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The adaptive data analysis problem



Estimating population counts

• Unknown distribution D on X

• Predicates q1, . . . , qk : X ! {0, 1}

Want to estimate, for all i = 1 . . k :

qi (D) = Ex⇠D [qi (x)].
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The classical solution

Draw a sample X = {x1, . . . , xn} iid from D.

Hope that 8i : qi (X ) ⇡ qi (D)
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Adaptive queries?

What if qi depends on q1, . . . , qi�1?
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A simple solution
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Transfer theorem

Theorem
Suppose M takes a dataset X and answers k adaptive queries q1, . . . , qk . If

1. 8X 2 X n, P(9i : |qi (X )�M(X )i | > ↵) < ↵�,

2. M is (↵,↵�)-DP,

then

P(9i : |M(X )i � qi (D)| > C↵) < C�.
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Improving on the simple solution

Can get error ↵ with ⇡
p
k log k
↵2 samples.
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Key Lemma

Lemma
Suppose W is (", �)-DP, and on input X outputs a counting query q. Let X ⇠ Dn.

Then

|E[q(D) | q = W(X )]� E[q(X ) | q = W(X )]|  e" � 1 + �.
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Proof of Key Lemma

E[q(X ) | q = W(X )] =
1

n

nX

i=1

E[q(xi ) | q = W(X )] =
1

n

nX

i=1

P(q(xi ) | q = W(X ))
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Proof part 2
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Aside: Generalization from DP

Theorem
For any non-negative loss `(✓, (x , y)), X = {(x1, y1), . . . , (xn, yn)} ⇠ Dn, and

LX (✓) =
1

n

nX

i=1

`(✓, (xi , yi )) LD(✓) = E(x ,y)⇠D [`(✓, (x , y))],

if ✓ is computed by an (", �)-DP algorithm, then

E[LD(✓)]  e"E[LX (✓)] + �max
✓,x ,y

`(✓, (x , y)).
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A simpler transference theorem

Theorem
If the mechanism M satisfies that

1. 8X 2 X n, and all sequence of adaptive queries q1, . . . , qk ,

E[maxi |qi (X )�M(X )i |]  ↵

2. M is (", �)-DP,

then

E[max
i

|qi (D)�M(X )i |]  ↵+ e" � 1 + �
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Proof

Trick: Suppose that if qi is asked, so is 1� qi , and is answered by 1�M(X )i .

Then max
k
i=1 |qi (D)�M(X )i | = max

k
i=1 qi (D)�M(X )i .
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Proof pt 2
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