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Examination Aids: One 8.5” × 11” sheet of paper, handwritten on both sides.

Student Number:

Family Name(s):

Given Name(s):

Do not turn this page until you have received the signal to start.
In the meantime, please read the instructions below carefully.

This final examination paper consists of 12 questions on 18 pages
(including this one), printed on both sides of the paper. When you
receive the signal to start, please make sure that your copy is com-
plete and fill in the identification section above.

Answer each question directly on the exam paper, in the space
provided, and use the blank pages for rough work. If you need more
space for one of your solutions, use a blank page and indicate clearly
the part of your work that should be marked.

In your answers, you may use without proof any result covered
in lectures, tutorials, homework, tests, or the textbook, as long as
you give a clear statement of the result(s) you are using. You must
justify all other facts required for your solutions.

Write up your solutions carefully! In particular, use notation
and terminology correctly and explain what you are trying to do—
part marks will be given for showing that you know the general
structure of an answer, even if your solution is incomplete.

Marking Guide
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# 2: / 6
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# 4: / 4

# 5: / 6

# 6: /10

# 7: /10

# 8: / 8

# 9: / 8

# 10: / 7

# 11: / 9

# 12: /10

TOTAL: /92
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Use the space on this “blank” page for scratch work, or for any answer that did not fit elsewhere.
Clearly label each answer with the appropriate question and part number.
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Question 1. [10 marks]

For each equivalence below:

• if the equivalence is always true, provide a derivation from one side to the other (justify each step of
your derivation);

• if the equivalence is not always true, provide a justification for this conclusion by giving a counter-
example.

Part (a) [4 marks]

P ⇒ Q ⇐⇒ ¬Q⇒ ¬P

Part (b) [5 marks]

(∀x ∈ D,∃y ∈ D,P (x, y)) ⇐⇒ (∃y ∈ D,∀x ∈ D,P (x, y))

Part (c) [1 mark]

What is the usual name for the equivalence rule in Part (a)?
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Question 2. [6 marks]

The logical operator exclusive or is a type of logical disjunction on two operands that results in a value
of true if and only if exactly one of the operands has a value of true. A simple way to state this is “one
or the other but not both.” The exclusive or operator is often represented by the symbol ⊕.

Part (a) [2 marks]

Let A and B represent two logical variables. Write the truth table for A⊕B.

Part (b) [2 marks]

Using only the operators ¬, ∨ and/or ∧, write a logical expression that is equivalent to A⊕B.

Part (c) [2 marks]

The negation of exclusive or is the logical biconditional, written A ⇐⇒ B, where the value is true if
and only if the value of A is the same as the value of B. Using only the operators ¬, ∨ and/or ∧, write a
logical expression that is equivalent to A ⇐⇒ B.

Question 3. [4 marks]

Consider the function f0 : R→ R and the equation f0(x)− c0 = 0, where c0 ∈ R is a given value.

Write a complete logical statement that says that there is exactly one real-valued solution to the equation
f0(x)− c0 = 0. You may not use the uniqueness symbol (!) in your statement.
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Question 4. [4 marks]

Part (a) [1 mark]

Translate the following statement into a logical statement that uses quantifiers:

For all real numbers x and y, x2 + xy − 2y2 = 0.

Part (b) [3 marks]

When asked to prove or disprove the statement above, a student provided the following argument:

Proof. Let x and y be equal to some real number r. Then x2 + xy− 2y2 = r2 + r · r− 2r2 = 0.
Since x and y were both arbitrary, this shows that for all real numbers x and y, x2+xy−2y2 = 0.

The statement in Part (a) is not true, so the student’s argument must not be correct. What is the flaw in
the argument?

Question 5. [6 marks]

Write a detailed structured proof of the statement:

For all integers a and b, there is an integer c such that a | c and b | c.

Part marks will be given for having correct elements of the proof structure. Recall that for all integers m
and n, the notation “m | n” means that m divides n exactly.
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Use the space on this “blank” page for scratch work, or for any answer that did not fit elsewhere.
Clearly label each answer with the appropriate question and part number.
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Question 6. [10 marks]

Use a detailed, structured proof to prove or disprove the following statement:

∀n ∈ N, 9 | (4n + 6n− 1).

Hint: use induction and recall that for all integers m and n, the notation “m | n” means that m divides n
exactly.
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Question 7. [10 marks]

In each part of this question, you are to add statements so that the revised program code has a specified
property. You may write your statements in python or pseudo-code. You are not required to justify your
answer.

Assume that L is a list of n integers and that n > 0.

Part (a) [2 marks]

Add statements in the box below so that the worst-case running time of the revised program code is
Θ(n3). Do not change the existing statements; just add to them.

i = 0
while i < len(L):

print L[i]
i = i + 1

Part (b) [3 marks]

Add statements in the box below so that the worst-case running time of the revised program code is
Θ(n log n). Do not change the existing statements; just add to them.

i = 0
while i < len(L):

print L[i]
i = i + 1
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Part (c) [3 marks]

Add statements in the box below so that the worst-case running time of the revised program code is
Θ(n
√
n). Do not change the existing statements; just add to them.

i = 0
while i < len(L):

print L[i]
i = i + 1

Part (d) [2 marks]

Add statements in the box below so that the best-case running time of the revised program code is Θ(1).
Do not change the existing statements; just add to them.

i = 0
while i < len(L):

print L[i]
i = i + 1
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Use the space on this “blank” page for scratch work, or for any answer that did not fit elsewhere.
Clearly label each answer with the appropriate question and part number.
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Question 8. [8 marks]

The following function returns True for the list [5, 1, 3, 5, 2, 1, 6] and False for the list [5, 1,

3, 4, 2, 7, 6].

def hasDuplicates(A):

’’’Determine whether or not the list A contains duplicate values.’’’

i = 0 # (line 1)

while i < len(A): # (line 2)

j = i + 1 # (line 3)

while j < len(A): # (line 4)

if A[j] == A[i]: # (line 5)

return True # (line 6)

j = j + 1 # (line 7)

i = i + 1 # (line 8)

return False # (line 9)

Part (a) [2 marks]

Let n ∈ N. Describe an input list A of length n for which the hasDuplicates function would have a run
time that is constant (i.e., thasDuplicates(A) ∈ Θ(1)).

Part (b) [2 marks]

Let n ∈ N. Describe an input list A of length n for which the hasDuplicates function would have a run
time thasDuplicates(A) ∈ Θ(n).

Part (c) [2 marks]

Let n ∈ N. Describe an input list A of length n for which the hasDuplicates function would have a run
time thasDuplicates(A) ∈ Θ(n2).

Part (d) [2 marks]

Let n ∈ N. Is it possible to construct an input list A of length n for which the hasDuplicates function
would have a run time thasDuplicates(A) ∈ Θ(n3)? Explain.
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Use the space on this “blank” page for scratch work, or for any answer that did not fit elsewhere.
Clearly label each answer with the appropriate question and part number.
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Question 9. [8 marks]

Consider the function f : N → R>0 defined by f(n) = na, and the function g : N → R>0 defined by
g(n) = nb. Use a detailed, structured proof to prove or disprove the following statement:

∀ a ∈ R, ∀ b ∈ R, a > b⇒ f(n) 6∈ O(g(n)).
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Use the space on this “blank” page for scratch work, or for any answer that did not fit elsewhere.
Clearly label each answer with the appropriate question and part number.
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Question 10. [7 marks]

Use a detailed, structured proof to prove or disprove the following statement:

∀f : N→ R>0, ∀g : N→ R>0, f ∈ O(g)⇒ (f + g) ∈ Θ(g).

Here (f + g) is defined in the obvious way: ∀n ∈ N, (f + g)(n) = f(n) + g(n).
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Question 11. [9 marks]

When proving the correctness of a computer function that contained a loop, we used the terms pre-
condition, post-condition and loop invariant.

Part (a) [2 marks]

Define the term pre-condition:

Part (b) [2 marks]

Define the term loop invariant:

Part (c) [2 marks]

Define the term post-condition:

Part (d) [3 marks]

Describe in words the main steps for proving that a computer function containing a loop is correct.
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Question 12. [10 marks]

Part (a) [3 marks]

Consider the set

P =

{
n∑

i=0

cix
i : x ∈ R, n ∈ N, c0, c1, c2, . . . , cn ∈ Z

}
.

In other words, P is the set of all polynomials with integer coefficients (ci). For example, 165, 165 + 108x
and 165− 148x + 150x2 are each elements of P.

Do you think that P is countable or uncountable? Briefly explain your response. Do not prove it.

Part (b) [7 marks]

Let A and B represent two sets. Prove that if B ⊆ A and A is countable, then B is countable.
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