esol|BllEeo- We can approximate A
and B arbitrarily well by matrices with ranks m and r, respectively; for the rest of
the proof we shall assume that A and B do each have ful row-rank. Let E4 = F4B3"
achieve ||A||goo, and Ep = FpB} achieve ||B||poo. Consider the matrix F' = Fy ® Fp;
using the mixed product property of the tensor product, we can verify that FFT =
(FAFA)®(FpFg). (FFT)™ = (F4F}) '@ (FpF}L)~!. Then we can write the ellipsoids
Ey, Ep, and ' = F By as

Ey={x:aT(FsF}) 'z <1},
Ep = {x:2T(FgF}) 'z <1},

E={z:aT(FFT) 'z <1}.

Each column of A ® B is the tensor product a ® b of a column a of A and a column b

of B; then, using the mixed product property again,
(a@b)T(FFT) Ha®b) = (aT(FAF}) " a)(0"(FsFL)'b) <1,

where the last inequality follows since a € E4 and b € Ep. Therefore, the ellipsoid F
contains the columns of A ® B, and has infinity norm, by (4.4)),

E — T FETe, ;

[Blloc = max e ;FFlei

= max (e;®e;)T(FalF} ® FpFf)(e; @ ¢;)
i€[m],j€lr]

= (max e] FyFje;) (max el FpFge:) = || All ool Bll oo
1€[m] 1€[r]

Above e; ; is the standard basis vector corresponding to the pair of coordinates (i, 7).

Taking square roots, this proves that ||A ® B||geo < || Al Eoo|| Bl Eco-
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To prove ||A ® Bl|goo = ||Al|Eool| Bl|Ecso, We use the dual characterization in Theo-

remd.9| Let Py, Q4 and Pg, Qg be such that | Py 2AQY?||s, = || pe and || Py AQY?|1s, =

|| B|| Eso, @s in Theorem Then P4 ® Pp is a non-negative diagonal matrix, and

tr(Pa @ Pg) = Y (pa)ii(pp)jj = tr(Pa)tr(Pp) = 1.
4,
Analogously, Q 4®Q p is a non-negative diagonal matrix and tr(QA®Qp) = tr(Q4)tr(Qp) =

1. It is also straightforward to verify that
(Pa® Pp)'*(A® B)(Qa ® Qp)'/* = (P{*AQ)*) & (Py*BQY?).

Let C = Py/?AQY? and D = PY/?BQ}/*. Then, to bound ||A ® B g from below, it
is enough to show ||C' ® D|g, = ||C||s,||D|s,. Given Lemma [5.1] this is shown by the

following simple calculation

|C ® Dl|s, = tr(3¢c ® ¥p)

=Y ai(C)ay(D)

= ||CHS1||DH51
The above proves that ||[A ® B|lgeo > ||A||Ecol|BllEco, and finished the proof of the

theorem. O

5.4 Tight Examples

In this section we give examples for which our bounds in Theorem are tight. Both
examples are simple and natural. The lower bounds on discrepancy in terms of the
ellipsoid infinity norm are tight for the incidence matrix of prefix intervals of [n]. The

upper bounds are tight for the incidence matrix of a power set.

5.4.1 The Ellipsoid Infinity Norm of Intervals

Let Z,, be the set system of all initial intervals {1,2,...,i}, i = 1,2,...,n, of [n].

Its incidence matrix is T,, the n x n matrix with Os above the main diagonal and 1s
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everywhere else.

It is well known, and easy to see, that herdisc(7},) = herdisc(Z,,) = 1. Indeed, any
restriction of Z,, is isomorphic to a subset of Z,, and the coloring x(i) = (—1)"™m°d?2
achieves discrepancy 1. This implies that hvdisc(7},) = 1, since vector discrepancy is a
relaxation of discrepancy. Since the matrices with hereditary discrepancy 1 are exactly
the totally unimodular matrices [66], we also have detlb(T,) = 1.

We will prove that ||7,| g is of order logn. This shows that the ellipsoid-infinity
norm can be log n times larger than the hereditary discrepancy, as well as the hereditary
vector discrepancy and the determinant lower bound.

Moreover, this example and Theorem are the key ingredients in our near-tight

lower bound for Tusnddy’s problem in Chapter [6]

Proposition 5.5. For T, the 0-1 matrix with 1s on the main diagonal and below, we

have || T, || Ecoc = O(logn).

The lower bound in Proposition can be proved by relating T, to a circulant
matrix, whose singular values can be estimated using Fourier analysis. Observe that if

we put four copies of T, together in the following way
T, T}
Tr 1,
we obtain a circulant matrix, which we denote by Cj,41,2y; for example, for n = 3, we

have

o O

0
111100
011110

0 01111

We show the following technical lemma, which will then imply Proposition

Lemma 5.2. For natural numbers s < n, let cs, be the vector consisting of s ones

followed by n — s zeros, and let Cs,, be the n x n circulant matriz whose jth column
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is the cyclic shift of cspn by j — 1 positions to the right. Then, for = > %, we have
|Conll = Qnlogs).

Proof. Let w = =27/ where i = /—1 is the imaginary unit, and let us write C' := Csn

and ¢ := cgp. It is well known that the eigenvalues of a circulant matrix with first
column c¢ are the Fourier coefficients ég, ..., ¢,_1 of c:
s—1 ;
; wl® —1
¢i = wh =2~
! Z wl —1
k=0

Since C is a normal matrix (i.e., CTC = CCT), its singular values are equal to the
absolute values of its eigenvalues. Therefore, ||C|. = Z;‘L;ol |¢;|, so we need to bound
this sum from below. The sum can be estimated analogously to the well-known estimate
of the L1 norm of the Dirichlet kernel. We give the details of the computation next.

To give a lower bound for |¢;| (for appropriately chosen values of j), we give a lower
bound for |w’® — 1] and an upper bound for |w’/ — 1|. Let {z} be the fractional part of
a real number z. If § < {%} < Z, then R(w’®) < g, and, therefore, |w/¢ — 1| > %
So, we have the implication

1 js 7 2 -2
Sl — > Y2 5.1
8—{n}—8 &l 2 5 (5.1)

n n
: omj 2 277\ 2
|w3—1|2:(cos <M>—1> + sin <7U)
n n
9
—2(1—cos(m>).
n

From the Taylor approximation of the cosine function, for —7/2 < ¢ < 7w/2, 1—cos(¢) <

We have w’ = cos (27”) — 7sin <2ﬂ)7 and, therefore,

®?/2. Therefore,

1] 0<j<n

. : <j<

wi—1]< " ! (5.2)
2w (n—j .
Il < i<n—1

)

Let S be the set of integers j such that £ < {%} < I. Let further S; := SN0, Tl
and So = SN [2, n—1]. By (5.1) and (5.2),
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Notice that S is the union of disjoint intervals of size at least L%J > 1, separated by
intervals of size at most [%]. Therefore, for any interval [a,b) where b —a > [%] 41,

|S N [a,b)] = Qb —a). We have the estimate
[logy(n/4)| 1

Six Y glsne)

jesi? i=llogy(n/s)]

= Q(log(n) —log(n/s)) = Q(log s).

v

An analogous argument shows that ) = Q(logs), and this completes the

1
JE€S2 n—j
proof. O
Proof of Proposition[5.5. The upper bound |1}, ||z = O(logn) can be directly proved
in a number of ways. Here we simply observe that it follows from Theorem and
herdisc(A4) = 1.

For the lower bound, we can take P = ) = %I in Theorem and then it suffices
to show [|T},||s, = Q(nlogn). We prove this by relating ||}, ||ls, to ||Crn+1,2nlls,: since
the nuclear norm is invariant under adding zero rows and columns and transposition,
by the triangle inequality we have ||Cyy12nlls, < 4(Tnlls,- The proposition is then

proved by Lemma [5.2 O

We remark that the singular values of T}, are in fact exactly known and are equal

to

1

. (2j—D)7”
2sin 5

for j € [n]. One way to show this is to observe that the inverse of T, T is the matrix

of the second difference operator with 1 in the lower right corner:

2 -1 0 0 0 0 0 O
-1 2 -1 0 O 0 0 O
0o -1 2 -1 0 0 0 O
0 0 0 0 O -1 2 -1
0 0 0 0 O 0o -1 1
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The singular values of this matrix can be computed by deriving a recurrence for the
characteristic polynomial, and observing that it can be as the difference of Chebyshev

polynomials of the second kind.

5.4.2 The Ellipsoid Infinity Norm of Power Sets

It is easy to find matrices A for which detlb(A) = hvdisc(A) = ||Al|poo: for example,

take the identity matrix or a Hadamard matrix. The next proposition gives a matrix

A for which herdisc(A4) > £+/logy(m + 1)||Al| peo-

Proposition 5.6. Let A be the incidence matriz of the power set 2 pot including

the empty set. Then herdisc(A) > 5, while |Al|pos < /1.

Proof. By Proposition |AllEco = ||AT||Eso. But every column of A has ¢, norm
at most /n, so ||AT||geo < ||V/n - BY|| = v/n. On the other hand, for any coloring
xr € {—1,1}", one of the sets {i : x; = 1} and {i : #; = —1} has cardinality at least §.

Let the row a of A be the indicator vector of this set; then |(a,z)| > F. O

While Propositions [5.5 and [5.6] imply that our analysis of the ellipsoid infinity norm
is tight, there are natural strengthenings of this quantity for a better approximation
guarantee is plausible. For example, the argument that we used to prove Lemma [1.7]

also proves the inequality
herdisc(A4) < Cmax{E,||F¢|lo : a1,...a, € FB"}. (5.3)

for C' an absolute constant, g a standard gaussian in R"™, and A the m x n matrix
A = (a;)1,. It is also straightforward to see that the right hand side is bounded from
above by O(y/logm)||A||gsc (by the Chernoff bound) and from below by Q(1)||A|l oo

(by the Jensen inequality). We leave the following question open.

Question 3. Is the right hand side of (5.3) efficiently computable? Is it approxzimable
up to a fixed constant? Does it provide an assymptotically tighter approximation to

herdisc(A) than || Al geo ?
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We remark that any quantity that satisfies Proposition (even if the right hand
side is multiplied by a constant) cannot approximate hereditary discrepancy better
than a factor of Q(logn). The reason is that there exist examples of a pair of set
systems &1, Sz each of hereditary discrepancy 1, whose union § = §1US, has hereditary
discrepancy Q(log n) [I13]. The proof of Proposition[5.3|can be adapted for the quantity
in , so the best approximation we can hope for is O(logn). These observations
suggest the natural conjecture that hereditary discrepancy may be hard to approximate

within o(logn).

Bibliographic Remarks

The results in this chapter come from joint work with Jiti MatouSek. A preliminary
version is available as [103]. The Fourier analytic proof of Proposition[5.5| was discovered

independently and appears in full for the first time in this thesis.
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Chapter 6

Applications to Discrepancy Theory

6.1 Overview

The properties of the ellipsoid-infinity norm established in Chapter [5| can be seen as
“composition theorems”. I.e. they show us how we can deduce upper and lower bounds
on ||A||geo for some matrix A by decomposing A into simpler matrices for which the
ellipsoid-infinity norm can be analyzed directly. Since ||A||goo approximates hereditary
discrepancy, in effect we show how to estimate the hereditary discrepancy of a matrix
(or set system) in terms of the discrepancies of simpler matrices (resp. set systems). In
this chapter we provide a number of examples of this technique. Most prominently, we
show a near-tight lower bound on the discrepancy of axis-aligned boxes in d dimensions.

This nearly settles the high-dimensional version of the Tusnddy problem.

6.2 General Results for Discrepancy

The following “composition results” for discrepancy are immediate consequences of the
properties established in Chapter [5] and Theorem [4.12]

To state the first general result, let us recall the definition of the dual set system.

Definition 6.1. For a set system (S,U), the dual set system (S*,S) has a set S} for
each e € U, defined as S; ={S €S :ec S}.

An easy observation is that if the incidence matrix of S is A, then AT is the incidence
matrix of §*. It follows from Theorem and Proposition that the hereditary
discrepancy of & and S&* are the same, up to polylogarithmic factors. We state the

result next.
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Theorem 6.1. For any set system S of m sets on a universe of size n, and its dual
S*,
herdisc(S) = O(log*? mn) - herdisc(S™*).

This theorem also follows from Matousek’s result that the determinant lower bound
is nearly tight [106]. There exist set systems for which disc(S) = Q(logn) - herdisc(S*).
For example, for a permutation 7 of [n], let Z, be the set system of initial intervals
{m1,...,m(i)} for all i € [n]. There exist three permutations 71, 7o, T3 such that S =
Zr, UZr, UZy, has discrepancy Q(logn) [I13]. On the other hand, each set in &* is
isomorphic to the disjoint union of three initial segments of the form {1,...,7}. Since
the set system of initial segments Z has hereditary discrepancy 1 (see Section , it
follows that S* has hereditary discrepancy at most 3.

The following theorem about unions of set systems was also proved by Matousek
via the determinant lower bound [106]. Here we give a different proof based on the

ellipsoid infinity norm.

Theorem 6.2. Let S = Ule S;, where S and S1,...,Sk are set systems on the same

universe, and |S| =m. Then
herdisc(S) < O((logm)/?) - \/Em—%f( herdisc(S;).

Proof. Follows immediately from Theorem [4.12] and Proposition [5.3| applied to the

incidence matrices A of S and A; of S;, and the observation that |S;| < |S]| for alli. O

There is an example of two set systems S; and Sy of hereditary discrepancy 1,
such that §; U Sy has discrepancy 2(logn). In fact we can use essentially the same
example as the one mentioned above for dual set systems. Let, again 71,79, w3 be
three permutations such that the discrepancy of S £ Z,, UZ,, UZ,, is Q(logn), and
define §; & Zr, UZy, and Sy = Zry. The hereditary discrepancy of Z., is equal to
the hereditary discrepancy of the set system Z of initial segments, since the two set
systems are isomorphic. As already observed, the hereditary discrepancy of Z is 1. The
hereditary discrepancy of Z,, UZ,, is 1 for any two permutations m; and mg; this was

first observed by Beck; see e.g. [1306], Lecture 5].
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The next general result we state follows from the triangle inequality for the ellipsoid-

infinity norm.

Theorem 6.3. Suppose there exist set systems S1,...,S, and T1, ..., T such that each

set S in a set system S can be written as
S = ((51 \Tl)USQ)\TQ)...)USk)\Tk,

where S; € S;, T; € T;, each set union is on disjoint sets, and each set difference

removes a set from a set that contains it. Then
k
herdisc(S) < O(log®/? Z (herdisc(S;) + herdisc(T;)),
=1
where m = |S|.

Proof. Observe that, since at most one set from each S; and 7; is used in the expression
for each S € S, we can assume that |S;|, |7;| < m, for any . Then, after re-arranging

and possibly duplicating or removing some sets, we can write
A:Al—Bl—F...—i-Ak—Bk,

where A is the incidence matrix of & and A;, B; are the incidence matrices of, re-
spectively, S; and 7;. Then the theorem follows from Theorem and the triangle

inequality in Proposition O

The final general result we state gives upper and lower bounds on the hereditary
discrepancy of products of set systems. Given two set systems (Sy,U; and (Sz2, Uz), the
product set system Sy X Sy is a set system on the Cartesian product U; x Us of the

universes, and is defined as
S1 x &y £ {51 X Sy:81€81,5 € 82}.

It is straightforward to verify that the incidence matrix of S x Sy is the tensor (i.e. Kro-
necker) product A1 ® As of the incidence matrices A1, As of S; and Ss.
Product set systems were considered by Doerr et al. [49], where the authors gave an

example in which disc(S; xS2) = 0 for two set systems Sy and Sy of nonzero discrepancy.
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Therefore, no bound of the form disc(S; xS2) > adisc(S1) disc(Ss) is possible in general
for @« > 0. By contrast, using the ellipsoid-infinity norm we can show approximate
multiplicativity of hereditary discrepancy with respect to the taking products of set
systems. The following theorem is an immediate consequence of Theorems [4.12 and [5.1]

Theorem 6.4. For any two set systems Sy and Ss, we have the inequalities
herdisc(S; x Sy) = O(log”? m) - herdisc(S) ) herdisc(Ss),

and

2

herdisc(S; x S2) = Q2 (
log“m

) - herdisc(S ) herdisc(Ss),

where m = |Sy| - |Sa.

6.3 Tusnady’s Problem

In this section we use the ellipsoid infinity norm to give near tight upper and lower
bounds for the higher-dimensional Tusnady’s Problem, which asks for the discrepancy

of axis-aligned boxes in R¢.

6.3.1 Background

In 1980, Tusnady asked whether every finite set U of points in the plane can be bi-
colored so that no axis-aligned rectangle contains more than a constant number of
points of one color in excess of the other. Let Bs be the set of all axis-aligned rectangles
[a1,b2) X [az,b2) in the plane, and let Bo(P) 2 {BN P : B € By}, where P C R? is
a finite set of points. Let disc(IV, B2) be the maximum of disc(Bz(P)) over all n-point
sets P C R2. Tusnady’s problem then asks whether disc(N, B) remains bounded as N
goes to infinity. In 1981, Beck established the transference lemma (Lemma which
implies that
disc(N, B2) = O(1) - D(N, B3),

where D(N, Bs) is the Lebesgue-measure discrepancy of N-point sets with respect to
axis-aligned rectangles. Classical work by Schmidt [I31], improving on a result by

Roth [126], shows that D(N, B2) = Q(log N), which implies that disc(V, B2) = Q(log N)
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as well. Beck also showed an upper bound of O(log4 N), which has subsequently been
improved by Srinivasan [I38] to O(log?® N).

There is a natural generalization of Tusnady’s question to higher dimensions. Let
By be the set of all axis-aligned boxes in R?, i.e. all cross products [ay,b1), ..., [aq, bq),
and let By(P) = {BN P : B € By} be the set system induced by axis aligned boxes
on a finite point set P. The combinatorial discrepancy of axis-aligned boxes in R¢ for
size N point sets is denoted disc(N, B;) and is equal to the maximum of disc(B;(P))
over sets P C R%, |P| = N. The quantitative, higher-dimensional version of Tusnady’s
problem asks how disc(N, B,;) grows as N — oco. Using the transference lemma, and

the results of Roth and Schmidt, Beck showed that for any constant d,
disc(N, By) = Q(max{log N, log!®=1/2 N'}),

where the constant hidden in the asymptotic notation depends on d.

The problem of determining the worst-case discrepancy of axis-aligned boxes has
been one of the central problems of combinatorial discrepancy theory. After a long
line of work, the current best upper bound is O(log?*%% N), due to Larsen [89], using
a deep result of Banaszczyk. A slightly weaker bound using Beck’s partial coloring
lemma [20] was proved previously by Matousek [102]. Nevertheless, the best known
lower bound has remained the one due to Beck cited above, which uses lower bounds
on Lebesgue-measure discrepancy. Closing the significant gap between upper and lower
bounds has been an open problem dating at least as far back as the foundational work

of Beck from 1981.

6.3.2 Tight Upper and Lower Bounds

In this paper, we nearly resolve Tusn’ady’s problem for any constant dimension d, using

an argument that applies directly to combinatorial discrepancy.

Theorem 6.5. The discrepancy of axis-aligned boxes in R? is bounded as

(log N)4~*

< disc(N, By) < (C'log N)4+1/2
(Cd)d —dlSC( 7Bd)—(c og ) ’

for a large enough constant C'.
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Our proof of the upper bound is somewhat different, and arguably simpler, than

the one given by Larsen.

Proof of Theorem[6.5, Let Ay C By be the set of all anchored axis-parallel boxes,
i.e. boxes of the form [0,b1) X -+ X [0,b4). Clearly disc(n,.Ay) < disc(n, Bg), and since
every box R € By can be expressed as a signed combination of at most 2¢ anchored
boxes, we have disc(N, By) < 2¢disc(n, Ag).

Let us consider the d-dimensional grid [n]? ¢ R? (with N £ n? points), and let
Gan = Aa([n]?) be the subsets induced on it by anchored boxes. It suffices to prove
that herdisc(Ggp) > %, for absolute constants ¢1,Cy. For this, in view of Theo-
rem m it is enough to show that |Gyl e > (c1logn)?.

Now Gg., is (isomorphic to) the d-fold product T? of the system of initial segments
in {1,2,...,n}, and so has incidence matrix T2 where T}, is the lower triangular

binary matrix with 1s on and below the main diagonal. Then, by Theorem [5.1] and

Proposition [5.5
1GanllEoe = IT5 N Boo = |1 Tall o = (c11logn)?.

This finishes the proof of the lower bound. To prove the upper bound, we consider
an arbitrary N-point set P C R? Since the set system .A4(P) is not changed by a

monotone transformation of each of the coordinates, we may assume P C [N]¢

, and
A4(P) is a subset of at most N sets of Gg . Hence, by Theorems and Theorem 5.1

and Proposition there exist constants Cy and Cs such that

diSC(Ad(P)) S CQ\/IOgN . Hgd,N”Eoo S CQ\/IOg N(Cg IOgN)d.

Taking C' suitable large with respect to 11 ,C1, C9, C3 finishes the proof. O

6.4 Discrepancy of Boolean Subcubes

Chazelle and Lvov [39, B8] investigated the hereditary discrepancy of the set system
Cq := B4({0,1}%), i.e. the set system induced by axis-parallel boxes on the d-dimensional

Boolean cube {0,1}%. In other words, the sets in Cq are subcubes of {0,1}¢. We can
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specify each set C,, € C4 by a vector v € {0,1,}, as
Cyp={ue{0,1}%: v; # % = u; = v;}.

Unlike for Tusnady’s problem where d was considered fixed, here one is interested in
the asymptotic behavior as d — oc.

Chazelle and Lvov proved herdiscCy = ©(2°¢) for an absolute constant ¢ ~ 0.0477,
which was later improved to ¢ = 0.0625 in [117] (in relation to the hereditary discrepancy
of homogeneous arithmetic progressions). Here we obtain an optimal value of the

constant c:

Theorem 6.6. The system Cq of subcubes of the d-dimensional Boolean cube satisfies
herdisc(Cy) = 2¢0d+o(d),

where cy = logy(2/V/3) ~ 0.2075. The same bound holds for the system Ay({0,1}%) of

all subsets of the cube induced by anchored bozes.

Proof. The number of sets in C4 is 3¢, and so, by Theorem it suffices to prove
ICallpoo = [ A4a({0,1}9)]| oo = 2°0%.
The system Cg is the d-fold product C{, and so by Theorem [CallEse = [IC1]|Foe-

The incidence matrix of Cy is

11
A=11 0
0 1

To get an upper bound on ||A| g, We exhibit an appropriate ellipsoid; it is more
convenient to do it for AT, since this is a planar problem. The optimal ellipse containing
the rows of A is {z € R2: x% —1—3:% —x129 < 1}; here is the ellipsoid and the dual matrix:

(0,1 (1,1)

ol

(1,0)

Wl
Wikl

Hence ||A||pso < 2/v/3. The same ellipse also works for the incidence matrix of the

system A1 ({0, 1}), which is the familiar lower triangular matrix 5.
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There are several ways of bounding ||T%||peo < ||Al|Eoo from below. For example,

we can use Theorem [1.9] with

1 2
1 2
P:3 7Q:?)
2 1
0 3 0 3

One can compute the characteristic polynomial of PY/2T5Q'/2 and check that the sin-
gular values are % + %, and hence the nuclear norm is 2/+v/3 as needed.
Alternatively, one can also check the optimality of the ellipse above by elementary

geometry. O

6.5 Discrepancy of Arithmetic Progressions

In this section we prove several results on the discrepancy of arithmetic progressions.
Irregularities of distribution with respect to arithmetic progressions have been the focus
of a long line of research dating back at least as far as van der Waerden’s famous
theorem from 1927. Van der Waerden’s theorem implies that for any k, any n large
enough with respect to k, and any coloring x : [n] — {—1, 1}, there exist an arithmetic
progression on [n] of size k which is monochromatic with respect to x. This is one
extreme case of imbalanced arithmetic progressions with respect to colorings: we look
for short arithmetic progressions (with respect to n) with maximum discrepancy. At
the other end is the problem of analyzing imbalances in long arithmetic progressions.
This direction was started by the beautiful work of Roth [127]. Roth’s 1/4-theorem
shows that the discrepancy of the set system AP, of all arithmetic progressions on [n]
is disc(AP,) = Q(n'/*). After pioneering work by Beck [20] and later improvements,
Matousek and Spencer [104] showed that Roth’s lower bound is the best possible up to
constants.

We complement these classic results and show that ||AP,||ge = ©(n'/*). This
implies, via Theorem a discrepancy upper bound that is worse than Matousek and
Spencer’s by a factor of O(y/logn). Arguably, our proof is simpler. Via Theorem
we also get upper and lower bounds on the hereditary discrepancy of multidimensional

arithmetic progressions, which generalize (at the cost of slightly suboptimal bounds)
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results of Doerr et al. [49].

We also consider a subset of AP,,: the set system HAP,, of all homogeneous arith-
metic progressions on [n], i.e. all arithmetic progressions of the type {a,2aq, ..., ka} for
a <nand k < |n/a]. Circa 1932, Erdds asked whether disc(H.AP,) = w(1). This
problem is now known as the Erdds Discrepancy Problem, and stands as a major open
problem in discrepancy theory and combinatorial number theory. Much better discrep-
ancy is possible than for general arithmetic progressions: the coloring y which takes
value (i) = —1 if and only if the last nonzero digit of 7 in ternary representation is
2 has discrepancy O(logn). As far as lower bounds are concerned, Konev and Lisitsa
recently reported [87] that the discrepancy of HAP, is at least 3 for large enough n,
and this remains the best known lower bound (a lower bound of 2 for n > 12 was well
known).

Via a reduction from the discrepancy of Boolean subcubes we show that the hered-

itary discrepancy of HAP,, is at least nl/OUcglogn)

. This is tight up to the constant in
the exponent, as shown by Alon and Kalai [83]. For completeness, we reproduce Alon
and Kalai’s argument, with a slightly different proof using the ellipsoid infinity norm.

In relation to the above mentioned results, it is worth mentioning that arithmetic
progressions are not hereditary, i.e. a restriction of an arithmetic progression on [n]
to some W C [n] is not necessarily an arithmetic progression. This makes the Erdés

discrepancy problem significantly more challenging than the hereditary discrepancy

question that we essentially resolve.

6.5.1 General Arithmetic Progressions
We prove the following proposition.
Proposition 6.1. || AP||ge = O(n'/%).

Before embarking on a proof, let us recall a basic tool in algorithms and combina-

torics: the canonical (dyadic) intervals trick.

Definition 6.2. A canonical interval is an interval of the form (a2¢,(a + 1)2¢] NN,

where a and i are non-negative integers.
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The following lemma is easy, well-known, and remarkably useful.

Lemma 6.1. Any initial interval {1,...,75}, can be written as the disjoint union of at

most 1 + [logy j| canonical intervals, each of different size.

Proof. We prove the lemma by induction on j. The base case j = 1 is trivial, since {1}
is a canonical interval. For the inductive step, assume the lemma is true for all k¥ < j—1;
we will prove that the lemma holds for j under this assumption. Let i = |log, j]. We
can write {1,...,5} = {1,...,2}U{2+1,..., j}. Notice that the first set is a canonical
interval (for @ = 0 and 7 as chosen above). The second set is an interval of size less
than 2°, since i was chosen maximal so that 2¢ < j; it follows that j — 2! < j/2. By
shifting the integers {2¢ +1,...,j} left by 2¢, using the inductive hypothesis, and then
shifting right by 2¢, we have that {2/ +1,...,j} can be written as the disjoint union of
at most 1+ [logy(j —2%)] < [logy 5] canonical intervals, all of different sizes. Moreover,

all these intervals must have sizes less than 2¢. This finishes the inductive step. ]
With this basic tool in hand, we are ready to prove the proposition.

Proof of Proposition[6.1. The lower bound || AP, | geo = Q(n'/4) is implied by Lovasz’s

proof of Roths’s 1/4-theorem via semidefinite programming [94]. Lovész showed that

vecdisc(AP,) = Q(n'/*). By Theorem | AP, || 2oe > hvdisc AP, = Q(n'/4).
Next, we prove the upper bound. For an interval I C [n], let M be the set of all

inclusion-maximal arithmetic progressions in [n]. We claim that
| Mlrllze < V2ITIMA. (6.1)

where |I| £ |b — a is the size of the interval I = [a,b).

Before proving (6.1]), let us see why it implies || AP| goo = O(n'/*). Let M; be the
union of the set systems M| over all canonical intervals I of size 2. Since M is a union
of set systems with disjoint supports, by Proposition |5.4| and Ml B < 2113,

Every arithmetic progression A on [n] can be written as M N J, where M is a

maximal arithmetic progression and J is an interval in [n]. J can be written as the set

difference of two nested initial intervals J; C Jo. By Lemma[6.1], J; and J2 can each be
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written as the disjoint union of canonical intervals of different sizes. Intersecting each

of these canonical intervals with M, we have that
A= (MyU...UM)\ (MjU...UMp),

where k& < 1+ [logyn], M;, M] € M; U {0}, all set unions are disjoint, and M} U
...UM] C MpU...UM;. The triangle inequality in Proposition then gives
|APgoo < 2212 = O(n'/*).

It remains to prove (6.1). Let us split M|; as M’ U M”", where the arithmetic
progressions in M’ have difference at most |I|'/2, and those in M” have difference
larger than |I|'/2. By Proposition IM|1]|Eoo < V2max{||M'|| Eoo, |M" || Eoo}, 50O it
suffices to show that [|M’| oo, M| B < |T|V%.

Given a difference d, each ¢ € I belongs to exactly one maximal arithmetic progres-
sion with difference d, because such an arithmetic progression is entirely determined
by the congruence class of ¢ mod d. Therefore, each integer in I belongs to at most
|I|'/2 arithmetic progressions in M’, i.e. Ay < |[I|Y/2. Tt follows that each column of
the incidence matrix of M’ has fo norm at most |I|'/4, and, by the definition of the
ellipsoid infinity norm, ||M’||ge < |T|*/4.

On the other hand, every arithmetic progression in M” has size at most |I|'/2,
so each row of the incidence matrix of M” has f5 norm at most |I|'/4. Then, by
Proposition [5.1] and the definition of the ellipsoid-infinity norm, we have | M"|| g0 <
|I|'/*, as desired. This implies | M| poo < V2|I|'/4, as we argued above, and finishes

the proof. 0

Proposition and Theorem imply herdisc(AP,) = O(n'/*y/Togn), which is
a factor O(y/logn) larger than the optimal bound.

6.5.2 Multidimensional Arithmetic Progressions

Doerr, Srivastav, and Wehr [49] considered the discrepancy of the system AP? of d-
dimensional arithmetic progressions in [n]¢, which are d-fold Cartesian products of

arithmetic progressions. They showed that disc AP? = @(n/4).
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Their upper bound was proved by a simple product coloring argument, which does
not apply to hereditary discrepancy (since the restriction of AP? to a subset of [n]?
no longer has the structure of multidimensional arithmetic progressions). By Proposi-
tion and Theorem [5.1, we have || AP pe = O(n%4) for any constant d, and we
thus obtain the (probably suboptimal) upper bound herdisc(AP?) = O(n%*y/Iogn) by
Theorem [£.12]

6.5.3 Homogeneous Arithmetic Progressions

In this subsection we characterize the hereditary discrepancy of homogeneous arithmetic

progressions.
Theorem 6.7. We have herdisc(HAP,) = n!/©oglogn)

We first prove the lower bound. The upper bound in was proved by Alon and Kalai;

we reproduce a version of their argument at the end of the section.

Proof of the lower bound in Theorem [6.7. For each positive integer d, we will construct
a set of integers Jy; such that the hereditary discrepancy of homogeneous arithmetic
progressions restricted to Jy is lower bounded by the hereditary discrepancy of Cg.
Then the lower bound in Theorem [6.7] will follow from Theorem [6.6

Let p1o < p1,1 < ... < pgo < pa1 be the first 2d primes. We define J; to be the

following set of square free integers

d
Ja = A{] ] piw; 1w € {0,1}%}.
=1

In other words, J; is the set of all integers that are divisible by exactly one prime p;
from each pair (pio,pi1) and no other primes. By the prime number theoremﬂ7 the
largest of these primes satisfies pg; = ©(dlogd). Let n = n(d) be the largest integer
in Jg. The crude bound n(d) = 20(@°84) will suffice for our purposes. Notice that
d = Q(logn/loglogn).

There is a natural one to one correspondence between the set .J; and the set {0, 1}%:

to each u € {0,1}% we associate the integer j, = H?Zl Diu;- By this correspondence, we

! Chebyshev’s assymptotic estimate suffices.
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can think of any coloring x : {0,1}% — {—1,+1} as a colorings x : J; — {—1,+1}. We
also claim that each set in the set system C; corresponds to a homogeneous arithmetic
progression restricted to Jz. With any C, € Cyq (where v € {0,1,%}%) associate the
integer a, = Hm#* Diw;- Observe that for any j, € By, a, divides j, if and only if
u € Cy. We have the following implication for any coloring x, any U C {0,1}%, and the

corresponding J = {j, 1 u € U}:

IC,€Cy:| Y. x| =D & JaeN:|> x(j)|=D. (6.2)
ueCyNU jeJ
alj

Notice again that we treat x as a coloring both of the elements of {0,1}% and of the
integers in Jy by the correspondence u <+ b,. Theorem guarantees the existence of
some U such that the left hand side of is satisfied with D = 2%d) = p1/O(loglogn)
for any x. The lower bound in Theoremfollows from the right hand side of . O

For completeness, we also give a version of Alon and Kalai’s upper bound argument.

Proof of the upper bound in Theorem[6.7. We will represent each set in HAP,, as the
sum of a logarithmic number of sets from small-degree set systems. The ideas here
are similar to the ones used in the proof of the upper bound in Proposition [6.1} and
canonical intervals will make an appearance again.

Observe that, by Theorem it is sufficient to show that || HAP,,|| e < nC/l08logn
for an absolute constant C. Let M be the set of all inclusion-maximal homogeneous

arithmetic progressions on [n]. We claim that,

M|l Eoe < /A < nCo/2loglogn,

The first inequality is by the definition of || M||geo. For the second inequality, observe
that the degree Apq(j) for any j € [n] is equal to the number d(j) of distinct integer
divisors of j. It is well-known that d(j) < nCo/leglegn,

Let us define M;, for i € {0, ..., [logyn]}, as the union of the restrictions | J; M|,
where I runs over canonical intervals of size 2. Since the ellipsoid-infinity norm is non-
increasing under restrictions, | M| oo < M| Eoo < nC0/21981087: moreover, M; is the

union of disjoint restrictions, and so, by Proposition M| poo < nC0/2l0glogn Fach
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set H in HAP,, can be written as H N J for some initial interval J. By Lemma 6.1} .J
can be written as the disjoint union of canonical intervals of different sizes. Intersecting
each of these interval with H, we have that H can be written as the the disjoint union of
at most one set from each M;. Therefore, by the triangle inequality (Proposition ,
|HAP || Eso < (1 + [logy n])nCo/2logloen which is bounded by n¢/08lgn for a large

enough constant C. O
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Chapter 7

Discrepancy and Differential Privacy

7.1 Overview

7.1.1 The Central Problem of Private Data Analysis

Datasets containing personal information have become common; moreover, as data col-
lection and storage capacity have improved, such datasets have become richer. Some
examples include medical studies, census data, marketing or sociological surveys, friend-
ship or followers data from social networking sites. Performing statistical analysis on
these datasets holds significant promise: the discovered knowledge can be useful for the
life sciences, for policy making, for marketing. Therefore, many such datasets are of
interest to the data mining community. However, analyzing them is limited by concerns
that private information about individuals represented in the data may be disclosed.
Such disclosure can lead to concrete adverse consequences for an individual, for exam-
ple an increase in insurance premiums, or discriminatory actions. Moreover, the threat
of possible disclosure decreases trust in the organization performing the analysis, and
discourages participation in studies, thus hurting the validity of the results. Finally,
class action law suites prompted by disclosure of private information can pose a legal
barrier to conducting further studies. The central question of private data analysis then
is whether it is possible to perform a reasonably accurate analysis of sensitive data while
meaningfully limiting the disclosure of private information.

Many naive approaches to this problem fail due to the abundance of publicly avail-
able information about individuals. For example, declaring a subset of data attributes
as “personally identifying” and removing them from the data is vulnerable to linkage at-

tacks. A prominent example is the Netflix de-anonymization attack [112], which showed
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that the identities of persons in the anonymized Netflix movie ratings dataset can be
recovered by linking the dataset with public Internet Movie Database (IMDDb) profiles.
Protecting from re-identification itself is not sufficient; for example if we know that our
neighbor visited a particular doctor’s office, and we receive the anonymized records of
visitors for that day, then we have a very short list of possible diseases that our neighbor
can be suffering from. Yet we have not identified the neighbor in the records. Finally,
restricting analysis to aggregate statistics is also not sufficient, because differencing at-
tacks can be used to infer personal information from simple compositions of aggregate
information. These examples illustrate the difficulty of the private data analysis prob-
lem and the need for formal definitions, that make guarantees in the face of rich and
arbitrary auxiliary information.

Differential privacy [50] is a rigorous mathematical definition introduced to address
these issues. The definition requires that the result of the analysis, as a probability
distribution on possible outputs, remains almost unchanged if a single individual is
added or removed from the data. Semantically, this requirement corresponds to the
following guarantee to any participant: regardless of what other studies have been
performed, and regardless of what public information is available, participating in the
study does not pose a significantly larger privacy threat than not participating. Such

a guarantee encourages participation in the data collection process.

7.1.2 Characterizing Optimal Error

In a seminal paper, Dinur and Nissim [48] showed that there are limitations to the accu-
racy of private analyses of statistical databases, even for very weak notions of privacy.
Imagine that a database D consists of n private bits, each bit giving information about
one individual (e.g. whether the individual tested positive for some disease). Dinur and
Nissim showed that answering slightly more than O(n) random subset sum queries on
D with additive error o(y/n) per query allows an attacker to reconstruct an arbitrarily
good approximation to D. Thus there is an inherent trade-off between privacy and
accuracy when answering a large number of queries, and our main contribution in this

chapter is a characterization of this trade-off for linear queries, in essentially all regimes
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considered in the literature.

The first step towards our characterization is a new view of Dinur and Nissim’s
reconstruction attack using discrepancy. Assume again that the private database is a
vector of n private bits, one per individual. Assume also that we are given a set system
S of subsets of [n], and each set in the system encodes a subset sum (i.e. counting)
query on D. Le. for a set S € S, we want to know how many bits in D|g are equal to
1. We will show that if some algorithm answers all queries in S with additive error per
query upper bounded by an appropriate notion of discrepancy, then we can reconstruct
an arbitrarily good approximation to D. The intuition for why this should be the case
is that an adversary can “weed out” databases that are far away from D whenever they
give sufficiently different answers from D on the queries in S. Therefore, the only reason
why an adversary might fail to reconstruct a good approximation to D is that there is
a way for the differences between two far-away databases to balance and cancel each
other out; this kind cancellation however is limited by the discrepancy of S. This new
approach to reconstruction attacks can be used to re-derive Dinur and Nissim’s result
as well as a number of other known and new results. But more importantly, it gives
a general tool to understand privacy-accuracy trade-offs for arbitrary sets of counting
queries.

In order to relate this reconstruction attack to more standard discrepancy notions,
we need to give slightly more power to the adversary. Assume that for some set J C [n],
we give the adversary the bits D; for j & J. Le. the adversary is given the knowledge
of the private information of a subset of the individuals. Intuitively, under a reasonable
notion of privacy, the adversary should not be able to use this auxiliary knowledge to
learn the bits D; for j € J from the output of a private algorithm. An immediate
consequence of the discrepancy-based reconstruction attack we introduce is that if an
algorithm answers all queries in § with additive error per query o(hvdisc(S)), then
there exists some set J such that, given D], s, the adversary can learn most of D,
from the output of the algorithm. Recall that hvdisc(S) is equal to herdisc(S) up to

polylogarithmic factors (Corollary [3.2)).

As a final step, we show that discrepancy in fact characterizes the necessary and
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sufficient error to answer queries of the above type. As a motivation, let us consider two
edge cases. In one extreme, Dinur and Nissim’s argument (strengthened in [52]) shows
that error £2(y/n) is necessary for ©(n) random subset sum queries in order to achieve
any reasonable notion of privacy. This argument is tight, and there are differentially
private algorithms that achieve error approximately O(y/nlogn)). As a comparison, the
(vector) discrepancy of the corresponding set system of ©(n) random sets is Q(y/n). In
the other extreme, we can achieve significantly better error guarantees and satisfy the
stringent restrictions of differential privacy when the set of queries has a lot of structure.
For example, if all our queries ask about the number of bits in Dy, ..., D; set to 1 for
some j € [n] (also known as range queries), then we know of private algorithms that
achieve error O(log3/ 2n) [63, 35, 152]. As a comparison, the corresponding set system
has hereditary discrepancy 1.

The discussion above suggests that hereditary discrepancy may characterize the
necessary and sufficient error for privately answering subset sum queries up to polylog-

arithmic factor. In fact, we are able to show a striking threshold behavior:

e If an algorithm answers subset sum queries S with error Q(l) -herdisc(S), then an
adversary can reconstruct most of the private database (given the right auxiliary

information).

e There exists an efficient algorithm which answers all queries S with error O(1) -

herdisc(S), and achieves a strong level of privacy (differential privacy).

The notation O, Q2 above hides factors polylogarithmic in the size of a natural rep-
resentation of the queries and the database. The efficient algorithm mentioned above is
based on computing an ellipsoid E achieving ||S||goo. The algorithm simply computes

the true answers to the queries and adds Gaussian noise correlated according to E.

7.2 Preliminaries on Differential Privacy

Here we introduce the basic definitions and results from differential privacy that will

be used in the remainder of the chapter.
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7.2.1 Basic Definitions and Composition

A database is defined as a multiset D € U™ of n rows from the data universe U of size
|U|. The notation |D| £ n denotes the size of the database. Each row represents the
information belonging to a single individual. The universe U depends on the domain;
a natural example to keep in mind is U = {0, l}d, i.e. each row of the database gives
the values of d binary attributes for some individual.

Two databases D and D’ are neighboring if they differ in the data of at most a
single individual, i.e. [DAD’| < 1.

Differential privacy formalizes the notion that an adversary should not learn too
much about any individual as a result of a private computation. The formal definition

follows.

Definition 7.1 ([50]). A randomized algorithm M satisfies (e, 0)-differential privacy if
for any two neighboring databases D and D' and any measurable event S in the range
of M,

Pr[M(D) € S] < e*Pr[M(D') € S] + 4.

Abowve, probabilities are taken over the internal coin tosses of M.

Differential privacy guarantees to a data owner that allowing her data to be used
for analysis does not risk much more than she would if she did not allow her data to
be used.

Let us remark on the parameters. Usually, € is set to be a small constant so that
ef ~ 1+¢, and 4 is set to be no bigger than n=2 or even n~*“(). The case of § = 0 often
requires different techniques from the case § > 0; as is common in the literature, we
shall call the two cases pure differential privacy and approrimate differential privacy.

An important basic property of differential privacy is that the privacy guarantees

degrade smoothly under composition and are not affected by post-processing.

Lemma 7.1 ([50,/51]). Let My and My satisfy (e1,61)- and (€2, d2)-differential privacy,
respectively. Then the algorithm which on input D outputs the tuple (M1(D), Ma(M1(D), D))

satisfies (€1 + €9, 01 + d2)-differential privacy.
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7.2.2 Query Release

In the query release problem we are given a set Q of queries (called a workload), where
each ¢ € Q is a function g: U™ — R. Our goal is to design a differentially private
algorithm M which takes as input a database D and outputs a list of answers to the
queries in Q. We shall call such an algorithm a (query answering) mechanism; this
motivates our choice of the notation M for differentially private algorithms. Here we
treat the important special case of query release for sets of linear queries. A linear
query ¢ is specified by a function ¢: U — [—1, 1]; slightly abusing notation, we define
the value of the query as ¢(D) = Y., q(e). When ¢q: U — {0,1} is a predicate, g(D)

is a counting query: it simply counts the number of rows of D that satisfy the predicate.

7.2.3 Histograms and Matrix Notation

It will be convenient to encode the query release problem for linear queries using matrix
notation. A common and very useful representation of a database D € U™ is the
histogram representation: the histogram of D is a vector x € PV (P is the set of non-
negative integers) such that for any e € U, z, is equal to the number of copies of e in
D. Notice that ||z]l; = n and also that if z and 2’ are respectively the histograms of
two neighboring databases D and D', then ||z — 2/||; < 1 (here ||z]1 = Y, |z| is the
standard ¢; norm). Linear queries are a linear transformation of x. More concretely,
let us define the query matriz A € [—1,1]9%V associated with a set of linear queries
Q by aq. = q(e). Then it is easy to see that the vector Az gives the answers to the
queries Q@ on a database D with histogram x. Notice also that when Q is a set of
counting queries, then A is the incidence matrix of the set system containing the sets
S, 2{ecU:qle)=1}

Since this does not lead to any loss in generality, for the remainder of this chapter
we will assume that databases are given to mechanisms as histograms, and workloads of
linear queries are given as query matrices. We will identify the space of size-n databases
with histograms in the scaled ¢; ball BY (n) £ {z : ||z|1 < n}, and we will identify

neighboring databases with histograms z, 2’ such that ||z —2/||; < 1. Definition [7.1| can
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be slightly generalized as follows.

Definition 7.2. A randomized algorithm M satisfies (g,0)-differential privacy if for
any two histograms x,z’ € RV such that ||z — 2'||1 < 1, and any measurable event S in
the range of M,

Pr[M(D) € S] < e*Pr[M(D') € S] + 6.

Probabilities are taken over the internal coin tosses of M.

Definition and Definition are equivalent when all histograms considered are
integral and non-negative. While all our algorithms will work in a more general setting
in which they can take fractional histograms, all our negative results (i.e. lower bounds
on error) will be for histograms whose coordinates are non-negative integers, and can,

therefore, be interpreted as regular databases.

7.2.4 Measures of Error

In this chapter we study the necessary and sufficient error incurred by differentially
private mechanisms for approximating workloads of linear queries. As our basic notions
of error, we will consider worst-case and average error. Here we define these notions.

For a mechanism M and a subset X C RY, let us define the worst case error with
respect to the query matrix A € Re*V as

err(M, X, A) 2 sup E||Az — M(A, 2) |0,
zeX

where the expectation is taken over the random coins of M. Another notion of interest
is average (Lq)-error, defined as

1/2
erra(M, X, 4) 2 sup (B || Ae - M(A,2)} | .
reX ‘Q|

We also write err(M,nBY, A) as err(M,n, A), and err(M,RY, A) as err(M, A).
The optimal error achievable by any (g, ¢)-differentially private algorithm for queries A

and databases of size up to n is

Opt€75 (n7 A) £ I'Xl/lf err(/\/l, n, A)7
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where the infimum is taken over all (e, §)-differentially private mechanisms. When no
restrictions are placed on the size n of the database, the appropriate notion of optimal
error is
OPte 5(4) £ sup opte 5(n, A) = inf err(M, A),
where the infimum, as before, is over all (g, d)-differentially private mechanisms. The
optimal average error optgg (n,A) and optgg(A) are defined analogously using errs.
In order to get tight dependence on the privacy parameter € in our analyses, we will

use the following relationship between opt, 5(n, A) and opt. g5 (n, A).

. ka_l
Lemma 7.2. For any e >0 and § < 1, any integer k, and for all §' > =0,

opta(;(kn, A) >k ODbge o (n, A).

The same holds for optg.

Proof. Let M be an (g, d)-differentially private mechanism. We will use M as a black
box to construct a (ke, §’)-differentially private mechanism M’ which satisfies the error
guarantee err(M’, n, A) < %err(/\/l, A, kn), which proves the lemma.

On input z satisfying [z|l; < n, the mechanism M’ outputs $M(kz). We need
to show that M’ satisfies (ke, §’)-differential privacy. Let x and 2’ be two neighboring
inputs to M’, ie. ||z —2'|1 < 1, and let S be a measurable subset of the output
M. Denote p; = Pr[M'(z) € S] and ps = Pr[M'(z') € S]. We need to show that
p1 < eFpy+4’. To that end, define xg = kx, 21 = kx + (' — ), 20 = kx +2(2' — ), .. .,
x = ka'. Applying the (e, §)-privacy guarantee of M to each of the pairs of neighboring

inputs xg,x1, 1,2, ..., Tk_1, T 1IN sequence gives us

ke

e —1

pL<ep+ (14+e + ... +eF D95 =eFep, + J.

This finishes the proof of privacy for M’. It is straightforward to verify that the errors

of the mechanisms are related as err(M’, n, A) < 75 err(M, A, kn). O

We emphasize again that, while the definitions above are stated for general real-
valued histograms, defining err and opt in terms of integer histograms (i.e. taking
err(M,n, A) £ err(M, BY NPV, A) and modifying the other definitions accordingly)

does not change the asymptotics of our theorems.
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7.2.5 The Main Result

The following theorem is our main result of this chapter and shows the existence of an

efficient nearly optimal differentially private algorithm.

Theorem 7.1. There exists an (e,0)-differentially private algorithm M that runs in
time polynomial in |D|, |Q|, and |U|, and has error err(M, A) = O(log®? |Q|/log 1/5)-
opt. 5(A) for any query matriz A € RE*A, any small enough e, and any § small enough

with respect to €. Moreover, we have the inequalities

1
O(log|QJ)

2/ Allpne < opt. 5(4) < O(y/ (082110 1/9)) - 1Al e

Hardt and Talwar [78] proved a theorem analogous to Theorem in the § =0
case, which requires somewhat different techniques. Their algorithm is a factor of
0(log®/?|Q|) away from optimal, assuming the hyperplane conjecture from convex ge-
ometry. Subsequently, Bhaskara et al. [23] improved the competitiveness ratio was to
O(log |Q|), and made the result unconditional, using Klartag’s proof of the isomorphic
hyperplane conjecture [86]. We note that, at the cost of a small relaxation in the privacy
guarantee, the algorithm in Theorem is significantly simpler and more efficient than
the known nearly optimal algorithms in the § = 0 case. Indeed, our algorithm simply
computes an ellipsoid E that approximately achieves || Al g0, and then adds Gaussian
noise correlated to have the shape of E. By contrast, the algorithms of [78| 23] involve

sampling from high-dimensional convex bodies, at a minimum.

7.3 Reconstruction Attacks from Discrepancy

In this section we prove a lower bound on opt, 5(A) in terms of hvdisc(A4). The main

result follows.

Theorem 7.2. There exists a constant ¢, such that for any query matriz A € REXV
we have

opt. 5(A) > ghvdisc(A),

for all small enough € and any & sufficiently small with respect to €.
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We prove the theorem in two steps. First we show that the output of any private
algorithm must be far away from the input in every coordinate. Then we show that
this implies a lower bound on opt, 5(A) for small constant € and ¢ via a reconstruction
attack. We finish the proof for all £ and small enough § using Lemma [7.2]

The first lemma shows that any private algorithm should fail to guess each coordi-

nate of its input with constant probability.

Lemma 7.3. Assume M is an (g, 0)-differentially private algorithm whose output range
is RV for some W C U. Let x be uniformly distributed among vectors in {0,1}V

supported on W, and define & = M(x). Then, for every e € W,

e -0

PrM,x[i'e # xe] > m-

where the probability is taken over the coin tosses of M and the choice of x.

Proof. For each = € {0,1}V and some e € U, define z(¢) to by

© a )% el f=e

xy = .
f

Ty f#e

Let #(¢) £ M(2(®)). By the definition of (e, §)-differential privacy, since ||z(®) —z||; < 1,

for each x we have

ProZe = z. ® 1] > e Pry[2¥) = z. ® 1] — 6.

Observe that when z is distributed uniformly over the vectors in {0, 1}U supported on
W, and e € W, 2(¢) is distributed identically to z. Then, taking probabilities over the

choice of x, we have

Pragz[Ze # xe] = PraggTe = 2. ® 1]

Pragz[Ze = xc) = PrMyx[i'ge) = xée)] = Perx[aﬁge) =z, ®1]
Combining the above equations, by the law of total probability we conclude that
Praz[Te # xe] > €7 °(1 — Prag[Te # xe]) — 6.

Re-arranging the terms gives the claimed bound. O
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The second lemma is the reconstruction result: it shows that if a mechanism has

error substantially less than hvdisc(A), then it can be used to guess its input accurately.

Lemma 7.4. Let A € Re*Y be a query matriz, let W C U be such that vecdisc( Ay ) =
hvdisc(A), and define X 2 {x € {0,1}V : 2, =0 Ve € U\ W}. Let M be a mechanism
such that err(M, A, X) < ahvdisc(A). Then, there exists an assignment ¢ : W — R
of non-negative reals to W, and a deterministic algorithm R with range {0,1}V such

that, for any x supported on W

1 N
E\/Q(VV) Z q(e)(ZTe — we)? < 2a, (7.1)

ecW
where & £ R(M(z)), g(W) £ 3 o a(e), and the expectation is taken over the ran-

domness of M.

Proof. Recall the dual formulation — of vector discrepancy. Let P € RE*<
and Q € R"*W give an optimal feasible solution for 7, i.e. they are diagonal
matrices such that AJ, PAw = Q, P is non-negative and satisfies tr(P) = 1, and Q
satisfies hvdisc(A)? = vecdisc(Aw)? = tr(Q). We claim that @ is non-negative. Indeed,
otherwise we can take W’ to be the set {e € U : gec > 0}, and the solution P, Q-
(i.e. the submatrix of @) given by the rows and columns in W’) is feasible for (3.12)—
and has strictly higher value than vecdisc(Ay )% = hvdisc(A4)?, a contradiction.
Let us then define ¢ to be the function that maps e to gee.

On input y, we define R(y) as
R(y) £ argmin | AZ — y||oo.
zeX

For any z € X, let y = M(z) and & = R(y). By the triangle inequality, we have the

following guarantee:
E[|AZ — Azlloo < E[|AZ — ylloo + Elly — Azl

The second term on the right hand side is bounded by assumption by err(M, A, {0,1}V) <

ahvdisc(A). The first term satisfies

Emin || Ay — ylloo < E[|Az — ylloe < err(M, A, {0,1}Y) < arhvdisc(A),
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since x is one of the possible values for Z that the minimum is taken over. Define
2z 2 (& — x)w, and observe that A% — Az = Ay z since Z and z are supported on W.

Observe further that for any v € R9, since tr(P) = 1 and P is a non-negative diagonal

VuTPy = /quqvg < |Iv]lso-
qeQ

Indeed, the left hand side of the inequality is the square root of an average of the values

matrix,

2
q’

and Q =< AJ, PAw, we have

Ev2TQz < Ey/2TA], PAwz < E||Aw 2| oc-

Combining the inequalities derived so far, we get E\/2TQz < 2a hvdisc(A) = 2a+/tr(Q).

v5, while the right hand side is the square root of the maximum. Then, using this fact

Expanding the terms on both sides of the inequality proves the lemma. ]

Let us give some interpretation to Lemma The right-hand side of is
an Lo distance (with respect to weights proportional to ¢(e)) between x and Z. We
have that this Lo distances is bounded by 2, so, if the error of M is much less than
hvdisc(A), then x and & would be proportionally close. In this sense the lemma gives
a reconstruction attack. The requirement that x be supported on W can be simulated
with unrestricted « by giving the reconstruction algorithm R the coordinates of x not
in W.

We are now ready to finish the proof of Theorem

Proof of Theorem[7.3. We first show that for eg < 1 and & < o, opt., s (4) >

ﬁ hvdisc(A). The theorem will then follow from Lemma |7.2
Let M be an arbitrary (g9, do)-differentially private mechanism with err(M, A) <
ahvdisc(A). Let W,q, and R be as in Lemma and let x be distributed uniformly

among vectors in {0, 1}V supported on W, and define & = R(z). Then, by Lemma

1 1
EM,xi Z Q(e)‘je - xe‘ S E./\/l,x NZ7 7Y Z Q(e)(i'e - xe)Q S 20
aW) &5 aW) &
The first inequality is by the convexity of the square root function (Jensen’s inequality).

We use the notation (W) £ 3 .y, q(e). Because x and & are both binary, |Z. — x| is
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1if Z. = z. and 0 otherwise. By Lemma [7.3] and linearity of expectation,

1 e~ —§ 1

- 1 -
EM,xmqu(e)m — | = q(meeZWqu[% Feel 2 T 2 ey

The last inequality is by the choice of g9 and dp. It follows that, oo > 5 L which

1+e)

implies that opt. 5, > ﬁ hvdisc(A).
To finish the proof observe that, by Lemma opt. 5(A) > [1/e] opt,, 5,(A), as

10ngass§1and6§2(ef/;il). O

7.4 Generalized Gaussian Noise Mechanism

In this section we show an efficient mechanism for answering linear queries with error
only a polylogarithmic factor larger than the optimal error. The algorithm is a natural
modification of the basic Gaussian noise mechanism, once the latter is viewed in a
geometric way. Roughly, our algorithm adds correlated Gaussian noise to the true query
answers, where the noise is correlated according to the ellipsoid achieving ||A||geo for
the query matrix A. The results on || A|| g from Chapter 4] let us relate the amount of
noise added to hvdisc(A), which is itself related to opt. 5(A) via Theorem

7.4.1 The Basic Gaussian Mechanism

The Gaussian noise mechanism [48| 57, [50], which adds appropriately scaled indepen-
dent Gaussian noise to each query answer, is one of the simplest but most useful tools
in differential privacy. In this section we recall the formulation of this mechanism and
its privacy guarantee. We give a geometric view of the mechanism, which will allow us
to generalize it and derive a near-optimal algorithm.

Recall that [|A||1—2 equals the largest f2 norm of the matrix A. Let us use the
notation N (u, 02)< for the distribution of a vector of identically distributed independent
Gaussian random variables indexed by Q, each with mean p and variance o2. The
mechanism is given as Algorithm

To give some geometric intuition for the Gaussian mechanism, let us consider the

following symmetric convex body, defined for any query matrix A.
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Algorithm 1 Gaussian Mechanism

Input: (Public) Query matrix A € RE¥Y;
Input: (Private) Histogram z € RY.

0.5v/F+1/21n(1/3)

Sample a vector w from N (0,2 s[|A[|2_,5)<, where c. 5 =
Output: Vector of query answers Ax + w.

Definition 7.3. The sensitivity polytope K of a query matric A € R2*V is the
convex hull of the columns of A and the columns of —A. Equivalently, K4 = ABV,

i.e. the image of the unit £1 ball in RY under multiplication by A.

The crucial property of the sensitivity polytope is that if z and 2’ are histograms
of neighboring databases, i.e. ||z — 2/|; < 1, then Az — Aa’ € K,4. Moreover, it is
easy to see that K 4 is the smallest convex body with this property. Because a private
mechanism must “hide” whether the input is z or 2/, the mechanism’s output must not
allow an observer to distinguish too accurately between Ax and Az’. So, if a mechanism
simply adds noise to the true answers, this noise must be “spread out” over K 4.

The Gaussian mechanism is one concrete realization of this intuition. The mech-
anism adds independent Gaussian noise with standard deviation ¢, so to each query
answer, where o is such that K4 C B£(0) (the ball centered at 0 with radius o). The
following lemma shows that this is sufficient noise in order to preserve (¢, §)-differential

privacy

Lemma 7.5 ([48,57,560]). The Gaussian mechanism in Algorithm[1]is (¢, 6)-differentially

private.

Proof. Let o £ || Al|1-2, and also let p be the probability density function of N (0, c? ;02)<,

and K4 be the sensitivity polytope of A. Define

D,(w) £ 1n <pp(“’>> .

(w + )

We will prove that when w ~ N (0, 03’502)9, for all v € Ky, Pr[|D,(w)| > €] <. This
suffices to prove (e, §)-differential privacy. Indeed, let the algorithm output Az +w and

fix any 2’ s.t. [|[x — /|1 < 1. Let v=A(x — ') € K4 and S = {w : |Dy(w)| > e}. For
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any measurable T C R2 we have

Pr[Az +w € T] = Prjw € T — Ax]
= Prjw € SN (T — Ax)] + Pr[w € SN (T — Az)]

< 4§+ e PrjweT — Ax'] = § + “Pr[A2’ + w € T].

We fix an arbitrary v € K4 and proceed to prove that |D,(w)| < e with probability

at least 1 — 0. Recall that p(w) exp(—w%HwH%). We have
5,60
o+ wl3 = w3 _ ol + 207w

D,(w) =
o(w) 2c§502 20?502

(7.2)

To complete the proof, we bound |v”w|, which suffices to bound |D,(w)|. Since K4 is
the convex hull of the columns of A and — A by definition, and each of these columns has
f2 norm at most o, we have K4 C 0 BE. Because v € K 4, it follows that |jv||s < 0. By
standard properties of Gaussian random variables, vTw ~ N (0, cg’ sllvll30%). A Chernoff

bound gives us
Pr [|va\ > 05,502\/21n(1/5)} < 4.
Substituting back into (7.2)), we have that with probability at least 1 — § the following

bounds hold

~/2In(1/3) < Dy < L L V/2I(1/3)

Ce.§ - 203(S Ce.§

0.5\/4+/21n(1/6)
3

Substituting c. 5 > completes the proof. O

For the remainder of the thesis, we fix the notation

» 0.5y + 1/2In(1/3)
Y .

Ce,6 =

7.4.2 The Generalization

While a very useful tool, the Gaussian mechanism can, in general, however, be rather
wasteful when the sensitivity polytope K4 occupies only a small portion of the ball of
radius o. Consider, for example, the all-ones query matrix J. K is just a line segment

of length 2,/|Q|; the Gaussian noise mechanism would add noise roughly +/|Q| in every

direction, but it is easy to see that noise O(1) is achievable by outputting Jx + gj where
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g~ N(0, ci s5) and j is the all-ones vector. This second mechanism adds Gaussian noise
that is still well-spread over K; but fits the shape of the sensitivity polytope much
better.

Motivated by this example, our next step is to find a correlated Gaussian distri-
bution which fits K; as tightly as possible. Any correlated Gaussian distribution is
“shaped” according to some ellipsoid F, in the sense that it is equivalent to the uniform
distribution over E scaled by a random value drawn from the chi distribution. This,
and the example of the basic Gaussian mechanism, suggest the Generalized Gaussian

Mechanism presented in Algorithm

Algorithm 2 Generalized Gaussian Mechanism Mg

Input: (Public) Query matrix A; ellipsoid £ = F' - BQQ such that all columns of A are
contained in F.

Input: (Private) Histogram z.
Sample a vector w from N(0,c? 5)<.

Output: Vector of query answers Az + Fu.

The following lemma shows that the generalized Gaussian mechanism is (e, d)-

differentially private by a simple reduction to the standard Gaussian mechanism.

Lemma 7.6. The generalized Gaussian mechanism Mg in Algorithm@ satisfies (g,0)-

differential privacy for any ellipsoid E = FBQQ that contains the columns of A.

Proof. Define A = F+A, where FT is the Moore-Penrose pseudo-inverse of F. The
columns of A are contained in FTE = F+FB29 = IIBE, where II is the orthogonal
projection operator onto the span of the row vectors of F'. Since HB2Q is also a ball
of radius 1, this implies ||A]; 2 < 1, and, by lemma the mechanism that outputs
Az +w for w ~ N(0, cé 5)2 is (¢, 0)-differentially private. The output of the generalized
mechanism in Algorithm is distributed identically to F((Az 4+ w), which is a post-
processing of the basic Gaussian mechanism and is also (g, d)-differentially private by

Lemma [7.11 O

An immediate consequence of Lemma [7.6] (and a standard concentration of measure
argument) is an upper bound on opt, ;5(A) in terms of ||Al|pe. This is excellent news,

since || Al goo approximates hvdisc(A), which itself gives a lower bound on opt, 5(A).
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Proof of Theorem[7.1]. Let E = FBQQ be an ellipsoid that (approximately) achieves
|Al| Eoo- As in the proof of Theorem such E can be computed in time polynomial
in |Q| and |U| by solving the convex optimization problem ({.5)-(4.8). The gener-
alized Gaussian mechanism Mg instantiated with E is (e, §)-differentially private by
Lemma Once F is computed, the mechanism only needs to sample |Q| Gaussian
random variables and perform elementary linear algebra operations, so it runs in poly-
nomial time as well. The error of My is equal to E||Fw|/o = Emaxgeg |ef Fw|, where
w ~ N(0, cg 5)9 and e, is the standard basis vector corresponding to query g. For any

q, eg Fw is a Gaussian random variable with mean 0 and variance equal to
T 2 _ ReT TETe, — 2 el FFT
E(e] Fw)® = Ee] FwwTFTe, = cZ sel FFTey.

Therefore, for any ¢ € Q, the variance of efFw is at most cg smaxgcg ed FFTe, =
2 sIEN2% = 2 5||All%.., where the first equality is by (£.4). By a Chernoff bound, for
any ¢ € Q and any t > 0, Pr[(ef Fw)? > th,(sHAHQEOO] < e~¥/2. By the union bound,
Pr {meaé((eTFW) (¢ + 1] Q)e2 | All o] < ™2,
q

and we can bound the error of Mg as

Mp, A) = E T
err(Mpg, A) Igleaé(]eq w|

1/2
<IE maéc (ef Fw) >

2
= < Pr[max e(;Fw) > x]dm)
q€eQ

1/2

(m\Q\ 2 Al + | exp(—x/<2c§,5HAH%OO»dx)
1
= O(y/Iog QIoE 1/5) - |4l

where the first inequality is by Jensen. On the other hand, by Theorems [£.12] and [7.2]

for all sufficiently small € and 9,
1 1 _
4] 2o = O(log|Q]) - ~ hvdisc(A) = O(log |Q]) - opt, 5(A)-
Combining the bounds finishes the proof of the theorem. O

We leave the following question open.
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Question 4. What is the largest gap between 1 hvdisc(A) and opt, 5(A)?

A particularly interesting question is to develop general lower bound techniques
that give bounds which grow with 1/J. A first step in this direction was taken by Bun,
Ullman, and Vadhan [33], who showed that on a natural query matrix A, opt, 5(A) is
strictly larger for 6 = o(|D|™!) than for § = Q(1).

The approach of minimizing error over ellipsoids F to use in the generalized Gaussian
mechanism is related to work on the Matrix Mechanism [91]. Instead of the geometric
presentation we chose, the matrix mechanism is usually given as a matrix factorization:
the query matrix A is written as A = FA and the basic Gaussian mechanism is used
to compute noisy answers Az + w, which are then multiplied by the matrix F. An
inspection of the proof of Lemma [7.6] shows that this is equivalent to the generalized
Gaussian mechanism Mg instantiated with the ellipsoid £ = F BQQ. In the matrix
mechanism one usually optimizes over factorizations that minimize the Lo error, while
we analyze the stronger worst-case error guarantee. Nevertheless, we can prove an
analogue of Theorem for Ly error as well. Thus, Theorem can be interpreted as
showing that (a natural variant of) the matrix mechanism is nearly optimal among all

differentially private mechanisms.

7.5 Bounds on Optimal Error for Natural Queries

Theorem [7.1] and estimates of the ellipsoid infinity norm from Chapter [6] give near tight
bounds on the optimal error for natural sets of linear queries. Here we give the more
interesting results.

Geometric range counting queries are a natural class of linear queries. In a range
counting query the data universe is U C R, i.e. the database is a multiset of d-
dimensional points. One may assume, for example that U = [N]¢ for a large enough
d. The counting queries are given by a collection S of subsets of U, usually induced by
some natural family of geometric sets. Each query ¢g for S € S asks how many points
in the database belong to S. lL.e. gs(p) is the indicator of p € S for any p € U. For

such queries, let us write Qg to denote the class of counting queries induced by the set
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system S.

For example, when d is fixed, and U = [N]¢, the queries given by the family By of
axis-aligned boxes [a1,b1),. .., [aq,bq) in R¢ are known as orthogonal range queries. Us-
ing various methods (Haar wavelets, decompositions into canonical boxes), it is known
that opt. 5(Qs,) = O(ces log®1/2 N). In the next theorem gives a different derivation
of this upper bound via our more general results, and, more importantly, also shows a

nearly-matching lower bound.

Theorem 7.3. For any constant dimension d, the optimal error for d-dimensional

orthogonal range queries is bounded as

Q((log N)™1)

- < opt. 5(@s,) < Ofce5(log N)*1/2),

for a large enough constant C.

Proof. Follows immediately from Theorems|7.1|and the fact that ||By| zeo = ©((log N)%)

for any constant d. This fact was established in the proof of Theorem [6.5 O

When instead of By we consider the queries induced by the family of boolean sub-
cubes Cq4, we get another interesting set of queries: the marginal queries Qflnarg. The
data universe U for this class of queries is {0,1}¢, i.e. each individual is characterized
by d binary attributes. A marginal query g, is specified by a vector v € {1,0,*}¢,
and the result is the count of the number of people in the database whose attributes
agree with v except at the * coordinates, where they can be arbitrary. Marginal queries
are a ubiquitous and important subclass of queries, constituting contingency tables in
statistics and OLAP cubes in databases. Official agencies such as the Census Bureau,
the Internal Revenue Service, and the Bureau of Labor Statistics all release certain sets
of low dimensional marginals for the data they collect.

From the description above it is clear that the marginal queries are equivalent to
the queries Q¢, induced by boolean subcubes. From prior work it was known that

4 Our methods allow

answering all marginal queries requires error on the order of 28
us to determine the precise constant in the exponent up to lower order terms. Moreover,

we show that the same error bound holds for the more restricted class of conjunction
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d

conj? which are all queries g, for v € {1, *}¢. Conjunction queries are equivalent

queries Q,

to the queries induced by anchored subcubes of the Boolean cube. Our result follows.

Theorem 7.4. The optimal error for d-dimensional conjunction and marginal queries

1s bounded as

1 _
“9e0d=old) < opt_5(Q%,.) < opt. 5(Q% ) < cz 520000,

c conj
where ¢ = logy(2/v/3) ~ 0.2075.

Proof. Follows from the observations that ngnj = Q 4,(f0,134) and anarg = Qc,, The-

orems and since |Qg0nj| = 3%, Alternatively to using Theorems and
observe that in the proof of Theorem we showed that [|A4({0,1}9)||pe =
1Call Eoo = 207 O

7.6 Error Lower Bounds for Pan-Privacy

In this section we extend the reconstruction attack-based lower bounds on error to a
stronger notion of privacy. We show a strong separation between this stronger notion

and ordinary differential privacy.

7.6.1 Pan Privacy: Motivation and Definition

The original definition of differential privacy implicitly assumes that the database itself
is secured against intrusion, and the privacy risk comes from publishing query answers.
This is a reasonable assumption, as it allows us to separate the issues of security, such
as access control and protection against tampering with the data, and privacy issues
which cannot be addressed with traditional cryptographic tools because an adversary
and a legitimate user of the statistical analysis cannot be separated. However, if the
security of the system is compromised, and the sensitive data is leaked in the clear,
all hope of further privacy protection is lost. This may happen because a malicious
intruder hacks the system. But more subtly, this may happen because an insider with
access, such as a systems administrator, may turn curious or crooked; data analysis

may be outsourced to far away countries where people and laws are less stringent; or
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the contents of the registers may be subpoenaed by law or security officials. Traditional
encryption will not work in such cases, because a breach will reveal the hash function
or the encrypting key.

To protect privacy in the face of this kind of security breach, we need to store
the data itself in a privacy-preserving manner. Dwork, Naor, Pitassi, Rothblum, and
Yekhanin introduced pan-privacy to formally capture this stronger level of security
protection. Intuitively, pan-privacy applies to algorithms that process a stream of data
updates, and requires that the pair of internal state of the algorithm and output are
jointly differentially private. More formally, we model a streaming algorithm as a pair
M = (A, O), where A and O are each randomized algorithms. Assume that the input
sequence & = (o1,...,0,,) arrives online, i.e. at time step ¢ we receive the symbol
ot € . We can think of each o; as the ID of a user visiting a website, for example. At
each time step ¢, M is in a state X; € X (X is called the state space); it is initialized
to a special initial state Xy, and after the symbol o; arrives at time ¢, the state is
changed to M(X;_1,0,). After the input sequence is processed, M outputs O(X,,).
(It is possible to modify the definitions so that the algorithm produces multiple outputs;
we restrict the discussion to a single output produced at the end for simplicity.) We
use the shorthand A(X,5) for X,,, = A(Xy—1,0m) where X1 = A(X—2,0m-1),

.., X1 = A(X,01); when X is the initial state Xg, we just write A(sigma). In this

setting, pan privacy is defined as follows:

Definition 7.4 ([54]). Two input sequences ¢ = (o1,...,0m) and 6" = (o},...,0.,)
are neighboring if there exists a symbol o € ¥ so that &' can be derived from & by only
adding and removing occurrences of o. An algorithm M = (A, O) with state space X

is (€,d)-pan private against a single intrusion if for

e all pairs of neighboring streams & = ¢1-02, and &' = &1-G; where - is concatenation

and G1,5] are also neighboring and differ on the same symbol as 7,4’ ,
e all sets X C X,

o all subsets S of the range of O,
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we have
Pr[(A(51), O(A())) € X x S] < e"Pr[(A(a1), O(A(d"))) € X x ]+,
where the probability is taken over the randomness of A and O.

The intention of the definition is that an intrusion occurs after o1 has been processed,
after which the intruder can wait to also observe the output of the algorithm. The
definition can be generalized to multiple intrusions. However if there are more than
two unannounced intrusions, Dwork et al. showed that even simple functions of the
stream cannot be approximated with any non-trivial error. On the other hand, if
the breach is discovered before a second breach occurs, the algorithm’s state can be
re-randomized at the cost of a slight increase in error.

While the pan-privacy model is very strong, Dwork et al. designed a number of
non-trivial pan-private algorithms for statistics on streams. Recall the notion of a
frequency vector f € IN* associated with a stream &, and defined by f, £ |{t : oy =

o}|. The k-th frequency moment of the stream is defined as Fj, = 3. __s f¥: the 0-th

oES
moment, also known as the distinct count, is equal to the number of distinct symbols
in the stream, i.e. Fy £ |[{oc € ¥ : f, # 0}|. Besides the distinct count, all other
frequency moments have unbounded sensitivity, i.e. the value of the moment can differ
by an arbitrary amount between two neighboring streams. This easily implies that the
worst-case error under differential privacy has to be unbounded. To address this issue,
Dwork et al. introduced the cropped moments: the k-th moment F(7) is equal to
Fi(t) 23, cxmin{ f¥,7}. They gave an (e, 0)-pan private algorithm for distinct count
that achieves additive error O(\/W) with constant probability, and an algorithm
for Fy(7) that achieves error O(71/[%[/e). In this section we use a discrepancy-based

reconstruction attack, similar to the one in Section to show that these algorithms

are optimal:

Theorem 7.5. For any small enough € and any 6 small enough with respect to €, for any
(,0)-pan private algorithm M = (A, O), there exists a stream & of length m = ©(|X|)
such that with probability at least o, |Fy — O(A(@))| = Q+/|Z[log(1/a)/e). Simi-
larly, there exists a stream & such that with probability at least o |Fy(17) — O(A(d))| =



115

Q(14/|X] log(1l/a)/e).

Note that under (g, 0)-differential privacy, Fy can be computed with error only O(2)
and Fi(7) can be computed with error O(17) via the Laplace noise mechanism [50].
Theorem therefore shows that pan privacy can have significantly larger cost in
terms of error compared with differential privacy, even in the presence of only a single

unannounced intrusion.

7.6.2 Reconstruction Attack against Pan- Privacy

Our lower bound argument is based on the observation that the state of a pan-private
algorithm can be used to answer many queries privately, by updating it with different
continuations of the stream. If the algorithm is accurate with constant probability for
any stream, then most of the query answers we get in this manner will be accurate.
We can use this to derive a reconstruction attack via a robust notion of discrepancy.
The main ideas of the attack itself, together with Fano’s inequality, will also be used in
Chapter [J] to prove lower bounds in the one-way communication model, as well as to
bound the minimax rate of statistical estimators.

Let us introduce the following “norm” for z € R™: ||z||a.co = min{t : [{i : |z;] >
t}| < am}. Equivalently, if x(y,...,z(y) are the coordinates of z in non-increasing
order with respect to the absolute value, then ||z||la,c0 = |2(y)| Where k = [am]. This
quantity can be considered a “robust infinity norm”, as it ignores the top « fraction of
coordinates, which may be outliers. We call it the a-infinity norm. It is not strictly

speaking a norm, because, while it is homogeneous, it need not satisfy the triangle

inequality. Nevertheless, it satisfies the following relaxed form of the triangle inequality:

Hx"‘yHM,oo < Hx||a,oo+ ||y|a,oo- (7.3)

We base a notion of robust discrepancy of an m x n matrix on the a-infinity norm:
rdisc, g(A) £ min Ax .
) = oMty 147 e

Notice that robust discrepancy relaxes discrepancy in two ways: it allows for x to have
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a constant fraction of zero coordinates, and it also relaxes the infinity norm to the a-
infinity norm. Nevertheless, the next lemma shows that we can still prove strong lower

bounds on robust discrepancy.

Lemma 7.7. Let A be the matriz whose rows are the elements of the set {—1,1}".

Then rdiscq g(A) > cmin{fpn, /pnlog(1/a)} for an absolute constant c.

Proof. Let us fix an arbitrary = € {—1,0,1}" such that ||z|; > fBn. It suffices to
show that there exists a constant ¢ such that Pr,[|{a, )| > c¢\/Bnlog(1/a)] > a, where
a € {—1,1}" is picked uniformly at random. Let £ = 3n. For a fixed x, the random
variable (a,z) is distributed identically to Zle s; where each s; is uniformly sampled
from {—1,1}. Since S35_, s; = 2(|{i : si = 1}| — £/2), we have

0/2—t/2

. ¢ . ¢ e
Pr,[|(a,z)| > t] = 2! Z (k) > ol <€/2 B t/2> > 9(H2(p)=1)l—o(0)

k=1
Above Hy(p) & —plogyp — (1 — p)logy(1 — p) is the binary entropy function, p £
(1 —t/€)/2, and the final inequality follows from Sterling’s approximation. By the

Taylor expansion of binary entropy,

(1—2p)*

Hy(p) — 1= — (1—2P)Q—W'

2In2

1-2p)4
For p > 1/3, éln(2]));))2 < 2\/§,lln2(1 — 2p)2, so we have Ha(p) —1 > 21;%\1/32(1 — 2p)2.
Therefore, for t < ¢/3,

Pro[|{a, z)| > 1] > 27/,

where C' = 21;%\1/52 — o(1). Choosing t = min{¢/3,/llogy(1/a)/C} completes the

proof. O

The lower bound in Lemma [7.7]is optimal up to constants, as shown by a random
coloring and Hoeffding’s inequality. Armed with this lower bound, and the approximate
triangle inequality for the a-infinity norm, we are ready to give our reconstruction

attack.

Lemma 7.8. There exists a deterministic algorithm R, such that for any A € R™*™,
any x € {0,1}" and any y such that |Az — yllaco < 3 rdiscon s, we have R(A,y) €
{0,1}" and |R(A,y) — z(1 < Bn.
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Proof. On input y, we define R(A,y) as

R(A,y) & in || AZ — y|aco-
(A,y) argfe%{gl}nll T =Yla,

Let & £ R(A,y) and D £ rdiscaa g(A). By assumption, ||AZ — y|la.co < [|AZ — Yla,00 <

D/2. By the approximate triangle inequality ([7.3]), we have the guarantee
[AZ — Az|j20,00 < AT = ylla,00 + Iy — A2[la,00 < D.

Since Z and x are binary, Z — 2 € {—1,0,1}", and by the definition of rdisco, g(A), we

have ||z — z|j1 < fn. O

We are now ready to prove our lower bound result. Once again, the intuition is
that the state of a pan-private algorithm can be used to answer many queries, and
if the algorithm is accurate with large constant probability, then a large fraction of
the queries will be answered accurately. Then we can invoke the reconstruction result
in Lemma [7.8, This idea is inspired by space lower bound arguments for streaming
algorithms, in which one argues that the space complexity of the algorithm must be

large because it accurately encodes the answers to too many queries.

Proof of Theorem [7.8. Let &g be a constant to be determined later, and let k £ |g¢/¢],
and n = ||X|/k]. Let us associate with each j € [n] a set $; C ¥ of size k, so that
Y;NYy = 0 for j # ¢. Given a vector x € {0,1}", we construct a stream 7 (z) as follows:
for each j € [n] such that x; = 1, we insert into &(x) all symbols in ¥; in any order. We
will use the state of a pan-private algorithm for distinct counts after processing 7 (x)
to answer counting queries on x under differential privacy.

Let 8 and ¢ be constants to be determined later, and assume for the sake of
contradiction that M = (A, Q) is an (g,0)-pan private algorithm such that for any
stream &, with probability at least 1 — a, |Fy — O(A(7))| < c'ky/Bnlog(1/a). By
an argument analogous to the proof of Lemma X(x) & A(a(x)) is an (g, do)-

differentially private function of z, for any 09 > ff__ll 6. Let A be a matrix whose

1 m

rows a,...,a™, m = 2" form the set of all binary vectors {0,1}". For each row

a’ we construct a stream &' in which we insert all symbols in ¥; (in any order)
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for each j such that aiA = aj; = 1. Observe that the distinct count of the stream
o(z)- &' is equal to > i1 k({aij = 1} v {z; = 1}). Substituting {a;; = 1} V{z; = 1} =

(aw +1)+x;— (am + 1)x;, re-arranging the terms and simplifying gives us that the
distinct count of &(z) - &° is

k. . k

kn
—§<al,x> +3 Z (xj + aij) + -
j=1

The third term does not depend on x and the second term can be approximated with
additive error n £ O(kcz, s,1/10g 1/a) with probability 1 — o under (g, dp)-differential
privacy using the Gaussian mechanism (Lemma [7.5)). Let us call this approximation w,

and compute a vector y by

2 ) 2
y; 2 —E(’)(A(X(x),él)) + %w +n.

Because X (z) and w are each (eg,dp)-differentially private functions of x, y is an
(2e0, 2dp)-differentially private function of x by Lemma Sample z uniformly at
random from {0,1}" and define the random variable & £ R(A,y), where R is the
reconstruction algorithm from Lemma . Because R only accesses the (2eq,2dp)-
differentially private y, & is also (2eq,2dp)-differentially private, and by Lemma
and linearity of expectation, E|Z — z|; > 61?07722850”' On the other hand, by the

accuracy guarantee we assumed for M, for each ¢, with probability at least 1 — 2a,

o ) 2 / i -
lyi — (Az);| < £n+ 2 \/Bnlog(1/a) < $ey/Bnlog(1/12a). Since - (1/a)n is a con
stant depending only on &g, dg, setting ¢’ small enough ensures that the last inequality
holds for ¢ as in Lemma and all big enough n. Then, by Markov’s inequality, with

probability at least 2/3, ||ly— Az|6a,0c0 < 3¢y/Bnlog(1/12a), so, by Lemmasand.

|2 — z|[1 < fn. We can then bound the expected distance of Z from = as

1 26+1
Eljz — x| < Bn+ 3" 53

€0 — 2(50 2,8"1‘1
1+e —2¢ 2

Setting €9, dp and 3 small enough so that & gives a contradiction and
finishes the proof of the lower bound for distinct counts.
The proof for the cropped first moment is analogous, with the modification that any

symbol in the streams 7 (x) and &' is included 7 times. O
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The first discrepancy-based reconstruction attack appeared in the paper [110]. In the
(4) = Q@) -

notation used in this thesis, the result shown there was that opt. s,

XU and all small enough con-

rdiscg 1 /2(A4) > m for a query matrix A € R
stant g, 6g. Theorem appears for the first time in this thesis and is a strengthening
of the lower bound in [I10]. That paper also observed that this implies interesting
error lower bounds for orthogonal range queries, but did not report near-tight bounds,
because the corresponding discrepancy lower bound was not known. [I10] also used a
decomposition of bounded shatter function set systems from discrepancy theory to a
differentially private algorithm for halfspace counting with tight error (up to constants).
Theorem was first proved in [II8]. The approach via the ellipsoid infinity norm in
this chapter is a simplification of the proofs in [I18], which used a recursive construc-
tion based on computing approximate John-Lowner ellipsoids. The error lower bound
for computing distinct counts and cropped first moment in the pan-privacy model was
first published in [I08]. The argument is basically the same, but the proof in the paper
used the reconstruction attack of [52]. Here we instead use a discrepancy-based recon-

struction; while our reconstruction algorithm is not efficient, this is not an issue for the

lower bound argument, as differential privacy is an information theoretic notion.
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Chapter 8

Private Mechanisms for Small Databases

8.1 Overview

In this chapter we consider a setting in which the database size n is significantly
smaller than the number of queries |Q|. Since the seminal work Blum, Ligett and
Roth [26], a long line of work [55], 58, [125], [76] (73, [77, [74] has shown that in this regime
there exist algorithms with error guarantees superior to the general case. In general,
there exist (e,d)-differentially private mechanisms for linear queries that have error
O(%m log?/4|U|). Moreover, there exist sets of counting queries for which
this bound is tight up to factors polylogarithmic in the size of the database [33].

We extend the results from Chapter [7| and show that there exists an efficient (¢, §)-
differentially private mechanism whose Lo error is not much larger than optgg(A, n) on
any database of size at most n. In other words, if we look at optgg (A, n) as a function
of n, the error of our algorithm approximates this function pointwise, while the error
of the algorithm of Theorem is only guaranteed to be approximately bounded by

(2)

the least upper bound of opt . 5(A,n). This improved guarantee is important, since in
some cases optgg (A) may be larger than the trivial error n. Giving a similar “strongly
optimal” guarantee for the worst-case error opt, 5(A,n) is an interesting open problem.
Our main result for small databases is summarized in the following theorem.

The following theorem is our main result of this chapter and shows the existence of

an efficient nearly optimal differentially private algorithm.

Theorem 8.1. There exists an (e,0)-differentially private algorithm M that runs in

time polynomial in |D|, |Q|, and |U|, and has error

erry(M, n, A) = O((log n)(log 1/6)/4(log [U]) /1) - opt'*) (n, A)
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for any n, any query matriz A € RE*4, any small enough ¢, and any § = \U|_O(1)

small enough with respect to e.

Question 5. Prove an analogoue of Theoremfor the worst-case error opt, 5(A,n).

()

Our lower bound argument for opt_ s (n, A) is analogous to the discrepancy-based
reconstruction attack argument from Chapter[7] We simply observe that the hereditary
vector discrepancy of any submatrix of A of at most n columns provides a lower bound
on the optimal error. The more challenging task is to give an algorithm whose error
matches this lower bound. We take the generalized Gaussian mechanism as a basis, and
again we instantiate it with a minimal ellipsoid, although with respect to a different
objective. By itself this mechanism can have error which is too large when the database
is small. Nevertheless, in this case we can use the knowledge that the database is small
to reduce the error. Taking an idea from statistics, we perform a regression step: we
postprocess the vector § of noisy query answers and find the closest vector that is
consistent with the database size bound. This post-processing step is a form of sparse
regression, and can be posed as a convex optimization problem using the sensitivity
polytope. Indeed, nK 4 is easily seen to contain the convex hull of the vectors of query
answers produced by databases of size at most n. So we simply need to project § onto
nK4. (In fact our estimator is slightly more complicated and related to the hybrid
estimator of Li [I55]). Intuitively, when n is small compared to the number of queries,

nK 4 is small enough that projection cancels the excess error.

8.2 Error Lower Bounds with Small Databases

In this section we discuss how to adapt our lower bounds on the error of differentially
private mechanism, so that they hold even when the input is the histogram of a small
database. This does not involve any new techniques as much as making observations
about the proofs we have already given.

First we give a reformulation of Theorem Recall that we use the notation
herdisc(s, A) to denote the maximum discrepancy of all submatrices of A with at most

s columns. In this chapter it will be convenient to consider the vector discrepancy
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relaxation of the Lo version of this quantity. Define the Lo vector discrepancy of a

matrix A € R™*" as

vecdisca(A) £ min (* Z 1> Aijuy Hg) :
Ut un €8T AM j=1

An analogous argument to the proof of Proposition establishes the dual formulation

vecdisco(A)? = max tr(Q) (8.1)
s.t.
Q= Lara, (8.2)
m
@ diagonal . (8.3)

Now we define the s-hereditary vector discrepancy of A as

hvdisco(n, A) = JC[IT{LI]?])‘{]KS vecdisca(Ay).

The reformulation of Theorem [7.2]follows from the following modification of Lemmal[7.4]

The proof is exactly analogous to the original proof and we omit it.

Lemma 8.1. Let A € RV be a query matriz, let W C U, |W| < s, be such that
vecdisca(Aw ) = hvdisca(s, A), and define X = {x € {0,1}V :2; =0 Ve € U\ W}. Let
M be a mechanism such that erra(M, A, X) < ahvdisca(s, A). Then, there exists an
assignment q : W — R of non-negative reals to W, and a deterministic algorithm R
with range {0,1}V such that, for any = supported on W

1 .
E\/q(VV) Z Q(e)(xe - xe)Q < 2a,

ecW

where & = R(M(z)), qW) £ > ey ale), and the expectation is taken over the ran-

domness of M.

We can now state the theorem.

Theorem 8.2. There exists a constant ¢, such that for any query matriz A € RE*U

we have

optgg (n,A) > ghvdich(En,A),

for all small enough € and any & sufficiently small with respect to €.
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Figure 8.1: A schematic illustration of the key step of the proof of Lemma [8.2] The
vector p —y is proportional in length to |( —y, w)| and the vector § — p is proportional
in length to |(y — y, 9y — ¥)|. Since the angle 0 is obtuse, ||p — yll2 > ||y — p||2-

Proof. Observe that X as defined in Lemma satisfies X C sBY, i.e. is a set of
databases of size at most s. Using Lemma and Lemma with s £ en, we can
use an argument analogous to the one in the proof of Theorem to conclude that
opt(2) (en, A) > 52— hvdisca(en, A) for small enough e and . To finish the proof we

€0,00 2(1+e)
appeal to Lemma to show that optgg (n,A) > |1/¢] optg)(SO (n,A). O

8.3 The Projection Mechanism

A key element in our algorithms for the small database case is the use of least squares
estimation to reduce error. In this section we introduce and analyze a mechanism based

on least squares estimation, similar to the hybrid estimator of [I55].

8.3.1 Projection to a Convex Body

Below we present a bound on the error of least squares estimation with respect to sym-
metric convex bodies. This analysis appears to be standard in the statistics literature;
a special case of it appears for example in [123].

For the analysis we will need to recall Holder’s inequality for general norms. If L is a

convex body, and L° is its polar body, then for any x and y we have |(z, y)| < ||z||z ||y L

Lemma 8.2. Let L C R™ be a symmetric convex body, let y € L,y € R™, and define

L

w = §—y. Let, finally, j € L be such that ||§ — §||3 < min{||z — §||3 : z € L} + v for
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some v > 0. We have || — y||3 < min{(2||w||2 + v7)?, 4||w|| o + v}

Proof. Let § = argmin{|z — ¢||3 : 2 € L}. First we show the easier bound: by the

triangle inequality,

17 = yll2 < 17 = Fll2 + 17 = yll2 < 217 — yll2 + V.

The last inequality above follows from

15 =3l2 < \Ilg =35 +v <7 —3lla+ Vv < lly = gl2 + Vv

The bound || — y||3 < 4||w||z> + v is based on Hélder’s inequality and the following

simple but very useful fact, illustrated schematically in Figure [8.1

1T—yl3=F—v0—y) +{F—v,5—7)

<2y—y,y—y) + . (8.4)

The inequality (8.4) can be proved algebraically:

G—v0-v)=T—yl3+ G071

>g—gll3—v+ G —055—y)

<g_g7g_y)—y: @—y,gj—g})—l/
Inequality (8.4), w = § — y, Holder’s inequality and the triangle inequality imply
17 = yll3 < 27—y, w) +v < 207 = yllelwlre < 4flwlze +v,

which completes the proof. ]

8.3.2 The Mechanism

Lemma [8.2]is the key ingredient in the analysis of the Projection Mechanism, presented
as Algorithm[3] This mechanism gives improved Lo error with respect to the generalized
Gaussian mechanism Mg when the the database size n is smaller than the number of
queries: the error is bounded from above roughly by the square root of the sum of

squared lengths of the n longest major axes of E.
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Algorithm 3 Projection Mechanism M%roj

Input: (Public) Query matrix A; ellipsoid £ = F' - B2Q such that all columns of A are
contained in F.
Input: (Private) Histogram x of a database of size ||z||; < n.
1: Run the generalized Gaussian mechanism (Algorithm to compute § £ Mp(A, x);
2: Let IT be the orthogonal projection operator onto the span of the |en| largest major
axes of E (equivalently the span of leading |en| left singular vectors of F);
3: Compute § € n(I —II) K4, where K 4 is the sensitivity polytope of A, and y satisfies

15 — (I = 1)g[3 < min{|lz — (I ~M)F|3: 2 € n(I — MK} +v,

and v < nce g/log |U|||(I — D) A|j2_,,;
Output: Vector of answers [y + 4.

Lemma 8.3. The Projection Mechanism M%mj in Algorithm@ is (g,0)-differentially
private for any ellipsoid E = FBZQ that contains the columns of A. Moreover, for

e=0(1),

log1/4 12|

errg(M%mj,n, A)=0 <0575(1 + W)1/2> . ( ! Z 02-2)1/2,

i<en

where o1 > 09 > ... > o|g| are the singular values of F.

Proof. To prove the privacy guarantee, observe that the output of Mgoj(A, x) is just a
post-processing of the output of Mpg(A,x), i.e. the algorithm does not access = except
to pass it to Mpg(A,z). The privacy then follows from Lemmas and

Next we bound the error. Let w £ § — y be the random noise introduced by the
generalized Gaussian mechanism. Recall that w is distributed identically to F'g, where

g~ N(0, ci 5)9. By the Pythagorean theorem and linearity of expectation we have
E|T1j + g — yll5 = E|[Tg — My|5 + Elly — (I — W)y|l3.

Above and in the remainder of the proof the expectations are taken is with respect to
the randomness of the choice of w. We bound the two terms on the right hand side
separately. For the first term, observe that Ily — Ily = Ilw is distributed identically to
IIFg, with g distributed as above. Since, by the definition of II, the non-zero singular
values of IIF are o1,...,0, where k 2 |en], we have

k
E|[T1j — y||5 = Btr(IIFggTFTIT) = Z str(IIFFTI) = ¢25 > o}
=1
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To bound the second term we appeal to Lemma Define K 2 (I — II)K 4. With

nK in the place of L, the lemma implies that
Ellg — (I~ y|3 < 4E((I ~ Myl zp0 +v < 4nE|( - Mullze +v,  (85)
where we used the simple fact

(I = Iwll, gy = sup (I = Iw, z) = nsup (I —Nw, z) = n||(I — Mwl|z..
zenK zeK

Since K C (I —II)E, and (I —II)E is contained in a Euclidean ball of radius bounded
above by ox11 < of by the choice of II, we have that any point z € K has length
bounded as ||z||2 < 0. Moreover, K is the convex hull of at most N < 2|U| vertices: it
is the convex hull of the 2|U]| vertices of K4 (the columns of A and —A) projected by
the operator I — II. Call these vertices z1,...,2zn. Since a linear functional is always
maximized at a vertex of a polytope, we have ||(I — IIw| zo = sup, .z (I — Nw, z) =
max? ; (I — Mw, z;). Each inner product ((I — M)w,z;) is a zero mean Gaussian

random variable with variance
E((I - w, z)* = 2] (I = INE[wwT)(I — )z = ¢ 52] (I — M)FFT(I — )z

By the choice of II, the largest singular value of (I — I))FFT(I —1I) is op11 < 0.
Therefore, since the Euclidean norm of z; is also at most o, we have that the variance
of (I —I)w, z;) is at most ¢ so7. By an argument analogous to the one in the proof of

Theorem we can bound the expectation of the maximum of the inner products as
N
EN(7 ~ ] g0 = Enhx (T~ T, z) = O(y/log N)ee 507
Plugging this into (8.5) and using that ||(I — II)A[[1—2 = max® | ||zi]|2 < o, we get

Ely - (I = Myl = O(\/log N)ce snoy.

2 Ce,sM kK 2 ; _ CesM s ;
Observe that ¢, snoj, < == 7 07. Since k = [en], == = O( log1/5>' This
finishes the proof. O

8.3.3 [Efficient Implementation: Frank-Wolfe

Computing § in Algorithm [3] requires approximately solving a convex optimization

problem. Any standard tool for convex optimization, such as the ellipsoid algorithm
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can be used. We recall an algorithm of Frank and Wolfe which has slower convergence
rate than the ellipsoid method, but may be more practical since we only require a very
rough approximation. Moreover, the algorithm allows reducing the problem to solving

linear programs over (I — II)K 4. The algorithm is presented as Algorithm

Algorithm 4 Frank-Wolfe Algorithm

Input: convex body L C R™; point » € R™; number of iterations T’
Let ¢(© € L be arbitrary.
fort=1to T do
Let v = argmax,ep, (r — ¢, v).
Let oY) = arg mingeo ) |7 — g1 — (1 — a)v®]3.
Set ¢ = a®qgt=1 4 (1 — o)),
end for
Output ¢(7).

The expensive step in each iteration of Algorithm 4] is computing v®*), which re-
quires solving a linear optimization problem over L. Computing a® is a quadratic
optimization problem in a single variable, and has a closed form solution.

We use the following bound on the convergence rate of the Frank-Wolfe algorithm.

It is a refinement of the original analysis of Frank and Wolfe, due to Clarkson.

Theorem 8.3 ([63, 45]). The point ¢'7) computed by T iterations of Algom'thm sat-

isfies
4diam(L)?
_ 412 < mi — 2 g €L R A
Ir = ¢"ll3 < min{[lr —qllz : g € L} + ——=2
In Algorithm 3} we can apply the Frank-Wolfe algorithm to the body L = n(I —
IT)K 4 and the point r = (I — II)g. The diameter of L is at most n|/(I — II)A|1—2, so

to achieve the required approximation v we need to set the number of iterations 7T to

4—r
Ce 6/ 10g |U‘

Another useful feature of the Frank-Wolfe algorithm is that ¢*) is in the convex

hull of v ... v which allows for a concise representation of its output.

8.4 Optimality of the Projection Mechanism

In this section we show that we can choose an ellipsoid E so that M%roj has nearly

optimal error. Once again we optimize over ellipsoids and use convex duality and
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the restricted invertibility principle to relate the optimal ellipsoid to the appropriate
notion of discrepancy, which itself bounds from below the error necessary for privacy.
The optimization problem over ellipsoids is different, but closely related, to the one

used to define the ellipsoid infinity norm.

8.4.1 Minimizing Ky Fan Norm over Containing Ellipsoids

Given an ellipsoid E = FBY', define fi(E) = (Zfil 02-2) 1/2, where o1 > ... > o
are the singular values of F. Define ||M]|;) to be the Ky Fan k-norm, i.e. the sum
of the top k singular values of M. The already familiar nuclear norm ||M||g, is equal
to | M H(T) where 7 is the rank of M. An equivalent way to define fx(FE) then is as
JW(E) £ ||FFT|.

The ellipsoid we use in the projection mechanism will be the one achieving min{ f(E) :
a. € E Ve € U}, where a, is the column of the query matrix A associated with the

universe element e. This choice is directly motivated by Lemma [8.3] We can write this

optimization problem in the following way.

Minimize |]X_1||(k) s.t. (8.6)
X =0 (8.7)
VeeU:alXae <1. (8.8)

To show that the above program is convex we will need the following well-known

result of Fan.

Lemma 8.4 ([62]). For any m x m real symmetric matriz M,

M| ) = max tr(UTMU).
UeRm*k.UTU=1I

With this result in hand, we can prove that l' captures the optimization

problem we are after analogously to the proof of Lemma

Lemma 8.5. For a rank |Q| query matriz A = (ae)ecy € REXU™V | the optimal value

of the optimization problem || is equal to min{fy(E)? : a. € E Ve € U}.
Moreover, the objective function and constraints (8.8)) are convexr over X > 0.
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Proof. Let X\ be the optimal value of f and let u = min{f,(E)%:a. € E Ve €
U}. Given a feasible X for (8.6)-(8.8), set E = X~/2B2 (this is well-defined since
X = 0). Then for any j € [n], [la;l|lp = ajXa; < 1 by ([.8), and, therefore, a; € E.
Also, by [@.4), fr(E)* = || X! by definition. This shows that 4 < A. In the reverse
direction, let £ = F 32Q be such that Ve € U : a, € FE. Then, because A is full rank,
F is also full rank and invertible, and we can define X = (FFT)~!. Analogously to the
calculations above, we can show that X is feasible, and therefore A < p.

The objective function and the constraints are affine, and therefore convex.
It remains to show that the objective is also convex. Let X7 and X5 be two
feasible solutions and define Y = aX; + (1 — o) X3 for some «a € [0, 1]. By Lemma
Y=l < aX;{ '+ (1-a)X; ' Let U be such that tr(UTY ~'U) = [|[Y Y|4 and UTU = I;

then, by Lemma [8.4

1Y gy = tx(UTY 'U) < atr(UTX;'U) + (1 — ) tr(UTX5'0)

< all X7 gy + (1= a) [ X5 |-
This finishes the proof. O

Since the program — is convex, its optimal solution can be approximated
to any given degree of accuracy using the ellipsoid algorithm [72]. Analogously to the
ellipsoid infinity norm, we can define the ellipsoid Ky Fan k norm of an m x n matrix
A = (ai)izy by [ Allpw) 2 min{fi(E) : a; € E Vi € [n]}. An argument analogous
to the one in the proof of Lemma using Lemma proves that herdisca(s, A) <

O(1)||Al|g(s)- We shall not pursue this direction further here.

8.4.2 The Dual of the Ellipsoid Problem

Our next goal is derive a dual characterization of f. Before we can do that,
we need to define a somewhat complicated function of the singular values of a matrix.

The next lemma is needed to argue that this function is well-defined.

Lemma 8.6. Let 01 > ...0,, > 0 be non-negative reals, and let k < m be a positive
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integer. There exists an integer t, 0 <t < k — 1, such that

oy > Zkzittl > Ot41, (8.9)

with the convention oy = oo.

Proof. Define o+ = Y it 0i- If 050 > koy holds, then is satisfied for ¢ = 0, and
we are done. So let us assume that o9 < koy. Then 051 = 050 — 01 < (k — 1)o7y,
and the first inequality in is satisfied for ¢t = 1. If the second inequality is also
satisfied we are done, so let us assume that o0~1 < (k — 1)o2, which implies the first
inequality in for t = 2. Continuing in this manner, we see that if the inequalities
are not satisfied for any ¢ € {0,...,k — 2}, then we must have o~;_1 < ox_1. But
the second inequality for t = k — 1, i.e. osp_1 > o} is always satisfied because all the
o; are non-negative, so we have that if does not hold for ¢ < k — 2, then it must

hold for ¢t = k — 1. This finishes the proof. O

We now introduce a function which will be used in formulating a dual characteriza-

tion of f.

Definition 8.1. Let M > 0 be an m x m positive semidefinite matrix with singular
values o1 > ... > o, and let k < m be a positive integer. The function hi(M) is

defined as
¢

1/2
he(M) 23 o+ VE—1 (Z ai> :
=1 >t

where t is the smallest integer such that oy > Ef_ttai > O¢y1-

Lemma [8.6| guarantees that hi (M) is a well-defined real-valued function. The next

lemma shows that it is a continuous function.

Lemma 8.7. The function hy is continuous over positive semidefinite matrices with

respect to the operator norm.

Proof. Let M be a m x m positive semidefinite matrix with singular values o4 > ... >

om and let t be the smallest integer so that oy > Zlﬁf_ttoi > opyp. If % > 0¢y1, then

setting 0 small enough ensures that, for any M’ such that |M — M|y < 8, hi(M) and
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hi(M') are computed with the same value of ¢, in which case the proof of continuity
follows from the continuity of the square root function. Let us therefore assume that
St — gy = ... =0y > opyq for some t' > ¢+ 1. Then for any integer s € [¢,'],
ZUi = ZUi — (s —t)og1 = (k — 8)0¢11.
1>5 >t

We then have

. 1/2 t
203/2 +Vk—t <ZJZ> - Zail/? + (k — 75)0%21

i=1 i>t i=1
=302+ (k- s)o 3
=1
s 1/2
:ZJS/Q—F\/]C—S(ZUZ‘) (8.10)
i=1 i>8

For any M’ such that ||[M’ — M|z < § for a small enough §, we have

s 1/2
MUWUZE:WUWVQ+‘k_S<§:WUTO
=1

(]
where s is an integer in [t,¢']. Continuity then follows from (8.10)), and the continuity

of the square root function. O

Since the objective of 1) is not necessarily differentiable, in order to ana-
lyze the dual we need to recall the concepts of subgradients and subdifferentials. A
subgradient of a function f: S — R at & € S, where S is some open subset of R?, is a

vector y € R? so that for every z € S we have

f(z) 2 f(2) +{z = 2,9).

The set of subgradients of f at z is denoted Jf(x) and is known as the subdifferential.
When f is differentiable at x, the subdifferential is a singleton set containing only the
gradient V f(z). If f is defined by f(z) = fi(x) + fa(z), where fi, fo: S — R, then
Of(x) = 0f1(x)+0f2(x). A basic fact in convex analysis is that f achieves its minimum
at z if and only if 0 € df(z). For more information on subgradients and subdifferentials,

see the classical text of Rockafellar [124].
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Overton and Womersley [120] analyzed the subgradients of functions which are a
composition of a differentiable matrix-valued function with a Ky Fan norm. The special

case we need also follows from the results of Lewis [90].

Lemma 8.8 ([120],[90]). Let gp(X) = || X | for a positive definite matriz X €
R™ ™ Let 01 > ... > o be the singular values of X! and let ¥ be the diagonal
matriz with the o; on the diagonal. Assume that for somer >k, o, = ... =o0,. Then

the subgradients of g are given by
dgi(X) = conv{UsUL X "2UsU] : Uorthogonal, USUT = X', S C [r]},
where Ug is the submatriz of U indexed by S.

We use the following well-known characterization of the convex hull of boolean

vectors of Hamming weight k.

Lemma 8.9. Let V., = conv{v € {0,1}" : ||v|ly = k}. Then Vi, = {v:|jv]1 =k,0 <

(Y S 1 V’L}

Proof. Let Py, be the polytope {v : ||v||1 = k,0 < v; <1 Vi}. We need to show that
Vin = Pin. The containment Vi, C Py, is easy to verify, as all extreme points of
Vi n satisfy the constraints defining P ,. In the other direction, observe that Py, =
{v:b< Av < ¢}, where b and ¢ are vectors with integer coordinates, and A is a matrix
with first row the all ones vector, followed by the n x n identity matrix I. It is easy to
verify that A is totally unimodular, either directly or by observing that herdisc(A) = 1,
which is equivalent to total unimodularity by the Ghouila-Houri characterization [66].
It follows that Py ,, is a polytope with integral vertices, and it is easy to verify that any
integral point in Py, ,, is a boolean vector of Hamming weight k, and, therefore, lies in
Vin. Then Py, C Vi, implying Py, = Vi, as desired.

This characterization of V}, ,, is a part of the more general theory of basis polytopes
of matroids. In particular, Vj, , is the basis polytope of the rank £ uniform matroid.

For more details, see [132]. O

Before we give our dual characterization, we need one more technical lemma.
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Lemma 8.10. Let M be an m x m positive semidefinite matriz of rank at least k.

Then there exists an m X m positive definite matriz X such that M € 0gp(X), and

1 XMy = gr(X) = he(M).

Proof. Let r =rank M, and let 01 > ... > o, be the non-zero singular values of M. Let
UXUT = M be some singular value decomposition of M: U is an orthonormal matrix
and ¥ is a diagonal matrix with the o; on the diagonal, followed by Os.

Assume that ¢ is the smallest integer such that o; > % > o0y4+1 and define
as % A choice of t < k — 1 exists by Lemma Let the diagonal matrix ¥’ be

defined by

i o t<i<r-

a—€e 1>r

We set € to be an arbitrary number satisfying o > € > 0. Let us set X = (UE’UT)_l/z.

By Lemma and and the choice of t, the vector (o441,...,0,) is an element of the
polytope aVj_;,. Then M is an element of conv{UsULX 2UgU] : S = [t{]UT,T C
{t+1,...,r},|T| = k—t}. Since this set is a subset of dgx(X), we have M € dgx(X). A
calculation shows that || X 1| = ][(UZ'UT)1/2]](k) =D i<t 01-1/2+(k—t)a1/2 = hx(M).

This completes the proof.

The following theorem is our dual characterization of (8.6)—(8.8).

Theorem 8.4. Let A = (ae)ecy € REXY be a rank |Q| matriz, and let yn = min{ f1(E) :
ac. € EVe e U}. Then,

p? =max hy(AQAT)? s.t. (8.11)

Q@ = 0, diagonal, tr(Q) =1 (8.12)

Proof. The proof of this theorem is similar to the proof of Theorem Let us define
{X : X > 0} to be the domain for the constraints (8.8 and the objective function

(8.6). This makes the constraint X > 0 implicit. The optimization problem is convex
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by Lemma Is is also always feasible: for example for r = ||Al|12, 21 is a feasible
solution. Slater’s condition is therefore satisfied, since the constraints are affine, and

strong duality holds.

The Lagrange dual function for f is
g(p) = }i{r;fo ||X_1||(k) + Zpe(alXae - 1),
ecU

with dual variables p € RY, p > 0. Equivalently, writing p as a diagonal matrix

P e RUXV P >0, with entries pee = pe, we have
g(P) = inf || X | + tr(APATX) — tx(P) (8.13)
X>0

Since X > 0 implies X~ = 0, g(P) > —tr(P) > —oo. Therefore, the effective domain
{P:g(P)> —o0} of g(P)is {P: P = 0, diagonal}. Since we have strong duality, and,
by Lemma 12 is equal to the optimal value of 7, we have 2 = max{g(P) :
P > 0, diagonal}.

By the additivity of subgradients, a matrix X achieves the minimum in if
and only if APAT € 9gi(X), where gp(X) = || X!||x). Consider first the case in
which APAT has rank at least k. Then, by Lemma there exists an X such that
APAT € dgi(X) and || X!k = hi(APAT). Observe that, if U is an m x k matrix
such that UTU = I and tr(UTX'U) = | X 1|4, then

tr(UUTX 2UUTX) = tr((UTX ?U)(UTXU)) = tr(UTX'U) = | XY s.-

Since APAT is a convex combination of matrices UUTX ~2UUT for U as above, it follows

that tr(APATX) = || X ~!{|4). Then we have

g(P) = | X ) + tr(APATX) — tr(P)

= 2|| X | — tr(P) = 2hy(APAT) — tr(P). (8.14)

If P is such that APAT has rank less than k, we can reduce to the rank k case by
a continuity argument as in the proof of Theorem Fix any non-negative diagonal

matrix P and for A € [0,1] define P(A\) £ AP + (1 — A\)I. For any A € [0,1), AP()\)AT
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has rank |Q|, since AAT has rank |Q| by assumption, and, therefore, AP(\)AT >
(1 —=X)AAT > 0. Then, by Lemma [4.7] and (8.14)), we have

g(P) =lim g(P(A)) = Iim [2h(AP(A)T) = Atr(P) — (1 = AU}

= 2hp(APAT) — tr(P).

The final equality follows from the continuity of hj, proved in Lemma/8.7, and standard
perturbation bounds.

Defining new variables @) and ¢ with ¢ = tr(P), @ = P/c, and optimizing over c as

in Theorem [4.9] finishes the proof. O

8.4.3 Proof of the Main Theorem

We use the dual formulation in Theorem and the restricted invertibility principle
to give lower bounds on hvdisca(s, A).

Let us first give a variant of the spectral lower bound for hvdisca(s, A). We define

specLBy(s, A) £ max max Uﬁamin(AJ).

k=1 JC[n]:|J|=k V M

Analogously to Lemma it follows from (8.1)—(8.3)) that hvdisca(s, A) > specLBy(s, A).

Proof of Theorem[8.1 Given a database size n and a query matrix A, the near opti-
mal algorithm is the projection algorithm ./\/lggOj instantiated with an ellipsoid E that
(approximately) achieves min{f(E) : a. € E Ve € U} for k £ |en|, where a. is the
column of A corresponding to the universe element e. By Lemma [8.5] F can be com-
puted by solving the program 7, which is a convex minimization problem and
can be arbitrarily well approximated using the ellipsoid method [72], or the algorithm

of Overton and Womersley [120].

By Lemma [8.3
; V1og|U|\1/2 1
errg(MP n, A) = O cos(1 + Y . E). 8.15
I‘r2( E n ) <C ,5( log 1/(5> ) \/@fk}( ) ( )

By Theorem the optimal solution @ of (8.11))—(8.12|) satisfies

t 1/2
Fio(E) = hi(AQAT) = 3" 0! + vk — (Z al) ,

=1 1>t
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where 01 > ... > o, are the singular values of AQAT and ¢ is such that (k — t)o; >
Y oist0i = (k —t)op1. At least one of St 101/2 and Vk —t (3,50 )1/2 must be
bounded from below by 3 fk(E) Next we consider these two cases separately.

Assume first that ZZ 1 01/2 > %fk.(E) Let IT be the orthogonal projection operator

onto the span of the singular vectors of AQAT corresponding to o1,...,0:. Then,

ITTAQY?||s, = ST o/, and by Lemma applied to the matrices M = IIA and

1=1"1

W = @, there exists a set S C U of size at most |S| < rank IMAQ'Y? < en, such that

5]

LBy(en, A) min(As)
specLBy(en, ’Q‘O' s)
1/2
1Ql (10g6n>\/!Q\ 2(logen)/1Q)

for an absolute constant c.

For the second case, assume that vk — ¢ (3,5, 04) V2> 2 f1(E). Let II be an orthog-

i>t
onal projection operator onto the span of the singular vectors of AQAT corresponding

to 0¢41,...,0m. By the choice of ¢, we have

ITTAQY 2|13 4 _ st O > k-t

ITAQY2(F v

By the Restricted Invertibility Principle (Theorem [4.5)), applied with M = IIA, W = Q,

and € = 1, there exists a set S C U of size (k —t) so that

5]

specLB,(en, A) > ‘Q|amm(AS)
1/2
L VE (S0
] 4v1Q| 8y |Q|
The theorem follows from (8.15)), (8.16]), (8.17)), and Theorem O

Bibliographic Remarks

A variant of Theorem with a weaker bound, was proved in [I18]. The approach
there was somewhat different: the main algorithmic tool was again the Projection Mech-
anism; however, the same recursively computed Gaussian noise was used as in the large
database case. Here we take the alternative approach of optimizing the noise distribu-

tion with respect to the specific guarantee achieved by the projection mechanism.
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With any set of counting queries and IID Gaussian noise (i.e. spherical noise), the
projection mechanism achieves average error O(y/nlog!/*|U|) (ignoring the dependence
on ¢ and 0). Moreover, this holds when the average error is computed with respect to any
distribution on queries, and via private boosting [58] we can also get a comparable worst-
case error guarantee. Using the Frank-Wolfe algorithm, the Projection mechanism can
be implemented in time sublinear in the universe size, and polynomial in the number
of queries and the database size, if linear programs over the sensitivity polytope can
be optimized in time polynomial in the dimension. In fact, it is enough to be able to
optimize linear programs over any convex body that contains the sensitivity polytope
and is not much wider on average. These observations were used in [56] to give the first
algorithm for answering 2-wise marginal queries that has asymptotically optimal error

and runs in polynomial time in the number of attributes.



138

Chapter 9

Reconstruction and Communication Complexity

9.1 Overview

In this chapter we give several further applications of reconstruction attacks in the
style of Chapter [7] to topics in computer science. The applications combine the recon-
struction algorithms with simple arguments from information theory to prove results on
communication complexity. To give some intuition for the applications, assume we have
a method to produce some data structure D(z) that allows us to compute an accurate
approximation of Ax for any binary vector x. If the additive error of the approximation
is less than the appropriate notion of discrepancy, we can nearly reconstruct x, so the
mutual information between D(z) and = must be large. We then have a lower bound
on the expected size of D(z) in terms of the mutual information. We formalize this
general argument, and use it to derive a lower bound in the one-way communication
model. As applications, we give space lower bounds for density estimation problems
and we strengthen a lower bound of Woodruff [I51] for approximating the Hamming
distance in the one-way communication model. The latter result implies a new proof
of Jayram and Woodruff’s [82] space lower bound for computing distinct count in the

streaming model.

9.2 The One-way Communication Model

In Yao’s communication model [I54], we have two parties, Alice and Bob, respectively
holding inputs z € X and y € Y, who want to compute the value of a function f(z,y),
while minimizing their communication. More generally, they could also compute a

relation F' C X x Y x Z, in which case any z such that (x,y,z) € F is an admissible
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output. Here we consider the more restricted one-way communication model, in which

Alice sends a single message to Bob, who must produce the output.

Definition 9.1. A deterministic one-way protocol is a pair of functions I1 = (114, I1p),

Ma: X — {0,1}, Ip: {0,1}t x Y — Z. The cost of Il is equal to t.

The next definition captures the notion of communication complexity we will be

interested in.

Definition 9.2. Let FF C X X Y x Z be a relation, and let p be a distribution on
X x Y. The distributional one-way communication complexity Di‘gjay(F ) of F for error
probability 0 and distribution u is equal to the smallest cost of any deterministic one-way

protocol 11 = (114, Ig) such that Pr, . [(x,y,2) € F] > 1 =6 for z £ p(lls(x),y).

The main application of distributional one-way communication complexity is to
prove lower bounds on randomized one-way communication complexity via Yao’s mini-
max principle [I53]. While we only work with distributional communication complexity,
for completeness we define randomized protocols and randomized communication com-

plexity next.

Definition 9.3. A randomized one-way protocol in the public coin model is a pair of
functions 11 = (L4, 11p), T4: X x {0,1}" — {0,1}¢, p: {0,1} x Y x {0,1}" — Z.

The cost of 11 is equal to t, and the randomness complexity is equal to r.

Definition 9.4. Let ' C X x )Y x Z be a relation. The randomized (public coin)
one-way communication complexity Ré“way(F) of F' for error probability & is equal to
the smallest upper bound on the cost of any randomized one-way protocol 11 = (I14,11p)
such that Pry[(z,y,2) € F] > 10 for z 2 g(Il4(x,b),y,b) and probability taken over

b sampled uniformly from {0,1}".

Yao’s minimax principle [153] asserts that Ry " (F) = max,, D;'gvay(F ), where the

maximum is over all probability distributions u on X x ). Therefore, any lower bound

on Di'?ay (F) for any y is also a lower bound on Ry ™™ (F).
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9.3 Reconstruction and Fano’s Inequality

Starting with the pioneering work of Bar-Yossef, Jayram, Kumar, and Sivakumar [14],
information theory has proved to be a powerful tool for proving communication com-
plexity lower bounds. Many applications of information theory can be quite sophisti-
cated; here we only use elementary arguments, and all the necessary background can
be found in Chapter 2 of Cover and Joy’s text [47]. We make the connection be-
tween reconstruction and information lower bounds precise via Fano’s inequality. In
the following section, we will use this fact to prove communication lower bounds in the
one-way model.

All logarithms in this chapter will be base 2. We use H(X) £ —E[lnp(X)] for
the entropy of a random variable X with density function p. The conditional entropy
of the random variable Y given a random variable X is equal to the expectation of
H(Y|X = x) over x sampled according to X. The binary entropy function Hs(p) is
equal to the entropy of a Bernoulli random variable with success probability p, i.e.

A_

Hy(p) = —plogp — (1 — p)log(1 —p).
Lemma 9.1 (Fano’s inequality). Let X be a random variable taking values in some

finite set X. Let'Y be another random variable, and let X = g(Y) for a (deterministic)

function g with range X. Then, for p, = Pr[X # X,
H(X[Y) < Ha(pe) + pe log(| X[ —1).

Let us use the notation dg(z,y) = ||z — y||1 for the Hamming distance between two
vectors z € {0,1}". We will need the definition of the mutual information 1(X;Y") of

two random variables:
I(X;Y) £ H(X)-H(X|Y)=H(Y)- H(Y|X).

Notice that the mutual information is a lower bound on both H(X) and H(Y"), because
entropy is non-negative. The conditional mutual information I(X;Y|Z) is equal to
the mutual information with all entropy functions conditioned on Z, i.e. H(X|Z) —
H(X|Y,Z). The chain rule for entropy implies the chain rule for mutual information,

which is I((X1,X2);Y) =1(X1;Y) + I(X2; Y| X1).
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The following lemma is a relatively easy consequence of Fano’s inequality. It can be

seen as a version of the inequality for approximate recovery.

Lemma 9.2. Let X be a random vector sampled uniformly from {0,1}", and let Y be a
random variable. If there exists a deterministic function R with range {0,1}™ such that,
with probability at least 2/3, dg (X, R(Y)) < fBn, then [(X;Y) > (2/3 — plog(e/B))n —
Hy(1/3).

Proof. Let X £ R(Y) and let us define a new random variable Z £ (Y, S), where
S2{i:X;#X;}if dy(X,X) < Bn and S £ () otherwise. Whenever dy (X, X) < fn,
we can recover X from Z exactly by flipping all bits of Y indexed by S. So, by
Lemma I(X;Z) = H(X)— H(X|Z) > 2n/3 — H3(1/3). By the chain rule for
mutual information, I(X;Z2) = I(X;Y) + I(X; S|Y). We have

I(X: 5|Y) < H(S|Y) < H(S) < log ( B”n),

where the first inequality is by the non-negativity of entropy, the second holds because

conditioning does not increase entropy, and the final inequality holds because entropy

is always bounded above by the logarithm of the range. Putting everything together
Bn

and using the estimate ( Bnn) < (%) , we have

(&

I(X:Y) > 2n - log < ﬁ”n) Hy(1/3) > (; - plog S

) n — Hy(1/3).

This completes the proof. O

9.4 Communication Lower Bounds via Robust Discrepancy

Robust discrepancy and the reconstruction algorithm in Lemma [7.8 allow us to prove a
lower bound in the one-way communication model for a problem of approximating dot
products. Consider a relation Fy(A) C {0,1}" x Z" x Z defined for an integer matrix
A to include the tuple (x,a,z) if a is a row of A and |(z,a) — z| < t. The problem
of computing F;(A) in the one-way communication model captures the communication
complexity of approximating various problems in which Alice holds a set P and Bob

holds a set S, and their goal is approximate |P N S|. With P a set of points in R?
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and S is a geometric set, we get natural approximate range counting problems, and the
communication lower bounds imply lower bounds on the size of data structures. With
P and S general, we get a problem equivalent to approximating Hamming distance, for
which we prove a lower bound that generalizes a result of Woodruff, arguably with a
simpler proof.

Our general result on the one-way communication complexity of F;(A) follows.

Theorem 9.1. For u the uniform distribution on {0,1}" x {a',... a™}, where a* is

the i-th row of the matriz A, and any t <  rdisces1/s(A), we have Di_g’ay(Ft) = Q(n).

Proof. Let II = (I14,IIg) be a one-way deterministic protocol such that, when (z,a)
is sampled from p, and z £ Tlg(Il4(z),a), Pr[[{z,a) — 2| > t] < §]. Let w € Z™ be
the vector defined by w; £ IIg(IL4(x), a’). Then, by Markov’s inequality applied to the
random variable |{i : |(z,a’) —w;| > t}|, we have that with probability at least 2/3 over
the choice of z, [|[Az — w||3500 < t. By Lemma there is a deterministic procedure
R so that di(z, R(w)) < n/8. Since w is itself a deterministic function of I14(z), we

have a deterministic procedure R’ that, with probability at least 2/3 over the random

choice of , satisfies dp(z, R'(Ila(z))) < n/8. By Lemma[9.2]

o Ta(w) 2 (3 - 1owse) ) n— #a(1/3) = o).

Since I(x;I14(x)) < H(II4(x)), and the entropy H(II4(x)) is at most the number of

bits needed to write I14(z), i.e. the cost of II, the theorem is proved. O

9.5 Density Estimation

Let us define a hereditary version of robust discrepancy as

hrdiscs g(s, A) £ ch}zﬁﬁq rdiscs g(Ay),

where A € R™*". We define hrdiscs g(s,S) for a set system (S,U) with incidence ma-
trix A as hrdiscs g(s, A). We use hereditary robust discrepancy to give lower bounds on

the communication complexity of density estimation problems. Let us define a relation

G.(S) C 2V x S x R which includes (P, S, ¢) if ’ |]T;f| - gb‘ < e. The classical construc-

tion of e-approximations (see e.g. [I05]) shows that for any P we can take a subset



143

Q C P of size O(s), where s is the smallest integer such that hrdiscg;/3(s, 4) < es;

lQns|  |PNS|
Q 1P

approximate densities deterministically. The next corollary of Theorem shows that

then

< e. This gives a data structure of bit size O(slog(|P]|/s)) to

the bit size of this construction cannot be improved by more than a factor of log(|P|/s)

even if we allow an arbitrary data structure rather than a subset of P.
Corollary 9.2. For any s such that hrdiscgs1/5(s, S) > €s, DIPY(G(S)) = Q(s).

In the special case when (S, U) is the set system Bz(U) induced by axis-aligned rect-
angles on U C R?, Wei and Yi [147] showed a nearly tight lower bound of € (% log é log \P\)
They also used discrepancy theory techniques, but exploited the fact that set systems
induced by axis-aligned rectangles have many restrictions with high discrepancy. Giv-
ing similarly near-tight space lower bounds for any density estimation problem is an

intriguing open problem.

Question 6. Give tight bounds on the smallest bit size of a data structure for any given

density estimation problem.

A recent paper by Huang and Yi [80] shows communication lower bounds for com-
puting e-approximations in a distributed setting, also using discrepancy. The problem
the consider is different from ours, even only for two parties: in their setting, the point
set P is split between the parties, while in ours Alice holds the entire pointset, while
Bob evaluates density queries.

Note that a multiplicative approximation of |P N S| within factor (1 + ¢) allows an

e-approximation of the density ‘IT%S‘, so we can interpret the above corollary as also

giving a lower bound for multiplicative approximations.

9.6 Approximating Hamming Distance

Let us define the relation H;, C {0,1}" x {0,1}" x IN to include (z,y,z) for all z,
y, and z such that |dy(x,y) — z| < t. In other words, Hy, captures the problem
of approximating the Hamming distance up to additive error ¢ on strings of length

n. Woodruff [I51] proved that Dlll"fsvay(Htvn) = Q(n) when t < ¢y/n, u is the uniform
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distribution, and J is a small enough constant. In fact he showed this lower bound for
the promise problem of distinguishing between dy(z,y) > n/2 + ¢y/n and dg(z,y) <
n/2 — c¢y/n. This is known as the Gap Hamming problem. While our techniques can
be adapted to this promise version as well with some additional effort, for simplicity
we will focus on the approximation problem directly. The next theorem is our main
lower bound for approximating Hamming distance. It extends Woodruff’s lower bound
to also give a tight dependence on the failure probability 0. The theorem follows easily

from Theorem [0.1]

Theorem 9.3. For pu the uniform distribution on {0,1}"x{0,1}" andt < ¢’y/nlog(1/9)

for small enough constant ¢, Di:g”ay(Htm) =Q(n).

Proof. Let A be the matrix whose rows are all elements of the set {—1,1}". By Theo-
rem[9.1]and Lemmal7.7, D)™ (Fy(A)) = Q(n) fort < rdiscgs1/s(A) < §1/nlog(6/3)/3
and g/ the uniform distribution on {0,1}" x {—1,1}". Then the theorem follows from
the inequality D;}”ay(Hm) > D;',Ysay(Ft(A)), which holds for any any § and ¢. Indeed,
given an input (z,a) € {0,1}", x{—1,1}", let us define y by y; = (a; + 1)/2. This
transformation is a bijection, so the uniform distribution on {0,1}" x {—1,1}" induces

the uniform distribution on {0,1}™ x {0,1}". Then, because = and y are binary,

dr(z,y) = o =yl = =~ ylI3

n n
= "aF+ >y 2zy)
i1 i—1
n n
i=1 i—1

and (z,a) = 2(x,y) — > ;" ; x;. Therefore, (x,a) = > y; — du(z,y). It follows that
Bob can approximate (z,a) from an approximation to dg(z,y) only with access to his

own input and without degrading the quality of the approximation. O

Theorem has implications for space complexity lower bounds in the streaming
model [109]. The model is essentially the same as the pan-privacy model from Chapter
ignoring the privacy guarantees; indeed, the pan-privacy model was inspired by data

streams theory. A stream processing algorithm A is given as input a sequence of symbols
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&= (01,...,0m), 0y €3, which arrives online. At each time step a symbol arrives and
the algorithm updates its memory state. At any point the algorithm is required to be
able to output an approximation to some statistic on & with high probability. One of the
most basic statistics is the distinct count Fy: the number of distinct symbols in &. Kane,
Nelson, and Woodruff [84] give an optimal algorithm with space complexity O(e¢~2 +
log n) that outputs an (1+¢)-approximation to Fy with constant probability. By running
O(log 1/6§) copies of the algorithm in parallel and taking the median answer from all
instances, the error probability can be brought down to § at the cost of increasing

the space complexity by a factor of O(log1/d). Jayram and Woodruff [82] show a

log1/8
logn

lower bound of Q(e72?1og(1/6)), which is optimal when & < . The same lower
bound is implied by Theoremvia standard reductions [I50], which we briefly sketch
next. We choose n = ¢~ 21og(1/§) so that Di:}vay(Hm,n) = Q(n). Then we argue that
we can use a streaming algorithm for the distinct count problem to approximate the
Hamming distance between arbitrary z,y € {0, 1}"; the argument is similar to the proof
of Theorem The stream is split into two halves, where the first half contains all
Jj so that z; = 1 and the second half contains all j such that y; = 1; Alice constructs
the first half of the stream from z, and after processing the stream sends the memory
state of the algorithm to Bob, who finishes the computation with the second half of
the stream and computes the output. It is easy to argue that, with a small additional
message from Alice, Bob can compute the Hamming distance from the distinct count
approximation. See [150, [I51] for the detailed argument.

It is an interesting research direction to find other natural problems in the streaming

model for which Theorem implies tight or near-tight space lower bounds.
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Chapter 10

Avenues to Further Applications of Discrepancy

10.1 Overview

In prior chapter we posed research questions directly related to the material in these
chapters. In this chapter we outline some directions for research in other areas where we
believe discrepancy theory can be useful in making progress on important questions.
We first present a discrepancy theory view of expander graphs. Then we describe a
discrepancy-based approach to compressed sensing, motivated by the reconstruction
algorithms of prior chapters. We finish with applications of discrepancy theory to the

design of approximation algorithms.

10.2 Expander Graphs and Sparsification

The impact of expander graphs on mathematics and theoretical computer science can
hardly be overstated. Here we we give an interpretation of some basic definitions and
facts from the viewpoint of discrepancy theory. Essentially all observations we make

are widely known.

10.2.1 Spectral Expansion as Discrepancy

We start by recalling several basic definitions from spectral graph theory. All graphs will
be simple, unweighted, and undirected. Recall that the adjacency matriz A € {0, 1}VXV
of a graph G = (V, E) is defined by ay, = 1 < (u,v) € E}. The graph Laplacian
Lg of G is the matrix L £ D — A, where D € INV*V is a diagonal matrix with
the degree sequence of G on the main diagonal, i.e. dy, = degs(u) = [{v € V :

(u,v) € E}|. Equivalently, L = >, ,)cp (eu — €v)(eu — €v)T, where e, € RY is the
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standard basis vector corresponding to u. Therefore, L is positive semidefinite, and
zTLx = Z(um)EE (x4 — x4)? for every z € RY. Letting A; < ... < A, be the eigenvalues
of L (with multiplicities), we see that A\; = 0 with eigenvector the all-ones vector e.
The dimension of the nullspace of L is equal to the number of components of G.
Recall the Erdés-Renyi random graph model G, ,, in which each edge (u,v) € (‘2/) is
sampled independently with probability p. The expected Laplacian of a graph G ~ G,
is
Egec,, Lo =Y plew—e)(ew—en)T =p(n—1)I —p(J —I)=p(nl —.J),
(u,w)ER
where J is the all-ones matrix. We define a (n, p)-expander as a graph that approximates

this expected Laplacian in the spectral norm.

Definition 10.1. A graph G is an (n,p, «)-expander if |Lg — p(nl — J)||2 < «, where

|| - |2 is the spectral norm.

We emphasize that this is not quite the standard definition, but we will soon relate
it to more standard ones.
The notion of an expander graphs, as we defined it, is related to linear discrepancy.

Let us define a linear operator T': R(:) & RVXV by

Tr 2 Z Ty — €y)(ey —ey)T.
wne(?)

Then if (@) is the indicator vector of the edge set E(G) of a graph G, G is an (n, p, «)
expander if and only if ||Tx — T'(px(Ky,))||2 < a. Since any finite dimensional norm can
be embedded linearly into a finite dimensional subspace of £, with arbitrarily small
distortion, there exists a linear operator T": R(\;) — RY so that we can characterize
(n,p, a)-expanders as those graphs for which | 772(G) — T'(px(K,))|leo < o, for some
o/ arbitrarily close to a. Thus the problem of constructing an (n, p, @)-expander graph
is equivalent to minimizing the linear discrepancy of 7" with respect to a fixed vector
px(K,), i.e. the all-ones vector scaled by p.

Let us clarify the relationship of (n,p, @)-expanders to more standard definitions.

In their survey, Hoory, Linial, and Wigderson [79] define a degree-d regular graph G
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on n vertices to be an expander with parameter o if 02(A) < o, where o3(A) is the
second largest singular value of the adjacency matrix A of G. (Note that, since A is a
symmetric matrix, its singular values are equal to the absolute values of the eigenvalues.)
This is equivalent to G being an (n,p, a)-expander for p = %. To see this, notice that

Lg —p(nl — J) = pJ — A. The only non-zero eigenvalue of the matrix pJ is pn = d

1
vn

also an eigenvector of A with the same eigenvalue, and, therefore, the singular values of

and corresponds to the eigenvector —=e¢, for e being the all-ones vector. This vector is

pJ —Aare o2(A),...,0,(A),0. It follows that ||Lg —p(nl—J)|2 = ||pJ — All2 = 02(4),
which is what we wanted to show.
An important property of expander graphs is captured by the expander mizing

lemma, which states that any (n, p, «)-expander graph G = (V, E) satisfies

|[E(S.T) — p|S|ITI| < a/ISTITT, (10.1)

for any two disjoint sets S, 7 C V. Here we use the notation E(S,T) = |[{(u,v) € E :
u € S,v € T} for the size of the cut between S and T'. This property is fairly easy to
verify from our definition. Let x be the indicator vector of the set S and y the indicator
of T'. By the definition of the Laplacian,
—2TLgy = Z (y — x0)(Yu — Yo) = E(S,T).
(u,w)ER

The last equality follows because each term in the sum is nonzero only if both |[{u,v} N
S| =1 and [{u,v} NT| = 1, and, because S and T are disjoint, this happens only if

u € S and v € T or vice versa. On the other hand, by an analogous argument,

—xTp(nl — J)y = Z p(@y — 2u) (Yu — yo) = p|S||T.
(ww)e(3)

It then follows from the definitions of the operator norm and Cauchy-Schwarz that
|E(S,T) = plS|IT|| = |27 (Le — p(nd = J))y| < [lz]2llyll2l Le — p(nI = J)] 2.

(10.1)) follows from the inequality above and the definition of an (n, p, «)-expander.
The bound (10.1)) is a typical discrepancy property: it says that the number of

edges of any cut in an expander graph is not very different from the expected number
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of edges in the same cut in the G,, ;, model. This property is key in many applications of
expanders, e.g. in randomness reduction [I}, 46, [81] and hardness of approximation [4]. It
resembles, but is different from, another combinatorial notion of discrepancy of graphs,
introduced in the work of Erdés and Spencer [60] and Erdds, Goldberg, Pach, and
Spencer [61], and more closely related to Ramsey’s theorem. That notion compares the
density of subgraphs to the expected density in G, ;. It would be interesting to explore
explicit constructions and algorithmic applications of this notion of low-discrepancy
graphs as well.

It turns out that the discrepancy property nearly characterizes expanders:
Bilu and Linial [25] showed that if a d-regular graph G on n vertices satisfies for
all S, then G is an (n, %, O(alog(2d/a)))-expander. They used this fact to construct
infinite families of regular expander graphs of any degree d with nearly optimal parame-
ters. Let us clarify what the optimal parameters are. Alon and Boppana (see [119] 64])
showed that any d-regular (n, %,a)—expander satisfies & > v/d — 1 — o(1), where the
asymptotic notation assumes d stays fixed and n — oco. Any graph matching this bound
is called a Ramanujan graph. Bilu and Linial constructed d-regular (n, %, O(\/m))—
expanders for any integer d and infinitely many n. Very recently, Marcus, Spielman and
Srivastava [96] showed that there exist infinite families of bipartite Ramanujan graphs
of any degree. The analogous result for families of non-bipartite graphs remains open.

These advances suggest the following question.

Question 7. Can the definition of (n,p,a)-expander as a low-discrepancy object be
used to construct an infinite family (non-bipartite) Ramanugjan graphs of any degree via
discrepancy theory techniques? Can this view be used to give deterministic polynomial

time constructions of Ramanugjan families?

The result of Bilu and Linial is efficient: a graph of size n can be constructed in
deterministic polynomial in n time. On the other hand, the result of Marcus, Spielman,
and Srivastava is only existential.

The connection between the combinatorial discrepancy property and ex-

panders proved by Bilu and Linial is tight. Therefore, in order to make progress on
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Question [7, we need to work directly with the more linear-algebraic definition.

10.2.2 Sparsification

Marcus, Spielman, and Srivastava’s recent resolution of the Kadison-Singer problem [97]
makes some progress on Question [} Their result implies the following discrepancy

bound. This observation was made, for example, in the weblog post [139].

Theorem 10.1 ([97]). Let M = Y, viv], where vi,..., v, € R™. If oJMTv; < «

i
for all i and M™ denoting the pseudoinverse of M, then there exist signs €1,...,Em €

{—1,1} such that for all z € R",

m m
Z ei(vi, :):)2 < 10\/52 (v, x>2.
i=1 i=1
In particular, || Y21 €iv;v] |2 < 10y/@||M||2, where || - ||2 is the spectral norm.

Theorem [10.1] is a vector-balancing result for “small” rank-1 matrices with respect
to the spectral norm. The values v] M v; are known as leverage scores. If V is the
matrix whose columns are vy, ..., v, and II is the orthogonal projection matrix onto
the row-span of V, then the leverage scores are equal to the diagonal entries of II.
The condition that the leverage scores are bounded by « is related to the notion of
coherence; when « is small, it implies that no strict subset of viv], ..., v,vf, has too
large of a contribution to the total energy tr(M).

In the context of expander graph constructions, Theorem [10.1| and the classical
“halving” construction in combinatorial discrepancy theory can be applied to construct
(n,p,a)-expanders. The halving construction itself is outlined in [I39] and is very
closely related to the proof of Beck’s transference lemma (Lemma . Let us take
M2 Lk, = Z(u,v)e(‘g) (en — €y)(ey —ey)T = nl — J. All leverage scores are equal to
2/n, and, by Theorem there exist signs {Euvv}(u,v)e(g) such that

I Y cuvlen —en)(ew— )Tl = O(vn).

(w)e(3)
We can then take the graph G = (V| E) where E is the smaller of the two edge sets

EL ={(u,v) :eyp =~+1} and E_ = {(u,v) : g4 = —1}. We have

1 1 1
L6 = 5Lkl = Ea — 5 (oI = )| < 5 - O(V).
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Le. G is an (n, ,% - O(y/n))-expander. We can then apply the same technique to
M = Lg to get a (n, %,% - O(y/n))-expander, and so on recursively, until we have a
(n, %, O(V/d))-expander. This is close to optimal, but to resolve Question (7} we would
need to get tighter constant factors and adapt the construction to produce regular
graphs of any degree. It is also an interesting question whether this construction can
be done in polynomial time, as the known proof of Theorem [10.1]is existential.

The “sparsification by halving” argument above can be applied to any graph H in
order to derive a sparser spectral approximation G. Here, by spectral approzimation, we
mean that, for some p < 1, ||Lg — pLg||2 is bounded. The quality of the sparsification
will depend on the leverage scores, which in the case of graph Laplacians are equal to
the effective resistances of the graph edges. A similar sparsification result was proved

by Batson, Spielman, and Srivastava [I7]. In the setting of Theorem they proved

that there exists a set of scalars 1, ..., x,,, at most dn of them nonzero, so that

1 2 m 1 2
1—— | M< T < <1—|—> M.
(-72) =Y 7

In fact, this result does not require any condition on the leverage scores. It is proved
via a deterministic polynomial-time algorithm, but it requires that the sparsified graph
be weighted. As there has been substantial recent progress on constructive methods in

discrepancy theory, we are prompted to ask the following question.

Question 8. Can constructive discrepancy minimization techniques be applied to ef-
ficiently produce, given a graph H, an unweighted sparse graph G that is a spectral

approximation to G?

We also note that there are other notions of graph sparsification. For one closely
related example, cut sparsifiers [22] relax the spectral approximation requirement and
require that z7(Lg — pLy)x is bounded only for binary vectors xz. One can also define
sparsifiers with respect to a measure approximation based on subgraph densities: G
approximates H scaled down by p if the density of any induced subgraph of G is close to
the density of the corresponding subgraph of H scaled down by p. This approximation
notion is closely related to the discrepancy quantity for pairs of graphs defined by
Bollobas and Scott [29].
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10.3 Compressed Sensing

A basic observation in signal processing is that real-life signals are often sparse in
some basis, or at least well-approximated by a sparse signal. A popular example is
digital images, which tend to be sparse in the wavelet basis. This fact is traditionally
exploited for compression: after an image is acquired, only the largest coefficients are
retained, while those that fall below some threshold are dropped; once the remaining
coefficients are transformed back into an image, we get an image that visually looks very
close to the original, but can be stored in smaller space. Compressed sensing is a new
framework in which the first two-steps of the traditional approach are combined into
one: the measurements are carefully designed so that we directly acquire a compressed
image. Moreover, the number of measurements is comparable to the size of the image
after compression. Compressed sensing has revolutionized signal processing and is now
an active field which has also crossed over into computer science and statistics. For a
recent survey of results, we recommend the book [59], and in particular the introductory
chapter by Davenport, Duarte, Eldar, and Kutyniok.

In this section we offer a more combinatorial perspective on compressed sensing,
inspired by the reconstruction algorithms in Chapter [/l These connections are prelimi-
nary, and we do not aim to reconstruct the best results in compressed sensing. Our goal
is rather to offer a different perspective, which can hopefully lead to further advances.

We represent a signal as a vector x € R™. We assume that the vector is k-sparse
in the standard basis, i.e. has at most k& non-zero entries. This comes without loss of
generality: if the signal is sparse in another basis, we can perform a change of basis
in order to make sure the assumption is satisfied. The goal in compressed sensing is
to design a measurement matrix A € R™*", so that any k-sparse x can be efficiently
reconstructed from Axz. Moreover, it is desirable that the reconstruction is robust in
a number of ways: we would like a good approximation Z of x when we only observe
noisy measurements, and when z is not exactly k-sparse but only close to a k-sparse

vector. This class of problems are collectively known as sparse recovery.
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The following proposition shows a connection between sparse recover and the con-
cept of robust discrepancy defined in Chapter []] We recall that we use dy as the

Hamming distance function.

Proposition 10.1. There exists an algorithm R such that for any real matriz A €

R™ "™ any k-sparse x € {0,1}" and any y such that

1 . .
ly — Az|la,00 < B Jc[gﬁlﬁ:me rdiscaq, g(Ay), (10.2)

T 2 R(A,y) satisfies dy (%, x) < Bk.
Proof. The proof is very similar to that of Lemma We define R(A,y) as

R(A £ ar min AT — .
(Ay) Zarg  in Yllaw,o0

Let & £ R(A,y) and D £ min jc ). jj=ox rdiscq (A 7). By assumption, [|AZ — ylla,c0 <
|Az — ylla,co < D/2. By the approximate triangle inequality (7.3)), we have the guar-

antee

AT — Azl20,00 < [[AT = Ylla,co + Iy = ALllae < D.

Since & and z are binary, £ — z € {—1,0,1}". Moreover, because both vectors are
k-sparse, the union of their supports is contained in some set J C [n] of size 2k, so
A(Z —x) = Aj(z — x). Then, by the definition of rdisc, g(A), we have dg(z,z) =
|2 — z[ly < BE. O

The quantity min jc,):|.jj=k rdisca,s(As) can be seen as a combinatorial analogue of
the restricted isometry property (RIP) of order k, which requires that for any submatrix
Ay for |J| = k, the ratio between the largest singular value of A; and the smallest
nonzero singular value is bounded by 1 + e¢. The correspondence would be closer if
we were to replace the || - ||a,00 norm in the definition of robust discrepancy with the
/5'-norm.

Proposition shows that sparse reconstruction is possible in the presence of an
a-fraction of gross (unbounded) errors, and the other errors bounded as in the right
hand side of . In this sense it gives a robust reconstruction guarantee. This

mixed error setting is similar to the one in [52, B4]. These papers do not consider the
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sparse setting but they do propose efficient reconstruction algorithms. We suggest the

following question.

Question 9. Under what conditions can the reconstruction algorithm R in Proposi-

tion be made efficient?

We have not addressed several other issues which are important in compressed sens-
ing. For example, usually the signal x is arbitrary, rather than binary. This issue can be
addressed by appropriately strengthening the definition of discrepancy; we will not pur-
sue this further in this section. A very important issue is the number of measurements
m. It can be shown that for m = O(klog(n/k)) random linear measurements drawn
from the Rademacher distribution, the right hand side of is, with overwhelming
probability, Q(v/Bk) for any constant «.

Proposition 10.2. Let the matriz A be picked uniformly at random from {—1,1}"*".

There exists a constant C' such that for m > Cklog(n/k), with probability 1 — e~

we have that for any set J C [n] of size |J| = k, rdiscq peta(As) = Q(y/Bklog(1/)).

Proof. Let P be the matrix whose rows are the set {—1,1}". Let 8y £ Bk/n. For any
J C [n] and any = € {—1,0,1}/, we define its extension =’ € {—1,0,1}" to agree with
x on J and have entries 0 everywhere else. Then, there exists a constant ¢ such that
for any «, any J C [n] of size k, and any € {—1,0,1}’ such that |z|; > Bk, by

Lemma [7.7]
| Prz|| 20,00 = | P2 ||20.00 > rdiscaq, g, (P) > ¢/ Bonlog(l/20p) = cv/Sklog(1/2a).

Let A be the random matrix we get by sampling m rows uniformly and independently

from P. For any fixed J and z as above, E[|{i : [(Ajx)| > ¢y/Bklog(1/2a)}|] > 2am,
and, by the Chernoff bound,

Pr([|Az]laco < cy/Bklog(l/ao)] < exp(—c'm),

for a constant ¢. Setting m > n + 2 1n (3%(})) and taking a union bound over all

choices of J and z completes the proof. O
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The bound in Proposition [10.2] is of the same order of magnitude as the size of
random matrices with the restricted isometry property.

An interesting question is whether sparse reconstruction is possible with more re-
stricted measurements. If the measurements have some nice geometric structure, it is
possible that designing the sensing hardware would be less costly. Discrepancy theory
seems like a well-suited tool to address this problem, since it provides discrepancy es-
timates for many classes of structured matrices A. However, while Proposition [10.2]
shows that the quantity on the right hand side of can be nicely bounded from
below for random matrices, this is in general a very strong property, and it is not clear
if it holds for any family of structured matrices. On the other hand, it is natural to also
assume that the signal x has some nice structure, and it seems plausible that under
such an assumption reconstruction is possible even with restricted measurements. As

a motivating example, we have the following proposition.

Proposition 10.3. Let P C [n]? be a O(1)-spread set (see Deﬁm’tion of k points
in the plane. Let H be the set of halfplanes that have non-zero intersection with [n]?,
and let y € R™ be such that for any H € 1, |yg — |H N P|| = o(kY*). There exists an
algorithm R such that |R(y)AP| = o(k).

Proof Sketch. The reconstruction algorithm R outputs a c-spread point set P that
minimizes maxg |y —|HNPJ|. Let A be the incidence matrix of the set system induced
by H on [n]?, and let  be the indicator vector of P. By an argument analogous to
the one in Proposition m it is enough to show that ||A(z — Z)||ee = Q(k'/4) for any
indicator vector Z of a c-spread set such that ||z — Z||; = Q(k). Notice that a c-spread
set is contained in a disc of radius ¢y/n. Let P be the set of points for which Z is an
indicator vector. If we can draw two discs of radius ¢y/n, one containing P and one
containing P, such that the discs intersect, then PUP is 2¢-spread and the claim follows
from Lemma Otherwise, there is a line separating P and P, and for any halfplane
H bounded by this line, |(A(z — &))g| = ||[P N H| — |P N H|| = Q(k). This completes

the proof sketch. ]

Proposition bounds the amount of information needed for reconstruction in a
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different way from the usual reconstruction results: by putting a restriction on the ex-
pressiveness of measurements rather than on their number. Also, the restriction on the
signal combines a geometric assumption (well-spreadedness) and a sparsity assumption.
This is similar to model-based compressed sensing, see e.g. [15].

Nevertheless, it is interesting to explore whether the number of measurements in
Proposition (which apriori is O(n?*) since this is the number of distinct sets induced
by halfplanes on [n]?) can be reduced. A possible direction is to consider a limited
number of adaptive measurements to “weed out” most of the grid [n]?, followed by
O(k?) non-adaptive halfplane measurements. Another important question is whether
the reconstruction algorithm can be made to run in polynomial time.

We finish the section with the following general question.

Question 10. Under what natural assumptions on the signal x is reconstruction from
a restricted class of structured measurements possible? What structured measurements

are important in practice, e.g. for reducing the cost of compressed sensing hardware?

10.4 Approximation Algorithms

Many combinatorial optimization problems can be posed as an integer program (IP)
min{cTz : Az > b,z € Z"}. In general, such formulations are NP-hard, as are many
interesting examples. As a basic example, consider the NP-hard SETCOVER problem,
in which we are given m subsets S1,..., Sy, C [n], and our goal is to find a set I C [m]
of the smallest size such that | J;c; S; = [n]. As an integer program, SETCOVER can be
formulated as min{eTz : ATz > e,z € {0,1}™}, where e = (1,...,1) € R™ and A is
the incidence matrix of the input set system {S1,...,5n}.

While exactly solving an NP-hard problem in polynomial time is implausible, it is
often possible to design an efficient approximation algorithm. One of the most powerful
strategies for doing this is to relax an integer programming formulation of an optimiza-
tion problem to a linear program (LP) by simply dropping the integrality constraints.
Le., in our general formulation above, the LP relaxation would be min{cTz : Az > b},

and for the SETCOVER problem the relaxation would be min{eTz : ATz > e,z €
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[0,1]™}. Clearly, for a minimization problem, the value of the LP relaxation is no
larger than the value of the IP. The challenge then is to use the LP to compute a fea-
sible IP solution whose value is not much larger than the optimal value of the LP (and
therefore not much larger than the optimal value of the IP as well). One common way
to do this is to design a rounding algorithm which takes a feasible LP solution x as input
and outputs a feasible IP solution Z so that ¢Tz > acTZ. This guarantee then implies
an approximation factor of a~!. For general background and more information on the
design of approximation algorithms we refer the reader to the books by Williamson and
Shmoys [149] and by Vazirani [145].

The connection between rounding algorithms and discrepancy theory is via linear

discrepancy. Recall that we define the linear discrepancy lindisc(A) of a matrix A as

lindisc(A4) £ max min  ||Az — Ac|o-
ce[-1,1]m ze{-1,1}"

Recall also that, by Theorem lindisc(A) < 2herdisc(A).

Proposition 10.4. Let v;p = min{cTz : Az > b,z € Z"} and vpp = min{cTz : Az >

T
b}. Define the matriz D = . There exists a solution x € Z" such that
A

1
c'e —vpp < 5 lindisc(D)
1
|Az — bl|oo < 3 lindisc(D).
Proof. Let x* be the optimal solution of the LP min{cTz : Az > b}, and let x
be the vector conmsisting of the integer parts of each coordinate of z*. Let z; =

argmingeq_1 130 [|Dz — Df||oo for f £ e — 2(z* — x0) € [~1,1]" and e the all-ones

vector. By the definition of linear discrepancy, ||[Dx; — Dfl|ls < lindisc(D). Let

Z £z + 3(e — z1), and observe that
¥ —r=z"—x —f(e—ml)zl(xl—f)
0 9 2 )
and, therefore, || Dx* — DZ||ooc = ||Dz1 — D f]|co, and the proposition follows. O

An important note to make here is that if we can minimize linear discrepancy in

polynomial time (for the given matrix), then the integer solution z can also be found in
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polynomial time. Moreover, the proof of Theorem [I.1]is constructive, in the sense that
if we can find a coloring in polynomial time that achieves discrepancy bounded by the
hereditary discrepancy, then we can compute a coloring that achieves linear discrepancy
bounded by at most twice the hereditary discrepancy. It is also not necessary to exactly
minimize discrepancy and linear discrepancy: whatever value we can achieve efficiently
will give a corresponding bound in Proposition [10.4

Proposition [10.4] does not immediately imply an approximation guarantee, because
the integer solution Z is not necessarily feasible. However, in special cases, it may be
possible to “fix” T to make it feasible, while incurring only a small cost in terms of the
objective value cTx. One simple strategy, which works when A, b, c are non-negative,
is to scale the vector b in the linear program by a large enough number K so that
|Kb — bl|lso > 3 lindisc(D). The new linear program min{cTz : Az > Kb} has value at

most Kvrp, and if we apply Proposition [10.4]to it, we get an integral & which is feasible

for the original IP and has objective function value at most Kvrp + 2v1Lp lindisc(D).

As an example, let us apply the above observation to the SETCOVER problem.

eT
It is easy to see that the linear discrepancy of the matrix is at most the
AT

degree Ag of the input set system & = {S1,...,S,,}: any coloring = € {—1,1}™ that
satisfies |eTx| < 1, for example, achieves this bound. Therefore, we can approximate
SETCOVER up to a factor of (1+ ﬁ)%AS +1. For example, when Ag = 2, we have the
VERTEXCOVER problem, and for large enough v;p we nearly recover the best known
approximation ratio of 2. (When the optimal vertex cover is of constant size, it can be
found in polynomial time.) This approach is similar to the scaling strategy proposed
by Raghavan and Thompson [122] for randomized rounding.

For any particular problem there may be a more efficient way to make the integer
solution Z feasible. Eisenbrand, Palvolgyi, and Rothvofl showed how to do this for
the BINPACKING problem. In BINPACKING we are given a set of n items with sizes
S1y.-.,8n € [0,1]. The goal is to pack the items into the smallest number of bins, each of
size at most 1. BINPACKING can be relaxed to the Gilmore-Gomory linear program [68]

min{eTx : ATz > e}, where the rows of the matrix A are the indicator vectors of all ways
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to pack the items into a bin of size 1. In fact, this is a special case of the SETCOVER
problem, but the sets are exponentially many, and are given implicitly. Karmarkar and
Karp [85] showed that this linear program can be efficiently approximated to any given
degree, and can then be rounded to get a packing that uses at most O(log2 n) more
bins than the optimal solution. In the interesting special case where all item sizes are
bounded from below by a constant, Karmarkar and Karp’s algorithm gives additive
approximation O(logn). Eisenbrand et al. presented a discrepancy-based approach
to improve on Karmarkar and Karp’s algorithm for this special case. Assuming that
$1 > ... > Sy, they substitute the constraint ATx > b with LATx > Lb, where L is
the n x n lower triangular matrix with 1s on the main diagonal and below it. Hall’s
marriage theorem can be used to show that this new constraint is equivalent to the
original one. However, the new constraint has the benefit that it allows for an easy
method of fixing “slightly infeasible” solutions Z: if Lb — LAZ < de for some value d,
then we can make T feasible by only opening d new bins. Eisenbrand et al. showed that
when the item sizes in the BINPACKING instance are bounded below by a constant, the
discrepancy of LA is equal, up to constants, to the discrepancy of a set system of initial
intervals of O(1) permutations on [n].

Unfortunately [I13] proved the existence of 3 permutations on [n] so that the set
system of their initial intervals is Q2(log n), showing that the original approach of Eisen-
brand at al. could not improve on the Karmakar and Karp algorithm ([I13] also showed
that the same holds for a larger natural class of rounding algorithms). Nevertheless,
this does not mean that discrepancy-based rounding, together with other methods,
could not lead to an improved approximation gaurantee for the BINPACKING problem.
A powerful illustration of this argument is the recent work by Rothvof [128], who im-
proved on Karmakar and Karp’s algorithm and showed that for general BINPACKING
instances, the optimal solution can be approximated to within O(lognloglogn) bins.
His algorithm, on a very high level, transforms the constraint matrix via gluing and
grouping operations (without changing the optimal value of the LP relaxation much)
so that the discrepancy becomes very low.

In the reverse direction, assume we have an integer program min{cTz : Az > b,x €
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{0,1}"}. We have that there exists some vector x so that any integer vector Z satisfies
||Ax— AZ ||~ > lindisc(A). While this does not imply a gap between the integer program
and its linear relaxation, it is plausible that, for specific problems, such a connection
can be made. This is especially interesting for BINPACKING, where the largest known
additive gap between the Gilmore-Gomory linear program and the smallest achievable

number of bins is 1.

Question 11. Can linear discrepancy be used to prove a super-constant additive in-
tegrality gap for the Gilmore-Gomory relaxation of bin packing? For other interesting
problems? Can discrepancy-based rounding be used to give improved approrimation

algorithms for interesting problems.

We note that discrepancy techniques were successfully used to give approximation

algorithms and integrality gaps for the broadcast scheduling problem [12].

10.5 Conclusion

Many questions in computer science can be phrased as questions about how well a “sim-
ple” (discrete) structure can mimic a “complex” (continuous) structure. Techniques to
address such problems have been developed in parallel in discrepancy theory and com-
puter science. There have been many interesting examples of interaction between the
two fields, some presented in this thesis, and we can expect more such examples in the
future. Moreover, while discrepancy theory is already a mature field, we only recently
began to understand the computational challenges associated with it. Until a few years
ago, many positive results in discrepancy were not constructive, and thus not available
for the design of efficient algorithms. Furthermore, prior to the results of this thesis,
no efficient non-trivial algorithms were known to accurately estimate the fundamental
measures of combinatorial discrepancy. As we understand these computational dis-
crepancy theory questions better, we can expect that the relevance of discrepancy to

computer science and related fields will only grow.



2014

2004-08

2012-2014

2008-2013

161

Vita

Aleksandar Nikolov

Ph. D. in Computer Science, Rutgers University

B. Sc. in Computer Science from Saint Peter’s University

Simons Graduate Fellow, Dept. of Computer Science, Rutgers University

Graduate Assistant, Dept. of Computer Science, Rutgers University



[10]

[11]

162

References

Miklés Ajtai, Janos Komlds, and Endre Szemerédi. Deterministic simulation in
LOGSPACE. In Proceedings of the 19th Annual ACM Symposium on Theory of
Computing, 1987, New York, New York, USA, pages 132-140, 1987.

R. Alexander. Geometric methods in the study of irregularities of distribution.
Combinatorica, 10(2):115-136, 1990.

Noga Alon, L&szlé Babai, and Alon Itai. A fast and simple randomized parallel
algorithm for the maximal independent set problem. J. Algorithms, 7(4):567-583,
1986.

Noga Alon, Uriel Feige, Avi Wigderson, and David Zuckerman. Derandomized
graph products. Computational Complezity, 5(1):60-75, 1995.

Noga Alon and Yishay Mansour. e-discrepancy sets and their application for
interpolation of sparse polynomials. Inform. Process. Lett., 54(6):337-342, 1995.

Noga Alon and Joel H. Spencer. The probabilistic method. Wiley-Interscience Se-
ries in Discrete Mathematics and Optimization. John Wiley & Sons, Inc., Hobo-
ken, NJ, third edition, 2008.

Noga Alon, Raphael Yuster, and Uri Zwick. Color-coding. J. ACM, 42(4):844—
856, July 1995.

Per Austrin, Venkatesan Guruswami, and Johan Hastad. (2+4¢)-SAT is NP-hard.
In ECCC, 2013.

W. Banaszczyk. Balancing vectors and gaussian measures of n-dimensional con-
vex bodies. Random Structures & Algorithms, 12(4):351-360, 1998.

Wojciech Banaszczyk. Balancing vectors and convex bodies. Studia Math.,
106(1):93-100, 1993.

Nikhil Bansal. Constructive algorithms for discrepancy minimization. In Foun-
dations of Computer Science (FOCS), 2010 51st Annual IEEE Symposium on,
pages 3—10. IEEE, 2010.

Nikhil Bansal, Moses Charikar, Ravishankar Krishnaswamy, and Shi Li. Better
algorithms and hardness for broadcast scheduling via a discrepancy approach. In
SODA, pages 55-71, 2014.

Nikhil Bansal and Joel Spencer. Deterministic discrepancy minimization. Algo-
rithmica, 67(4):451-471, 2013.



[14]

[19]

[20]

[21]

[22]

[24]

[25]

[26]

[27]

163

Ziv Bar-Yossef, T. S. Jayram, Ravi Kumar, and D. Sivakumar. Information
theory methods in communication complexity. In Proceedings of the 17th Annual
IEEE Conference on Computational Complexity, Montréal, Québec, Canada, May
21-24, 2002, pages 93-102, 2002.

Richard G. Baraniuk, Volkan Cevher, Marco F. Duarte, and Chinmay Hegde.
Model-based compressive sensing. IEEE Trans. Inform. Theory, 56(4):1982-2001,
2010.

I. Bardny and VS Grinberg. On some combinatorial questions in finite-
dimensional spaces. Linear Algebra and its Applications, 41:1-9, 1981.

Joshua D. Batson, Daniel A. Spielman, and Nikhil Srivastava. Twice-ramanujan
sparsifiers. SIAM Review, 56(2):315-334, 2014.

J. Beck and T. Fiala. integer-making theorems. Discrete Applied Mathematics,
3(1):1-8, 1981.

Jézsef Beck. Balanced two-colorings of finite sets in the square i. Combinatorica,
1(4):327-335, 1981.

Jézsef Beck. Roth’s estimate of the discrepancy of integer sequences is nearly
sharp. Combinatorica, 1(4):319-325, 1981.

Jézsef Beck and Vera T. S6s. Discrepancy theory. In Handbook of combinatorics,
Vol. 1, 2, pages 1405-1446. Elsevier, Amsterdam, 1995.

Andras A. Bencziur and David R. Karger. Approximating s-¢ minimum cuts in
é(nQ) time. In Proceedings of the Twenty-Fighth Annual ACM Symposium on
the Theory of Computing, Philadelphia, Pennsylvania, USA, May 22-24, 1996,
pages 47-55, 1996.

Aditya Bhaskara, Daniel Dadush, Ravishankar Krishnaswamy, and Kunal Talwar.
Unconditional differentially private mechanisms for linear queries. In Proceedings
of the 44th symposium on Theory of Computing, STOC ’12, pages 1269-1284,
New York, NY, USA, 2012. ACM.

Rajendra Bhatia. Matriz analysis, volume 169 of Graduate Texts in Mathematics.
Springer-Verlag, New York, 1997.

Yonatan Bilu and Nathan Linial. Lifts, discrepancy and nearly optimal spectral
gap. Combinatorica, 26(5):495-519, 2006.

Avrim Blum, Katrina Ligett, and Aaron Roth. A learning theory approach to
non-interactive database privacy. In STOC ’08: Proceedings of the 40th annual
ACM symposium on Theory of computing, pages 609618, New York, NY, USA,
2008. ACM.

Manuel Blum, Vaughan Pratt, Robert E. Tarjan, Robert W. Floyd, and Ronald L.
Rivest. Time bounds for selection. J. Comput. System Sci., 7:448-461, 1973.
Fourth Annual ACM Symposium on the Theory of Computing (Denver, Colo.,
1972).



28]

[29]

[30]

[31]

[41]

[42]

[43]

164

Géza Bohus. On the discrepancy of 3 permutations. Random Structures Algo-
rithms, 1(2):215-220, 1990.

Béla Bollobas and Alex Scott. Intersections of graphs. J. Graph Theory,
66(4):261-282, 2011.

J. Bourgain and L. Tzafriri. Invertibility of large submatrices with applications
to the geometry of banach spaces and harmonic analysis. Israel journal of math-
ematics, 57(2):137-224, 1987.

Stephen Boyd and Lieven Vandenberghe. Convexr optimization. Cambridge Uni-
versity Press, Cambridge, 2004.

Andrei Z. Broder, Moses Charikar, Alan M. Frieze, and Michael Mitzenmacher.
Min-wise independent permutations. J. Comput. Syst. Sci., 60(3):630—659, 2000.

Mark Bun, Jonathan Ullman, and Salil Vadhan. Fingerprinting codes and the
price of approximate differential privacy. arXiv preprint arXiv:1311.8158, 2013.

Emmanuel J. Candes and Paige A. Randall. Highly robust error correction by
convex programming. [EEE Trans. Inform. Theory, 54(7):2829-2840, 2008.

T-H. Hubert Chan, Elaine Shi, and Dawn Song. Private and continual release of
statistics. In ICALP, 2010.

Moses Charikar, Venkatesan Guruswami, and Anthony Wirth. Clustering with
qualitative information. J. Comput. Syst. Sci., 71(3):360-383, 2005.

Moses Charikar, Alantha Newman, and Aleksandar Nikolov. Tight hardness re-
sults for minimizing discrepancy. In SODA ’11: Proceedings of the Twenty-Second
Annual ACM-SIAM Symposium on Discrete Algorithms, pages 1607-1614. STAM,
2011.

B. Chazelle and A. Lvov. The discrepancy of boxes in higher dimension. Discrete
Comput. Geom., 25(4):519-524, 2001. The Micha Sharir birthday issue.

B. Chazelle and A. Lvov. A trace bound for the hereditary discrepancy. Dis-
crete Comput. Geom., 26(2):221-231, 2001. ACM Symposium on Computational
Geometry (Hong Kong, 2000).

B. Chazelle, J. Matousek, and M. Sharir. An elementary approach to lower
bounds in geometric discrepancy.  Discrete and Computational Geometry,
13(1):363-381, 1995.

Bernard Chazelle. The Discrepancy Method. Cambridge University Press, 1991.

Bernard Chazelle. A spectral approach to lower bounds with applications to
geometric searching. SIAM J. Comput., 27(2):545-556, 1998.

Bernard Chazelle. A minimum spanning tree algorithm with inverse-ackermann
type complexity. Journal of the ACM (JACM), 47(6):1028-1047, 2000.



[44]

[45]

[46]

[47]

[48]

[55]

165

Fan R. K. Chung. Spectral graph theory, volume 92 of CBMS Regional Conference
Series in Mathematics. Published for the Conference Board of the Mathematical

Sciences, Washington, DC; by the American Mathematical Society, Providence,
RI, 1997.

K.L. Clarkson. Coresets, sparse greedy approximation, and the frank-wolfe algo-
rithm. ACM Transactions on Algorithms (TALG), 6(4):63, 2010.

Aviad Cohen and Avi Wigderson. Dispersers, deterministic amplification, and
weak random sources (extended abstract). In 30th Annual Symposium on Foun-
dations of Computer Science, Research Triangle Park, North Carolina, USA, 30
October - 1 November 1989, pages 14-19, 1989.

Thomas M. Cover and Joy A. Thomas. FElements of information theory. Wiley-
Interscience [John Wiley & Sons|, Hoboken, NJ, second edition, 2006.

Irit Dinur and Kobbi Nissim. Revealing information while preserving privacy.
pages 202-210, 2003.

B. Doerr, A. Srivastav, and P. Wehr. Discrepancy of Cartesian products of arith-
metic progressions. FElectron. J. Combin., 11:Research Paper 5, 16 pp. (elec-
tronic), 2004.

C. Dwork, F. Mcsherry, K. Nissim, and A. Smith. Calibrating noise to sensitivity
in private data analysis. In T'CC, 2006.

Cynthia Dwork, Krishnaram Kenthapadi, Frank McSherry, Ilya Mironov, and
Moni Naor. Our data, ourselves: Privacy via distributed noise generation.
4004:486-503, 2006.

Cynthia Dwork, Frank McSherry, and Kunal Talwar. The price of privacy and
the limits of Ip decoding. In STOC, pages 85-94, 2007.

Cynthia Dwork, Moni Naor, Toniann Pitassi, and Guy N. Rothblum. Differential
privacy under continual observation. In Leonard J. Schulman, editor, STOC,
pages 715-724. ACM, 2010.

Cynthia Dwork, Moni Naor, Toniann Pitassi, Guy N. Rothblum, and Sergey
Yekhanin. Pan-private streaming algorithms. In Innovations in Computer Sci-
ence - ICS 2010, Tsinghua University, Beijing, China, January 5-7, 2010. Pro-
ceedings, pages 66—80, 2010.

Cynthia Dwork, Moni Naor, Omer Reingold, Guy N Rothblum, and Salil Vadhan.
On the complexity of differentially private data release: efficient algorithms and
hardness results. In Proceedings of the 41st annual ACM symposium on Theory
of computing, pages 381-390. ACM, 2009.

Cynthia Dwork, Aleksandar Nikolov, and Kunal Talwar. Efficient algorithms for
privately releasing marginals via convex relaxations. In Proceedings of the 30th
Annual Symposium on Computational Geometry, Kyoto, Japan, 2014.

Cynthia Dwork and Kobbi Nissim. Privacy-preserving datamining on vertically
partitioned databases. In CRYPTO, pages 528-544, 2004.



[58]

[63]

[64]

[65]

166

Cynthia Dwork, Guy N. Rothblum, and Salil Vadhan. Boosting and differential
privacy. In Proceedings of the 2010 IEEE 51st Annual Symposium on Foundations
of Computer Science, FOCS 10, pages 51-60, Washington, DC, USA, 2010. IEEE
Computer Society.

Yonina C. Eldar and Gitta Kutyniok, editors. Compressed sensing. Cambridge
University Press, Cambridge, 2012. Theory and applications.

P. Erd6s and J. Spencer. Imbalances in k-colorations. Networks, 1:379-385,
1971/72.

Paul Erdés, Mark Goldberg, Janos Pach, and Joel Spencer. Cutting a graph into
two dissimilar halves. J. Graph Theory, 12(1):121-131, 1988.

Ky Fan. On a theorem of Weyl concerning eigenvalues of linear transformations.
I. Proc. Nat. Acad. Sci. U. S. A., 35:652-655, 1949.

M. Frank and P. Wolfe. An algorithm for quadratic programming. Nawval research
logistics quarterly, 3(1-2):95-110, 1956.

Joel Friedman. A proof of Alon’s second eigenvalue conjecture and related prob-
lems. Mem. Amer. Math. Soc., 195(910):viii+100, 2008.

Bernd Gértner and Jifi Matousek. Approximation algorithms and semidefinite
programming. Springer, Heidelberg, 2012.

Alain Ghouila-Houri. Caractérisation des matrices totalement unimodulaires. C.
R. Acad. Sci. Paris, 254:1192-1194, 1962.

Apostolos A Giannopoulos. On some vector balancing problems. Studia Mathe-
matica, 122(3):225-234, 1997.

P.C. Gilmore and R.E. Gomory. A linear programming approach to the cutting-
stock problem. Oper. Res., 9:849-859, 1961.

Paul Glasserman. Monte Carlo methods in financial engineering, volume 53
of Applications of Mathematics (New York). Springer-Verlag, New York, 2004.
Stochastic Modelling and Applied Probability.

Efim Davydovich Gluskin. Extremal properties of orthogonal parallelepipeds and
their applications to the geometry of banach spaces. Mathematics of the USSR-
Sbornik, 64(1):85, 1989.

Oded Goldreich, Shari Goldwasser, and Dana Ron. Property testing and its
connection to learning and approximation. J. ACM, 45(4):653-750, July 1998.

M. Grotschel, L. Lovéasz, and A. Schrijver. The ellipsoid method and its conse-
quences in combinatorial optimization. Combinatorica, 1(2):169-197, 1981.

Anupam Gupta, Moritz Hardt, Aaron Roth, and Jonathan Ullman. Privately
releasing conjunctions and the statistical query barrier. In STOC, pages 803—
812, 2011.



[74]

[75]

[76]

[79]

[30]

[81]

[82]

[36]

[87]

167

Anupam Gupta, Aaron Roth, and Jonathan Ullman. Iterative constructions and
private data release. In TCC| pages 339-356, 2012.

V. Guruswami. Inapproximability results for set splitting and satisfiability prob-
lems with no mixed clauses. Approzimation Algorithms for Combinatorial Opti-
mization, pages 155-166, 2000.

M. Hardt and G. Rothblum. A multiplicative weights mechanism for privacy-
preserving data analysis. Proc. 51st Foundations of Computer Science (FOCS).
IEFRE, 2010.

Moritz Hardt, Katrina Ligett, and Frank McSherry. A simple and practical algo-
rithm for differentially private data release. In NIPS, 2012. To appear.

Moritz Hardt and Kunal Talwar. On the geometry of differential privacy. In
Proceedings of the 42nd ACM symposium on Theory of computing, STOC ’10,
pages 705-714, New York, NY, USA, 2010. ACM.

Shlomo Hoory, Nathan Linial, and Avi Widgerson. Expander graphs and their
applications. Bull. Am. Math. Soc., New Ser., 43(4):439-561, 2006.

Zengfeng Huang and Ke Yi. The communication complexity of distributed e-
approximations. 2014. To appear in FOCS 2014.

Russell Impagliazzo and David Zuckerman. How to recycle random bits. In
30th Annual Symposium on Foundations of Computer Science, Research Triangle
Park, North Carolina, USA, 30 October - 1 November 1989, pages 248253, 1989.

T. S. Jayram and David P. Woodruff. Optimal bounds for johnson-lindenstrauss
transforms and streaming problems with subconstant error. ACM Transactions
on Algorithms, 9(3):26, 2013.

Gil Kalai. FErdés discrepancy problem 22. http://gowers.wordpress.com/
2012/08/22/edp22-first-guest-post-from-gil-kalai/, 09 2012.

Daniel M. Kane, Jelani Nelson, and David P. Woodruff. An optimal algo-
rithm for the distinct elements problem. In Proceedings of the Twenty-Ninth
ACM SIGMOD-SIGACT-SIGART Symposium on Principles of Database Sys-
tems, PODS 2010, June 6-11, 2010, Indianapolis, Indiana, USA, pages 41-52,
2010.

Narendra Karmarkar and Richard M. Karp. An efficient approximation scheme
for the one-dimensional bin-packing problem. In 238rd Annual Symposium on
Foundations of Computer Science, Chicago, Illinois, USA, 3-5 November 1982,
pages 312-320, 1982.

B. Klartag. An isomorphic version of the slicing problem. J. Funct. Anal.,
218(2):372-394, 2005.

Boris Konev and Alexei Lisitsa. A sat attack on the erdds discrepancy conjecture.
CoRR, abs/1402.2184, 2014.


http://gowers.wordpress.com/2012/08/22/edp22-first-guest-post-from-gil-kalai/
http://gowers.wordpress.com/2012/08/22/edp22-first-guest-post-from-gil-kalai/

[38]

[89]

[90]

[91]

[92]

[95]

[96]

[99]

[100]

[101]

[102]

[103]

168

Eyal Kushilevitz and Noam Nisan. Communication complezity. Cambridge Uni-
versity Press, Cambridge, 1997.

Kasper Green Larsen. On range searching in the group model and combinatorial
discrepancy. SIAM J. Comput., 43(2):673-686, 2014.

A. S. Lewis. The convex analysis of unitarily invariant matrix functions. J.
Convexr Anal., 2(1-2):173-183, 1995.

Chao Li, Michael Hay, Vibhor Rastogi, Gerome Miklau, and Andrew McGregor.
Optimizing linear counting queries under differential privacy. 2010.

L. Lovasz. Coverings and coloring of hypergraphs. In Proceedings of the
Fourth Southeastern Conference on Combinatorics, Graph Theory, and Comput-
ing (Florida Atlantic Univ., Boca Raton, Fla., 1973), pages 3-12. Utilitas Math.,
Winnipeg, Man., 1973.

L. Lovasz, J. Spencer, and K. Vesztergombi. Discrepancy of set-systems and
matrices. European Journal of Combinatorics, 7(2):151-160, 1986.

Laszlé Lovasz. Integer sequences and semidefinite programming. Publ. Math.
Debrecen, 56(3-4):475-479, 2000. Dedicated to Professor Kdlmén Gy6éry on the
occasion of his 60th birthday.

S. Lovett and R. Meka. Constructive discrepancy minimization by walking on
the edges. Arxiv preprint arXiv:1203.5747, 2012.

Adam Marcus, Daniel A. Spielman, and Nikhil Srivastava. Interlacing families I:
bipartite ramanujan graphs of all degrees. In 54th Annual IEEE Symposium on
Foundations of Computer Science, FOCS 2013, 26-29 October, 2013, Berkeley,
CA, USA, pages 529-537, 2013.

Adam Marcus, Daniel A Spielman, and Nikhil Srivastava. Interlacing families ii:
Mixed characteristic polynomials and the kadison-singer problem. arXiv preprint
arXiv:1306.8969, 2013.

Albert W. Marshall, Ingram Olkin, and Barry C. Arnold. Inequalities: theory
of magorization and its applications. Springer Series in Statistics. Springer, New
York, second edition, 2011.

J. Matousek. Tight Upper Bounds for the Discrepancy of Halfspaces. Discrete
and Computational Geometry, 13(1):593-601, 1995.

Jifi Matousek. Derandomization in computational geometry. J. Algorithms,
20(3):545-580, 1996.

Jiff Matousek. An L,, version of the Beck-Fiala conjecture. European J. Combin.,
19(2):175-182, 1998.

Jiti Matousek. On the discrepancy for boxes and polytopes. Monatsh. Math.,
127(4):325-336, 1999.

Jiri Matousek and Aleksandar Nikolov. Combinatorial discrepancy for boxes via
the ellipsoid-infinity norm, 2014.



[104]

[105]
[106]

[107]

[108]

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

169

Jit{ Matousek and Joel Spencer. Discrepancy in arithmetic progressions. J. Amer.
Math. Soc., 9(1):195-204, 1996.

Jiti Matousek. Geometric Discrepancy (An Illustrated Guide). Springer, 1999.

Jiti Matousek.  The determinant bound for discrepancy is almost tight.
http://arxiv.org/abs/1101.0767, 2011.

Jit{ Matousek and Aleksandar Nikolov. Combinatorial discrepancy for boxes via
the ellipsoid-infinity norm. 2014.

Darakhshan Mir, S. Muthukrishnan, Aleksandar Nikolov, and Rebecca N. Wright.
Pan-private algorithms via statistics on sketches. In PODS ’11: Proceedings of the
thirtieth ACM SIGMOD-SIGACT-SIGART symposium on Principles of database
systems, pages 37-48, New York, NY, USA, 2011. ACM.

S. Muthukrishnan. Data streams: Algorithms and applications. Foundations and
Trends in Theoretical Computer Science, 1(2), 2005.

S. Muthukrishnan and Aleksandar Nikolov. Optimal private halfspace counting
via discrepancy. In STOC ’12: Proceedings of the 44th symposium on Theory of
Computing, pages 12851292, New York, NY, USA, 2012. ACM.

Joseph Naor and Moni Naor. Small-bias probability spaces: Efficient construc-
tions and applications. SIAM J. Comput., 22(4):838-856, 1993.

A. Narayanan and V. Shmatikov. De-anonymizing social networks. In Security
and Privacy, 2009 30th IEEE Symposium on, pages 173-187. Ieee, 2009.

Alantha Newman, Ofer Neiman, and Aleksandar Nikolov. Beck’s three permuta-
tions conjecture: A counterexample and some consequences. In FOCS ’12: Pro-
ceedings of the 2012 IEEE 53rd Annual Symposium on Foundations of Computer
Science, pages 253-262, Washington, DC, USA, 2012. IEEE Computer Society.

Harald Niederreiter. Random number generation and quasi-Monte Carlo methods,
volume 63 of CBMS-NSF Regional Conference Series in Applied Mathematics.
Society for Industrial and Applied Mathematics (STAM), Philadelphia, PA, 1992.

Aleksandar Nikolov. The komlos conjecture holds for vector colorings. Submitted
to Combinatorica, 2013.

Aleksandar Nikolov and Kunal Talwar. Approximating discrepancy via small
width ellipsoids. 2013.

Aleksandar Nikolov and Kunal Talwar. On the hereditary discrepancy of homo-
geneous arithmetic progressions. Submitted to Proceedings of the AMS, 2013.

Aleksandar Nikolov, Kunal Talwar, and Li Zhang. The geometry of differential
privacy: the sparse and approximate cases. In Proceedings of the 45th Annual
ACM Symposium on Theory of Computing, STOC 13, pages 351-360, New York,
NY, USA, 2013. ACM.

A. Nilli. On the second eigenvalue of a graph. Discrete Math., 91(2):207-210,
1991.



[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

[130]

[131]

[132]

[133]

[134]

[135]

170

M. L. Overton and R. S. Womersley. Optimality conditions and duality theory
for minimizing sums of the largest eigenvalues of symmetric matrices. Math.
Programming, 62(2, Ser. B):321-357, 1993.

Yuval Rabani and Amir Shpilka. Explicit construction of a small epsilon-net for
linear threshold functions. SIAM J. Comput., 39(8):3501-3520, 2010.

Prabhakar Raghavan and Clark D. Thompson. Randomized rounding: a tech-
nique for provably good algorithms and algorithmic proofs. Combinatorica,
7(4):365-374, 1987.

G. Raskutti, M.J. Wainwright, and B. Yu. Minimax rates of estimation for high-
dimensional linear regression overj formula formulatype=. Information Theory,
IEEE Transactions on, 57(10):6976-6994, 2011.

R. Tyrrell Rockafellar. Convex analysis. Princeton Mathematical Series, No. 28.
Princeton University Press, Princeton, N.J., 1970.

Aaron Roth and Tim Roughgarden. Interactive privacy via the median mech-
anism. In Proceedings of the 42nd ACM symposium on Theory of computing,
STOC 10, pages 765-774, New York, NY, USA, 2010. ACM.

K. F. Roth. On irregularities of distribution. Mathematika, 1:73-79, 1954.

Klaus F Roth. Remark concerning integer sequences. Acta Arithmetica, 9:257—
260, 1964.

Thomas Rothvofl. Approximating bin packing within o(log OPT * log log OPT)
bins. pages 20—29, 2013.

Thomas Rothvof3. Constructive discrepancy minimization for convex sets. CoRR,
abs/1404.0339, 2014.

T.J. Schaefer. The complexity of satisfiability problems. In Proceedings of the
tenth annual ACM symposium on Theory of computing, pages 216-226, 1978.

Wolfgang M. Schmidt. Irregularities of distribution. VII. Acta Arith., 21:45-50,
1972.

Alexander Schrijver. Combinatorial optimization. Polyhedra and efficiency. Vol.
B, volume 24 of Algorithms and Combinatorics. Springer-Verlag, Berlin, 2003.
Matroids, trees, stable sets, Chapters 39-69.

P. D. Seymour. Decomposition of regular matroids. J. Combin. Theory Ser. B,
28(3):305-359, 1980.

Peter Shirley. Discrepancy as a quality measure for sample distributions. In In
Eurographics "91, pages 183-194. Elsevier Science Publishers, 1991.

Joel Spencer. Six standard deviations suffice. Trans. Amer. Math. Soc., 289:679—
706, 1985.



[136]

[137]

138

[139]

[140]

[141]

[142]

[143]

[144]

[145]
[146]

[147]

[148]

[149]

[150]

171

Joel Spencer. Ten lectures on the probabilistic method, volume 64 of CBMS-NSF
Regional Conference Series in Applied Mathematics. Society for Industrial and
Applied Mathematics (STAM), Philadelphia, PA, second edition, 1994.

D.A. Spielman and N. Srivastava. An elementary proof of the restricted invert-
ibility theorem. Israel Journal of Mathematics, pages 1-9, 2010.

Aravind Srinivasan. Improving the discrepancy bound for sparse matrices: better
approximations for sparse lattice approximation problems. In Proceedings of the
Eighth Annual ACM-SIAM Symposium on Discrete Algorithms (New Orleans,
LA, 1997), pages 692-701. ACM, New York, 1997.

Nikhil Srivastava. Erdés discrepancy prob-
lem 22. http://windowsontheory.org/2013/07/11/
discrepancy-graphs-and-the-kadison-singer-conjecture-2/, 2013.

Salil P. Vadhan. Pseudorandomness. Foundations and Trends in Theoretical
Computer Science, 7(1-3):1-336, 2012.

T. van Aardenne-Ehrenfest. Proof of the impossibility of a just distribution of
an infinite sequence of points over an interval. Nederl. Akad. Wetensch., Proc.,
48:266-271 = Indagationes Math. 7, 71-76 (1945), 1945.

T. van Aardenne-Ehrenfest. On the impossibility of a just distribution. Nederl.
Akad. Wetensch., Proc., 52:734-739 = Indagationes Math. 11, 264-269 (1949),
1949.

J.G. van der Corput. Verteilungsfunktionen. I. Mitt. Proc. Akad. Wet. Amster-
dam, 38:813-821, 1935.

J.G. van der Corput. Verteilungsfunktionen. II. Proc. Akad. Wet. Amsterdam,
38:1058-1066, 1935.

Vijay V. Vazirani. Approximation algorithms. Springer, 2001.

R. Vershynin. John’s decompositions: Selecting a large part. Israel Journal of
Mathematics, 122(1):253-277, 2001.

Zhewei Wei and Ke Yi. The space complexity of 2-dimensional approximate
range counting. In Sanjeev Khanna, editor, Proceedings of the Twenty-Fourth
Annual ACM-SIAM Symposium on Discrete Algorithms, SODA 2013, New Or-
leans, Louisiana, USA, January 6-8, 2013, pages 252-264. SIAM, 2013.

Hermann Weyl. Uber die gleichverteilung von zahlen mod. eins. Mathematische
Annalen, 77(3):313-352, 1916.

David P. Williamson and David B. Shmoys. The Design of Approximation Algo-
rithms. Cambridge University Press, 2011.

David P. Woodruftf. Optimal space lower bounds for all frequency moments. In
Proceedings of the Fifteenth Annual ACM-SIAM Symposium on Discrete Algo-
rithms, SODA 2004, New Orleans, Louisiana, USA, January 11-14, 2004, pages
167-175, 2004.


http://windowsontheory.org/2013/07/11/discrepancy-graphs-and-the-kadison-singer-conjecture-2/
http://windowsontheory.org/2013/07/11/discrepancy-graphs-and-the-kadison-singer-conjecture-2/

[151]

[152]

153

[154]

[155]

172

David Paul Woodruff. Efficient and private distance approrimation in the com-
munication and streaming models. PhD thesis, Massachusetts Institute of Tech-
nology, 2007.

Xiaokui Xiao, Guozhang Wang, and Johannes Gehrke. Differential privacy via
wavelet transforms. In ICDE, pages 225-236, 2010.

Andrew Chi-Chih Yao. Probabilistic computations: Toward a unified measure
of complexity (extended abstract). In 18th Annual Symposium on Foundations
of Computer Science, Providence, Rhode Island, USA, 31 October - 1 November
1977, pages 222-227, 1977.

Andrew Chi-Chih Yao. Some complexity questions related to distributive com-
puting (preliminary report). In Proceedings of the 11h Annual ACM Symposium
on Theory of Computing, April 30 - May 2, 1979, Atlanta, Georgia, USA, pages
209-213, 1979.

Li Zhang. Nearly optimal minimax estimator for high dimensional sparse linear
regression. Annals of Statistics, 2013. To appear.



	Abstract
	Acknowledgements
	Dedication
	Introduction
	Historical Background
	Connections with Computer Science
	Notions of Discrepancy
	Lebesgue Measure Discrepancy
	Combinatorial Discrepancy
	Hereditary Discrepancy and the Transference Lemma
	Discrepancy of Matrices and Rounding Algorithms
	Lp-Discrepancy

	Main Results of the Thesis
	Basic Notation

	Computational Hardness
	Overview
	Preliminaries
	Hardness for Arbitrary Set Systems
	Hardness for Set Systems with Bounded Shatter Function
	Generalizing Alexander's Bound
	The Reduction

	Hardness of Approximating Hereditary Discrepancy
	Bibliographic Remarks


	Vector Discrepancy and the Komlós Problem
	Overview
	Definition and Relationship with Hereditary Discrepancy
	Relationship with L2-discrepancy
	Duality for Vector Discrepancy
	The Komlós Problem
	Bibliographic Remarks


	Approximating Hereditary Discrepancy
	Overview
	Preliminaries
	Restricted Invertibility
	Geometry
	Convex Duality

	Ellipsoid Upper Bounds on Discrepancy
	Lower Bounds on Discrepancy
	The Ellipsoid Minimization Problem and Its Dual
	Spectral Lower Bounds via Restricted Invertibility

	The Approximation Algorithm
	Bibliographic Remarks


	More on the Ellipsoid Infinity Norm
	Overview
	Properties of the Ellipsoid-Infinity Norm
	Transposition and Triangle Inequality
	Unions and Direct Sums

	Tensor product
	Properties of Tensor Products
	Multiplicativity of the Ellipsoid Infinity Norm

	Tight Examples
	The Ellipsoid Infinity Norm of Intervals
	The Ellipsoid Infinity Norm of Power Sets
	Bibliographic Remarks



	Applications to Discrepancy Theory
	Overview
	General Results for Discrepancy
	Tusnády's Problem
	Background
	Tight Upper and Lower Bounds

	Discrepancy of Boolean Subcubes
	Discrepancy of Arithmetic Progressions
	General Arithmetic Progressions
	Multidimensional Arithmetic Progressions
	Homogeneous Arithmetic Progressions
	Bibliographic Remarks



	Discrepancy and Differential Privacy
	Overview
	The Central Problem of Private Data Analysis
	Characterizing Optimal Error

	Preliminaries on Differential Privacy
	Basic Definitions and Composition
	Query Release
	Histograms and Matrix Notation
	Measures of Error
	The Main Result

	Reconstruction Attacks from Discrepancy
	Generalized Gaussian Noise Mechanism
	The Basic Gaussian Mechanism
	The Generalization

	Bounds on Optimal Error for Natural Queries
	Error Lower Bounds for Pan-Privacy
	Pan Privacy: Motivation and Definition
	Reconstruction Attack against Pan- Privacy
	Bibliographic Remarks



	Private Mechanisms for Small Databases
	Overview
	Error Lower Bounds with Small Databases
	The Projection Mechanism
	Projection to a Convex Body
	The Mechanism
	Efficient Implementation: Frank-Wolfe

	Optimality of the Projection Mechanism
	Minimizing Ky Fan Norm over Containing Ellipsoids
	The Dual of the Ellipsoid Problem
	Proof of the Main Theorem
	Bibliographic Remarks



	Reconstruction and Communication Complexity
	Overview
	The One-way Communication Model
	Reconstruction and Fano's Inequality
	Communication Lower Bounds via Robust Discrepancy
	Density Estimation
	Approximating Hamming Distance

	Avenues to Further Applications of Discrepancy
	Overview
	Expander Graphs and Sparsification
	Spectral Expansion as Discrepancy
	Sparsification

	Compressed Sensing
	Approximation Algorithms
	Conclusion

	Vita
	References

