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Abstract. We describe simple analytical formulae constructed to approximate the temporal behavior of the tem-
perature, density, and radius of various presupernova shells immediately after the arrival of the supernova shock
wave. The formulae are derived from detailed hydrodynamical simulation of the supernova envelope expulsion.
When used within traditional nuclear kinetic codes, the formulae are expected to be a useful tool for adjusting
the resulting nuclear yields to current supernova models.
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1. Introduction

Recent progress in observations and physics relevant to
stellar nucleosynthesis (see Wallerstein et al. 1997 for a
comprehensive review) has rekindled interest in the mod-
elling of nuclear processes in stars and supernovae. It
would be useful to have simple analytical approximations
describing the physical conditions in the supernova shells
heated and accelerated by the shock wave (SW). The
purpose of the present paper is to show that this can
be achieved, at least for supernovae of type II (and of
types Ib, Ic as well). In these supernovae, the hydrody-
namics of the envelope expulsion is virtually insensitive
to the details of the supernova mechanism generating a
powerful SW at the interface between the collapsing iron
core and the outer envelope finally to be expelled. The only
important parameter connecting the explosion mechanism
and the envelope outburst is the total explosion energy E.
This is opposite to type Ia supernovae, where one cannot
disentangle the explosive thermonuclear burning from the
hydrodynamics of the expulsion in which ultimately all
the star turns out to be drawn.

In Sect. 1 we describe briefly the hydrodynamic simu-
lation of the type II supernova explosions and in Sect. 2
we derive analytical approximations for the temporal be-
havior of the temperature, density and radius of shocked
matter in different shells of 15M� and 30M� supernova
models. In particular, we show that a simple exponential
approximation used widely for the post-shock tempera-
ture: T ∼ exp[−t/(3τ)] where τ is the “hydrodynamic”
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time scale connected with the local pre-shock density ρ by
the expression

τ =
446
√
ρ

s , (1)

is actually far from being satisfactory.
The preliminary results of this study were reported

at the 10th Ringberg Castle Workshop on Nuclear
Astrophysics (Nadyozhin et al. 2000).

2. Hydrodynamic simulation

In order to obtain an approximation of supernova SW
properties useful for exploring nucleosynthesis, we have
carried out a series of hydrodynamic simulations of su-
pernovae. The calculations were done using the hydrody-
namic supernova code SNV developed previously at ITEP
(see, e.g., Litvinova & Nadyozhin 1983). The code was run
in its simplest mode. An explicit difference scheme was
used for adiabatic hydrodynamics with the artificial vis-
cosity being utilized to control the propagation of shock
waves. The equation of state EPEOS from Blinnkov et al.
(1996) was used which takes into account the black-body
radiation and full Fermi–Dirac statistics for the electron-
positron component. This last point turns out to be of im-
portance for the SW properties in the SiS- and CO-shells
where the number of the electron-positron pairs can be-
come comparable with the number of “atomic” electrons
(Deputovich & Nadyozhin 1999).

Two Woosley–Weaver (1995) presupernova models of
15M� and 30M� were taken as initial conditions. The
two models have red supergiant structures of radii 490R�
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Table 1. The shell structure of a 15M� presupernova.

Shell m R0 ρ0 T0

(M�) (108 cm) (g cm−3) (K)

SiS-bottom 1.43 1.51 2.18×107 4.73×109

SiS-middle 1.53 1.90 1.03×107 3.84×109

SiS-top 1.63 2.31 5.28×106 3.33×109

CO-bottom

CO-middle 2.19 8.72 1.29×105 1.12×109

CO-top 2.75 34.3 1.05×103 2.82×108

He-bottom

He-middle 3.60 161 3.17×101 7.74×107

He-top 4.45 550 2.12×10−1 1.46×107

HHe-bottom

Table 2. The shell structure of a 30M� presupernova.

Shell m R0 ρ0 T0

(M�) (108 cm) (g cm−3) (K)

SiS-bottom 1.88 2.47 9.43×106 3.96×109

SiS-middle 2.11 3.17 4.48×106 3.28×109

SiS-top 2.32 3.97 2.41×106 2.71×109

O-bottom

O-middle 5.77 28.1 2.69×104 8.20×108

O-top 9.20 67.7 7.46×102 3.07×108

He-bottom

He-middle 10.5 140 1.02×102 1.51×108

He-top 11.8 547 7.72×10−2 1.82×107

HHe-bottom

and 1025R�, and iron cores of 1.4M� and 1.85M�, re-
spectively. They have a rather complicated chemical struc-
ture. For our purpose, it seems to be adequate to di-
vide each model into three shells of special importance for
nucleosynthesis: silicon-sulfur (SiS), carbon-oxygen (CO,
for 15M�), or oxygen (O, for 30M�), and helium (He).
Tables 1 and 2 summarize the properties of the onion-like
shell structure of these models.

The supernova outburst was simulated through the ini-
tial conditions by instantaneous liberation of the explosion
energy E in a narrow mass layer (δm ≈ 0.1M�) located
just at the outer boundary of the iron core, below the
SiS-shell. The bottom of this layer was considered in the
internal boundary condition as a rigid wall at rest where
the velocity remained equal to zero at all times. Several
modes of the energy release (with different ratios of the
thermal to kinetic energy component) have been tested in
the preliminary calculations to ensure that our results are
independent of the specific way of energy release.

3. Analytical approximations

The main parameters determining the temporal behavior
of shocked matter are the energy of the explosion E which
comes from the supernova mechanism, unfortunately not
yet well known, the identity of the shell under considera-
tion (SiS, CO, He), the initial (pre-shock) density ρ0 and
the radius R0 of the shell. The initial temperature T0 of
the shell is virtually unimportant since the SW is always
very strong.

In order to construct the approximation formulae, we
have to identify such combinations of these parameters
which can serve as useful units to measure the post-shock
temperature Tp and time t. The best candidate for the
temperature unit is the Weaver–Woosley (1980) estimate
for the SW peak temperature. This temperature, that we
designate as TWW, is equal to the temperature of the
black-body radiation which uniformly fills the sphere of
the SW radius R0 and whose total energy is equal to the
supernova explosion energy E: 4π

3 R
3
0 aT

4
WW = E. Thus,

TWW scales as E0.25R−0.75
0 and reproduces the SW peak

temperature Tp with a good accuracy (within ±20%) for
all the SW way through the presupernova shell structure
of interest for nucleosynthesis (Deputovich & Nadyozhin
1999). Such an amazing accuracy turns out to be con-
nected with a coincidental compensation between the con-
tribution of the kinetic energy to the total explosion en-
ergy E (just behind a strong SW, the kinetic energy
is equal to the thermal one) and the excess of Tp over
the mean temperature of shocked matter (Deputovich &
Nadyozhin 1999). The temperature TWW fails, however, to
follow Tp at the outermost layers during the SW breakout
through the presupernova photosphere.

An appropriate estimate of the characteristic time tu
can be made from the following consideration. The time
scale of the post-shock expansion is controlled by the
speed of sound, vsound, in shocked matter and is equal to
tu = R0/vsound by the order of magnitude. Taking into ac-
count that v2

sound = γP/ρ, one finds vsound ∼ 1/
√
ρ for the

radiation dominated media where γ = 4/3, P = aT 4/3.
We see that the dependence of the characteristic time tu
on density turns out to be just opposite to that of τ from
Eq. (1). This correct way to estimate the time scale of
the post-shock expansion was used earlier by Thielemann
et al. (1979). The final expressions for TWW and tu are

TWW =
(

3E
4πaR3

0

)1/4

= 2.37×109E0.25
51 (R09)−0.75 K, (2)

tu =3.83×10−3 ρ0.5
0 E−0.5

51 (R09)2.5 s, (3)

where E51 ≡ E/1051 erg and R09 ≡ R0/109 cm. The
above expression for tu = R0/vsound was obtained by using
P = aT 4

WW/3, γ = 4/3, and ρ = 7ρ0 for the post-shock
pressure, adiabatic index, and density.

The natural units of length and density are the initial
radius R0 and pre-shock density ρ0 of the layer crossed by
the SW.
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Table 3. The structural coefficients for a 15M� supernova.

Shell ξp ξT, (ξT1) ξr, (ξr1, ξr2) ξSW

SiS-middle 1.1 2.2, (13) 1.1, (0.5, 2.2) 0.54

SiS-top/CO-bottom 1.1 2.2, (13) 1.1, (0.5, 2.2) 0.74

CO-middle 0.95 1.4 1.25 1.10

CO-top/He-bottom 0.85 0.90 0.85 0.98

He-middle 0.90 1.5 1.3 0.69

He-top/HHe-bottom 0.75 1.3 1.1 0.54

In terms of the above units, the results of our hydro-
dynamic calculations for different supernova layers of a
15M� and a 30M� model can be approximated by the
following simple relations for the temporal evolution of
temperature, density, and radius of a Lagrangian layer:

T (t) =
Tp

1 + ξT t/tu
, Tp = ξp TWW, (4)

ρ(t) = ρp

(
T

Tp

)3

, ρp = 7ρ0 , (5)

R(t) = R0 (1 + ξrt/tu) , (6)

where Tp and ρp are the peak temperature and density
of shocked matter while ξp, ξT, and ξr are the dimension-
less structural coefficients chosen to fit the hydrodynamic
calculations as close as possible. Equations (4)–(6) imply
that the SW reaches the layer at t = 0.

In the case of neutrino nucleosynthesis (see, e.g.,
Nadyozhin et al. 1998), one has to take into account that
the neutrino flux scales as Lν(t + δtSW + ∆tSW)/R2(t)
where Lν is the partial1 neutrino luminosity, ∆tSW is the
total time that the SW takes to reach the layer under con-
sideration, whereas δtSW is the time interval between the
beginning of the neutrino burst and the moment of the SW
transition from a steady accreting state into an outgoing
blast wave; δtSW depends on the supernova mechanism
(typically δtSW ≈ 0.1 s).

The values of ∆tSW, obtained in our hydrodynamical
calculations, can be approximated with an accuracy of
≈20% by the following formula:

∆tSW = ξSW E−0.38
51

(
R0/109cm

)1.4
s, (7)

where ξSW is another dimensionless fitting coefficient. In
order to approximate ∆tSW by the simplest way for all the
three presupernova shells under consideration, we had to
choose the irrational powers in Eq. (7). Note that Eq. (7)
is close to the Sedov solution for the SW propagating in
a power law media with ρ ∼ 1/r2. In that case, the Sedov
solution gives ∆tSW ∼ E−0.5R1.5

0 .
The numerical values of the above fitting coefficients

are presented in Tables 3 and 4 for different layers of
15M� and 30M� supernovae.

We did not present the approximations for the bottom
of the SiS-shell. The reason is that this layer is very close to

1 Related to those types of neutrino which actually take part
in nucleosynthesis.
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Fig. 1. The temperature in the middle of the SiS-shell versus
time for a 15M� model. The full wavy lines stand for the
hydrodynamic calculations while a dash-dot line and black dots
show the analytical approximations.
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Fig. 2. Same as Fig. 1, but for the radius.

Table 4. The structural coefficients for a 30M� supernova.

Shell ξp ξT, (ξT1) ξr, (ξr1, ξr2) ξSW

SiS-middle 1.07 1.4,(8.0) 1.0, (0, 4.5) 0.36

SiS-top/O-bottom 1.0 1.3, (6.0) 1.0 (0, 4.5) 0.49

O-middle 0.80 2.0 1.1 1.52

O-top/He-bottom 0.80 1.1 0.90 1.40

He-middle 0.80 1.3 1.1 1.18

He-top/HHe-bottom 0.80 1.0 1.0 0.58
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Fig. 3. Same as Fig. 1, but for the bottom of the CO-shell.
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Fig. 4. Same as Fig. 2, but for the bottom of the CO-shell.

the place of explosive energy release and the hydrodynam-
ical flow is still influenced by the details of the artificial
initial conditions used in our calculations. Moreover, in the
SiS-shell our adiabatic hydrodynamics might be violated
owing to the energy release in the SW-induced thermonu-
clear reactions. Thus, our results for the SiS-shell should
be considered as being preliminary.

Figures 1–22 show the temporal evolution of the post-
shock temperature and radius for both the models (15M�
and 30M�). The results of our hydrodynamic calculations
are shown in each figure by a bunch of full lines related to a
wide range of the supernova explosion energies covered in
our calculations: 1×1051 <∼E<∼2×1052 erg. The dash-dot
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Fig. 5. Same as Fig. 1, but for the middle of the CO-shell.
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Fig. 6. Same as Fig. 2, but for the middle of the CO-shell.

lines demonstrate the approximations given by Eqs. (4)
and (6) for the temperature and radius, respectively.

Inspection of Figs. 1–22 reveals a good agreement be-
tween the approximations and the hydrodynamic calcu-
lations. While finding the best values for the structural
coefficients, we have focused our attention on the time
interval 0 ≤ t/tu <∼ 2 because the later times (t/tu >∼ 2)
prove to be of minor (if any) importance for nucleosyn-
thesis since the temperature decreases by a factor of 4–5
as compared to its peak value. From this point of view,
the temperature approximation, for instance, in Fig. 7 is
nearly as good as that in Fig. 5. There is, however, a cer-
tain doubt about the quality of the approximation in the
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Fig. 7. Same as Fig. 5, but for the bottom of the He-shell.
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Fig. 8. Same as Fig. 6, but for the bottom of the He-shell.

middle and the top of the SiS-shell – compare Figs. 1–4
for a 15M� model and Figs. 13–16 for a 30M� model
(we remind that the top of the SiS-shell coincides with
the bottom of CO-shell for a 15M� model and with that
of the O-shell for a 30M� model). Although Eqs. (4) and
(6) could still be useful as the first guess for the SiS-shell,
the following approximate formulae for T (t) and R(t) turn
out to be much more accurate:

T (t) =
Tp√

1 + ξT1 t/tu
, Tp = ξp TWW, (8)

R(t) = R0

(
ξr1 t/tu +

√
1 + ξr2 t/tu

)
. (9)
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Fig. 9. Same as Fig. 5, but for the middle of the He-shell.
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Fig. 10. Same as Fig. 6, but for the middle of the He-shell.

The structural coefficients ξT1, ξr1, and ξr2 are given in
parenthesis in Tables 3 and 4. These approximations are
shown in Figs. 1–4, 13–16 by black dots (not connected by
lines!). One can see an excellent agreement for the temper-
ature curves and a fairly good one for the radius curves.

Figures 23 and 24 demonstrate that the exponential
approximation based on the “hydrodynamic” time scale
τ (Eq. (1)) is not actually adequate. It predicts a much
slower decrease in the post-shock temperature, even when
one uses the peak density ρp = 7ρ0 to evaluate τ (the
curves labelled by number 2 in Figs. 23 and 24) rather than
the initial pre-shock density ρ0 (the curves labelled by 1).
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Fig. 11. Same as Fig. 5, but for the top of the He-shell.
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Fig. 12. Same as Fig. 6, but for the top of the He-shell.

The discrepancy is especially pronounced for the helium
shell (Fig. 24). The curves 1 and 2 in Figs. 23 and 24 are
drawn for a standard explosion energy E = 1.5×1051 erg.

The density approximation given by Eq. (5) remains
to be discussed. Since the density is not as important
for nucleosynthesis as the temperature, the approximation
should not be necessarily of high accuracy. From this point
of view Eq. (5) can serve as an appropriate approximation.

In Table 5, one can find the numerical values of the
parameters involved in our consideration for the case of a
standard supernova explosion energy ofE = 1.5×1051 erg.
The SW compression ρp/ρ0 given in the last column of
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Fig. 13. Same as Fig. 1, but for a 30M� model.
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Fig. 14. Same as Fig. 2, but for a 30M� model.

Table 5 was calculated from the Hugoniot conditions us-
ing corresponding values of Tp (the third column) and ρ0

(from Tables 1 and 2). One can see that the approxima-
tion ρp/ρ0 = 7 is not far from reality. Still we have to
verify how the assumption ρ(t) ∼ T 3(t) actually works.
Figure 25 shows the divergence Fρ of actual ρ(t) from the
approximation given by Eq. (5):

Fρ =
ρ(t)
ρp

(
Tp

T

)3

, (10)

where the “isentropic” density ρ(t) is calculated from
the condition that entropy remains constant in every
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Fig. 15. Same as Fig. 3, but for a 30M� model.
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Fig. 16. Same as Fig. 4, but for a 30M� model.

Lagrangian layer during its post-shock expansion:
S[ρ, T (t)] = S(ρp, Tp) = Sp = const. Here Sp is the SW
peak entropy and T = T (t) is defined either by Eq. (4)
or (8). If ρ(t) followed strictly the law ρ ∼ T 3, Fρ would
remain all the time equal to 1. We see that for a 15M�
model the deviation from this law is virtually insignifi-
cant – it remains in the limits ±30%. However in the He-
and O-shell of a 30M� model the “isentropic” density
is decreasing more slowly than T 3. Nevertheless, the ap-
proximation ρ ∼ T 3 still is acceptable even in the O-shell
of a 30M� model if one remembers that nucleosynthe-
sis occurs efficiently in the time interval 0 ≤ t/tu <∼ 2 –
at t/tu = 2 the post-shock temperature and density have
fallen typically by a factor of ∼5 and ∼100, respectively.
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Fig. 17. Same as Fig. 5, but for a 30M� model.
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Fig. 18. Same as Fig. 6, but for a 30M� model.

Physically, the density-temperature relation at con-
stant entropy

(
ρ ∼ T 1

Γ−1

)
is determined by the adiabatic

index Γ that is defined as

Γ = 1 +
(
∂ logT
∂ log ρ

)
S

= 1 + γ∇A , (11)

with γ ≡
(
∂ logP
∂ log ρ

)
S

, ∇A ≡
(
∂ logT
∂ logP

)
S

·

Figure 26 shows Γ along isentropes S = Sp. We see that Γ
is not very different from 4/3 and, therefore, the approxi-
mation ρ ∼ T 3 turns out to be not so far from reality. The
exception is the O-shell of a 30M� model where ρ ∼ T 2
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Fig. 19. Same as Fig. 7, but for a 30M� model.
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Fig. 20. Same as Fig. 8, but for a 30M� model.

proves to be a more appropriate approximation since there
Γ is close to 1.5 rather than 1.33. Note that at early post-
shock times t/tu <∼ 4, Γ becomes less than 4/3 in the SiS-
and CO-shell. This happens owing to the contribution of
the electron-positron pairs into the equation of state. For
example in the case of a 15M� model the number of pairs
per “atomic” electron is equal to about 0.7 (SiS-middle)
and 0.6 (CO-middle) for the peak values of Tp (Table 5)
and ρp (Tables 1, 5). Thus, the total number of leptons
(electrons plus positrons) increases by a factor of ≈2.
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Fig. 21. Same as Fig. 9, but for a 30M� model.
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Fig. 22. Same as Fig. 10, but for a 30M� model.

4. Conclusions

The approximation formulae presented here are believed
to be useful for the astrophysicists and nuclear physicists
working in the field of stellar nucleosynthesis. In order
to adjust their nuclear yields to the supernova models,
they have to specify only two basic parameters: radius
R0 and density ρ0 for a presupernova layer of interest,
and to choose the supernova explosion energy E. Then
with the Weaver–Woosley temperature TWW (Eq. (2)) and
characteristic time scale tu (Eq. (3)) known, the tempo-
ral behavior of temperature, density, and radius of the
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Fig. 23. The comparison of the post-shock temperature in the
middle of SiS-shell from Fig. 1 with a simplified “hydrody-
namic” approximation shown by curves 1 and 2 (see text).
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Fig. 24. Same as Fig. 23, but in the middle of the He-shell
from Fig. 9.

Lagrangian layer in question proves to be determined un-
ambiguously by Eqs. (4)–(6), (8), (9). The corresponding
structural coefficients are given in Tables 3 and 4 for a
15M� and 30M� supernova, respectively. Although these
coefficients are dependent on the supernova mass, the de-
pendence is not so crucial. In the first rough approxima-
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Fig. 25. The divergence of the post-shock density from the
approximation given by Eq. (5).
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Fig. 26. Adiabatic index Γ versus time for the post-shock ex-
pansion. The level Γ = 4/3 is shown by a horizontal dashed
line.

tion, one may neglect this dependence assuming the co-
efficients for a 15M� model as standard values. In the
future, it would be worth-while to investigate in detail the
dependence of the structural coefficients on presupernova
mass, metallicity, and stellar rotation.
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Table 5. The shock wave parameters for 15M� and 30M�
supernovae with the explosion energy 1.5×1051 erg.

M Tp TWW tu ∆tSW ρp

Shell (M�) (K) (K) (s) (s) (ρ0)

SiS-middle 15 1.00×1010 9.10×109 0.158 0.0453 6.7

SiS-middle 30 6.63×109 6.20×109 0.374 0.0620 6.4

SiS-top 15 8.65×109 7.86×109 0.184 0.0815 6.7

SiS-top 30 5.24×109 5.24×109 0.482 0.115 6.2

CO-middle 15 2.76×109 2.90×109 0.797 0.778 6.7

O-middle 30 9.70×108 1.21×109 6.79 5.53 5.1

CO-top 15 8.84×108 1.04×109 2.21 4.72 6.5

O-top 30 5.00×108 6.24×108 10.2 17.5 5.7

He-middle 15 2.93×108 3.26×108 18.3 28.9 6.5

He-middle 30 2.90×108 3.62×108 23.2 40.7 5.9

He-top 15 9.75×107 1.30×108 32.2 126 6.9

He-top 30 1.04×108 1.30×108 19.2 133 7.0
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