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On a Simple Method for Detecting Synchronization Errors  w = ps, for some word. In this cases is asuffixof w. If p # w, thenp

in Coded Messages is called a proper prefix af.. Similarly, the suffixs is proper ifs # w.
A word v is afactor of w if w can be written asvy for some words:

Stavros KonstantinidjsMember, IEEE Steven Perron, and andy. The set of all words is denoted By and the set of all nonempty
L. Amber Wilcox-O’Hearn words by X ™. Every subset of{* is called alanguage If u, v are

words andL is a language, themLv is the languagguwv | w € L}.

If F is a finite and nonempty language, thiendenotes the maximum
length of the words irf. For two languageg andZ’, LL' denotes the
languaggww’ | w € L, w' € L'}.If nisanonnegative integer, then

Abstract—We investigate the problem of designing pair§p, s) of words
with the property that, if each word of a coded message is prefixed bp and
suffixed by s, the resulting set of coded messages is error detecting with

finite delay. We consider (combinatorial) channels permitting any combi- L" is the languagéw, - - - wn | w1, ..., w, € L}, with L = {A}.
nation of the substitution, insertion, and deletion (SID) error types, and Moreover,L* = Ufjo L.
address the cases of both scattered and burst errors. A paifp, s) with A nonempty Ianauagé? is called auniquely decodable coder

the above property is evaluated in terms of three parameters: redundancy, _. . L ,
delay of decoding, and frequency of the detectable errors. In the case of SID simply acodeif, for all positive integers» andr and for all words
channels with burst errors, we provide a complete and explicit character- Vs vy Uns U1y vvny U € C

ization of their error-detecting pairs (p, s), which involves the period of ’ S :

the word sp. the equation

Index Terms—Burst errors, decoding delay, deletion, error detection,

insertion, period of word. ULtz eetn = Uitz sl
impliesm = n andu; = v; for everyi = 1, ..., n. In this corre-
|. INTRODUCTION AND BASIC NOTATION spondence, we assume that every code contains at least two words. If

) ) o . all the words of a languag€ have the same length, théhis a code
We investigate the problem of designing pdjss s) of words, called and is called ainiform codeA language of the fornd'*, whereC' is a
separators with the property that, if each word of a coded message e is called aoded language '

is prefixed byp and suffixed bys, the resulting coded language (set

of cod_ed mgssages) &ror det_ectlng with fln_lte _delay\Ne consu_ﬂer_ B. Structure of the Correspondence

(combinatorial) channels allowing any combination of the substitution, ) ] ] ]
insertion, and deletion (SID) error types. Such channels were used by NiS correspondence is organized as follows. In Section I, we give
Levenshtein in [1], where the method of separators was discussedf§ Pasic terminology about (combinatorial) channels and error detec-
correcting scattereID errors in coded messages. This method wd9n. and we define SID error types, error specifications, and the partic-
first considered by Sellers Jr. [2] for a certain SID channel and, moWr class of SID channels that periitrsterrors. Moreover, we obtain
recently, by Ferreirat al.[3]. In the present correspondence, we usé few technical results pertaining to these concepts. In Section IlI, we
the termuniform error-detectorfor a pair (p, ) of words satisfying define the method of uniform error-detector pairs, discuss the criteria
the above property, and we consider the cases of baatteredand OF choosing good pairs, and provide a necessary condition on the struc-
bursterrors. In either case, a uniform error-detecjars) is evaluated ture of such pairs. In Section 1V, we focus on channels with burst errors
in terms of three parameters: the redundajpdy+ |5| the delay of and identify all uniform error-detectors for such channels, including all
decoding, and the frequency of the detectable errors. In the casétfOPtimal ones. In Section V, we consider channels with scattered er-
burst SID errors, we provide a complete and explicit characterizati§ff'S @nd obtain a set of uniform error-detectors that work for any SID

of all the uniform error-detector@, s), which involves the period of €Tor type. Then, for certain error types, we identify uniform error-de-
the wordsp [4], [5]. tectors with smaller redundancy at the cost of restricting to messages

over the binary alphabet. Finally, Section VI contains a few concluding

A. Notation About Alphabet, Words, and Coded Languages remarks.

We assume an alphabdt containing at least the two symbdis
andl. A word, or messaggs any string of symbols fronX” including
the empty word\. For a wordw, we denote byw| the length ofu. For  A. Channels, Error Types, and Error Specifications
example[11001] = 5. 1f i = 1, ..., w], thenw[i] denotes theth A (combinatorial) channefover the alphabeX) is a binary relation
symbol ofw and, forj = i, ..., |w], the notationu[i - - - j] represents  C X* x X*. For the elements of the channelve prefer to write
the wordw/[i]wl[i + 1] -+ - w[j]. If j < i, we agree thaw[i---j] = A. (2 — w) as opposed t¢z, w). Then,(z — w) € v means that the
For two wordsw, andw: the wordw;w. is the concatenation af1  message (word) can be received from» through the channel. Note
anduw- . For awordv and a nonnegative integerw™ denotes theword that, in general, the channel is noisy, meaning that(for~ w) € ~,

/

that consists of concatenated copies of Awordp is aprefixofw if it is possible that # w; that is, = is received fromu with errors.

In this work, we consider channels that permit combinations of the
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Definition 1: An error specificationis an expression of the form are sentinto,, if a wordy is received through andy isin LU{A} then
maT such thatm is a nonnegative integer, is an error type, and y must be correct; thatis, equal to the transmitted word. This condition
2 is one of the symbols and s indicating the termdburstandscat- can be written more formally as follows [7]:
tered respectively. For an error specificationeT we shall assume that

i r € L A X"
m > 0, unless stated otherwise. For allwordsr € LU {A} andy € X~

N ) - ) if (y — x) € yandy € L U {\}, theny = «.

Intuitively, the expressiomar specifies possible changes (errors) .
that one can make in a word to obtain another word. For example, fgte thatthe above condition ensures that a nonempty wdtdahnot
expressionhs specifies a sizé burst of deletion errors and the expresPe received from the empty word, and the empty word cannot be re-
sion4s(: @ &) specifies four scattered insertion and deletion error§€ived from a nonempty word df. The task of verifying that a lan-
More specifically, letr andy be two words. We say that obtains 9uage is error detecting could require some effort even for apparently
from  usingmsr, if it is possible to transform: to y using exactly S|Ymple languages and channels. We |n\{|f[e. the reader to show that, for
m (scattered) errors of type. We say thay obtains fromz using & = {1011, 1101}, the coded languag™ is error detecting for the
at mostmsr, if y obtains fromz usingks~, for some integek with ~ SID channeb, (1, 4) that allows up to one deletion in any four con-
0 < k < m. We say thay obtains frome using (at mostjnbr, ifthere ~ Secutive symbols of a message. o
are wordy, s, u, v’ such thaju| < m, = = pus,y = pu's, andu’ Although error detection is a basic property of a communications
obtains fromu using at mostns7. For example, the wortll 1111 ob-  language, the process of decoding a word of such a language might

tains from0111110 using2s(s @ &), and the word0010100 obtains require unbounded memory. This is because, in general, the decoder
from 0011100 using2b(c & ¢). needs to see the entire message in order to decide whether it is cor-

For an error type- and two integersn and(, with 1 < m < ¢, Fect.For coded languages, however, it is possible to define the concept
the expression (m, () denotes aisID channel with scattered errars Of €rror detection with finite delay as follows. If a codewards ob-
Specifically, (= «— w) is in the channel if it is possible to obtain served at the beginning of the received message tiecorrect—that
from w using errors of type- such that no more tham errors can is, equal to the first codeword of the transmitted message—provided
be used in any factor of length(or less) ofw. We note that channels that there are at leagtcodewords following in the received message.
re(m, ) with 7 € {0, 8, (1 ® 6), (¢ © ¢ & &)} are considered in Moreover, once is decoded, the rest of the received message can be
[1] in the context of error-correcting codes for such channels. As &§coded in the same way. The numbies the delay of decoding. In
example, consider the chanrfel & §),(2, 5) that permits a total of Case the received message does not begin Withd codewords, an
up to two substitutions and deletions in any factor of lergtf the ©rror is detected and what follows depends on the communication pro-
message. A$01000 obtains fromw = 0000000 by deletingw[7] and tocol—usually involving retransmission techniques. More formally, for
substitutingw([3] with 1 andw[1] with 1, it follows that(101000 «— @channet and a nonnegative integérwe say that theoded language
w) € (¢6)4(2, 5). Onthe other hand, to obtal 1001 from w using C™ is error detecting fory with delayd, when the following condition

al 8 s . 1 . . . d v * * .,
errors of type(a @ &), one symbol ofv must be deleted and three ofiS Satisfied for allo € €', = € C*X7, andw € C™:
its symbols must be substituted. But it is not possible to choose foyr(,,. — w)) € ~, thenw = vu and(z — u) € ~ for someu € C*.
such symbols, unless three of them occur in a factar of length5.

Hence, (101001 « w) is not in the channele © &)s(2, 5). For any reasonable channgi—an SID channel, for instance—*
satisfies the above condition théfi is indeed error detecting for[7].
B. Channels With Burst Errors Moreover, ifC™* satisfies the above then the caddas finite decoding

ipheri I in th f [8]).
Let m be a positive integer. A sét of m-burst errorsis a set that (deciphering) delay at most(in the sense of [8])

consists of pairgu’ — u) such thatu| < m. Of particular interest ~ Example 1: Consider again the cod& = {1101, 1011} and re-

are the SID sets of:-burst errors: For any error type define call that the languag&™ is error detecting fofs(1, 4). However,K™

is not error detecting for that channel with any finite delay. Indeed, as-
sume thatk™ is error detecting with delay, for some nonnegative
integerd, and consider the words = (1101)?*2, v+ = 1011, and
Given a setB of m-burst errors and an integér> m, we define the > = (1011)?101. By deleting the firstl of w we have thatvz — w)
channely,[B] as follows:(z «— w) isin~,[B] if and only if there isan is in the channel which implies that must start with the codeworg
integern > 0 and wordsro, ..., ®n, %1, ..., Un, u}, ..., u, SUCh a contradiction.

that

Bi(1) = {(¢' + u) | |u| < m andu’ obtains fromu using
at mostmbr}.

Example 2: Consider the codé’ = {001, 011} and the channel

® Yl = PV T e . v = pou e culr . s . . .
flt)r_a|f(')ull11 UnPn almTL |—>=l?u1»lil U T 8s(1, 4). Then,C™ is error detecting fof, (1, 4) with delay0. Indeed,
b 1= vy U — €T Lt —1; * * P
R Pl = ’ supposer € C,z € X*, andw € C* such that(vz 1) isin
e (u} « u;)isin B andu} # u;,foralli =1, ..., n. PP v vz — w)

- ] ] 55(1, 4). Note thatw must start with a codeword of the forbd1 for
Informally, the above conditions mean that ibbtains fromw through - gome alphabet symbbl Then,w = 0b1u for someu € C*. Suppose

ve[B] then, inw, there are zero or more bursts of errors each ofi$ize that(p1 results in some word, andu results in some words such

(or less) such that there is at most one burst (or part of a burst) in aa%t, . — -, ., If there is a deletion i1, then|v| = |z |+ 1 and

¢ consecutive symbols of. In caseB = B, (7), we call the channel here can be no error on the symbil] that follows0b1. Asu[1] = 0,

Ye[B.(7)] anSID channel with burst errorand we shall use the no- \ya have thatr — »10, which contradicts the assumptiere C. Thus,

tation 7y (1m, €) instead ofy[ B, (7)] which is consistent with the no- there can be no deletion b, which implies that = z, = 0b1

tation we use for SID channels with scattered errors. For example,éﬁdw = > and, therefore(z «— u) € &(1. 4). The codeC' allows

w = 011011071 and lets = 071000700%010. Then(z < w)isin  for the correct decoding of messagegifi without delay as long as

the channe{s © « © 6)(2, 8). no error occurs. For example, suppose that the concatenation of code-

. ) . words001, 011, 001, 001, ... is transmitted and a deletion occurs in

C. Error Detection With Finite Delay the third codeword)01, so that we receive01011010- - -. Then, the
Let~ be a channel. Alanguadeis callederror detecting fory when codeword€)01 and011 can be decoded correctly and an error is de-

the following condition is satisfied: Assuming only wordslirJ {\}  tected wherd10 is observed.
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D. Some Technical Results Lemma 4: Let maT be an error specification.

We close this section with a few technical results concerning error * If 7 € {z, 6}, thenld,,o. = U™.
specifications and SID channels, which are needed in the sequel. Thes |f + ¢ {1, 6} andz = b, thenld,,or = Uynpo.

proofs can be found in the Appendix. cifr € {0, (6 ©8), (001)} ande = 8, thenlner = Unss -

Lemma 1: Letmar be an error specification, other thars(. © §)
andms(s © ¢ ® §), containing at least two different error types and
Iet_v andv’ be two_words of t_he same length. Th@h,obtains fromw Upns(ooios) C Umsoe C Upmpe CTU™.
using at mostr if and only if v’ obtains fromw using at mosteao .

It follows also that

Codes in the classés,,., andif,... have been studied extensively—
see [9], for instance. On the other hand, at a first glance, it appears that
codes in the classés,.s(,«.o5) andif,,s.cs) have not been consid-
ered in the past. By the results of [1], however, the following obtains.

Lemma 2: Letmzr be an error specification and let v, v', s be
words such that andv’ are of the same length. Them,’s obtains
from puvs using at mostna 7 if and only if v" obtains fromw using at
mostmar.

. . ) . Remark 1: Let7 € {(: ® 6), (¢ ©® ¢ ® &)} and letm be a positive
B N(ix)t i\rllvveoIS?rI:gb(;li?fzrgtre\;tzlrrr]o:et?;e?ShIps between sets of the fO|rF1nteger. A uniform cod€” is error correcting for, (m, £c) if and only

m ) if it is error detecting forrs (2m, {¢).

Lemma 3: Letm be a positive integer and letandu’ be two words

. . The above follows when we note that i) a cades error correctin
such thatu| < m andu’ obtains fromu using at mostns(c & ¢ ©§). ) 9

for rs(m, {¢c) ifand only if D.(C) > 2m, and ii) a code”' is error
1) If [u'[ < |u], thenu” obtains fromu using at mostns(s @ 8).  detecting forra(m, () if and only if D, (C') > m. We also note that,
2) If|u'| > |u|, thenu’ obtains fromu using at mosinax{1, 2m—  to our knowledge, only very few general construction methods exist for
2}s(0 @ ). codes that are error correcting for> 6)s(m, £ )—see, for instance,
3) If the alphabetX is binary andu’| = |u| + 1, thenu’ obtains (101-{12].
from v using at mostns(s © 1). Definition 2: Let mar be an error specification. A pair of words
Proposition 1: For all integersn > 2 (p, s)is galled auniform error-detegtor fommr (or simply anma -
detectoj if there are two nonnegative integetsandt¢ such that, for
Bin(0©1©6) C Bul(o©8) U Bam—2(0 00). every codeC in -, the coded languageC's)* is error detecting
Proof: The claim follows easily from the previous lemma.[0  for 7=(m, £c + |ps| 4+ t) with delayd. Then, we say thatp, s) has

. . . » redundancyp| + |s|, delayd, and offsett.
A natural question that arises is whether Proposition 1 can be

strengthened by replacinBs.,—2 (o © ¢) with B,,,(c © ¢). It turns For a given error specificatiomar, the design of a uniform

out that this is possible only when < 5. ma7-detector should consider the following criteria.
Proposition 2: Consider the alphabef and a positive integer. 1) Low redundancy of the encodilig+— pC's: This is achieved by
Then,B,,(c © 1 ® 68) = B,.,(¢c ©® &) U B, (¢ @) if and only if choosing a paitp, s) with small redundancip| + |s|.

m € {1. 2}, 0rm € {3. 4} and.X = {0, 1}. 2) High frequency of the errors detectable fyC's)*: This is

The above considerations motivate us to define a new type of SID  achieved by choosing a pdip, s) with small offsett. Indeed,

channels with burst errors as follows. For two error typeandr:, let anmzr-detector(p, s) with offsett ensures the detection of
(11 V 72)(m, () be the channel¢[B., (1) U B,,(72)]. Then, every errors of typer in any{c + |ps| + t symbols of the transmitted
burst of errors in a transmitted message is of tyde or mbr.. By message. Thus, the smaller is the value difie higher is the
Proposition 2, it follows that, foX = {0, 1} andm < 5, the channel ratiom/({c + |ps| +t).

((c@)V(a®8))p(m, £) coincides with the channér @128 ), (m, £). 3) Small amount of memory for decoding wordsjrC's)*: This is

achieved by choosing a pdip, s) with small delayd.

IlI. THE METHOD OF SEPARATORS FORDETECTING SID ERRORS Our primary criterion will be the optimization of the redundancy of

In [1], Levenshtein briefly discusses the method of separators f@uniform error-detectafp, s). With this constraint, we shall attempt
correcting certain scattered SID errors in messages, with finite deltgydefine error-detectors with minimal delay and minimal offset.
Loosely speaking, if a coded languadi€® is error correcting for a  The first result gives a necessary condition on the structure of uni-
channely with finite delay then, for every received messaggit is  form error-detectors that involves the notion of period of a word. A
possible to determine the first codeword of the original message pgsitive integer: is calleda periodof a nonempty words, if w[i] =
looking only at a prefix ofw of bounded length. The method of sepas[k + i] for everyi € {j | 1 < j andj < |w| — k}—note that this
rators involves choosing an appropriate pair of wapess) such that —condition is vacuously true wheén> |w| and, in this case, the number
(pC's)* is error correcting fory with finite delay, for any uniform code * is a period ofw. The smallesk satisfying this condition is calleithe
C that is error correcting for. In this section, we use the above ideaeriod of the wordw and we denote it byer(w). It should be clear
to define a formal method for obtaining coded languages of the foriiatl < per(w) < |w|. This concept is important in various domains
(pC's)” that are error detecting with finite delay for SID channels witfncluding pattern matching algorithms and game theory, [13], and word
scattered errors or with burst errors. combinatorics [4].

Let m be a positive integer. The symhia™ denotes the class of
all uniform codes of length greater than. For an error specification
maT, We WriteU,..- for the class of all uniform code§ such that 1) For any nonempty word> there are words:, -, y such that
C'is error detecting for, (m, (¢)—recall, (- is the word length of w = ur = yu and|z| = [y| = per(w).
the codeC'. By the definition of error detection and by Lemma 1, the 2) For every nonempty words;, «1, uz, x2 With |u1| = |uz| and
following obtains. wi T = Tous, if per(uix() > || thenu, # uo.

Lemma 5:
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Proof: The statements follow easily if we note thats a period
of w if and only if, eitherk > |w| orw = zu = uy for someu € X+
andz, y € X*, O

Proposition 3: Let mar be an error specification not in

{mzo, ms(c & §), ms(r @ §)}. If a pair of words(p, s) is a
uniform error-detector forar, thenper(sp) > m and, therefore,
the redundancy dfp, s) is greater thamn.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 49, NO. 5, MAY 2003

We distinguish six cases about the sign ahd the position of the burst
(z' «— @) in pwospw; su.

Case 1: ¢ = 0 and the burst occurs before the factor of
pwospwysu; that is,|z1z| < |pwosp| andpwosp results inpugsp,
which implies thatvg = wo, aspC'sp is inU,.4-, and

(v1s---pogsy —wysu) €.

Proof: Assume(p, s) is a uniformmar-detector and consider Hence, alsdpv, s - - - puasy «— pw; su) € v, as required.

first the case whergsp| > 0. Then,sp = ux = yu for some words
w, x, y with || = |y| per(sp). Supposeper(sp) < m. We
shall obtain a contradiction by constructing a uniform cddehat

Case 2: ¢ = 0 and the burst affects the facter of pwospwisu;
thatis,|z1 2| > |pwosp|. Moreover, agr| < m and|z1| < |pwos| and
|sp| > m, we have that: is of the forms.px, andz’ is of the form

is error detecting for the channel(m, () but the coded language s2py1, for some prefixe; of w1 and for some prefiy, of v; and for

(pC's)" is not error detecting fory(m, {c + |ps| + ¢) with finite
delay, for anyz € {b, s} and for any nonnegative integer Let
v = (1/=lol=hy+ /=0T Then, the words:v andvy are of the
same length and they differ in at least + 1 positions; therefore,
the codeC {zv, vy} is error detecting fows(m, {c). Now
assume(pC's)* is error detecting forre(m, {c + |ps| + ) with
delay d, for some nonnegative integetsandd. Let w be the word
(prvs)™3 = proyuzv(yurv)?s if T containss, or (pvys)?T?
otherwise. Consider also the word

{

In the first case; obtains fromw by deleting the worg. In the second
case,: obtains fromw by inserting the word:. Moreover, as the word
z can be written as

{

the assumption abo(pC's)* implies thatpzvs = pvys which in turn
implies thatzv = vy; a contradiction.

Finally, consider the case whef&| = 0. Define the code” =
{0™1™, 1™0™} which is error detecting for the channgJ(m, (¢).
Then, depending on, one can choose wordsandu such that

prowa(yurv) s, if 7 containsd

d+1

z =

prvys(pvys) otherwise.

(pxvs)(pvys)(pvys) pus, if 7 contains

prus(prvs)iproys, otherwise

([)mlm (()mlm)dy — (1m()m)d+1/u‘) c TI(’NL, ’€O)

for any nonnegative integet. Hence,C™ is not error detecting for
T=(m, {c + t) with finite delay, for any offset. d

IV. THE CASE OF BURST ERRORS

In this section, we provide a detailed analysis on the structure of u

form error-detectors for SID channels with burst errors. The analysis
. . . . S

allows us to identify all such error-detectors, including all the ones thalt

are optimal in terms of redundancy, delay, and offset.

Proposition 4: Letmbr be a burst-error specification and (gt s)
be a pair of words withsp| > 0. If per(sp) > m, then(p, s) is a
uniform error-detector fombr with offset1 and delay2. Moreover, if
p is empty thenp, s) has delayi.

Proof: Supposeer(sp) > m and letC be any code id/,,;. .
We show thatpC's)™ is error detecting fory = 75(m, £c+|sp|+1)
with delayd € {1, 2}, whered = 1 if |p| = 0. For this, assume
(pvos -+ - puasy <« pwospwi su) € v wherewg, w1, vo, ..., vqa € C,
y € X" andu € (pCs)*. We need to show that, wo and
(pvis---pvasy — pwisu) € ~. If there are no errors ipwog s, then
we are done. So assume there is a butst— x) € B,,(7), with
x # 2', that affectgwq s; that is, there are words, z2, z3, 23 with
|z1] < |pwos| and|zz| > Lc + |sp| such thapwe spwisu = z1x2223
andpuvos - - - pugsy = z1a' 2o 2% and(zé « z3) € 7. Obviously, thisis
the only burst that affectsuos. Letq = |2'| —|z|. Then0 < |¢| < m.

some suffixsz of s. Now as there are no errorsin, it follows that the
codewords); andw; differ in at most|z,| symbols. Hencey; = v,
which implies thats; = y;. This, however, contradicts the fact that
x # 2.

In the next four cases we assufpp# 0. Then,sp = x1u; = uzzs
for some words:y, @2, w1, uz suchthate;| = |x2| = |¢| and|u.| =
|uz| = |sp| — |q|. Asper(sp) > |q|, it follows thatu, # u2. Letk be
the largest position of; anduz such thate, [k] # u2[k].

Case 3: ¢ < 0 and the burst occurs before the positjgh+ % of
the factorsp = x1u1 of pwospw su; thatis,

|z12] < |pwoxiui[l---k — 1]|.

Inthis casepwoaui[1--- k—1] resultsinthe prefiyvous ([l - - - k—1]
of pugs - - - pugsy and the next symbal; [k] results inus[k] with no
errors. This contradicts the fact that[k] # u2[k].

Case 4: ¢ < 0 and the burst contains the positip) + & of the
factorsp = w1u1 of pwospwisu; thatis,

|z12] > |pwoziui[l--- k]|

In this case, there can be no error in the prefiu;[1--- k] of the
secondsp in pwospwy sp. Then,pwqspw; xy results inpvgspv, and
the nextt symbolsu4[1 - - - k] resultin the prefixiz[1 - - - k] of sp with
no errors. This contradicts the fact thatfk] # u2[k].

Case 5: ¢ > 0 and the burst occurs before the positioof sp =
us 22 that is,

|z12| < |pwous[l---k—1]].

Inthis casepwous[l- - - k—1] resultsinthe prefipvoziui[1--- k—1]
of pugs - - - pvasy and the next symbal k] results inu, [k] with no
errors. This contradicts the fact that[k] # u=[k].

Case 6: ¢ > 0 and the burst contains the positiérof the factor
= w2 Of pwospw, su;thatis,

|z12| > |pwous|l--- K]

In this case, there can be no error in the prefiil - - - k] of the second
sp inpwo spwi sp. Thenpwg spw results inpuvg spvrz1 and the nexk
symbolsuz[1 - - - k] result in the suffixu[1 - - - k] of sp with no errors.
This contradicts the fact that [k] # u2[k]. O

For burst-error specifications, Propositions 3 and 4 provide a com-
plete characterization of the structure of their uniform error-detectors.
Moreover, it is possible to characterize precisely all such error-detec-
tors (p, s) having optimal redundancy. Indeed, Proposition 3 implies
thatm + 1 is the smallest value dp| + |s| and this value is possible
whenper(sp) > m + 1. But, asper(sp) < |sp|, it follows that(p, s)
is an error-detector with optimal redundancy whep| = per(sp).

This condition is equivalent to the constraint that the wgrds unbor-
dered [4] (or self-uncorrelated [14])no proper and nonempty prefix
of sp is also a suffix ofsp. It turns out that there are many unbordered
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words even for binary alphabets: about 27% of all binary words are udoreover, the second burst would occur after the prgfix - -
bordered, and this quantity increases for larger alphabets [13]. For gt - -
ample, the word8™ 1 and0?120101 are unbordered and, therefore, thesymbolp[d] of p[1 - -

pairs(1, 07) and(1%0101, 0?) are uniform7br-detectors with delay

at most2 and offsetl for every error type-. We summarize the pre-

ceding remarks as follows.

Corollary 1: Letmbr be a burst-error specification. A pair of words
(p, s) is a uniformmbr-detector with optimal redundancy if and only

if |sp| = m + 1 and the wordsp is unbordered.
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11] of
i]. But then the last symbal of pvos would be equal to the
-i1] which is impossible. Hence, only one burst
of (o © 6) errors occurs ippwe sp[l - - - i] such that the last symbol of
p[1-- -] is substituted wittu = z[d]. The beginning of the burst will
be at or after the positiojp| + (¢ — m + 2 of pwg which implies that
vo differs fromwy in at mostrn — 2 consecutive symbols. Hence, as
C'is inU,,po, it follows thatpwos = pvgs. It remains to show that
(y «— u)isin~.
Consider in more detail the first burst, say

The next result concerns the question of whether an error-detector

with optimal redundancy can have off§et-the proof can be found in (w)z1uy — wip[l---ius)
the Appendix. .
that occurs inpwospwisu’ to get,ozly, such thatpwes = ru;
Proposition 5: Letmbr be a burst-error specification contalnlng afor some wordz, zo = zuj, pli + 1---[plJlwisu’ = uymy for

least two different basic error types and such that # 1b(: © 6). If
(p, s) is an error-detector forb7 with redundancyr + 1, then(p, s)
has offset greater than zero.

Consider an error type that permits insertion errors. In [7], it is
shown that there exists no coded language that is error-detecting v&ﬂ
delay0 for any SID channel of the form(m, £). The argument used
for proving this statement can also be repeated for channels of the f

7p(m, £). On the other hand, for an error typen {4, (¢ © é)} itis
possible to definenbr-detectors with delag. In fact, we obtain a pre-

cise characterization of all those error-detectors which shows that

process of choosing a paip, s) from a wordw = sp is important

when it comes to the delay ¢p, s) as an error-detector. This obser-

vation follows also from Proposition 4, where an emptgnsures that
(p, s) has delayl.

Lemma 6: Let mbr be a burst-error specification and kebe an
integer greater tham. For every(z «— w) in the channely(m, ()
one has that

lw| = |z]| < m||w]/({ =1+ m)|+ min{m, |w|%({—-1+m)}

drit

some wordrz, andy € uz)x with (y «— w2z2) € ~. Then, also
(y «— p[l---{uzzz) is in v by deleting the prefixp[1---i] of
p[l-
in uax2. Note that this is possible since theleletions required for
ﬂt already existed in the paftjzi «— wuip[l---i]) of the burst
uyziuy — urp[l---iJuz)—recall thed deletions inu; and the
-i]| — |z1] deletions inp[1---4] to obtainzs. Hence, the “if”
part is complete when we recall that= p[1 - - - iJuzzo.

We turn now to the “only if” part. Assume thap, s) is a uniform

or-detector fornbr with delay0 and offsetl. Then,|sp| > m
y Proposition 3. Suppose it is not the case tha X*a andp €
(X\{a})™X".We distinguish three cases. In the first case, \. Let
y=p[l---m]andletC = {yz, zy}, wherez is any word of lengthn
differing fromy in all positions; ther(' is inl{,,.5.. Now it is the case
that(pzyp[m + 1. pllyz — pyzpyz) isin(m, fc + |sp| + 1)
by deleting the word; in pyzpyz, which implies thapyz = pzy; a
contradiction.

In the second case, = s;a, for some words;, and|p| > m,
but p is of the formpiap> with |p| m. Let C' be any code
in U,be With Lo 2m|sp| — |sp| + m + |p1|, and letv be

where [w|%(f — 1 + m) is the remainder of the integer divisionany word in C'. The word (pvs)?*?I** is in (pC's)* and can be

|w]/(€£— 14 m).

Proposition 6: Let 7 be an error type i{6, (¢ @ 6)}. A pair of
words(p, s) isauniform error-detector fonbr with delay0 and offset
lifandonly ifs € X" a andp € (X \ {a})" X" for some symbol
a € X.

Proof: First we consider the “if” part. Assume thaE X *a and
p € (X \ {a})™ X", and consider a cod€ in i,,.,, and the channel
v = m(m, lc + |sp| + 1). We show thatpC's)™* is error detecting
for ~ with delay0. For this, supposépuosy «— pwosu) € v, where
vo, wo € C,y € X*,andu € (pC's)*. Then,pwes results in a prefix
zo Of pvosy andw results in the word with zoz = pugsy; therefore,
(z «— u) €~ = |pwos|, thenz = y andzo = pwvges which
implies that(y — w) isin~ and thapves = pwgs asC'isinlf, b . IN
this case, we are done. Now assume thgt< |pwos|. Then a burst of
errors affectpwos and there aré = |pwos| —
Moreover,u = pw;su’ for somew, in C andu’ € (pC's)*. Now
puos can be written asoz;1 such thafz1| = d andz; obtains from
some prefix obw s. In particular,z; [d], the last symbol of,, obtains
from some symbop[i] € X \ {a} of p for somei in {1, ..., m}.
Moreover, it follows that; obtains fronp[l - - - ¢] throughy. If 7 = 4,

written as (pvsia)(piap2vs)p1z, where z apﬂ's(pvs)‘lbp‘

Then, z can be written asz; --- zy,,)y Such that|y| m
and eachz; is of length m + (¢ + |sp|. Now consider the
word (pvsia)psvspiz’ such that (pvsia)povsp: obtains from
(pvsia)(prapsvs)pr by deleting the wordap; and =’ obtains
from zi - -- 231,y by deleting the suffixy and the prefix of length
m of every z;. Then,|z| — |#/] (2]sp| + 1)m. Moreover, it
follows that ((pvsia)psvspiz’ «— (pvsia)(piapavs)piz) is in
the channely(m, (e + |sp| + 1) and the assumption abo(t, s)
implies that(pavspiz’ «— pirapavspiz) is also in the channel. Let
= p1ap2vspiz. By Lemma 6

ol -
<m||lw|/(tc + |sp| + m)| + min{m, |w|%(lc + |sp| + m)}

which gives
L il +12] = 2] < m(2lspl + 1) + [pa-

This isimpossible, however, when we recall that| 2’| = m (2|spH-1).
In the third cases = s;a, for some words;, and|p| < m. This

thenz [d] = p[i] which is impossible and the “if” partis complete forcase can be eliminated by considering the code

the case where = 6. So suppose that = (¢
substituted withu = z1[d].

First we argue that there is only one burst of errorgin sp[1 - - - 7].
Indeed, if there are two bursts then there will be at I¢astt |sp|
symbols ofpwosp[l---i
burst would occur in some prefiq1 - - -

® &) and thatp[¢] is

i1] of p, wherei > i; > d.

C = ch(m+l)bm+1}

{a', a

inU,.po, With (¢ = 2|s|m + m — |s| andb € X \ {a}, and the word

] between the bursts and, therefore, the firstpa‘c s)?/*I** and then continuing as in the second case. We leave the

details to the reader. O

--iJugrs and keeping the rest of the error bursts that existed
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V. THE CASE OF SCATTERED ERRORS

Ouir first result gives a set of error-detectors fos7, for any error
typer. Then, we show that, far € {¢, 6, (¢ ©6), (¢ @)}, the result

can be improved in terms of the redundancy of the error-detectors.

Proposition 7: Let ms7r be a scattered-error specification and

let (p, s) be a pair of words. Ip € «™X™, for some wordu with
per(u) > m, then(p, s) is a uniform error-detector fomsr with
delay1 and offsetm |u|.

Proof: Assumep = «™ x for some worde and consider a code
C'inUpms-. Let

~ —

y = Ts(m, {o + |sp| + m|ul)

and take anypuvy su™ rvesy «— pwysuTxwssu) in v, wherevy, va,
wi, we € C andy € X™ andu € (pC's)*. We need to show that
vi = wy and (v rvesy — uzwasu) € v. We agree to writer;
for theith factoru of ™, wherei € {1, ..., m}. Suppose thagiw s
results in some word, , eachu; results in some word’, andzws su
results in some word, such that:yu! - - - ul, 2o = pvysu™zvysy. If
|z1] = |pvis|, thenz; = pvys and we are done. So assume that 1,
whered = ||z1| — |pv1s||; then, at leas# errors occur ipw; s and,
therefored < m. Moreover, there i¢ € {1, ..., m} such that there
is no error inu;, namelyu;, = ux, and there are at most—d errors in
wi -+ up—1. Thenziuy - - - uj_ uj, obtains frompwy suq -« - up—juy
and

lpwisuy - up—rur| —m < |:111/1 S u;c,lu“
< |pwisuy - ug_1ug| + m.

At the same time, as the wordyu) ---uj_,u) is a prefix of
the word pvysu; -+ -ugzvesy, it follows that ) is a factor of
puisut - --uprvasy such that, either) begins in the factoruy
of the word pvisu -« ugzvasy (When |ziuf«--uj_juy| >
|[pwisuy - -up_tug|), or uj ends in the factoru; of the
word  puisuy---uravesy  (When |ziuf - --up_gugl <
|[pwisuy - - ur—iui]). In either case, ag), = ux = w and the
period ofu is greater thamn, it follows that the factom, coincides
with the factoruy ; therefore,

|:1u'1 ce. uL_luH = |pvisur - up—1Uk|.
This implies that

(Uht1 " UmXTV2SY = Up1 * " Uy TW2SU) € 7Y
and
(prisuy ---up — pwisur---up) € 7.

m

The former relation givegu™ zv2 sy «— u™ xwasu) € v and the latter
one implies thapv, su; - - - ug obtains frompw, su; - - - ug using at
mostms7. Moreover, Lemma 2 implies that obtains fromw, using
at mostmn st and, thereforey; = w . d

The preceding statement allows us to define various error-detectBfs assume&’ = {0, 1}. For any(r, n)-alternating wordzy' - - - a;'
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Proof: Forthe sake of contradiction assume that the offsetn
and consider the cod€ = {w;, wy, ws}, wherew; = 0™(10)*,
we=0""" (10)}“1, ws=12F+" =1+ |m/2]. Then,C €U/™. Now
consider the word8™ w;10™ws1 and0™ ~'w, 1ws1. Then,

(()"‘71'L011w:31 — 0™ w110™wsl) € ds(m, Lo +m+ 1+ ¢).

Moreover, a®™ 1w, 1wzl € 0™w,1X* and(0™, 1) has delay, it
follows thatw» = w; which is impossible. g

Before we present uniform error-detectors for® ) and(c ® §),
we establish certain notation and utility results some of which are of
interest in their own right.

Every nonempty word: can be written in the form7ta’2 - -al",
wherer andny, ..., n, are positive integersys, ..., a. € X, and
a; # a;41 foralli € {1,..., r — 1}. In this case, each factef
of w is called arun. We use the symbal (¢} to denote théth run of
w. Now letr, n be positive integers with > 2. An (7, n)-alternating
word is a wordw of the format a5 - - - a}', wherew(i) = af for all
i € {1, ..., r}.Inthe sequel, when we use the tepmn )-alternating
word we assume without mention thendn are positive integers with
r > 2.

Lemma 7: Assume thafX = {0, 1} anda? ---a}' is an(r, n)-al-
ternating word. Consider the wokd = a}~'a} ---a?, wheret is a
positive integer witht < n, and suppose that a prefixof a7 - - - a;
obtains fromw usingkiso andkssé, for some nonnegative integers
k1 andks. Then, in obtaining from w, the following statements hold

true aboutt; s andk2s6.

1) If fewer than |w(i}| errors are used imu (i) for every
i1=1,..., 7, thenk; > r — 1.

2) Ifthereisan € {1, ..., r— 1} such thatw(:}| errors are used
inw(z), thenky + k2 > 2n — ¢,

Proposition 9: AssumeX = {0, 1} and letk be a nonnegative
integer. Letu be an(r, n)-alternating word and let be a proper and
nonempty suffix ofu.

1) Ifaprefix ofu obtains fromv usingks(c®4), thenk > min{r—

1, 2n — (Ju| — |v])}-
2) If v obtains from a prefix of. usingks(o @), thenk > min{r—
1, 2n — (Ju| — |v])}-

Proposition 10: AssumeX = {0, 1} and letk be a nonnegative
integer. Letv be a nonempty word and letbe an(r, n)-alternating
word.

1) If a prefix of vu obtains fromu usingks(oc © é), thenk >
min{r — 1, 2n — |v|}.
2) If « obtains from a prefix ofvu usingks(c @ ), thenk >

min{r — 1, 2n — |vl|}.

Proposition 11: Letm be a positive integer, let = [m/2] + 1,

n

for any scattered-error specification. The most efficient error-detectdh§ following statements hold true.

based on this method are those of the faqmiT', \), whereu is an
unbordered word of lengtim + 1.

In [7], it is shown that the coded langua@®” X ‘2™ ~'1)* is error
detecting forés(m, {) with delay0, and for.s(m, () with delay1.

With the terminology of the present correspondence, it follows that the

pair(0™, 1) is auniformmsé-detector with delag and offsein, and a
uniformms:-detector with delay and offsetn. Moreover, by Propo-
sition 3,(0™, 1) is an error-detector with optimal redundancy. Unlik

of m, the offsetn of (0™, 1) cannot be improved.

Proposition 8: If the pair (0™, 1) is a uniformmsé-detector with
delay0 and offsett, thent > m.

f

the case of burst error-detectors, where the offset can be indepen

1) Ifr > m+1,then(), af ---a;) is auniform error-detector for
ms(o & 6) with delay1 and offse2n?.

2) Ifr > 2n 4+ 1, then(A, af ---a}) is a uniform error-detector
for ms(o © §) with delay1 and offse®d.

Proof: We prove both statements simultaneously. Moreover, we
only consider the case whene > 2 and, thereforep > 2. One can
verify that the claim also holds farn = 1. Let C' be any code in
o lets = ai---a}, and lety = (o ® 6)s(m, Le + |s| + 1),
eret = 2n% if » = 2n, andt = 0 if » > 2n + 1. Suppose
(visvesy «— wiswzsu) € v for some words, ve, w1, we € C
andy € X" andu € (Cs)*. We need to show thaty wi and
(vasy «— wasu) € ~. If there are no errors i s, then we are done.
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If there are only substitution errors in; s, then they all occur inv;  with some care as the definition of “error correction with finite delay”
and, thereforey; obtains fromw; using up tom substitutions which given in [1] involves automata with output (finite-state machines). If
contradicts the fact thaf' € i/,,.,. Now assume there is at least oneve ignore that parameter for now, the results of [1] on “error-correc-
deletion inw; s. In particular letd; be the number of deletions in;,  tors” (separators for error correction) can be rephrased as follows.
let d> be the number of deletions in the firsof w, sw2s, and letds
be the number of deletions in,. Thend; + d> > 1.

If di > 1, thenw; results in a prefix of lengtiic: — d; of v, ands
results in a prefix ofcs, wherez is the suffix of lengthi; of v1. Then 2) The pair(X, 1™0™) is a uniform error-corrector fom.s: with
there are atleastin{r —1, 2n—|z|} > min{m, 2n—d; } errorsins redundancym and offset2m.
and, therefore, atleagt +min{m, 2n—d, } errorsimuy s which is of
lengthlc + |s|. This is a contradiction, however, 28 > m. So in the
rest of the proof we assume thlat= 0 andd, > 1;thends+d; < m.
Also, w1 sws results in a prefix of lengtlic: + |s| + € — (d2 + d3)
of visv, and the second of wisw. s results in a prefix ofvs, where £ we ignore lower order terms, it follows that, for the same error spec-
x is the suffix of lengthd, + ds of v1sv,. Then, there are at leastfication, Levenshtein’s error-correctors are twice as long as the error-
2n — |¢| = 2n — (d2 + ds) errors in the second which gives at getectors designed here. Intuitively, this observation is consistent with

leastm + 1 errors inswzs whose length igc + |s| + |s|. Then a  the view that the amount of redundancy for error correction is (roughly)
contradiction arises when= 2n andt = 2n>, and the first statement tyice the amount for error detection.
is proved. So in the sequel we assume that 2» 4+ 1 andt = 0; that
is, the channel is (¢ @ 6)s(m, Lo+ |s|). Consider the rua(i) = af
of s containing the first of the> deletions.

Letw bethewordi?a?y, - - - alwsal ---af_y;thenjw| = o +|s| This appendix contains the proofs of several lemmas and proposi-
andw results in a prefix of the word} a}’y ; - - - a;veay - -+ ai_; using tions.
ks(o © 6), for some integek with d; + ds < k < 2n. We shall
show that our assumptions lead to a contradiction. First note that
word z = a;7'_1a?+l - aywaay - - - aj—, obtains fromw using the
first deletion ine} and then a prefix of - - - a;voal - - - ai_, obtains
from z using(k — 1)s(o @ 6). Hence, ifi < r — 1 then there are at
leastmin{r — i, 2n — 1} errors in the prefixe ‘a} ;- -+ al of 2.

1) The pair(0™, 1™) is a uniform error-corrector fomsé with
redundancy2m and offsetl.

3) The pair(\, (1™*Ftg»+1)ym+L1™) is a uniform error-corrector
for ms(ec © ¢+ © &) and for ms(v ® 6) with redundancy
2(m + 1)* + m and offseR(m + 1) + m.

APPENDIX

Proof of Lemma 1: The “only if” part is obvious. For the “if” part,
6t assume that € {(0 ®1), (¢ ®§8)}. Then the statement follows
easily when we note that, if obtains fromw using at mostez7, only
substitution errors can occurin Now assume that € {(: ©6), (6 ©
1 ® 8)};thenz = b andv = pus andv’ = pu's such thafu' — u)

Al hate" N Its i f ii h isin B,.(7). As |v| = |v'|, one has thalu| = |«'| which implies
. sﬁ’ nOtf_ef_t an|1 B 'ﬁ}*l reisu '[fS In_aﬁre_lx 0 }ai d a'i*j’ WH e thatD, (v, v") < m and, therefore(u’ + u) isin B,.(c). Hencey'
is the suffix of lengthi, + ds of vo; that'is, |v| = d2 + ds. Hence,  pning fromy using at mosinzo. O

if # > 3, there are at leashin{i — 2, 2n — (d» + d3)} errors in the

suffix af ---a?_, of z. Proof of Lemma 2:1f v = @' then the statement is obvious. So
If i < 2,thenk —1 > min{r — 2, 2n — 1} which implies that assumes # v'; thent ¢ {., §} and, eitherr = ¢ or 7 contains at

k > 2n; a contradiction. If > 3 andi — 2 > 2n — (d» + d3), then least two different error types. Wzt is other thanms(: © 6) and

k > (da+ds)+2n—(d2+ds) whichis a contradiction. Finally,if > 3 ms(c © ¢« @ §), then the statement follows easily from Lemma 1. If

andi —2 < 2n—(da+ds3), thenk—1 > min{r —i, 2n+1}+(i—2) ma7 is either ofms(¢+ © 6) andms(c © ¢ & §), then the statement

which implies that: > 2n; a contradiction. O follows from the fact thaD. (v, v') = D~ (pvs, pv's) [1]. O

Using similar arguments as above, one can verify that also the fol-Proof of Lemma 3: For the first claim, we write: in the formay for
lowing statement holds true. some words andy with || = |«’|. Then the claim follows when we
note thatu' obtains fromu by deletingy and substitutingD,, (v’, z)
symbols inz. For the second claim, if no deletions are used to obtain
u’ from u then we are done. If at least one deletion is used then there
must be at least two insertionsir—so thafu'| > |u|—and, therefore,

1) Ifr > m+1,then(}, af -- - a}) is a uniform error-detector for |u'| — |u] < m —2.Inthis casey’ can be written asy with |z| = |u|

Proposition 12: Let m be a positive integer, let = [m /2] + 1,
and assum& = {0, 1}. For any(r, n)-alternating word:7 - - - a}’,
we have the following statements.

ms(o © ¢) with delay1 and offse2n’. and|y| < m — 2. Then the claim follows when we note thédtobtains
2) If r > 2n + 1, then(\, af ---a’) is a uniform error-detector from« by substitutingD,, (v, #) symbols inu and then inserting at
for ms(o  «) with delay1 and offset). the end.

For the last claim, lefX = {0, 1} and letk < m be such that'
obtains fromu usingks(o © . © §). Without loss of generality, suppose
u[1] = 0. First assume that, forall= 1, ..., |u|, v'[{] # u[¢] and

We have presented an analysis of the method of separators for dé: + 1] # w[i]. Then it follows thate = 0! anduv’ = 111,
tecting synchronization (and substitution) errors in the messages dhahis case, to obtaimn’ from u, all symbols ofu must be deleted
coded language. For the case of burst errors, we were able to obtaar aubstituted and at leastlamust be inserted. Hencg, > |u| + 1
simple necessary and sufficient condition on the structure of the seyhich implies|u| < m. Then,u’ obtains fromu by substituting: with
arators. It would be interesting to find such a condition on separatdré! and inserting & at the end. Therefore, obtains fromu using at
that detect scattered errors as well. This would allow us to evaluate thestms(s @ +). Now assume that thereisc {1, ..., |u|} such that
various separators for scattered errors designed in the correspondeal¢d. = u[¢] or v'[i + 1] = u[é]. In the former case, supposés the
We note that this question is related to the problem of frame synchsmallest with this property. Then; can be written aa’ u[i]u}, andu
nization in the presence of scattered substitution errors—see [15] &®tu; u[i]us such thatu)| = |ui1| andD, (u}, u1) = |u1|. Inthe latter
details. case, supposeis the largest with the property/[i + 1] = u[i]. Then,

Regarding separators for error correction [1], it is straightforward td can be written as’ u[i]Ju5 andu asu;uli]us such thafus| = |us|
define the parameters of redundancy and offset as in this correspaneD., (u5, u2) = |u2|. In either casey’ obtains fromu using at most
dence. On the other hand, the parameter of delay should be defified | + |u2|)ses and thenls:, which proves the claim. d

VI. DISCUSSION
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Proof of Proposition 2: Assume that
Bm (U [ONAO] 5) == Bm (U O] 5) U Bm(o' O] /—)-

First, we show thatn < 4. Indeed, suppose: > 5. Then there are
positive integers; andr such thatn = 3¢ + » andr > 24 (for
examplegy = 1 andr = m — 3). Consider the words = 07771709
andu’ = 1297707719, Then,|u| = m, [v/| = |u| + ¢ + r, and
u' obtains fromu using(2q + r)s: andgsé; therefore,(u’ «— u) €
B,.(0c ®1®§). Suppose now that' obtains fromu usingks(o & ¢),
for some integek with ¢ + » < k& < m. Then alsou obtains from
u' usingks(o & §) which implies that there is a word such that:
obtains fromu using(q + r)s6 andu obtains fromz using(k — ¢ —
r)sc—see [6] for instance. Then,is of the form1 24+ —iga+r—i 19—
for some nonnegative integeisj, ¢t with¢ < g andi + j + ¢ =
g + r. By distinguishing two cases depending on whethéf?| <
[02T7=7127¢| it follows thatD, (=, u) > 2¢; thereforef > ¢+ +
2¢ = m which is a contradiction. Hence, < 4. To complete the
“only if” part we need to show that, il € {3, 4}, thenX must be
{0, 1}. For the sake of contradiction, suppose there is a symb®l
X\ {0, 1} and consider the words = 01¢™ 2 andu’ = 1a0™"',
with m € {3, 4}. Then,u’ obtains fromu usingms(s ®: ® §) butu
cannot obtain from:" using at mosins(a © §); thereforenu’ cannot
obtain fromu using at mostns(o © ¢).
For the converse, we note first that, obviously

B,.(c ©8)UB,.(0 ®1) C Bn(oc®t®0).

For the reverse inclusion, 1ét’ «— «) € B,, (o 1 ®§) and consider
the following cases.

Case 1: m = 1. One verifies by inspection that)' «— u) €
Bi(oc ©®é)UBi(oc ©1).

Case 2: m = 2. In this case2m — 2 = 2 and it follows from
Proposition 1 thatu’ «— u) € Ba(o @ §) U Ba(a & 1).

Case 3: m = 3andX = {0, 1}. We use Lemma 3. lfu'| < |u]

then(v' — w) € B,,,(c @ §). If [u'| > |u| there are two subcases.

If no deletions are used to obtain from u then clearly(v’ +— u) €
B, (¢ ® 1). If a deletion is used in obtaining’ from « then|u'| =
|u| + 1 and, therefore(u’ «— u) € B, (o & 1).

Case 4. m = 4andX = {0, 1}. We use again Lemma 3.|i’'| <
|u| then(u’ < u) € B,,(c®6).Soassump’| > |ul. If [u'| = |u]|+1
then we are done as in Case 3uf| > |u| + 1 then, adu| < m = 4,
it follows that|u| = |u| + 2. If no deletion is used im then we are

done. If a deletion is used inthen it is the only one and there are also

exactly three insertions to obtairi. Hence,u' obtains fromu using

3s: and1sé. Then, using a long case distinction, one can verify tha

again(u’ «— u) € B,,(c ®1). |

Proof of Proposition 5: The assumptions aboutbr imply thatr
isin{(c ®6), (6 @), (t©6), (¢ ©®t®6)}. Assume thatp, s)
is anmbr-detector with redundancy. + 1, offset0, and delayl, for

some nonnegative integdr We shall obtain a contradiction by con-

structing a cod€’ € U, such tha{pC's)* is not error detecting for
To(m, {c: + |ps|) with delayd. First, write the wordsp in the form
axb, forsomeu, b € X andx € X*, and letC' = {«by, yax}, where
y = 1™0™1™. Then,C is error detecting fors(m, £c) and, there-
fore,C' € Upnp-. Now letw be the wordpzbys)™** if 7 containss,
or (pyaxs)™** otherwise; then
w = pazby(amb),rby(amb)(rby(nmb))dmbys
or
w = pya;r(a;tb)yaa:(:aarb)(yaw(a;vb))dya;vs.
Consider also the word =
paby(a)wby(ava)(wby(ava)) abys,
pyax(axbeb)yax(brb)(yax(bxb)) yaxs,

if 7 containss

otherwise.
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Then,z is equal to either

(prbys)(pyaxs)(pyaxs) pys

(pyaxs)(pxbys)(pabys) prbyazs.
)

If 7 containss, thenz obtains fromw by deleting the suffix:b in the
prefix pxbyaxb of w, and then by transforming + 1b’'s in w to a’s
using the errors permitted. #f does not contain, thenz obtains from
w by inserting the word:h at the end of the prefixyaxa of w, and
then by transforming + 1 ¢’s in w to b’s using the errors permitted.
In either case, it follows that: «— w) € m(m, {c + m + 1) which
implies thatpyaxs = pxbys; a contradiction. d

Proof of Lemma 6:Let g = [|w|/({ — 1 + m)]. Thenw can be
written asws - - - wqx with || = |w|% (¢ — 1+ m) and|w;| = £ —
14 m. Also = can be written as) - - - w/, 2’ such thafa’ — x) and
every(w; < w;) are in the channel. Asv;| = { — 1+ m and( > m,
in eachw; either there are at most two bursts of errors, or three bursts
of errors that involve only insertions—the latter case is possible only
when¢ = m + 1. It follows then that the number of deleted symbols
in the burst(s) is at most and, thereforew;| — |w;| < m. Now for
the wordx we have two cases. |f| < m then at mostz| symbols
can be deleted im and, thereforelx| — |2'| < ||. If |z| > m then,
as|z| < £ — 1+ m, one can use the same argument as above to infer
that|z| — |2| < m. In either casgx| — |2'| < min{|z|, m}. Hence,
|w| — |z| < ¢gm + min{|x|, m} as required. d

Proof of Lemma 7:For the first statement, note first that there is a
word y such thaty obtains fromw usingk2s6 andp obtains fromy
usingk: sa. Then,y is of the formay ™ *'ay "2 - - - a} ~°", where each
s; is a nonnegative integer with < n andn — s; < n — t. Then,
to getp from y usingk, so, consider the fact that at least one symbol
from each run of; will appear inp with no error. It follows then that
at least the first symbol of each ryrii), withi € {2, ..., r}, will be
substituted. Hencd;, > r — 1.

For the second statement, there is a wprldich thaty obtains from
w using|w{¢)| errors inw(i) andp obtains fromy using (ki + k2 —
|w{iY|)s(o © 6). If i = 1, thenw(s) = a7 ~" results inaj, for some
s€{0, ..., n—t}; thereforey begins with a prefix of the form3a5 .

As a1 # a, obtainingp from y requires at least errors inasasy .
Hence ki +k: > (n—t)+n=2n—t. If i >2 thenw (i) =a} andy will

contain a factor of the form? ai_;a}_,, wherea;_, results from
w(i) ands€{0, ..., n}. Thus, to gep fromy at leastv—t+s errors
are needed in the factaf” ;""" of y. Hence k1 + ko >2n—t. O

Proof of Proposition 9: Assumeu = pv with p, v # A. For the
first part, suppose that results in a prefix oft usingks(os © 6). If
2n < |u] — |v| we are done. So assurhg — |v| < 2n. If |u]| — |v]
n + t, for some integet with 0 < t < n, thenv = a} ‘a% ---al
results in a prefix ofa} -- - a; usingks(c © §). But, asa1 # as,
there must be. — ¢ errors in the prefim;’" ofv.Hencek > n—t =
2n—(n+t) asrequired. Now assumg—|v| = t witht < n;thenv =
at"tal ---a? results in a prefix of] --- a? usingkisoc andkssé,
wherek, + k2 = k. We consider three cases. In the first case, no run
v(i) of v has|v(i)| errors. Thenk; > r—1 whichimpliesk > r—1as
required. In the second case, some#{i}, withi: € {1, ..., r — 1},
has|v(:)| errors. Thenk > 2n — ¢ as required. In the third case, there
are|v(n)| errors in the last run;® of v and, thereforel > n.If r =2
we are done. If > 3 then note that the word; a5 ---a’_; results
inaprefixofalal - - - ay_; using(k—n)s(oc®§) and, by Lemma 7, it
follows thatc—n > min{r—2, n—t}.Hencek > min{r—1, 2n—t}
as required.

For the second part, assume thakesults from a prefix of. using
ks(o © ). Then the prefix of: results fromw usingks(o © 6) and the
claim follows from the first part. d
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Proof of Proposition 10: We only show the first part; the second part Hit Statistics in FH-CDMA Unslotted Packet Networks

follows easily as in the previous propositionzdfresults in a prefix of
v then at leastu| — |v| deletions must be used in therefore i >
2n — |v| as required. So assume thatresults invp, wherep is a
nonempty prefix ofu. Then, there is a prefix of «, with |z| > |v],
such that obtains frome usingk: s(o ©§), andp obtains fromy using
ko8(o0 © 6), wherek: + k2 = k andy is such thatt = xy. As there
must be exactlyz| — |v| deletions inx|, we have that;, > |x| — |v].
If || > 2n then we are done. So assuf¢ < 2n. If |[z| = n + ¢
with 0 < t < nthenz = atal andy = aj ‘a} ---a? which
results in a prefix ofi}' - - - a;*. Then, ast; # a2, there mustbe — ¢
errors in the prefim;"_f of y and, thereforek> > n — t. Hence,
k1+ k2 > 2n—|v| asrequired. Now assune| < n. Thena = a“f',
y = af*'r'a,’; ---a, and a prefix ofa} - - - a)* obtains fromy using
ko8(o0 © 6). This implies thatiz > min{r — 1, 2n — |«|}, which, in
turn, implies that; + k2 > min{r — 1, 2n — |v|} asrequired. O
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|. INTRODUCTION

This correspondence is concerned with the statistical dependence
of hits due to multiple-access interference in thme-unslottedre-
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