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Auction-based mechanisms are increasingly being used for automating resource allocation
among large numbers of agents. To make these sort of mechanisms viable one needs to con-
sider the issues of communication and computation expenditure required by these protocols
as well as their stability. In this thesis we study limited-precision, iterative mechanisms with
dominant strategy equilibria designed for allocation of a single good. Our goal is to limit the
communication between the players and the mechanism, reduce the amount of information re-
vealed by the players, as well as minimize the players’ computational costs. We accomplish
this by placing a number of operational constraints that permit the above objectives. We prove
several necessary conditions that severely restrict the space of mechanisms satisfying our cri-
teria. We develop a number of mechanisms and show that with a large and variable number
of players, in the case of limited-precision, iterative mechanisms are superior to single-shot

mechanisms.
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Chapter 1

Introduction

Fast evolution of chip-based technologies has greatly moved the computational boundary of
problems considered feasible compared to even a few decades ago. Yet, with greater potential
came a greater demand for computational resources. Recent applications increasingly have to
deal with a significant number of users competing for the same resources. Multi-user operating
systems, file and web servers are perhaps the most common examples, however this issue is
by no means restricted to the universe of software and hardware developers. This problem
is starting to become quite common in day-to-day business and personal life as individuals
come to rely on the computer networks to provide communication and negotiation channels.
Even with the currentimprovements in computational speeds, it becomes difficult to effectively

satisfy the demands of everyone involved.

As the transactions become more complex the companies and individuals are starting to rely
on sophisticated software agents that mediate these transactions. However, since the interests
of the parties on whose behalf such agents act generally conflict, one can expect the agents to
selfishly try to achieve their objective even if it comes at the expense of every other participant.
From the perspective of an entity managing the resources, this is often an undesirable form of

behavior.

Economics traditionally deals with the problem of deriving the most good from a limited
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set of resources. The situation described here is no different. So it comes as no surprise
that economics provides us with tools to analyze the behavior of agents competing for limited
resources. The theoretical treatment of the strategic interactions of rational agents, known as
Game Theoryprovides tools for predicting and guiding the agents’ behavior. The assumption

of agent rationality — while usually suspect in an interaction between individuals — is easily
accepted when in comes to software agents. As such, recent research in computer science and
economics has focused on design of economic agents and the mechanisms through which they

interact.

1.1 Outline of the problem

While quite often one has to design or analyze an agent in a predefined environment, in other
circumstances it is possible to design the environment itself. A subset of game theory con-
cerned with the problem of designing the environment (i.e. the rules of the game), is called
Mechanism Desigf20]. Mechanism design has played a major role in much of the research at
the intersection of computer science and economics. Key results in mechanism design, such as
the revelation principle, have had a strong influence on the direction taken by research relying
on both of these disciplines.

Recently, however, limitations of standard approaches to mechanism design have been
identified, and are starting to be addressed. Chief among these is the computational complexity
of the problems faced by software agents who must interact. For instance, mechanisms based
on the revelation principle must accurately and fully reveal a significant amount of information
about themselves (generally, their utility function). This presents a problem in circumstances
where utility functions are large and difficult to communicate effectively and/or hard to com-
pute accurately. Although initially not considered in the game theory literature, this problem
is quite common in real applications. One can easily come up with examples where compu-

tation or communication constrains affect agents’ behavior. For instance, consider the task of
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estimating the value of an undeveloped coal mine. The quality of the computed estimate often
depends directly on the amount of resources spend on the initial survey. Computing the exact
value of the mine can likely be prohibitively expensive for most agents. Thus the agents may

have to base their actions on the partial knowledge of the true value.

As an example of an application where communication complexity plays a role, consider
a protocol designed to allocate a large number of small resources, such as network packets
or CPU time slots [1]. In this case, if an agent were to state her utility function she would
need to fully describe her value for every resource. This means that if full valuation revelation
is attempted the communication overhead might become more costly than the value of the
resource itself.

In addition to communication and computational difficulties, another equally serious prob-
lem is the unwillingness of the participants to reveal certain information about themselves.
The primary reason for that behavior is that the amount of revealed information may depend
on certain strategic considerations. This problem usually arises in the context of repeated
games. There, any information revealed by the player might place her at a disadvantage at fu-
ture rounds. Even ignoring any other strategic considerations, the player would prefer to reveal
information only if it positively affects her overall utility.

Combining all of these issues together one can see a need for a mechanism that would per-
mit resource allocation without placing costly computational, communication and revelation
requirements on the participants. In this document we will look at one approach to developing

such mechanisms.

1.2 Related work

Recent research has begun to examine methods involving limited elicitation of player’s prefer-
ences to avoid some of the difficulties mentioned above [1, 2, 32, 25, 27, 7], specifically in the

context of (single-good or combinatorial) auctions.
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Of particular note is the work by Blumrosen, Nisan and Segal [1, 2]. Their approach to
limited communication auctions is to look at single-shot mechanisms, that is, mechanisms re-
stricted to one iteration. They develop two mechanisms which can be shown to be optimal
(social welfare, seller's revenue) among all two-player single-shot limited precision mecha-
nisms and asymptotically optimal in theplayers case. At various points in this document
we will refer to this work. Most notably, however, in Chapter 5 we will show how our treat-
ment of the problem can results in significant efficiency gains over the protocols proposed by
Blumrosen et. al.

Another important body of work is th®undleauction developed by D. Parkes [25]. This
mechanism, although applicable to combinatorial auctions, something we do not consider here,
supports our belief that multi-step mechanisms are superior for dealing with limited communi-
cation.

We describe these and other approaches to limited communication in the next chapter.

1.3 Approach

In this document we take the approach of using an auction mechanism as a tool for resource
allocation when the players’ preferences are unknown. We look at iterative mechanisms with
dominant strategy equilibria, a combination we refer taresementalmechanisms. More
specifically, we conjecture that incremental mechanisms are in many ways superior to other
recently developed limited communication mechanisms. This belief is based on the following
reasons. The existence of dominant strategy implies that a player has a best plan of action
independent of the way everyone else acts. This greatly simplifies life for both the players,
who are always assured that they can’'t do any better, and for the agent operating the protocol,
who can expect a more stable protocol performance. The other side of this design, the iterative
feature of the mechanism, allows both the players and the mechanism to react to or to evolve

with the game. In particular, it should be possible for the mechanism to determine early on



CHAPTER 1. INTRODUCTION 5

(with small amount of communication) which players are more likely to win the good, and act
on this information.

As was noted we call the combination of iterativity and dominant strategy an incremental
auction. Generally, an incremental mechanism is the one that sequentially refines its estimate
of each player’s desire for the good based on their bids; as such it requires that the players’
messages provide truthful information. Since any mechanism with dominant strategies can be
thought of as truthful, this makes our desired mechanism incremental. These concepts will be
introduced more formally and in more detail in the next chapter.

In this document we focus on single-good auctions, that is auctions designed to allocate
one item among a group of players. To restrict the space of possible mechanisms we introduce
a number of constraints, which are natural in the context of limited communication auctions.
We consider deterministiprotocols which treat the players fairly, that is the good can only be
allocated to a player if the mechanism knows with certainty that this player is uniquely superior
to everyone else, according to some criterion. We also place a participation constraint that
removes any bidder from the auction if this bidder provably can not be the winner. We assume
that the players arex-postrational, and require (informally) that the resulting auctions have
an intuitive form. Under these constraints we prove a number of results, which are described

in the next section.

1.4 Main contributions

We show that any mechanism satisfying the above constfaints having a dominant strat-

egy equilibrium, must belong to a classin€reasing price mechanisma concept similar to
ascending price mechanisnfSubsequently we prove a number of necessary conditions which
must be satisfied by any mechanism with dominant strategy equilibrium respecting the above

requirements. Using these necessary conditions we show that any such mechanism must have

We partially relax this assumption in Chapter 5.
2This result also holds without the participation constraint.
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a very specific form, where in most cases the space of bidders’ actions can be safely restricted
to just two actions. We arrive at this conclusion by showing that in most cases all players
will act similarly (that is, follow largely equivalent strategies). This finding is important since

it allows us to approximately specify the form of any potential mechanism, given our initial

assumptions.

Next, to provide an example of how an increasing price mechanism, satisfying the above
requirements and necessary conditions, would operate we study one such protocol in detail.
Our adaptive, symmetric, incremental auction (ASig®\parameterized by a (conditional) se-
guence of price levels, but has simple dominant strategies based on any such thrésbiélds.
restricts the players actions to just two legal choices, and at each iteration the player is required

to state whether she wants to continue participating or to drop out.

An interesting feature of the protocols that we propose is that their threshold values can be
optimized with respect to specific priors without losing the benefits of dominant stratdgies.
this document we accomplish this using a straightforward Markov decision process formula-
tion. In this respect, we combine the spirit of traditional mechanism design (where dominant
strategies exist independent of the priors), optimal auction design [22] (where the mechanism
varies in a parameterized way with the prior), and automated mechanism design [8] (where the
mechanism is optimized using the specific priors). Importantly, we can optimize the mecha-

nism to account for cost of communication (or computation) as well [27].

One unsatisfying feature of the protocols outlined above is that they are not fully efficient.
That is, there exist some situations where these protocols would act suboptimally in terms of
social welfare. As a possible solution to this problem we introduce an alternative protocol,
which is derived by partially relaxing the original assumption of full determinism. As a result
we develop a stochastic version A8IAmechanism, which we caBT-ASIAWe introduce a
fixed price update rulBivide(k)which allows us to show that under certain conditiSisASIA

is superior to any threshold based single-shot auction. It is also more efficient than the original

3As long as they remaiimcreasing pricemechanisms.
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(ASIA). In addition we demonstrate th&T-ASIAcan also be easily optimized for most social
choice functions using a similar MDP type optimization.

In short, the major contribution of this document is that it demonstrates that under a number
of natural restrictions all mechanisms must have a certain, easily recognizable, form which,
although restrictive, possesses some nice properties. Furthermore, a relaxation of just one of
these conditions produces a mechanism that maintains all of these desirable properties but at

the same time is superior to some of the known (nearly) optimal single-shot mechanisms.

1.5 Structure

This document is structured as follows. In Chapter 2 we review the necessary background on
game theory and mechanism design and provide a summary of the current research that impacts
the topic of this document. Chapter 3 introduces a simple single-shot auction. The protocol
developed in this chapter often performs worse than some of the known single-shot auctions,
however it serves as a good introduction and motivation to the main results located in the
following chapters. Chapter 4 contains the theoretical contributions of this document. There
we develop the necessary conditions possessed by all mechanisms proposed in this document.
This chapter also shows how these conditions help define the form of the mechanism. In
addition in this chapter we present two examples of auction mechanisms and analyze one of
them. In Chapter 5 we develop a more efficient mechanism and demonstrate it's benefits.
We show that this mechanism is superior under certain conditions to single-shot mechanisms,
specifically the ones presented in [1, 2]. Finally, Chapter 6 summarizes the contributions of

this document as well as provides directions for future research.



Chapter 2

Background and Related Work

This chapter provides an overview of the theoretical background underlying the results of this

document as well as the summary of the current literature on limited precision auctions.

2.1 Notation

The following notation will be used throughout this document. The notation will also be intro-
duced in the text as needed.
C:S8 x A — R -the cost function
f: 60 — O -the social choice function (SCF} = ©; x ... x O,
D( 5) - the probability distribution function over the type profiles
g:% — O-theoutcome rulel, = £y x Ty X ... X 3,
h! - the private history of playere I up to iteratiort
| - the set of players participating in a game.
M - a mechanism
M* - the set of legal moves or messages for any player at iterationt
n - the number of players participating in a game- ||
O - the set of possible outcomes

R:S — R -the reward function
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0; - the type of playei € I, 0; € ©;

O, - the space of possible types of playet 1

g - the type profile5€ O X Oy X ... X O,

0_;- the type profile of all players, except playiet

S - the state space

s; - the sequence of moves of playiee I, with s;[k] denoting a lengtlk initial sequence,
silk] € M} x M? x ... x MF

s_; - the set of sequences of moves of all players except player

o; - the strategy of playere [

Y, - the space of possible strategies of player/

o - the strategy profile7 € 3; x 35 X ... X ¥,

o_;- the strategy profile of all players, except player [

7 3 — R - the transfer function, for single-good auction mechanisms

V7§ — R - the value of being in a state aftestages under policy

v; - the valuation of playei € I for some good, (equivalent to type).

u; (0, ;) - the utility of playeri € I with type#, € ©;, given outcome € O

z; : % — [0, 1] - the allocation function, for single-good auction mechanisms

2.2 Mechanism Design

Many real-life situations can be viewed as games where participants follow a certain set of rules
to achieve their own individual objectives. For example, consider the task of commuting to and
from work with the objective of minimizing the total traveling time. Each individual’s actions

are restricted by the rules of the game, in this case, the available means of transportation,
their capacity, schedule, and cost. The actual traveling time is affected by both the individual's
actions as well as the actions of others. Given a game modeled in this way, an external observer

might try to design a set of rules in order to optimize the traveling time of some particular
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individual or group, or to achieve some other objective.

Mechanism desigfocuses on the task of constructing@tocolor game ruleghat guide
the interaction of a number of self-interested agents in such a way as to optimize some global
objective of the designer [20]. One of the underlying assumptions of mechanism design is that
the individuals will act rationally and strategically in order to increase their own utility. This
assumption allows the use of game-theoretic tools to model the interaction between the players.

More formally, suppose we have a collectibof players or agents. Each agent [
has atyped; € ©;, usually known only to herself. In essence the agent’s type defines her
preferences over a set of possible world states. To formalize, suppose each agent has a utility
functionu : O x ©; — R, whereO is a set of possible outcomes (world states). One of the
advantages of formulating the agent’s preferences this way is that it provides an easy way to
compare any two outcomes from the agent’s point of view; that is, ageeters outcome; to
o9 if u(o1,6;) > u(o0s,6;). (Itis of course prudent to question the existence of such a function
[28], however in classical game theory we simply assume that one exists [24]).

Next we define the concept strategy one of the most fundamental concepts in game

theory. Most generally a strategy can be defined as follows:

Definition 2.1 A strategyo; of playeri € I is a description of a complete action plan that
defines which action the player will take given any possible (legal) type of plaged the
current history of play available to(the history of play is a current description of the world as

known to player).

The functions; can be thought of as a mapping from the player’s type and all the additional
historical information available to her into legal action(s). The information available to the
player might be some acquired facts about the other players, current world state, the history
of moves or any other relevant information. In one-stage games the strategy will determine a
single action of the player, while in sequential games the strategy will determine a sequence of

actions, taking into account any new information that becomes available to the player. We will
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useo;(6;, h) to denote player's strategy with type),; and historyh, ando;(6;) for single-stage
games.

In this document we will be mostly concerned wthre strategies, which deterministically
select an action for every type and history. It is also possible to workmitkedstrategies that
select actions by defining a probability distribution opere strategies.

We can now define the notion ofmaechanisminformally, a mechanism is simply a set of
rules that dictate what each player is allowed to do for every game history and determine the

consequence for each combined set of players’ actions.

Definition 2.2 A mechanismM = (i,g(-)) defines a set of possibitrategy profilesi =

Y1 X ¥ X ... X ¥, and anoutcome functiog : 3 — O.

A strategy profiles € 3 is a vector of strategies, one for each player. This means that the
space of strategy profiles is a set of all possible vectors of strategies over the actions allowed
by the mechanisnM. Intuitively, the mechanism defines the set of legal moves (actions, bids,
etc.) with some moves possible only in certain circumstances or implementable only by certain
players. Then, for any playérc I one can construct a s&t of all possible strategies based
on legal moves.

An outcome functiom : & — O is a mapping from the players’ strategy profiléento an
outcome spacé. This function determines the outcome of the game based on the combined
actions of all players. Note that the function is only concerned with the players’ actual actions,
not their full strategies (which are more expressive). The mapping from the strategy space is

for notational convenience only.

2.2.1 Selecting social goals

The task of constructing a mechanism is based on some specific goal that the designer wants
the mechanism to achieve or at least come close to. Some examples of such goals are revenue

maximization in auctions [22, 1], congestion reduction in network routing [30, 19], and mini-
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mization of latency in a shared system [29]. To formalize these goals we will define a concept

of social choice functioand then describe a number of comnsmtial choice functions

Definition 2.3 A social choice functiorf : © — O describes the desired outcome of the game
given the players’ type profilé, whered is a vector of types of all players participating in the

game.

Although anysocial choice functiocan be used as a goal in designing a mechanism, most
literature [1, 2, 25, 22, 8] deals with one of the following four functiosscial welfare Pareto

efficiency budget balancediscriminatory utility maximization

Definition 2.4 A social choice function leads toRareto efficienbutcome if it is impossible
to find any other outcome that makes some agent better off without making some other agent

worse off. (Given a Pareto efficierfi{f) = o, if 30’ € O andi € I s.t. u;(0,0;) > u;(o,0;)

thendk € I s.t. uk(o’, Qk) < Uk(O, Qk))

Definition 2.5 A social choice function maximize®cial welfardaf it selects the outcome that

maximizes the sum of players utilitieg(d) = argmax, Y, ., ui(o,6;). Note that a function

that maximizes social welfare is alBareto efficient

Definition 2.6 A social choice function achievesdiscriminatory utility maximizationf it
selects an outcome which results in a maximum possible utility for some group of players,

—

the resulting utilities of all the other players are not considered. For sdmel, f(0) =
argmaze Y e g ui(0,6;).

In auction mechanism design, the most often used versiaiisofiminatory utility maxi-
mizationis Seller's Revenue Maximizatiomhis social choice function always select the most

profitable outcome for the seller. Also note that with= 7, Definition 2.6 reduces to Defini-

tion 2.5.

Definition 2.7 In games that have payments as a part of the outcome space, a social choice

function achievebudget balanc# there are no net flows in or out of the game.
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Definition 2.8 A mechanismM implements a social choice functigit-) if there is anequi-

—

librium strategy profiles of the game induced by such tha@(&(g)) = f( ),Vge o.

The notion ofequilibrium strategywas purposefully left undefined for the time being; it

will be presented in the next section.

2.2.2 Solution approaches

To evaluate the performance of a mechanism one needs to determine its stable point(s) (if any).
These are the points where every player has converged on some strategy that she deems the
best and has no wish to change it. There are a number of ways in which this can occur; we
will outline the three most relevant — in the context of this document — forms of equilibria. To
simplify the notation in the following definitions we will uge;(6;), #_:(6_;)) to denote the

outcomey (o (6;), G—i(6_;)).

Definition 2.9 A Nash equilibriumis a strategy profil& = (o, _;) such that for any player
(o

—

wil (05(0), G-i(0-4)), 0;) > wi((0}(0;), 7-4(6-,)),0;) Vo, (2.1)

2

where a type profiléz (0, g_i) is public knowledge.

Nash Equilibriunrequires perfect information, which means that all agents share the same
knowledge about the world and each other [14, 24]. This assumption is often unrealistic since
frequently an agent has only partial information about the other agents. A related equilibrium
concept,Bayes-Nash Equilibriunnelaxes this assumption. UndBayes-Nash Equilibrium
we assume that the agents know only their own type, but not the types of the other players.
Instead, the players have a common probability distribution, den@(t@o), over the complete
type profiles. Due to that, the equilibrium solution depends on the expected utility, with the
expectation taken over the type profile of the other players; as outlined in the equation each

player takes the expectation conditional on her own type.
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Definition 2.10 A Bayes-Nash equilibriuns a strategy profile = (o;, &_;) such that for any

player: with typeo;

By o, (w(0:(0,5-40-0)),00)) = By, (w(01(6:),5-46-)).6)) voi  (2.2)
There also exist stronger notions of Nash Equilibrium and Bayes-Nash Equilibrium, called
Subgame-Perfect Nash Equilibrivsimd Perfect Bayes Equilibriumespectively. These forms
of equilibria are applicable in multi-stage games. They require that the strategies constitute an
equilibrium (Nashor Bayes-Nashin any subgame, where a subgame is any remaining portion
of the game, such that the prior history of play is known to all the players. These forms of
equilibria will not be relevant here. Our major findings rely on an even stronger version of

stability calledDominant strategy equilibrium

Definition 2.11 A Dominant strategy equilibriuris a strategy profile' = (0;,5_;) such that

for any playeri with type6;
wi((0:(0:),G-4(0-3)),0;) > w;((04(6,),G-i(0-,)),0:) Vo, G-, (2.3)

With any of the three described forms of equilibrium it is possible to have multiple stable
points in a single mechanism. This can cause a serious problem for solutions that rely on
Nashor Bayes-Nasltype of equilibriums, because the players not only need to converge on
an equilibrium set of strategies, but also they need to converge on the same one. This can be
further complicated by the fact that players can have preferences over the stable points. With
dominant strategies this is not an issue, since any dominant strategy is as good as any other and
furthermore, the players’ choices are not affected by the actions of other players.

We can now extend Definition 2.8 to include the concefafminant strategy equilibrium

Definition 2.12 A mechanismM implements a social choice functigit-) in dominant strate-

giesif there is a dominant strategy equilibrium profifeof the game induced by such that

— —

9(5(0)) = f(6),v0 € 6.
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It is often desirable to have a dominant strategy implementation as it offers a number of
significant advantages over other equilibrium concepts [20]. A (weakly) dominant strategy for
a player guarantees that the player will receive the greatest possible utility regardless of the
actions of other players. Firstly, this means that unlike the requiremeraya&s-Nashthe
player need not care about the types of other players. This is beneficial since a player often
needs to spend a significant amount of resources in order to estimate these types and how they
will effect the actions of her opponents [17]. Additionally, if a player happens to rely on an
incorrect information regarding her opponents this will not affect her payoff. Secondly, a ratio-
nal player would always be expected to follow (one) of her dominant strategies. This simplifies
the task of evaluating a mechanism’s performance since we can determine the outcome of the

game unambiguously (as opposedNashfamily of equilibria).

2.2.3 Direct revelation and the revelation principle

The task of creating and evaluating any mechanism may seem daunting given the size of space
of possible mechanisms. This is especially evident if as a part of the design process one is
trying to decide which actions the mechanism should make available to the participants, the
space of possibilities is almost infinite. Luckily, without losing any generality, the focus can
be restricted to a smaller set of mechanisms. It has been shown that any mechanism inducing
a Dominant Strategyr Bayes-Nastequilibrium can be transformed intodirect revelation
incentive compatiblenechanism which will be outcome equivalent to the original. This result

is known as theevelation principle[20]. We will now formally define the notions afirect

revelationandincentive compatibilitand then state theevelation principle

Definition 2.13 A direct revelationmechanismM = (%, ¢()), is a mechanism in which the
space of strategies is restricted to the space of t@es,é, and the outcome rule is defined

aSg:é—>O.

Definition 2.14 An incentive compatiblenechanismM = (%, g()), is a mechanism that in-
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duces an equilibrium in which the best strategy of every player is to announce her true type,

0:(0;) = 6;. These types of strategies are callrdh revealing

Combining the above definitions we obtain a mechanism in which the actions of every
player are restricted to announcing some type and furthermore in equilibrium all players will
announce their true types. Now, suppose there exists some mech&histnich is notdirect
revelationor incentive compatiblebut does induce an equilibrium. Then one can construct a
direct revelationmechanismM’ which will convert the players’ types into their equilibrium
strategy profile for mechanisrivt, and then run this profile oM. Under such rules it is the
best strategy for every player to announce her true typ&ttp which makesM’ anincen-
tive compatiblemechanism. This is the basis for thevelation principle In the following
proposition we will state thesvelation principlefor dominant strategiehowever this princi-
ple is much broader than that and can be proven for any equilibrium concept mentioned in this

document.

Proposition 2.1 Suppose there exists a mechanigththat implements a social choice func-
tion f(-) in dominant strategiethen there existsa@irect revelationincentive compatiblmech-

anismM’ which implements (-) in dominant strategies.

From the results presented so far it may seem that the task of implementing a social choice
function in dominant strategies is not very difficult. This however, is not the case, as is well

illustrated by the impossibility result presented in the next section.

2.2.4 Important impossibility result

There are a number of impossibility results relating to the dominant strategy implementation
[20]. Here we present the Gibbard-Satterthwaite Impossibility Theorem [11], which is arguably
one of the most effective in showing that it is often impossible to find a mechanism that would

implement an arbitrargocial choice functioin dominant strategies.
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The Gibbard-Satterthwaite Impossibility Theorem shows that under a certain set of con-
ditions the onlysocial choice functionshat can be implemented in dominant strategies are

dictatorial, an often undesired property.

Definition 2.15 A social choice functiory(-) is dictatorial if there exists a playearsuch that

f(-) always selects an outcome which is optimalifor

Proposition 2.2 (The Gibbard-Satterthwaite Impossibility Theorgnm settings where there
are at least two agents (> 2), at least three different outcomgg)( > 3), and the agents’
types belong to the space of all possible types (all possible strict ordering®pnés the case
that asocial choice functiory(-) is implementable idominant strategied and only if it is

dictatorial.

The immediate conclusion of this theorem is that in the general case it is impossible to
implement in dominant strategies many of the social choice functions that maximize some

global version of optimum, such as social welfare.

Fortunately, there are a number of ways in which the negative conclusions of this theorem
can be avoided. In particular, by placing a restriction on the players’ type space it is possible
to design a mechanism which implements a non-dictatorial social choice function in domi-
nant strategies with 3 or more outcomes [20]. This is the approach we will be taking in this

document.

2.3 Auction design

Single object auction design is the primary focus of this document. In this section we will
discuss in some detail the classical theory underlining single object auction design, list some

of the commonly known auction types, and provide a brief overview of multi-object auctions.
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2.3.1 From mechanism design to auction design

The study of auction design is a subset of mechanism design, with all the concepts discussed in
the previous section directly applicable in this context as well. There are, however, a number
of basic properties common to all auctions. These properties make it necessary to impose a
number of restrictions on some of the previously stated definitions and introduce new notation.

We will explore these changes immediately after stating the definition of an auction.

Definition 2.16 An auctionis a mechanisndesigned to allocate one or more goods (either
divisible or indivisible) to some subset of players. An auction defines a set of legal actions
consisting of possible bids and an outcome function which determines the object(s) allocation

and the monetary transfers.

The first major change to our notation comes directly from Definition 2.16. Every outcome,
in the range of the outcome rutgs), will now have two components, tralocationand the
transfer.

Theallocationcomponent specifies which player(s) receive the good(s), given their bids or
more generally their strategies. For deterministic single good auctions we define the allocation
function asz; : & — [0, 1], wherez;(5) = 1 if playeri receives the good and 0 otherwise, with
arestriction thad " , z;(¢) = 1. Similarly, thetransfercomponent specifies for each player
the payment amount she has to make to the mechanism (which can be negative). We define the
transfer function as; : & — R. Combining these two components together we obtain the new

definition for the outcome rule.

Definition 2.17 In the auctions context theutcome rules defined as
g(d) = (1(7), ..., 2i(F), ..., 20 (8); 71(F), ..., Ti(F), . . ., Tn(T)) (2.4)
wherez; () andr;(-) specify the allocation and transfer functions for player

A very common assumption in auction design literature [15, 25, 1, 18] is to restrict the set

of utility functions to thosejuasi-linearin money. This simply means that the utility functions
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must be linear in money. In historical context, this assumption was instrumental in defining
the important family ofGroves-Clarkanechanisms [20] which, under certain restrictions, are
the only mechanisms that provide the most efficient allocation as well as a dominant strategy
equilibrium [12]. An example of &roves-Clarkemechanism, th&econd Price Auctigmwill

be presented in the next section. We will now present and describe the formal definition of a

guasi-linearutility function.
Definition 2.18 A quasi-linear utility functiorhas the following form
wi(z, 7, 6;) = vi(x) — 7 (2.5)

Wherez is some allocations; is a payment, and the player’s typgis fully described by the

valuation functiory; ().

As can be seen from the above definition we now distinguish between the value of pos-
sessing the object and the value of possessing some amount of money. For the former we
define a concept ofaluationdenotedv;(x) — R, for playeri’s valuation for the allocation
x=x1(0),...,2;(d),...,2,(5). The simplestinterpretation of(x), is the maximum amount
of money agent is willing to pay to insure allocation. If it is assumed (as we do in this
document) that the agents are self interested (they are only concerned with the items that are
allocated to themy,(x;(&)) is sufficient to describe playerisvaluation. Furthermore, since,
by the above definition, the player’s utility for money equals its monetary value, the valuation
function becomes equivalent to the player’s type. To simplify notation we wilbysedenote
playeri’s valuation for being allocated the object.

Valuations, as types, are not always known to all players and therefore introduce a certain
level of uncertainty into the game. In the auction context we distinguish between three types of
uncertainty. The most familiar situation, in which each bidder fully knows her type but is not
certain about the types of others is referred tprgate valueslt is also often the case that the
bidder does not fully know the value of the object, in this situation any additional information,

such as the information possessed by other bidders, may be used to refine the expected value
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of the object. Such setup is callederdependent valuesA subset ofinterdependent values
auctions calleccommon valuesre auctions in which the values of all bidders for the item
are identical although unknown at the time of the bidding. This can occur if the value of the
auctioned object is dictated by the market price [15] for example.

We now turn to the second component of the utility function, the value of money. As was
noted in Section 2.2.4, one of the ways to escape the conclusions of Gibbard-Satterthwaite
Impossibility Theorem is to restrict thgpe spaceThe assumption ajuasi-linearform of the
utility functions allows us to do that.

We assume the quasi-linear form of utility functions throughout this document.

The last basic auction concept to be defined isréserve price There are a number of
ways a mechanism designer can restrict the bidding behavior of the players. One often placed

restriction is theeserve price

Definition 2.19 Thereserve pricas the minimum amount below which no bids are allowed.

Next we will outline some of the most famous auction mechanisms.

2.3.2 Classic single-object auctions

The term auction usually brings up the image of a room with an auctioneer and a number of
people calling increasingly higher prices for some item. This type of auction is referred to as
Open Ascending Pricer Englishauction. The rules of th&nglishauction dictate that the
players can openly announce prices, which must always be higher than the last announced
price. The auction ends when no one is willing to announce a higher price. At this point the
highest biddeKthe last player to call out a price) receives the item and pays her bid.

Another open price auction, callédpen Descending Pricer Dutch auction, operates
counter to theEnglishauction. There, the auctioneer initially announces a high price, and
then proceeds to lower it until one of the participants reports acceptance. At this point this

individual receives the item and pays the price equal to the last announcement made by the
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auctioneer.

So far we have outlined the classicgden bidauctions. Auction literature also discusses
two classicalealed bidauctions. In asealed bidauction the bidders must submit their bids
in sealed envelopes, with the allocation determined based on all submitted bids. In practice,
the most often encounterséaled bidcauction is theFirst Price Sealed-bid auctiornder the
rules of this auction the item is awarded to the highest bidder for the price of her bid. A no less
theoretically famous, although not used as much in practice, iS¢étend Price Sealed-bid
auctionor Vickrey Auction[33]. The rules of the/ickrey Auctionstate that the item is also

awarded to the highest bidder but for the price equal tsdmend highediid.

Next we will look at the equilibriums of the above auctions. It turns out that the Dutch
auction is strategically equivalent to the First Price Sealed-bid auction, that is for every strategy
in one auction there exists an outcome equivalent strategy in the other auction. There also
exists an equivalence between the English auction and the Second Price Sealed-bid auction,
although a much weaker one. Under the assumptiqgorighte valueghe optimal strategies
in two auctions are equivalent [15]. Due to these types of similarities we will only look at the

equilibrium strategies of the sealed-bid auctions.

Informally, the equilibrium strategy of any playemwith valuationv; in the First Price
Sealed-bid auctiors to bid the highest expected valuation of her opponents, assuming that all
their valuations are below. This type of strategy constitutes a best response to other players
actions if all players follow the same strategy, which implies that the equilibrium of the First

Price Sealed-bid auction belongs to B&yes-Nastamily of equilibriums (Definition 2.10).

TheSecond Price Sealed-bid auctibas a very intuitivd®ominant strategyDefinition 2.11)
equilibrium. It is weakly dominant for every player to bid her valuation. To see why this is the
case note that any deviation from this strategy by any playeit result in an outcome with
a lower or the same utility forindependent of the other players’ actions. Also note that this

auction isdirectandincentive compatible

The equilibrium strategy profiles of the above two auction mechanisms appear quite differ-
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ent. However, under certain assumptions, these two auctions, have the same expected revenue.
Even more generally, it can be shown that a large class of auctions stdledard auctions
have equal expected revenue for the seller; this result is dhketvenue equivalence princi-

ple[15].

Definition 2.20 An auction isstandardif the auction’s rules state that the person bidding the

highest amount is awarded the object.

Proposition 2.3 (The revenue equivalence principfssume that the players’ values are inde-
pendently and identically distributed and all players are risk neutral. Under these assumptions
any symmetric and increasing equilibrium of astgndardauction, in which the expected pay-
ment of a player with valuation zero is zero, results in the same expected payment for the

seller.

In the above definition a player rssk neutralif she is indifferent between a lottery with
some expected utility and an action which brings the same utility but with certaingyn
metric and increasing equilibriursimply means that in equilibrium all bidders with the same
valuation and beliefs should bid the same amount, and a bidder with higher valuation should

bid at least as much as a bidder with lower valuation.

2.3.3 Optimal single-object auctions

In section 2.2.1 we have reviewed a numbeso€ial choicefunctions often used as goals in
designing mechanisms. In auction mechanism design the two most desired gediiciamcy
andseller’s revenue maximizatioithe goal ofefficiencyis described by Definition 2.5 and the
goal ofseller’s revenue maximizatiar simplyrevenue optimizatiofalls under Definition 2.6.
Under the assumption @irivate valuesve know of two classic results showing the existence
of an auction optimal irsocial welfareand an auction optimal irevenue

The auction achievingptimal social welfaras the already familiaBecond Price Sealed-

bid or Vickrey auction [33]. As was described in the previous section, for each player the
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dominant strategy in this auction is to bid her true valuation. The auction is&ladard it
always allocates the good to the highest bidder. This implies that the person receiving the good
is always the person who values it the most, thereforsdioeal welfares always maximized.

The auction developed by R. Myerson [22], appropriately namediyerson auction
attains the optimal seller’s revenue. The following is a brief outline of this auction mechanism.
The operation of this mechanism is based on the concepirtofal valuation with virtual

valuation of player defined as

16
wi(v;) = vy o) (2.6)

where®; denotes the cumulative distribution function over playevaluation,p;, = @’ is the
density function.

Assume that the seller has a certain valuatigfior the object being sold. Each buyer
submits her bid to the mechanism, by stating some valuatioihe mechanism then com-
putes the maximunvirtual valuationw* = max; w;(v;) over all bids and finds the buyer
i* = arg max; w;(v;) with thisvirtual valuation.

If v, > w* the seller retains the good, otherwise plajereceives the good and pays the

minimum valuationr* that would still make her the winner.

7" = inf{vwi(v;) > vy andw;(v;) > w;(v,), Vi # i} (2.7)

The Myerson auctiorhas a dominant strategy equilibrium, where each buyer truthfully
reveals her valuation.

There is a strong connection between iyerson auctiorand theVickrey auction Under
the assumption that all bidders are symmetric (valuations are IID) and; (@)l are strictly
increasing thévlyerson auctiomeduces to th&/ickrey auctionwhere the seller also submits a
bid equal taw; ! (v,) [22]. This type ofVickrey auctioris equivalent to &/ickrey auctionwith
the optimalreserve price Note that under these conditions tiiekrey auctionis no longer

guaranteed to be efficient [22].
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2.3.4 Multi-unit and combinatorial auctions

In this section we will briefly define multi-item and combinatorial auctions. Although these
auctions are not the focus of this document, we do refer to literature [25] pertaining to these
types of auctions.

In the previous sections we have explored the auctions designed to allocate a single item. A
much more complicated problem arises when the task is the allocation of multiple items, espe-
cially if they have some correlations between them. For example the items could be identical,
but the buyers’ utility functions for these items might exhibininishing marginal utility that
is after some point each additional item will bring less utility than the previous one. Alterna-
tively the auctioned items could be different but some of these items mighifdstitutesvhich
implies that the possession of both item 1 and item 2 provides no more utility then the posses-
sion of a one of these items. They might alsocbenplements/hich means that the utility of
having two (or more) complementary items simultaneously exceeds the sum of having them
individually. One can come up with a lot more possible correlations, stemming from anything
such as economic incentives to personal preferences.

The difficulty in designing a multi-item auction arises from the fact that the buyers now
have a much larger strategy space, which usually makes it much more difficult to design proto-
cols with easy to find equilibrium points, especially protocols with dominant strategy equilib-
ria.

A special case of a multi-item auction icambinatorial auction In a combinatorial auc-
tion a buyer is allowed to place a bid on a collection of goods, as opposed to being restricted to
always placing one bid per good. In some implementations the buyer is allowed to place multi-
ple bids, on various (possibly intersecting) sets of goods. The auction mechanism allocates the
goods based on the buyers’ bids, assigning each object to at most one bidder, so as to optimize
some social choice function.

Implementing combinatorial auctions was shown to be a difficult task. The most prominent

problem is the selection of the winning bids based on all players’ submissions. This problem
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has been shown to be NP-hard [10]. The other, no less difficult problem, is transmitting all the
players’ bids to the auctioneer, considering that there may be exponentially many of them, if
we allow multiple bids on intersecting sets of goods. A number of solutions to these problems
have been proposed [4, 6, 23], these and related problems are currently a very active area of

research.

2.4 Limited communication auctions

In classic auction design (Section 2.3) it is commonly assumed that each player is capable
of fully expressing her type or valuation and if necessary transmitting it to the mechanism.
This assumption is often unrealistic for various reasons, some of which include bandwidth
bounds on communication, players’ inability (due to computational constraints, for example)
or unwillingness to fully describe their types, etc. The primary focus of this document is on
dealing with a subset of mechanisms embracing this restriction. In this section we will explore

related literature on the same subject.

2.4.1 Priority games

This section is dedicated to exploring two papekactions with severely bounded commu-
nicationby L. Blumrosen and N. Nisan [1] and its extensidulti-Player and Multi-Round
Auctions with severely bounded communicatigrnlL. Blumrosen, N. Nisan and I. Segal [2].
These papers deal with the problem of designing efficient one-shot (single iteration) auctions
that are restricted to using a very small amount of communication. The first paper tries to solve
this problem in the context of 2 player games, the second provides an extensiplaieers.
The topic explored in these papers is very closely related to the topic of this document, for this
reason we will review the papers in significant detail, starting with [1].

Assumptions and Definitions. The players are assumed to be risk-neutral, with indepen-

dent — but not necessarily identically distributed — private values, and quasi-linear utilities. The
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valuation of every playeris assumed to be distributed in the [0,1] interval according to a com-
monly known probability functio;. Furthermore, all the mechanisms described in the paper
are ex-post Individually Rational (IRQutility of at least O is guaranteed to each player). To
describe her bid each playeis allowed to send; = lg(k;) bits, that is, she must chose one
of k; possible messages. The set of possible bids of plagedenotedB; = 0,1, ..., k;_1,

b="by,...,b, is the vector of players’ reported bids.

Definition 2.21 M,, ;. denotes the set of all possibleplayer mechanisms where each player

must choose one amoigk = | B;| Vi) possible bids.
Definition 2.22 ¢; : [0,1] — {0,1,--- , k;_1 } is a strategy for playerin a gamen € M,, .

Definition 2.23 Let a real vector: = (¢, ca, . .., ;) be a vector othreshold-valuesf ¢; <
e < ... < ¢. A strategyo; is athreshold-strategypased on vector of threshold valueg

co =0, ¢ = 1 and for every; < wv; < cjq1, 0i(v;) = J.

Informally, Definition 2.23 states that threshold-strategys based on some predefined
vector ofthreshold-values. When a player becomes aware of her valuatigshe determines
whereuw; falls within ¢ and reports this position.

The primary goal of the paper is to show how close, asymptotically, limited communication
auctions can come to the auctions with unlimited communication. The auctions are compared
to mechanisms optimal in social welfare and to mechanisms optimal in revenue. In order to
do this, we need the concept of an optimal limited communication auctionwj[f@be the
maximum possible expected welfare in anplayer game with any vector of strategies where
each player hak possible bids. Letff,i be the maximum possible expected revenue in any
n-player game with any vector of strategies where each playek passible bids.

The results of the paper are based on showing that the two priority games defined below

opt opt

are in factws’, andry’,. We will first define the mechanisms and then proceed to the actual

results.
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Definition 2.24 A 2-player priority-game PGy (z,y) € M, is astandardauction that al-
locates the item to the highest bidder, with ties (the bids of two players are equal) broken
according to some predefined order. = (z1,xs,...,2%) andy = (y1,¥2,...,yx) are the
vectors of threshold value assigned to two participating plafeasdB, respectively. Based

on the pair of bidss, j) from AandB, A paysz,,; whenever she wins ari8lpaysy; whenever

he wins.

Definition 2.25 A 2-playermodified priority-gamé// PGy (x,y) € My, has the same alloca-
tion as described in Definition 2.24 except no allocation is performed when all players bid O.
Using the same vector of threshold valueg and a pair of bidgi, j), A paysz;+; whenever

she wins and whenev&wins he paysg; when:i > 0 andy,; wheni = 0.

Both in PG (z,y) and inM PGy (x, y) playerB is preferred tdA, that is in case of a tie the
object is allocated to playés.

Note that in both mechanisms the payment of the winning player is determined by the action
of the opponent. Furthermore, the payment of playee {A, B} can never be greater than
¢; if she reports and her threshold vector is This demonstrates that the presertegshold

gamedhave certain similarity t&econd Price Sealed-Bid Auction

Proposition 2.4 (Proposition 4.1)}or every pair of threshold vectarsy, the threshold strate-
gies based on these threshold vectors are dominant inRGitix, y) and M PGy (z,y), and

these mechanisms are ex-post individually rational.

We can now proceed to the main result. The mecharfiim (=", y*) is wg{?,j , that is
it achieves optimal expected welfare among all 2 plajetimited communication mecha-
nisms (M,, »), and incurs a loss d@?(;;) compared to the welfare optimal mechanism without
communication bounds. Similarly, the mechani3fPGy(z", y") is rg?,j, it achieves optimal
expected revenue among al(,, » mechanisms, and incurs a revenue Ios@(::,ac%) compared

to the revenue optimal mechanism without communication bounds. To achieve optimality
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the threshold vectors®, y* for playersA and B must bemutually-centeredwhich is de-
fined asz® = (a2t = 0,25, .., ap o = 1), ¢" = (" = 0,95, 4y = 1),
V2<i<k—12 =E(vglyic1 <vp <y)andv2 <i < k—1,y, = E(valz; <va < 2441).

For M PGy(x",y"), z",y" are defined similarly but based on virtual valuations (Equation 2.6).

The above shows that given a space of limited communication 2-player single shot auctions,
where each bidder is restricted kgossible messages, it is possible to find an auction mech-
anism with dominant strategies that will kﬁ{kl—Q) far in expected welfare from the optimal
(with unlimited communication); and this is the best that can be done. Similarly for expected
revenue. This is a very powerful result as it fully defines what can be possibly achieved with

2-player single shot mechanisms under limited communication.

As an aside note, that all the optimal mechanisms described above are asymmetric, since
bidderB s preferred to biddeA. Blumrosen and Nisan prove that symmetric mechanisms incur

greater loss in welfare and revenue than the asymmetric ones.

In their second paper [2] Blumrosen, Nisan and Segal extend the above results to multiple
players. As in [1] they show thatriority gamesand modified priority games a@(;;) far
from optimal with unrestricted communication in welfare and revenue (respectively). How-
ever, it remains unknown whether these mechanisms are optimal amanglailer limited
communication mechanisms. Note that the botrig; ) holds only for a fixech; with variable

n, the upper bound grows at leastponentiallywith n.

The paper also presents a result concermmdgti-round auctions. It shows that with a
specific class of multi-round auction mechanisms it is possible to achieve better results than
with single-shot, but the extra gain is limited. More specifically, they show that a multi-round
mechanism (where the players send their bits one at a time, in alternating order, and have
perfect knowledge about the game history) can achieve the same welfare/revenue as a single-

shot priority game but with reduction is communication, bounded by a factor of 2.
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2.4.2 Ascending price auctions and iBundle auction

This section presentBundle an efficient ascending price bundle auction developed by David
Parkes [25]iBundleis an iterative ascending combinatorial auction that guaranties an optimal

bundle allocation with a best-response agent bidding strategy.

Definition 2.26 An auction is amscending price auctioif for any iterationst, k, s.t. t < k
and any item or bundlg, it is the case that if the asking price foat iterationk is p thenp
is greater than or equal to the asking price at iterationlere the asking price is the price a

winning bidder would pay fob.

iBundle operates roughly as following (for the complete description see [25]). The bid-
ders are allowed to submit their bids in one of two for®R or XOR An OR bid, BO® =
{(S1, P1), (Sa, P»)}, implies that is willing to buy the bundles; for P, S, for P, or S; and
S, for P, + P,. An XORbid, BX9F = {(S,, P,), (S, P»)}, implies that is willing to buy only
one of S} or S, for the given price. The two types of bids are used to express both additive
utilities (u(Py) + u(P») = u(Py, P»)) and non-additive utilitiesu( 1) + u(P) # u( Py, P)).

At the beginning of each iteration the mechanism announcesstyaices for some subset
of bundles. Theaskprices serve as reserve prices, so that lower bids will not be accepted
(with one exception, an agent is allowed to bid lower if it was assigned the bundle in the
provisional allocation). Given all the players’ bids, the mechanism generagtesvisional
allocation, by allocating the bundles so as to maximize revenue, at the same time making sure
that the allocation is feasible and consistent with the agents’ bids. The provisional allocation
is publicly announced. At the next iteration the mechanism provides a new askpfices.
Theaskprice for a bundle is at least the price at which this bundpgasisionally allocated |t
might also be higher if there exists an agent that desires this bundle for a relatively high price,
but did not receive it in the provisional allocation. The auction terminates if the bid of every
agent is satisfied, or if all the agents submit the same bids in two successive rounds. At this

point the provisional allocation becomes the final allocation.
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Parkes shows that the best-response bidding strategy for an agent with non-additive utilities
is BYXOR = {(S. P(S)|vi(S) = PS) = 0,0:(5) = PAS) + € > maxg {v;(S") — P(S")}}
wheree is the minimum bid increment, similarly for an agent with additive utility the strategy
is BOE = {(S, P,(9))|v:i(S) — Pi(S) > 0}. Given that the players follow the above strategies
the iBundle mechanism will generate an optimal allocation. The drawback of this result is
that the strategies are myopic. That is, they do not take into account strategic moves of other
players, and therefore do not constitute a game theoretic equilibrium. This sort of approach is
different from the one we use in this document. NeverthelBssidlemechanism is important
to the results presented in this document, as it demonstrates that an ascending iterative auction
can be made efficient even though the amount of information revealed by the players is limited
(players do not have to submit bids on every bundle).

In his other work [27, 26] Parkes provides further evidence to the benefit of asaanding
auctionswhen it is difficult for an agent to fully determine her valuation or when the task
of preference elicitation is costly. This goes in parallel with our results as we show that a
generalization of the ascending price auctions, ittoeeasing price auctionsre beneficial

under these and related settings.

2.4.3 Other relevant research

Here we will briefly outline a few other papers exploring similar topics.

Sandholm and Gilpin [32] develop®LA (take-it-or-leave-it) mechanism with the goal of
reducing valuation revelation in a one-good auctidhA announces a sequence of offers to
all sellers, where each offer specifies the amount and the player to whom the offer is made.
The player receiving the offer has a choice of refusing, in which case the next offer is made,
or accepting, by paying the requested amount. The paper shows that with multiple players
there exists #erfect Bayes Nasbquilibrium for this game, it also provides an algorithm for
calculating the equilibrium strategies. Furthermore, they show that with the optimized offers

TLA comes close to the optimal revenue auction [22] and with two bidders the opiivdal
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incurs the same loss as the optirpébrity auction[1].

Grigorieva, Herings, Miler and Vermeulen present thxsectionauction. Thebisection
auction is an iterative version of théckrey auction with a binary search type price update
rule. The auction starts with an initial belief that all players’ valuations are located in some
interval[a, b], and announces a price equal to the middle of that interval. The players have the
option of sayingyesor no. The auction adjusts it’s belief interval according to the answers it
receives, if all players stateo the belief interval is changed {62, b]. If there are at least 2
players statingesit becomeda, “T*b] with the players sayingo removed from the auction.
When there is exactly one player statyepthis player is declared winner (although this infor-
mation is kept secret by the auctioneer), and the auction entepsitieedetermination phase
During this phase the auction determines, upneximumallowed precision, the valuation of
thesecond highedtidder for the good. Once that is accomplished the auction terminates and
allocates the good to the highest bidder for the price equal to that valuation. They show that
this mechanism has a truth revealing dominant strategy equilibrium where a playeystates
if the current price is at least her valuation. They also demonstrate thhistetion auction
is computationally more efficient than tlglishauction. However, it is doubtful this mech-
anism will ever be implemented given some of it's drawbacks. Firstly, there is a considerable
amount of communication after the winner has already been determined. Secondly, also due
to theprice-determination phaséhe losing players are required to reveal a significant amount
of information to the mechanism, which is often undesirable from the players’ point of view.
Removing therice-determination phassill however result in thdisectionauction losing it’s

dominant strategy equilibrium.

2.5 Markov Decision Processes

Although not the focus of this documéwarkov Decision Process¢sIDPs) are used to model

best response price policies in Chapter 4. Here we will provide a very short and limited review
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of MDPs, for a much more extensive review please refer to [5].

In the context of planning under uncertainarkov Decision Processesd their exten-
sions have in recent years become a popular way to model the planning problems [5, 3, 13] (and
many other examples). MDPs allow incorporating into the model different rewards for being
in various world states, costly actions, uncertain action effects. Extensions of MDPs such as
POMDPs (Partially Observable Markov Decision Processes) further generalize this model by
allowing uncertainty in observations. Solution methods for MDPs and POMDPSs can, in theory,
find an optimal plan that maximizes the user’s reward. This plan can be determined either for
a finite number of steps also call&dite-horizon or for aninfinite horizon In this section we
will explore an MDP formulation and a basic solution method for finding policies ufiiée

horizonassumption.

2.5.1 Formulation

We formulate the MDP model as follows. The system is assumed to always be in one of the
predefined world states. A state constitutes a complete description of the system at some point
in time, where this description provides sufficient information for the decision maker to act on.
We denote the set of system statesyyassume thas is finite, and use the random variable
S* to denote the system’s state at titne

Since the goal of this model is to encapsulate a changing system, we view it as changing
state at each time period. To describe this we need some way to predict where the system
will move given the current state. We use a probability distribuitoqS*|S*=7,--- ,5%) to
formalize the chance of moving to staté given the prior historys*=7, ... 5%, To simplify
this model, it is assumed that the current state always holds sufficient information to calculate
the probability of the next state, this is thdarkov assumptian Given this assumption the
above equation reduces R (S*|S*~!). Most generally a system also requires a probability
distribution over the initial states, for the purposes of this document the system will always

have one starting state.
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The above transition model by itself does not incorporate the fact that an agent is capable
of performing an action that can alter the state of the system. To extend the model we allow
each agenitto chose an action; at timet from afeasiblesetA:. To capture the effect of this
action we will use dransition functionT' (s'~!, a;, s*) = Pr(S* = s'|S71 = 571 Al = a;)
to denote the probability that the system transitions from stateto states® when the action
a; 1S executed.

Thereward andcostfunctions are used to specify the preferences and costs for an agent.
The reward function? : S — R specifies how much an agent gains from being in a state.
Similarly, the cost functiorC : S x A — R specifies the cost of performing an action in some

state.

2.5.2 Value of a policy

Given a specification for an MDP, an agent would like to determine her best action in each
system state. The agent’s strategy, a function mapping the current state and stage into an action
is called gpolicy, denoted byr. The goal of the agent is to find the best policy that maximizes

her utility as determined by the reward and cost functions. To compare the various policies one
needs to compute thaalueof a policy. Forfinite-horizonproblems an expected value of any

state at stage (iteration) 7" can be computed by

V7 (s) = R(s) + Cla(s, 1)) + Y Pr(s'|n(s,t), s) V5, (s") (2.8)
s'eS

A policy 7 is optimal among all-stage policies if/s, Vz', V[ (s) > V[ (s). Next we discuss

a dynamic programming algorithm that allows computing approximately optimal policies.

2.5.3 Computing a policy

The fundamental algorithm for computing thaite horizonpolicies, calledvalue Iteration

is based on iteratively calculating Equation 2.8. At stdgéhe last stage of the system) let
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Vi (s) = R(s). Then for each stage< T (in sequence) computé*(s) as follows
Vi (s) = R(s) +max{C(a) + Y Pr(s'|a, s) V7, (s")} (2.9)

s'eS

As the above values are computed it is easy to construct a corresponding policy.



Chapter 3

One-shot Limited Precision Mechanism

This chapter introduces the concept and provides motivation for studying the limited preci-
sion auctions. We then proceed to develop a simple one-shot mechanism that serves as an

introduction to the main results of this document.

3.1 Limited precision

In the previous chapter we have reviewed a number of classic auctions, some of which are
provably optimal. We have also outlined the concepieotlation principlewhich states that

the attention of the mechanism designer can be restrictéidect, incentive compatibleech-
anisms (Section 2.2.3). This result is not completely general. The problem witénvlation
principle is that it assumes that the players are capable and are willing to fully report their
valuations to the mechanism.

One can imagine a number of social interactions where this assumption would not hold.
For example, in an auction of a natural resource, a player may be unable to fully determine her
valuation without a costly computation. Similarly, in a repeated type of interaction, a player
may not be willing to fully reveal her valuation due to strategic reasons. These limitations
imply that the auction mechanisms must be able to deal with reduced communication, or more

generally with reducegrecision A precisionof a message is said to be limited if the message

35
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alone does not fully describe a player’s valuation or type. In the previous chapter (Section 2.4)
we have presented a number of current results dealing with this problem. For a more detailed
description of the limitations of revelations principle under the condition of limited precision
we refer the reader to [9].

Next we will present an example of a simple single-shot limited precision mechanism.

3.2 Limited precision TIOLI mechanism

In this section we will define a one-shot (single iteration) limited precision take-it-or-leave-it
(LP-TIOLI) mechanism. We would like to note outright that this mechanism is in many ways
suboptimal to the already known mechanisms. Our goal here is to show that it is possible to
build an intuitive single-shot mechanism with some desirable properties, this mechanism will

also serve as a stepping stone to the next chapter.

3.2.1 Desired form

As was illustrated above we wish to design a mechanism that would be able to perform under

the following three restrictions:
e Limited revelation
e Bounded computation
e Limited communication

The first point refers to willingness of the players to reveal the information about their
type. Ideally, the mechanism should behave in such a way that the players are asked to reveal
information only if absolutely necessafgounded computatiorefers to the difficulty players
face when computing their own type; again the mechanism should only force the players to
compute if absolutely necessary. The last point implies a direct limitation on the amount of

communication that can take place between the mechanism and the players.
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The last objective can easily be achieved by limiting #ition spacethe space of legal
messages or bids. Fortunately, the same limitation can also help satisfy the other two objectives,
as the players will now only have to compute or reveal up to one of the actions or messages of
the action space.

We limit the space of mechanisms of interest to those that are intuitive and have a dominant
strategy equilibrium. Many of the currently known mechanisms rely on a set of complicated or
unintuitive rules, théVlyersonauction [22] being the most prominent example, but arguably so
are thepriority games The one widely known optimal auction which does have an intuitive set
of rules and an easily provable dominant strategy equilibrium i¥itleeyauction [33]. The
Vickreyauction is known to be optimal in welfare, but under a certain of condition¥itikeey
auction with a reserve price is provably optimal in revenue [15].

We aim to design aimcentive compatiblandsymmetricsingle object one-shot mechanism
with an intuitive set of rules and an easily provable dominant strategy equilibrium. Under these
requirements it is a given that this mechanism can never be optimal in revenue or social welfare,
due to itssymmetricstructure [1]. However, we would like to be able to optimize it for any
objective including Social welfare and Seller’s revenue.

As was stated in the previous chapter we will assume that the utility functions are quasi-
linear in money, the players are individually rational and we have some prior distriition

over the players’ valuations.

3.2.2 LP-TIOLI

The following is a description of the proposed mechanism that satisfies the above requirements.
Limit the action spacéy fixing a set ofk price thresholdd) < p; < py < ... < pr1 <

pr = 1. Each bidder announces one of these prices to the mechanism. If only one bidder

announces a unique highest price, the good is allocated to this bidder at the second highest

bid (from among the: possible bids). If the highest bid is offered by two or more bidders

(a condition called die), a random highest bidder is selected and made a take-it-or-leave-it
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(TIOLI) offer for the good at the highest bid price. If the offer is rejected, the same offer is
made to another, randomly chosen, highest bidder. If the offer is rejected by all, the good is not
allocated (retained by the seller).

Given this structure, a player IbP-TIOLI auction withk price levels has to seridg(k)
bits in order to describe her bid; an amount of communication similar t@tiogity games
(Section 2.4.1).

LP-TIOLI is a limited precision variant of the Vickrey auction, with the distinction that
under some conditions the good is not allocated. Not surprisingly, the dominant strategy equi-
librium of LP-TIOLI is also reminiscent of Vickrey auction. In addition the dominant strategy

holds for any set of threshold prices, a feature we will take advantage of in the next section.

Proposition 3.1 In LP-TIOLI it is a weakly dominant strategy of any playewith valuation
v; to bid theleastpricep € {p1,...,pr_1,px = 1} which is at least as great as Formally,
oi(v;) = argminy,{p € {p1,...,pe—1,0r = 1}[p > v;}. In case of a tie it is dominant to
always refuse the offer.

Proof: See Proposition A.1 in Appendix A.

3.2.3 Setting the price thresholds

In the previous section it was shown tha®-TIOLI has a dominant strategy equilibrium. An
examination of the proof of that result reveals that the equilibrium holds for any set of thresh-
old prices. Combining this fact with the prior knowledge of the probability distribution over
players’ valuations we get an opportunity for optimization. That is, it is possible to optimize
the price thresholds based on the prior information to attain any social objective, without losing
the benefit of dominant strategy. This approach to optimization is closely related to automated
mechanism design (AMD) [8] in the sense that we wish to optimize the mechanism using spe-
cific distributional information; however, we restrict our attention to a class of mechanisms

with specific parameterized dominant strategies, and simply optimize the parameters, rather
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than leaving the whole mechanism “up for grabs.” The optimization task need not be limited
to the traditional objectives, but can also incorporate “mechanism properties” such as expected
amount of communication. In the next chapter on incremental mechanisms, we will study
optimization with respect to welfare that accounts for the cost of communication.

To illustrate the potential for optimization we will provide two examples. In the following
we will optimize the price thresholds with the objective of maximizing the seller’s revenue,
and in the second example, minimizing the probability of not allocating the good.

To simplify the analysis we assume that all bidders’ valuations are independently and iden-
tically distributed (1ID). Let®(x) be the prior (cumulative) probability distribution of a single
bidder’s valuation, let(x) = ®’(x) be the density function. The goal is to find a setqfrice
thresholds that optimize the objective (supposing that the communication is limiteg| 0

bits per player).

Expected Seller's Revenue

The expected revenue bP-TIOLI auction can be written as follows; to simplify presentation
it is introduced in three steps.
The first sub-formula is the probability that given any- 1 bidders, all of them have

valuation lower than or equal {9 and at least one bidder has valuation betwgeandp;

Prob(p;—1,p:) = Z (n ; 1) * (®(p;) — D(pi1))® * P(piy)" 17 (3.1)

The expected revenue from a special case when the valuations of any players are

belowp;.

ER(p1) = (1= ®(p1)) * P(p1)" ™" p1#n (3.2)

The complete expression for the expected revenud &-&IOLI auctions withn bidders.

k
ER(p1, - px) = ER%(p1) + Y Prob(p;_1,pi) = (1= ®(pi))  n x p; (3.3)

=2
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There are a number of ways in which one can optimize the prices, given the above equa-
tions. We have employed a gradient ascent approach; to apply it, it was necessary to differen-
tiate Equation 3.3 with respect g, po, - - - , p,_1, @ routine exercise, we omit the derivation.

The results demonstrating the expected revenueReTIOLI with optimized prices are

presented in section 3.2.5.

Probability of not allocating

Using a similar approach we have derived an expression for the probability of not allocating

the good.

probNot Allocated(py, ..., px) =
(3.4)

k—1 n
(Z Z (Z) * (P(pi) — P(pi-1))” * (I)(piJrl)nZ) + ®(p1)"
=1 z=2

There are two main reasons why this particular social choice function was used. Firstly,
it shows that it is possible to optimiddP-TIOLI for objectives other than the traditiornso-
cial welfare and seller’s revenue Secondly, the probability of not allocating constitutes an
upper bound for thexpected losi social welfare. To see this, note that whendve+TIOLI
allocates the good, it allocates it to the player who wants it the most, thus maximizing social
welfare. In the cases that it does not allocate the good, the society incurs a loss in social welfare
equal to the highest valuation among all participating players, this value is always less than 1.

Similarly to the previous example, we have used gradient descent to find the price thresh-

olds minimizing Equation 3.4. Please refer to section 3.2.5 for the results.

3.2.4 2-bhidder case

Under the restriction of two symmetric bidders LP-TIOLI displays some interesting properties.
If the prices are set with the goal of maximizing the seller’s revenue,ltReRIOLI auction

becomes a discrete approximation of ¥hekrey auction with an optimal reserve prijaghich
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is known to be optimal in revenue. More specifically, it must be the case that the lowest
price threshold ofP-TIOLI is greater than or equal to the optimal reserve price oMbkrey
auction. In the limit, as the number of price thresholds increase, the expected revésiie of
TIOLI approaches that of théckreywith an optimal reserve price. The following is the formal
treatment of these claims.

The expected revenue of a standard 2-biddekreyauction is

1
ERY = / 2xx % (1 —O(x)) * ¢(x)de (3.5)
0
The expected revenue of 2-biddg?-TIOLI with price threshold® < p; < p, < ... <
Pr-1 <pp=1Is

k
ER(p1,.opr) = Y _ 25 p; x (L= @(p1)) * (B(p;) — (piz1))
— (3.6)

letting pp = 0 and®(py) = 0

Suppose that the threshold prices are positioned uniformly on the [0,1] interval, then equa-
tion 3.6 is a discrete approximation of equation 3.5 Ang .., ERY (py,...,px) = ERY.

Take the common part of the above two equations.

G(z) =z (1 —®(x)) (3.7)

Since®(z) is continuousyx € [0,1],0 < ®(x) < 1andG(0) = 0, G(1) = 0 itis the case
that there exists someg € (0, 1) such thap, is thesmallestnumber in(0, 1) such thatG(p,)

is a global maximum of7(x) on [0, 1].

Lemma 3.1 For any distribution®(x) it is always possible to find the set of threshold prices
for a 2-bidderLP-TIOLI such thatE RL (p1, ps, ...,pr) > ERY wherep; = p, andp, is as

defined above.

Proof: See Lemma A.1in Appendix A.
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The pricep, is actually nothing more than the optimal reserve price oMickreyauction.
From the auction theory [15] it is known that the optimal reserve pricenust satisfy the

following necessary condition

e, o0
Tk a—a() ~ 1 (3.8)

Taking equation 3.7 and differentiating it with respecttave obtain the following

(1-®(z)) —x*x¢p(x) =0 (3.9)

which is equivalent to equation 3.8. By constructignmaximizesG(x). Therefore, if

lf’flf()m) is increasing or0, 1] (which is the case for the uniform distribution, for example) the

condition 3.8 is also sufficient, which makesthe optimal reserve price of théckreyauction.

Lemma 3.2 To optimize the seller’'s revenue with 2-bidders, the lowest price threghad

the LP-TIOLI mechanism should be set to at leas{setp; such thatp, > p,).

Proof: See Lemma A.2 in Appendix A.

With the first price threshold set {9 and the rest distributed uniformly over the remaining
interval, if p, satisfies the above sufficient condition thgn TIOLI provides a discrete approx-
imation of theVickreyauction with an optimal reserve price and as the number of threshold

levels increases, approaches it in expected revenue.

3.2.5 Empirical observations

In this section we present several graphs that compare the performadeel¢®LI to that of
Vickreyauction with unrestricted communication. These results also demonstrate the increase
in the performance dfP-TIOLI due to the optimization of the price thresholds.

As was stated in section 3.2.3 we have used gradient ascent and gradient descent to optimize
prices for the objective of maximizing the seller's revenue and minimizing the probability of

not allocating the good, respectively.
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Figure 3.1: (a) Expected revenue (truncated half-Gausgian, 0,0 = 0.3); (b) Expected

revenue (uniform distribution); (c) Probability of good unallocated (uniform distribution).
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Figure 3.1(a) shows the expected revenue as a function of the number of bits sent by each
player, with valuations drawn from a (normalized truncated) half-Gaussian density function.
This graph was chosen based on two factors. First, it is the sort of distribution that can occur
in a real example, since it is possible that most people have a low valuation for a good, except
for a few. Second, this graph provides the connection to the results derived in section 3.2.4.
The graph was plotted for the case of two bidders. The unoptimized prices (uniformly set at
1/k,2/k,...) fare much worse than the optimized prices. As was mentioned above, this graph
confirms the results of section 3.2.4. It shows that the expected reveri DIOLI with
optimized prices strictly exceeds that of the standaoftreyauction. One the other hand the
expected revenue afP-TIOLI with uniformly set price thresholds eventually approaches that
of Vickrey

Figure 3.1(b) shows the results from runnibB-TIOLI with 5 bidders with uniformly
distributed valuations. It also demonstrates that the optimized price thresholds allow greater
expected revenue. However in the limit both the optimized and the unoptimized versions of
LP-TIOLI approach the expected revenue of Yhekreyauction, this can be explained by the
fact that with more players the probability of a tie (not allocating the good) outweighs any
gains from discretizing the price space.

Figure 3.1(c) demonstrates the results from optimidiRgTIOLI for the second social
objective. Again, the optimized version performs better than the unoptimized one. The graph

does not include an entry f&fickreyauction, since it always allocates the good.



Chapter 4

Incremental Elicitation Limited Precision

Mechanisms

In chapter 3 we have stated a number of requirements and restrictions, and developed a simple
single-shot auction that satisfies them. In this chapter we will place similar restrictions on the
desired auction form; in particular we will search for a mechanism with dominant strategy
equilibria, but in the setting oincremental elicitation limited precisioauctions. We will

show a number of necessary conditions that must hold in order for an auction to have these
properties, and demonstrate how these conditions dictate the auction’s structure. Next a number
of examples of possible mechanisms will be provided as well as a way to optimize them for

various social choice functions.

4.1 Incremental mechanisms

This section defines the incremental auctions and provides evidence of potential advantages

these auctions have over the single-shot mechanisms.

Definition 4.1 An auction belongs to a class ibérative mechanismi§ it may take the mech-

anism more than oneperational stefo obtain all the necessary information from the players

45
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to make a decision. Aoperational steps a time interval in which the players’ and the mech-

anism’s knowledge about the world remains constant.

Iterative or multi-stepmechanisms have been shown to be significantly better than single-
shot mechanisms in certain cases. For example, it can be shown that in some settings one-shot
protocols can require exponentially more communication than iterative protocols [16]. We con-
jecture that iterative mechanisms will also be superior in the limited communication/revelation

setting.

For the purposes of auctions, which allocate the good based on the utility information
elicited from the participants, we propose a refinement of iterative mechanismsnetée

mental mechanisms

Definition 4.2 An incrementalmechanism is afiterative mechanism which interprets each
player's message as a (possibly partial) revelation of her typeinénrementalmechanism
restricts the players actions in such a way that in equilibrium at every iteration for each player

the space of possible valuations is refined.

One of the main themes of this document is the search for mechanisms with dominant
strategy equilibria. It is interesting to note that when a player acts according to her dominant
strategy she has no choice but to reveal certain information about herself. Even if a dominant
strategy direct a player to "lie”, this would be known and expected by the mechanism. There-
fore, the combination of an iterative mechanism and a dominant strategy equilibrium would

fall under the above definition of ancremental mechanism

Restricting the focus to incremental mechanisms allows the use of such condeptieas
participation(to be defined later) which naturally results in less revelation and therefore greater
privacy and smaller computational costs for the players. In the following section we will review

all the assumptions placed on the desired auction type.
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4.2 Assumptions

We consider incremental mechanisms for the allocation of a single good. As with single-shot
auctions (Section 3.2.1), these mechanisms have to operate under the restrictioniseaf
revelation Bounded computatigndLimited communicationWe restrict the class of mech-
anisms by imposing a number of requirements that seem natural in the space of single-good

auctions, as will be demonstrated.

4.2.1 Valuations and Utility functions

Assume that each ageinhas valuation; € [0, 1]. Further, assume that all agents hguasi-
linear utility functions (see Definition 2.18). These are standard assumptions in auction litera-

ture.

4.2.2 Actions

At every iterationt the mechanism needs to specifg@aceof legal actions omessaged/*.
The players are only allowed to reveal one of the messages fromebkgsage space
Finite sequences of messages are assumed to be comparable. In other words, there exists a
total order< such that eithes;[t] < s;[t'] or s;[t'] < s;[t] for any lengtht message sequence
s;[t], any lengtht’ message sequeneglt’| and any players, j. As a consequence, for any
t, there is a minimum and maximum sequence of lertigthnd a minimum and maximum
“extension” of any such lengthsequence to length+ k. This allows message sequences to
be interpreted as bids, and the mechanism to be interpreted as limited precision
A strategyo; for agenti in such an incremental mechanism requires a choice of message

mt € M* at each round as a function of its type; and its historyh! ™! up to that point.

1This is not to say that this is the only way of realizing incremental elicitation. Arbitrary query languages (e.g.,
asking agents to communicate upper and lower bounds on valuations) are certainly possible [27]. We consider
only mechanisms that can be viewed as allowing “limited-precision bids.”
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4.2.3 Termination

We restrict our attention to protocols with the following termination condition. The auction
terminates at iteration whenevert is such that some bidder has specified a unique greatest
message sequence. The good is allocated to that bidder. At any iteration where a unique
highest bidder is not discovered the auction is allowed to terminate, but no allocation can be
made.

Note that this assumption implies that we restrict the space of mechanisms to fully deter-
ministic mechanisms that only allocate to the unique highest bidder.

This approach has a number of advantages. First it results in a fair protocol where each
player is assured that she will be treated equally (with respect to allocation) and no allocation
decisions will be left to chance. Secondly, by terminating immediately after a unique highest
bidder has been discovered, it ensures that no resources are wasted. Finally, mechanisms with
this restriction often have a unique (in form) dominant strategy equilibrium, as will be shown

in the following sections.

4.2.4 Rationality

We assume that all bidders aar-postrational. This means that in every game a player picks

her actions in such a way that she never regrets the outcome of the game (that is, she would
never want to pick a different set of actions even knowing the moves of her opponent). First
of all, this implies that, if participation is optional or there is some way to avoid winning,
only the winner will make a payment. Secondly this forms a foundation for dominant strategy

equilibrium, as all dominant strategies @&epostrational.

4.2.5 Intuitive form

The last restriction placed on the mechanism is that inasitive, that is easy to understand

and implement. This is, of course, a very subjective measure and as such will not be used
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in any of the formal proofs, however we claim that the example mechanisms (presented in
Section 4.4) do have an intuitive form. This is partly an attribute of these mechanisms having a
dominant strategy equilibrium (which is often easier to understand and follow than other forms
of equilibriums, such as Bayes-Nash equilibrium), but dominant strategy alone in not sufficient

to make a mechanism intuitive as is well illustrated byMyeersonauction [22].

4.3 Necessary conditions

One of the goals of this chapter is to specify an approximate form of the auction mechanism
that satisfies the above constraints and has a dominant strategy equilibrium. To accomplish this
we will introduce and prove a number of necessary conditions that every such mechanism must
satisfy. We will show that these conditions taken together define the approximate form of the
kind of protocols we are interested in. In the course of developing the necessary conditions we
will also introduce two new concepts: limited participati@nd the last profitable iteration.

The first necessary condition demonstrates that all the auctions of interest must belong to a

restricted set, referred to agreasing price mechanisms

Definition 4.3 An iterative mechanism is ancreasing price mechanisifthe following con-
dition holds for any playei. Letv; bei’s valuation and let_; be any sequence of moves of all
other players (withs_;[k] denoting the lengtlk initial segment). Let be the least iteration at
which can win the good playing against sequerceand pay a price < v** (v ** is the
maximum valuation playdrcan possibly have), ang a sequence of moves that achieves this.
Then for any other sequences;, s; wheres_;[t] = s_;[t], if i wins playings; againsts_; at

some stagé > t for pricep, thenp > p.

Intuitively, an increasing price mechanism has the following property for any pfayer

we fix the moves of the opponents, andi#dte the earliest round at whighcould win, then

2The general concept of limited participation is well know, and not a part of the new contributions developed
in this document.
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the price paid by at roundt (against these fixed opponents), should she choose a strategy that
wins att, must be no more than the price paid wvins at any later round against the same

opponent moves.

Proposition 4.1 All single-good, iterative auctions with@minant strategy equilibriureat-
isfying the conditions listed in section 4.2 anereasing price mechanisms

Proof: See Proposition B.1 in Appendix B.

Theincreasing price mechanisnase similar to theascending price mechanisr(i3efini-
tion 2.26), although more general. In ascending price mechanisms given any two iterations
t, k at which some player can potentially win such that > ¢, if the price player pays for
the good at iteration is p; andp, at iterationk, then it must be the case that > p;. In
increasing price mechanisms this condition holds only fofitseiteration at which the player

can potentially win and any later iteration.

4.3.1 Limited participation

We now introduce another important restriction on the class of incremental mechanisms, this
restriction is made possible by the iterative nature of the elicitation process. We say that an in-
cremental mechanistimits participationiff no player is allowed to participate once her utility
function has been refined to the extent necessary to permit optimization of the mechanism’s ob-
jective. In our limited-precision auction setting, this corresponds to the following activity rule:

a player remainactiveas long as her message sequence is at least as great as that of any other
player. This implies that if the auction has not yet terminated, the®active iff her bids at all

prior rounds have been tied with other highest bids. Limiting participation is one of the main
factors that allows us to achieve a reduction in both communication and revelation. Intuitively,
it ensures that we deal only with players whose valuations are high enough to potentially win
and remove everyone else from the auction.

Relaxing this assumption can potentially remove all the benefit of using incremental auc-
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tions over the single-shot ones. Blumrosen, Nisan and Segal [2] show that for any 2-player
sequential mechanism with communication complexritywhere the players send their bits
one at a time in alternating order and are aware of the all the previously sent bits, there exists
a one-shot mechanism that achieves at least the same expected welfare with communication
complexity2m — 1. Although this result applies to a very specific class of mechanisms in
both the form and the number of bidders, it shows that allowing all bidders to remain active
for the duration of the auction is not the best strategy if we are concerned with the amount of
communication.

From here on all the protocols of interest will be restricted to those implementitigited

participationconstraint.

Proposition 4.2 Let player: have dominant strategy and valuationy;. Suppose there exists
an opponents’ strategies profibe; and valuations)_; such that ifo;(v;) is played against
o_;(v_;), the mechanism terminates at iterationith ; winning and paying, < v;. Then for

anyv, > v; and any dominant strategy, if  playso.(v]) againstr_;(v_;), we must have:

(a) i wins and pay®; (as witha;(v;))

(b) the mechanism terminates at iteratiofas witho;(v;))

Proof: For the proof of part (a) see Proposition B.2 in Appendix B, for the proof of part

(b) see Proposition B.3 in Appendix B.

Intuitively, Proposition 4.2 shows that with limited participation; has valuatiorn; and
wins at iterationt with price p using a dominant strategy, then given any greater valuation it
must win at the same iteration with the same payment using any dominant strategy, against
fixed opponents.

Next we introduce a concept bést Profitable Iteratioror L PI which lets us define another

necessary condition that further restricts the form of possible mechanisms.
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Definition 4.4 ThelLast Profitable Iteratiorfor playeri, given historyh!~! and valuation; is
defined as follows: we salyPI (v;, hi™) = now if there exist moves of other players such that
i can profitably (with positive utility) win at round, but cannot profitably win at any future
round; LPI (v;, hi™*) = future if there exist moves of other players such thaan profitably
win at some round later than LPI(v;, hi™") = past otherwise.h! ™' is the history of play

known to playei up to and including iteratioh— 1.

Proposition 4.3 Let playeri have dominant strategy and valuation);. Suppose there exists
someo_; andv_; such that, ifi playsc;(v;) againsto_;(v_;) (inducing historyh!™'), then
LPI(v;, h:™") = future and playei is active at iteration. Then for any other, > v; and any
dominant strategy; it must be the case thatiiplayso;(v}) against_;(v_;) (inducing history
ht=1), we must havé” = i ando;(v;, h) = ol(v], hT), for all r < t.

Proof: See Proposition B.4 in Appendix B.

Intuitively, Proposition 4.3 has the following implications. If playewith valuationv;, is
facing a historyh!~* where LPI (v;, hi™') = future, then any dominant strategy must choose
the same actions (against the same opponent moves) at all stages frorfoOanyvaluation

vl > v;. Thus, if LPI (v, ht) = future, i is not required to “bid” so much as she must simply

signal her willingness to participate. The only time an “interesting” message is proposed is

when LPI(v;, ht) = now. This severely restricts the space of limited-precision mechanisms

that admit dominant strategies.

Proposition 4.3 restricts the form of potential mechanisms to those that in most situations

simply elicit ayesor no response. It does not, however, exclude the mechanisms that allow

participation past a player’s point &PI. Allowing this kind of participation is wasteful, since

no rational player will want to purchase the good passed her poltRbénd therefore all the

extra incurred communication could be avoided. In the next proposition we show that one can

safely restrict the space of mechanisms to those that do not allow participation after the point

of LPI.
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Proposition 4.4 Suppose has a dominant strategy. Suppose that for some higtoryand
valuationv;, LPI(v;, hi™") = now. Then there is a dominant strategyin whicho; (v, h¥) =
minbid for anyk > ¢ + 1 and historyh! s.t.hF[t — 1] = hi™* (minbid = min, b € M"*),

Proof: See Proposition B.5 in Appendix B.

Consider any auction mechanism that does allow participation passed a plaperlé
all players follow the dominant strategy described in Proposition 4.4 then the outcome of the
game would be the same, independent of whether the auction permits such participation or not
(keeping everything else equal). Furthermore, since the described strategy is dominant, there
is no reason to believe that the players will not use it; therefore any mechanism that allows
participation passed the point bPl wastes resources by forcing extra communication.

In the next section we will show that the results presented so far can easily be extended to

multiple players given a symmetry assumption.

4.3.2 Symmetry

In Section 4.2.3 we introduced therminationassumption. This assumption implies that the
players are treated equally by the allocation function, so that the good can only be allocated
to the player with the highest valuation and is never allocated randomly. In this section we
extend this assumption to the payments made by the players. We say that the mechanism is
fully symmetridf it is unable to discriminate based on the identity of the player. This implies
that given some set of players, if the outcome of the ganoetisen if we replace any player

from this set by another playgsuch thaj will fully imitate the actions ofi then the outcome

of the game will be exactly the same (same payments and allocation).

Proposition 4.5 Given afully symmetricauction mechanism with dominant strategy equilib-
rium, if o; is a dominant strategy of playerthen it is also a dominant strategy of any other
playerj # i.

Proof: See Proposition B.6 in Appendix B.
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Note that all results presented in Propositions 4.2, 4.3, 4.4 apply to a single player with
various dominant strategies and valuations. Proposition 4.5 shows that under the full symmetry
assumption these results can be extended to multiple players. Most notably, the extension of
Proposition 4.3 implies that if some playiewith dominant strategy; and valuation; reports
a messagen at iterationt, then, given the same opponents, any other playsth valuation
v; > v; Will report exactly the same message.

Based on this and other results we will define a number of mechanisms that satisfy all the

requirements presented in this chapter. These mechanisms are introduced in the next section.

4.4 Mechanisms

We will now define a number of symmetric mechanisms that follow the requirements of Sec-
tion 4.2 and satisfy the necessary conditions of the previous section.

All the presented mechanisms are structured in a such a way that it is possible to optimize
them with respect to almost any social choice function. We preseltzn based optimiza-
tion, which uses prior knowledge about the players, more specifically, the probability density
over valuations, to guide the policy generation. This approach is similar tautoenated
mechanism desig8, 31], where the mechanism is optimized based on specific priors. Fur-
thermore, in the spirit of this document, we optimize the mechanisms to account for the cost of

communication (it is also possible to explicitly incorporate the cost of computation).

4.4.1 Adaptive Symmetric Incremental Auction

First we present a simpldaptive Symmetric Incremental AuctionASIA The structure of
this auction is similar to what is sometimes referred td@sanesauction [21], which is a
version of theEnglishauction, Section 2.3.2.

ASIA operates as follows.

e Initially, all the players are active.
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¢ Atiterationt, the mechanism announces prié¢do all active players, witlp? > p'~1.

e Each active player reveals either 1, indicating a willingness to purchase the ggoad for
and to remain active (intention to participate), or O, forcing the player to become inactive

(desire to become inactive)
e The mechanism terminates when:

— only one player bids 1, in which case that player receives the good and pays the last

announced price

— all active players bid 0, in which case the good is not assigned and no payments are

made.
As required ASIAhas arintuitive dominant strategy equilibrium.

Proposition 4.6 Under the rules of ASIA, it is a weakly dominant strategy of any playéth
valuationu; to bid 1 at iteratiort as long as; > p', and to bid 0 otherwise.

Proof: See Proposition B.7 in Appendix B.

This dominant strategy equilibrium is intuitive in a sense that given only two possible ac-
tions with one of them always resulting in utility of O, it is easy for a player to see that she can’t
do any better than sayingeswhen her valuation is above the potential purchase price. Inter-
estingly enough, neither this intuition nor the existence of dominant strategy is affected by the
actual numerical values of the announced prices. The only condition that must be maintained
is that the auction remains ascending. We will take advantage of this fact in deriving the best
prices for optimizing the auction for various social choice functions (see Section 4.4.3).

We can now check tha&SIAconforms with all requirements placed on the desired type of
mechanism. IrASIA the announced price is not lowered at every successive iteration, there-
fore it clearly belongs to the space iatreasing price mechanism3he presented dominant
strategy equilibrium corresponds to the results derived in the previous section. Furthermore,

the style of the mechanism follows the conclusion of Proposition 4.3. That is, the players are
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only allowed to report whether they wish to keep participating or to drop out. This is a some-
what extreme approach, since the players are not allowed any other options at the point of their
LPI. In the next section we will present a mechanism that does explicitly take advantage of the

knowledge that the player is at hielPl.

4.4.2 Second-price Symmetric Incremental Auction

The Second-price Symmetric Incremental AuctwrSPSIAis similar to ASIAIn design; it,
however, incorporates the notion 0Pl more directly. In essenc&PSIAs a combination of
ASIAandLP-TIOLI (Section 3.2).

SPSIAoperates as follows.

Initially, all the players are active.

At iterationt, the mechanism announces a piiceerval [a,, b;] to all active players, the

interval [a;, by is such thati; < b, anda; > b;_;.

All active players reveal either 1, indicating an intention to participate, or 0, indicating a

desire to become inactive.

The mechanism terminates when only one player (the winner) bids 1 or all active players

bid 0. In both cases the active players list remains unchanged from the previous iteration.

Assuming this occurred at iteratigrthe mechanism then

— announces a set of priceswherea,, b, € n* and all prices are between andb.

— restrictn* to be the same if either zero or one players reported 1 at itera{iginen

the same history up to iteratidgn— 1 for both situations).

— as in LP-TIOLI, each active player is required to select one of these prices, with an
exception; if a winner has already been determined, the mechanism enters a bid for

her equal ta.
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— if there is a unique highest bidder, she receives the good for the price of the second

highest bid.

— otherwise the good is not assigned and no payments are made.

As can be seen from the abov&RSIAincorporates the idea &afPl by giving the player,
who is at the point of heltPI, a last chance to refine her valuation. Since the communication
complexity is important this option is provided only if the mechanism is unable to find the
highest bidder or has just determined her identity. Note, that the later condition brings some
inefficiency into the protocol since the mechanism forces a transmission from a number of
players, while already aware of the identity of the winner. This communication is required
in order to maintain the dominant equilibrium of the mechanism; in any case given that the
mechanism should exclude most players by the time it reaches this point and it will elicit at

most one extra message from each player the overhead should not be large.

Proposition 4.7 It is a weakly dominant strategy of any playen SPSIA to bid 1 at iteration

t as long as; > b, (equivalent toLPI(h!,v;) = future). Otherwise, the player should bid

0. If at any point the player is asked to choose from some set of prices she should pick the
(announced) price which is just above her valuation.

Proof: See Proposition B.8 in Appendix B.

Like the protocol itself, the dominant strategy of a playeSiaSIAis also a combination
of dominant strategies ASIAandLP-TIOLI. Each player follows the dominant strategy for
ASIAuntil the point of helLPI and then switches tbP-TIOLI's dominant strategy (if asked
for more information).

Again similar toASIAand LP-TIOLI, the dominant strategy @PSIAdoes not depend
on the exact numeric values of the prices. The optimization potential of this mechanism is
greater however. This is so since the optimization can be separated into two components, the
optimization of theASIAtype prices and the optimization of th®-TIOLI type prices. While

optimizing the second component we can take advantage of the knowledge that this is the
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last possible iteration, furthermore we can adjust the number of price thresholds based on the

remaining communication capacity.

In the next section we present a procedure for adapting the above two mechanisms for

various social choice functions.

4.4.3 Optimization of prices

In the previous section we have presented two mechamnssha and SPSIAboth of which

have a dominant strategy equilibrium. As was noted, the dominant strategy equilibria of both
of these mechanisms do not depend on the specific numeric values of the prices announced to
the participants. Therefore, as witlP-TIOLI, this independence makes it possible to apply a

straightforward optimization.

Contrary toLP-TIOLI, however, these mechanisms go through multiple iterations before
terminating, with each iteration bringing more information to the mechanism. To take advan-
tage of this fact, the price determination protocol should in fact be a policy that determines the
best price based on the history of play from the previous iterations. We will solve a Markov
Decision Process (MDP) to find the policies, some of which we will then evaluate empirically.

We will begin with welfare optimization policy foASIA

Assume a finite horizon df’ rounds, that is after the rouri the auction will terminate
(even if no unique highest bidder has been determined). Note, that this does not affect the
dominant strategy equilibrium, since if the auction is forced to terminate at réunaill do
so without an allocation. Assume a common prior denBitwer the bidders’ valuations (this
is for simplicity only). We set prices to optimize social welfare by formulating the MDP as
follows: states are pair&, m), wherep is the prior price threshold and is the number of
active bidders. At any stage< 7, and at any stat&”*~!, m) wherem > 1, we can set any

pricep® > p*~1. If m = 0 orm = 1, the auction terminates. We define the optirhatage
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value function (reflecting expected welfatB)y* and Q-function as follows:

EW*(pFt0)=0 (4.1)
EWF(pF1,1) = By(vlo > p*) (4.2)
EWF(pHt m > 1) = max, Q" (p* ", m,p") — c(m) (4.3)
QF(p*~", m,p") = Pr(1 activep* ™", m, p") EW" (", 1) (4.4)
+ Y Pr(nactivdp"!, m, p") EW T (p*, n) (4.5)

2<n<m

Where equation 4.1 is the expected welfare when zero players are active at the current iteration
and the last announced price wés'. Equation 4.2 is the expected welfare when exactly one
player is active the last announced price w&s'. Equation 4.3 is the expected welfare (as
well as mechanism’s valuation) for selecting the best possible price when more than one player
is active and the last announced price wés!. Equation 4.4 calculates the mechanism’s
valuation for announcing a pricg® at an iteration wheren players are active and the last
announced price wag .

In equation 4.4

k—1

Pr(n activp®~!, m, p*) =

(m> (= 2@h)" « (2(F) — D))"
n (1—o(p~=1)™

is the probability of exactly. bidders, amongn bidders with valuations greater thafr!,
having valuations greater thaf.

To factor the communication cost into these equations we introduce a fungtionwhich
calculates the cost based on the number of active players. The assumption in this case is that
eachactiveplayer transmits exactly one bit per iteration; this is due to the desigsth As
can be seen from the above equations, we don’'t need to restrict the form of the cost function
as it does not affect the optimization; it does not even have to be the same from iteration to
iteration. When deriving results, for the purposes of simplification, we have used the same

linear cost function at all iterations.
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The equations used to derive the revenue maximization policy are largely similar. We use

ER* to denote thé-stage value function.

ER*(p*=1,0) =0

ERF(p*!,1) = p*!

4.6
ER*(p*"',m > 1) = max Q*(p"',m,p*) — c(m) 4.9)
pr>piT
Q¥ ("' m,p*) = > Pr(nactivep*',m,p*)ER" (p*,n)
1<n<m

By the prior assumptions, the players are ex-post rational, therefore they can not be forced
to pay anything unless they are allocated the object. For that reason, in equation 4.6, we have
decided to always extract the payment for communication from the seller. Alternatively, it
should be possible to extract that payment from the winning bidder. This however, would com-
plicate the protocol and possibly destroy the dominant strategy equilibrium, since the buyer’s
value for participating will now depend on the number of iterations, the number of participants,

and their expected valuations.

The MDP forSPSIAis largely similar toASIAsave for the few variations due to the way
SPSIAannounces prices. As an exercise we deriveMidP for social welfare. We make
the same assumptions about the finite horizon and the prior distribution SWEhAthe state
becomes a tripl€a, b, m) wherea is the lower bound of the previous intervalis the upper
bound, andn is the number of active bidders. The policy needs to select the price interval
[at, b'] at every statéa’~!, 0'~! m) and any stagé < 7. The auction terminates whenever
m=00rm=1.

Note that although we need to pick bathrandb at each interval, the players’ dominant
strategies depend mostly énFurthermore, all probability calculations depend onlybohiVe
can use these facts to simplify the value function by separating it into two components. We
define the optimak-stage value function (reflecting expected welfare) using two components

EW*and EW* as follows:
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EWh (2 b= b7 0, 0) = EW L (072, 0P (0572, o™, 0571 n), n, 0)
EWk @2 aF 1 0 n 1) = EW (0872, nR (072, a1 0 n),n, 1)

EWFO* " m>1)= max Q" m,d" b*) —c(m)
bk >ak>pk—1
(4.7)
QF (b1, m, a*, b*) = Pr(0 activgd**, m, b*) EWST (051, ¥ bF m, 0)
+ Pr(1 activgb® ™, m, V") EWST (081, aF  bF m, 1)

+ Z Pr(n activgb® ', m, b*) EW* (0% n)

2<n<m
EW (bk=2 1% n,0) and EW (b*~2,7*,n, 1) denote the social welfare after the mecha-
nism announces some set of priegs The first equation refers to the situation when all the
players have valuations below the highest price and the second when exactly one player has
valuation above the highest price and everyone else below. In both cases the expected welfare
is calculated under the assumption that each player’s valuation is &bdve
The formula for calculatindsW 1, (b, {p1,p2, -+ ,pr},n,0), p1 < pa < --- < p, iS Similar

to the expected revenue equation 3.3 from chapter 3Meetn = ®(p,) — ®(b). Therefore,

EWL(ba {p17p27 e 7p7’}7 n, O) =

1 norl (B(p) — @(0)" T (P(pir1) — Ppi))*
I * (4.8)
o =1 nx Ey(v|pip <v<p)
- C(”) * log(’{plap% e 7p7“}’>
The equation fo& W (b, {p1, p2, - - - ,p-}, n, 1) can be written as follows
EWL(b7 {p17p27'” Jpr}7n71) =
1 n—1 o
(3om)  * @) — 20+ Eulelo > ) @9)

- C(n) * 10g(|{p17p27 e 7p7‘}|)
By construction, the mechanism requires that the set of prices announced to the players

are the same for both situations of one or zero players reporting 1, given the same history.
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Therefore we will determine the price set as follows

77’“(6’1, a,b,n) = {a,b}U

max (Pr(O activgb™',m,b) x EW (b~ {a,p2, -+ ,pr—1,b},n,0)+ (4.10)

r{p2,,pr—1}

Pr(1 activdb™, m,b) * EW (b, {a,ps,--- ,pr_1,b}, 1, 1))

Note that although* has an iteration index, this is solely for notational purposes, the prices

do not depend on the iteration number, but only on the parameters.

4.4.4 Empirical results

In this section we will review a number of performance results produced by running simulations
of ASIA We will also compare the performancefAblAwith optimized price policy versus an

unoptimized one.

The price policies underlying these results are based oM formulations presented
in the previous section. The policies were computed for a varying number of (initially active)
players, 2 to 50, and various communication cost values. We have made an assumption that
all valuations are distributed uniformly. This is for simplicity only. It is possible to compute
these policies under any other distribution over valuations, in this case however, these results
are sufficient for corroborating our conclusions (to be presented). Finally, to keep the action
space finite, we have subdivided the price interval into 1000 possible prices. This potentially
makes the policies inefficient, however experiments with other (larger) values have shown that
the difference is minor. Nevertheless, it is possible to easily discard this constraint by adopting
methods for dealing with continuous state and action spaces. The performance of ASIA was

measured by simulating 100,000 runs under each policy (drawing bidder valuations randomly).

To demonstrate the benefit of computing a policy versus using a fixed price selection rule,

we have simulated the performanceASIAunder theDivide(k) price update rule.
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Figure 4.1. Comparison of loss in welfare in ASIA under optimized policy vs. ASIA under

Divide(k) price update rule

Definition 4.5 Define the price update rul@ivide(k)as follows. Given any fixe, £ > 1, an

iterative mechanism operating under this rule would announce themriﬁe% at iteration 0.

At any other iteratiort > 0 the mechanism would announge= p; ; + H;;H.

Although the choice oDivide(k) appears somewhat arbitrary, it is in fact similar to us-
ing uniformly placed prices in a one-shot setting. Furthermore, as will be shown in the next
chapterDivide(k)exhibits some beneficial properties which make it a feasible alternative to an
optimized policy.

For the purposes of simulation, thgparameter was set in such a way as to fax&Awith
Divide(k)to use the same average number of bits per playA&d&with optimized policy. We
compare the resulting loss in welfare. Figure 4.1 demonstrates that under the optimized policy
ASIAconsistently achieves a much smaller loss in welfare, the value of 20 bidders was chosen
arbitrarily.

The next few graphs demonstrate the performancASIA under different initial num-
bers ofactive players. Figure 4.2(a) shows the relation between the cost of communication
(per bit) and the expected amount of communication per player until mechanism'’s termination.

As expected, the amount of communication decreases as cost increases. Note that given the
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Figure 4.3: Average welfare vs. bits per player.

same cost the loss in welfare is smaller with more players. The next two graphs deal directly
with the social welfare; we use the measuréosk in welfare which equals to the difference
between the obtained social welfare and the social welfare of the optimal mechanism. Fig-
ure 4.2(b) demonstrates the relation between the communication cost and the loss in social
welfare. While this suggests that ASIA fares worse with increasing numbers of players, we
can recast our results by considering the loss in welfare as a function of the amount of per-
player communication. Figure 4.3 demonstrates that, in fact, with more players ASIA requires
lessper-player communication to achieve the same loss in welfare. This gain is due to the fact
that with a greater number of players, the policy can initially be more “aggressive,” eliminating

more players right away. Once only a few active players remain, the policy can become more
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conservative, which results in a higher chance of allocating the good.

The presented results demonstrate that the performance of the mechanism increases with
the number of players. This is a significant advantage over at least some single-shot mecha-
nisms, in particulat.P-TIOLI presented in the previous chapter. As can easily be noted from
the definition ofLP-TIOLI as the number of participants increase the probability of not allo-
cating the good will also increase and therefore its performance (in both social welfare and
revenue) will fall drastically. This drawback of the single-shot mechanisms is of course not
limited to LP-TIOLI, we however, postpone this discussion until the next chapter, where we

will present a more efficient version of an incremental mechanism.



Chapter 5

Efficiency gains through stochasticity

In this chapter we relax one of the major assumptions of Chapter 4, the restriction of the
allocation to the unique highest bidder. We introduce a modified versigstAwithout this

restriction and show that it is more efficient than the original. We also show that the modified
version is provably more efficient under certain conditions than any limited precision threshold-

based single-shot auction.

5.1 Stochastic ASIA

Blumrosen and Nisan [1] showed that in the context of single-shot auctions, the symmetric
mechanisms, that is the mechanisms that treat the players equally, are suboptimal to the asym-
metric ones. Theipriority games(see Section 2.4.1) incorporate tie breaking rules which are
based on a fixed ordering of the players. Essentially this implies that the mechanism has a pref-
erence ordering over the players. In the event that multiple players exhibit the same desire for
the good, the mechanism always allocates the good to the most preferred player. In addition,
priority game discriminate between the players in terms of prices. That is, the players might
be required to pay different amounts for the same good, with the amount being decided based
on the player’s identity. This makes the mechanism unfair in a certain sense.

So far in this document we have constrained our attention to the mechanisms that are non-
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discriminatory, with this notion taken to the extreme. This means that whenever the mechanism
is forced to end the auction but is unable to decide between the two (or more) highest bidders
the good in not allocated. This is true for bdtR-TIOLI* and incremental auctions. For
incremental auctions this sort of allocation choice arises due tdegterminismassumption,

made in the previous chapter. Since, given the restrictions of Chapter 4, the good can only be
allocated to a player with a unique highest valuation, any sort of randomness has to be excluded
from this decision. Although this restriction allowed us to develop the proofs in the previous
chapter, thus leading to thSIAtype of mechanisms, it certainly limits the space of possible
mechanisms to those which are clearly not optimal.

To alleviate this problem we need to consider mechanisms which always allocate the good.
Since with limited precision it might not always be possible to find the player who desires the
good the most, it is necessary to relax the assumption of allocating only tmityeehighest
bidder. There are a number of ways of doing this. One way is to follow the stypeiafty
gamesand introduce discrimination between players, which, for the purposes of this document,
is not desirable. An alternative approach is to relax the determinism component but force the
mechanism to be fair in expectation. This is the approach that we will follow.

We propose the following variant &SIA which we callStochastic ASIAr ST-ASIAST-
ASIAhas a dominant strategy equilibrium, but, as opposefiSH it always allocates the

good. This mechanism operates as follows.

e Initially all the players are active. Denote the set of active playerd by

e At each iteratiort, the mechanism randomly (and uniformhglds outone of the active

players, say, player It then announces prigé to all active players, withp! > p'~1.

o All active playersexceptthe holdout playei are asked to reveal either 1, indicating a

willingness to purchase the good far(intention to participate), or O, indicating a desire

1Although the rules of P-TIOLI state that in case of a tie the good is offered randomly, it is the best strategy
for any rational player to reject this offer, therefore it would be outcome equivalent to forgo making any offers
and not allocate the good.
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to become inactive.
o Ifall playersinA — {i} reveal 0, the good is allocateditéor price p'~*.

e If at least one of the players i — {i} reveals 1, thenis also asked to reveal either O or

1 (with the same interpretation):

— If only one active player (including the holdout) reveals 1, then this player receives

the good and payg'.

— If more than oneactive player (including the holdout) reveals 1, then the game

moves into the next iteration.

Proposition 5.1 In ST-ASIA mechanism, it is a weakly dominant strategy of any playath
valuationu; to bid 1 at iteratiort as long as); > p', and to bid 0 otherwise.

Proof: See Proposition C.1 in Appendix C.

The conditions developed in the previous chapter are not known to be necessary for the ex-
istence of a dominant strategy equilibrium when the determinism assumption is relaxed. How-
ever, as can be easily verifie8T-ASIAbelongs to the space aifcreasing price mechanisms
and since its dominant strategy is exactly the san®&Sd48s it also satisfies all other necessary
conditions. Furthermore, as witkSIAits dominant strategy is independent of the numerical
values of the price thresholds, which allows us to use a similar optimization approach. Before
proceeding to the performance resultsSo-ASIAwith optimized price policies, we wish to

provide a general comparison 8T-ASIA0 one-shot auctions.

5.2 Stochastic ASIA vs. one-shot auctions

In this section we analyze and compare the performance of two auction types under the as-

sumption that the players’ valuations are independently distributed according to the uniform
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distribution. The purpose of this section is to show that with a large number of players incre-
mental auctions, specifical§T-ASIAcan be significantly better than limited precision thresh-
old based one-shot auctions. In particular we com@rASIAto the sort of mechanisms
introduced by Blumrosen and Nissan [1]. Even though the analysis is performed under an
unrealistic assumption of IID uniform distribution, it is sufficient for demonstrating that incre-
mental auctions can be better than even the optimal limited precision one-shot threshold-based
auctions.

Consider the behavior offexed structurgthe auction structure is known before the number
of participants is announced) one-shot limited-precision threshold-style auction as the number
of participants is increased. As more players enter the auction, the expected highest valuation
of this group rises. However, the expected welfare of a fixed structure one-shot auction will
eventually start to fall or will stabilize at some fixed level (below the expected welfare of the
optimal auction with unrestricted communication). This is very easy to see in the chBe of
TIOLI (Section 3.2.2). As the number of players increases so does the probability of having a
tie, which implies that eventually the probability of not allocating the good will become large
enough to outweigh any increase in the expected highest valuation. This problem is not as
pronounced in the case pfiority games(Section 2.4.1). However, even a priority game has
the highest fixed price threshold, therefore as the number of players increases and the highest
valuation of the group reaches this price threshold, the expected loss in welfare will be upper
bounded by the distance between this price threshold and its closest neighbor, a fixed positive
constant. The actual expected loss would be smaller than this upper bound, in particular under
the uniform distribution, it will be non decreasing with more players and equal to about half of
this interval.

Suppose we were to impleme®T-ASIAwith Divide(k) price update ruleDivide(k) was

defined in Chapter 4, we will restate the definition.

Definition 5.1 Define the price update rul@ivide(k)as follows. Given any fixed, £ > 1, an

iterative mechanism operating under this rule would announce the;priee; at iteration 0.
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At any other iteratiort > 0 the mechanism would announge= p; ; + H’TH

The two immediately visible features of this price update rule is that it does not depend on
the number of participating players (fixed mechanism structure) and the distance between the
two consecutive prices decreases with each iteration. This price update rule also has another

interesting property.

Proposition 5.2 Suppose that the players’ valuations are IID according to uniform distribution.
The expected total number of bits sent by each player participat®@-lS1Awvith unrestricted
number of iterations and price update rllizvide(k)is upper bounded by.

Proof: See Proposition C.2 in Appendix C.

Intuitively, the above means that if we take any fixednd implemenST-ASIAwith Di-
vide(k) such that we always allow it to run until termination (by finding the unique highest
bidder or announcing a price above all valuations) on average each player would suymit
fewer bids. This result is independent of the number of participating players.

With this price update rule, if the auction terminates at iteratidren the loss in welfare
would be upper bounded ky — p;_;. From the definition oDivide(k) we know that,p; —

Pr—1 < pi—1 — pr—2 andlim;_ . (p; — p;—1) = 0. This means that, as the number of players
increases the loss in welfare will fall. This is so, since with more players the expected highest
valuation rises and therefore the ties, if any, would have to occur at a higher iteration. Note,
that all this occurs while the number of bits submitted by each player on average is fixed.

As was noted above, the loss in social welfare of a fixed-structure threshold-based lim-
ited precision single-shot auction has a fixed non-zero lower bound for increasing number of
players. Therefore, as the number of players is increased, the expected loss of welfare of a
fixed-structure single-shot threshold-based mechanism will be greater then the expected loss

of welfare of ST-ASIA(which can be arbitrarily close to 0), while the total expected com-

2While Divide(k)is best suited for the uniform distribution, is can be modified to work with any other form of
distribution. The easiest modification would be to select the price so that the distance between the new price and
the previous price contairf;sof the remaining probability density.
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Figure 5.1: ASIA vs. ST-ASIA under the same price policies: (a) Required bits per player as

costs vary; (b) Average welfare loss as costs vary; (c) Average welfare loss vs. bits per player.

munication ofST-ASIAs smaller than or equal to the total communication of the single-shot
mechanism. This demonstrates that even with unoptimized prices, the types of mechanisms
presented in this document offer advantages over the one-shot mechanisms, even the asymp-
totically optimal ones presented in [2]. Although we have presented the proof of this result
only under the uniform distribution, we believe that the same will also occur under the other

forms of distributions, the proof of this fact is beyond the scope of this document.

5.3 Evaluating the performance of Stochastic ASIA

In this section we empirically evaluate the performanc8BASIA

As the first step, we will compare the performancé&atASIAo0 ASIA with both auctions
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Figure 5.2: Comparison of loss in welfare in ST-ASIA under optimized policy vs. ST-ASIA

underDivide(k) price update rule

operating under the same price policies, specifically the policies optimizé®idy To gener-
ate the results we ran each mechanism on each policy (10 policies for 10 different cost per bit
values) over 100,000 runs with bidder valuations drawn randomly. Figure 5.1(a) demonstrates
that the average number of bits communicated by each player is approximately the same for
both mechanisms. Since both mechanisms use the same policies this is expected. Figure 5.1(b)
shows thatST-ASlAachieves a lower loss in social welfare tha8IA Figure 5.1(c) demon-
strates the same result by presenting the loss in social welfare as a function of the average
number of bits sent by each player. In both cases this result originates from the fe&8Tthat
ASIA always allocates the good, and therefore the maximum loss in welfare it can incur is
pt — p'~1, assuming the good was allocated immediately after iteration

We use the same approach as in the previous section, to produce the price policies op-
timized for ST-ASIA As before, we will first compare the performance of these policies to
ST-ASIAunderDivide(k) price update rule. Figure 5.2 demonstrates that the optimized policy
performs better thddivide(k), however the difference is not as pronounced as WA This
is primarily because even unoptimiz8d@-ASIAncurs a relatively small loss in social welfare,
thus leaving a smaller gain due to optimization. Still, optimized policies should perform better;

however the two policies have similar performance under low values of per player communica-
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tion. This could be attributed the fact that the policies are optimized with respect to both social
welfare and the cost of communication. This means that for any given limit on communication,
it is potentially possible to achieve a smaller loss in welfare then we do here.

Finally, we will compare the performance 8-ASIAunder the price update policies op-
timized for ASIAto ST-ASIAwith price update policies optimized f&T-ASIAFigure 5.3(a)
demonstrates that the policies are indeed different: policies optimize8T#SIAtend to
use fewer bits of communication under the same cost. Figure 5.3(b) shows that the policies
optimized forST-ASIAdo perform better than the policies optimized ABIA

Altogether, the results presented here demonstrate that ST-ASIA with optimization offers
an improvement over ASIA with optimization, as well as ST-ASIA without optimization. More
significantly we have shown that ST-ASIA can offer better performance than limited precision
threshold based single-shot mechanisms while treating all players fairly and maintaining intu-

itive dominant strategy equilibria.
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Chapter 6

Conclusion

6.1 Main contributions

In this dissertation we have looked at ways of conducting single item auctions under the re-
strictions of limited communication and (indirectly) limited computation and revelation.
addition to these requirements we have also proposed that the desired auction mechanism must
be fair and have an intuitive rules and dominant strategy equilibria. To develop these mecha-
nisms we have taken the approach of using limited precision to minimize both the computa-
tional complexity faced by the participants and the amount of communication between them
and the mechanism.

In Chapter 3 we developed a simple one-shot auction. This auction serves as an introduction
to the main resultsLP-TIOLI is clearly suboptimal, due to its symmetric nature. However
it has an intuitive dominant strategy equilibrium and does not discriminate between players,
features not often present in the limited precision auction mechanisms. FurthelRore)LI
can be optimized for any social choice objective, while maintaining all of these properties.

The main contributions of this document are centered in Chapters 4 and 5. We have conjec-

tured that under the restriction of limited precision, incremental mechanisms will be superior

1The last two objectives were achieved through limiting the action space, a consequence of our approach to
limited communication.
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in performance to single-shot mechanisms. As before, we are interested in mechanisms with
natural properties such as an intuitive dominant strategy equilibria and fairness. For the case
of incremental auctions we have refined the concept of fairness to allow allocation only when
a player with the unique highest valuation is known; that is, no decisions are left to chance.
To further limit communication we have introducediraited participationconstraint, which

states that only the players with sufficiently high valuations are allowed to participate. In Chap-
ter 4 we have developed a number of necessary conditions that every mechanism under these
restrictions has to satisfy. We have shown that all such mechanisms must belong to the class
of increasing price mechanismgVe have proved that in these mechanisms the players’ dom-
inant strategies must be very similar, and even identical in some cases. This fact has a strong
influence on the structure of the mechanisms of interest. It implies that in most cases, at each
iteration, the mechanism only needs to provide the player with just two possible choices. This
means that in most cases a players’ communication is limited to sending one bit per iteration,
the only time a player may face a larger set of possible answers is when she is about to be

removed from the auction.

We have developed two auctions based on these id&i8andSPSIA Both of these auc-
tions have an intuitive set of rules and an easy to understand dominant strategy equilibrium.
They are also both optimizable for various social choice functions; the optimizations process
does not disrupt any of the beneficial properties of these mechanisms. We have used a Markov
Decision Process formulation to construct the optimization procedures. To demonstrate the
performance of these type of protocols we ran a number of simulatioASth These simula-
tions show thaASIAprovides superior performance with more players, they also demonstrate

the benefits of optimization.

In Chapter 5 we provided more evidence pointing to the advantages of incremental auc-
tions. The main idea behind the results of this chapter was the partial relaxation of the deter-
minism assumption. The auctions were still required to treat players equally, however, now

only in expectation, which permitted the stochastic outcomes. This allowed the development
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of a stochastic variant ASIA We showed that under the assumption of uniformly and inde-
pendently distributed valuations stochagii§lA can be significantly better than any limited
precision fixed structure threshold based single-shot auction. We have also provided a MDP
based optimization and demonstrated that stoch&s3ié performs better than the original

ASIA

6.2 Future research directions

There are a number of possible extensions to the results presented in this dissertation. The
most obvious and potentially the most difficult is the generalization of the results of Chapter 4
to multi-unit and combinatorial auctions. These auctions have the most to gain from a reduc-
tion in communication and computational complexity, however, whether it is even possible to
design similar protocols with the same intuitive forms of dominant strategy equilibria is an

open question.

A somewhat less ambitious undertaking would be to show that single item incremental auc-
tions are superior to limited precision one-shot mechanisms (not only threshold based) under
all possible distributions over players’ valuations. The empirical evidence suggests that this is

indeed the case, however until proven this evidence is not a sufficient justification.

Another interesting line of research would be to prove a set of necessary conditions similar
to ones in Chapter 4 with the relaxed determinism condition, that is under the assumptions of
Chapter 5. The question there is whether the auctions satisfying these conditions must also be

in some sense similar or belong to some restrictive class.

Finally, another important direction would be to take the approach similar to that of Blum-
rosen and Nisan and develop the optimal incremental auctions. It is very interesting to see
whether these optimal mechanisms would also have dominant strategy equilibria or any other

properties of the mechanisms presented in this thesis.
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6.3 Final remarks

The topic of this thesis dealt with one, although arguably somewhat important, problem faced
in designing systems for facilitating interactions of a large number of agents. As the world
becomes even more dependent on software agents for handling the familiar tasks such as find-
ing the best vacation, getting your favorite seat in a concert or more critical applications such
as stock trading or contract procurement, these problems will become more pronounced and
the inefficiencies caused by them could cause a significant drag on market performance. For-
tunately, a recent surge in research in this area gives hope that the most important of these
problems will be solved or at least identified before they are encountered in real business or
personal applications. It is the hope of this author that this work would give some, no matter

how small, contribution to that objective.



Appendix A

Proofs and Derivations for Chapter 3

Proposition A.1 In LP-TIOLI it is a weakly dominant strategy of any playewith valuation
v; to bid theleastpricep € {pi,...,pr—1,px = 1} which is at least as great as Formally,
oi(v;) = argmin,{p € {p1,...,pk—1,px = 1}[p > v;}. In case of a tie it is dominant to

always refuse the offer.

Proof: The proof is similar to that of the dominant strategy in Vickrey auction, although
slightly longer because of the possibility of ties.

Take any set of players and select a playérc I. Suppose that; is the valuation of
playeri and leto;(v;) be playeii’s strategy (as defined above). l€tv;) # o0;(v;) be any other
strategy ofi. Denote the strategies (not necessarily dominant) of all the other players as
and letp_, be the maximum bid among these players, = max;; o;(v;). We will show that
it is suboptimal to follows(v;).

There are three possible cases.

Case 10;(v;) > p_;, by following o;(v;) i paysp—_;, receives the good and obtains non negative

utility. If i follows o/(v;) then

(@) oi(v;) > p—;, i wins with the same payment and allocation

(b) ol(v;) < p_; < o;(v;), 1 loses, receives utility of O

79



APPENDIX A. PROOFS ANDDERIVATIONS FORCHAPTER 3 80

(c) ol(vi) = p—; < 0;(v;), i enters a tie, receives utility of at most 0

Case 20;(v;) < p—;, by following o;(v;) i loses and receives utility of 0. iffollows o (v;)
then
(@) oi(vi) > p—; > o;(v;), i wins and pay®_; > v;, obtains negative utility
(b) oi(v;) = p_; > o;(v;), I enters a tie, receives utility of at most 0
(c) oi(vi) < p_;, i loses, receives utility of O
Case 30;(v;) = p_;, by following o;(v;) i enters a tie, receives utility of 0. iffollows o (v;)
then
(@) ol(v;) > o:(v;), 1 wins and payp_; > v;, obtains negative utility
(b) oi(v;) < o;(v;), i loses, receives utility of O
This shows that the strategy(v;) # o;(v;) will always result in a utility which is less

than or equal to the utility from following;(v;), independent of the moves of other players.

Thereforeg;(v;) is a dominant strategy of player
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Lemma A.1 For any distributionb(z) it is always possible to find the set of threshold prices

for a 2-biddeLP-TIOLI such thatt RX (py, ..., px) > ERY.

Proof: Recall thatz(x) was defined a&'(x) = x * (1 — ®(z)) andp, is the smallest number

in (0,1) such that7(p,) is a global maximum of7(z) on [0,1].

ER) = /0 2xx % (1 —®(2)) * ¢(x)dx

< /OPT 2% G(p,) * ¢(x)dx +/ 2xx % (1 —®(2)) * ¢(x)dx

r

=24 G(p,) * (B(p,) — (0)) + / 242 % (1 — B(a)) * o(a)dx

Pr

= lim ERy (pr, p2, -, Pi)
(assumings, - - - , px_1 are uniformly distributed ofip,., 1))

For anye > 0 there always exist&’, k' > 0 andk’ — 1 price thresholdg,, p5, ..., p;, such
thatlimy ... ERZ (p,, pas -, p) < ERE(pr, Dby o Pl) + €.

SinceERY < limg_.oo EREY(py,po, ..., D), S€te < limyg_.oo ERE(py, 2, ..., 01) — ERY.

lim ERY(p,, pa, .., pr) < ERY (py, Dy, ..., Dh) + €.

k—o00

lim ERg(pme? 7pk) < ERg(pryp,% 7p;<;/) + k:h—>I£10 ER%(pT7p27 7pk?) - ER;/

k—o00
ERY < ERY(p,, Db, .. Dh)
Therefore there exists and%’ — 1 price thresholds such thBP-TIOLI has a higher ex-

pected revenue than standard Vickrey.

Lemma A.2 To optimize the seller’s revenue with 2-bidders, the lowest price threghaifl

theLP-TIOLI mechanism should be set to at legs{setp; such thap,; > p,).

Proof: We will show that for any:, anyl < p, and any set of — 1 price thresholdg,, - - - px,

ERZQ(prap% e 7pk) > ERZQ(lap% e 7pk>
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ER'(l.pa, -+ .p) — ERy(prp2, - 1)
— 2wl (1= D)) % (1) + 2% po# (1 — D(pa)) * (B(ps) — (1))
= 25 pr % (1= ®(pr)) * D(pr) — 2% o (1 = D(p2)) * (P(p2) — P(py))
= 2xG() = 2(l) —2xG(p,) * (pr)
+ 25 G(p2) * (®(v2) — (1) — P(p2) + B (pr))
= 2xG()* @) =2 G(py) * ©(pr) +2 % G(p2) * (B(pr) — (1))
< 2% G(pe) * B(1) = 2% G(pr) * @(py) + 2% G(pr) * (B(pr) — B(1))
SinceG(p,) > G(1), G(pr) = G(p2) and®(p,) > (1)
= 2xG(p)(2() — 2(pr)) + 2% G(py) * (2(pr) — 2(1))

= 0

82



Appendix B

Proofs and Derivations for Chapter 4

Proposition B.1 All single-good, iterative auctions with@minant strategy equilibriursat-

isfying the conditions listed in section 4.2 anereasing price mechanisms

Proof: Suppose there exists some iterative single-good mechanism that satisfies the require-
ments of section 4.2 and haslaminant strategy equilibriurout does not belong tiacreasing
price mechanismsThen for some playdrthere exists an opponents’ strategy prodile such

that:
1. The earliest iteration at whiglcan win against_; ist.
2. If i wins at iteratiort she is required to make a payment< v"**.
3. Itis possible ta to win against_; at some iteratio > t.
4. If i wins at iteratiork she is required to make a payment< p.

Suppose has a dominant strategy(v;), for any possible valuation;. Then as long as
playeri’s valuationv; is greater thamp; it is optimal fori to win at some iteration greater than
t. Which means that playing against; the dominant strategy;(v;) would dictate a bid at

iterationt that would not result in immediate win, but instead would move the game into the

next iteration.
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Construct an alternative opponents strategysuch that'r < t, o’ , = o_; and for every
iterationr greater thart it must be the case thatj # i,Vv;, 0;(v;) = max,b € M". This
implies thats’ ; is equivalent tar_; up to iteratiort, but aftert all opponents of are bidding
the greatest allowed message at each iteration.

If player i with any valuationv; > p; uses her dominant strategy(v;) againsto’ ; she
would not be allocated the object, since she would either lose or be eternally tied. Therefore,
her utility from usingo;(v;) would equal 0, alternatively if she deviates freniv;) and wins
at iterationt (which is possible since by constructign < t ¢’ , = o_;) playeri would receive
the good and obtain positive utility, sinee> p;. Thereforeg;(v;) is not a dominant strategy.
This means that there does not exist an iterative single-good mechanisdowithant strategy
equilibrium, satisfying the requirements of section 4.2 that does not belongr@asing price

mechanisms

Definition B.1 As was stated in Section 4.2.2 the sequences of messages received from the
players are comparable. Therefore, the allocation and payment decisions have to be made
based on the full sequences of messages (and not individual messages). To formalize that we
will use x(s1[t], salt], - - -, sn[t]) — I U {NI, NA} to denote the allocation function, which,
based on the message sequence, either assigns the object to one of the players, moves the
game to the next iteration\{/), or stops the game without allocating the obje&td]. In this
definitions;[t] is a lengtht message sequence of playelf the object is allocated the function

T (s1[t], so[t], - - -, su[t]) is used to calculate the payment, héiie the iteration at which the
allocation is made (that is the payment function can be different depending on the iteration).
Given that the object is allocated to playeat iterationt we will use a simpler notation to
denote player’'s payment,r(s;[t], s_;[t]), wheres_;[t] is the set of message sequences of all

players except

Proposition B.2 Let playeri have dominant strategy and valuatiorn;. Suppose there exist

opponents’ strategies ; and valuations_; such that if;(v;) is played against_;(v_;), the
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mechanism terminates at iteratiomwith < winning and paying; < v;. Then for anyv; > v;
and any dominant strategy, if i playsc;(v}) againstr_;(v_;), it must be the case thatvins

and pay®; (as witho;(v;))

Proof: We will use the notation as described in Definition B.1.

Suppose there exists a valuation> v; and a dominant strategy,(v;) of playeri such
thato.(v}) wins against_;(v_;) at some iteratiork with some payment, # p;. Therefore,
Te(silt], s—i[t]) # Te(si[k], s";[k]) wheres;[t] ands_;[t] are the message sequences resulting
from usingo;(v;) againsto_;(v_;), similarly s;[k], s ,[k] are the message sequences resulting
from usingo;(v)) against_;(v_;).

Case 17(s;[t], s—i[t]) < Ti(si[k], s;[k])

—1

Thereforeu; (x(si[t], si[t]), Ti(silt], s[t]), vj) > wiz(si[K], 2 [K]), T (i[k], s [K]), v7)
since the utility functions are assumed to be quasi-linear (Definition 2.18). This means
that it is better for playerwith valuationv, to follow o;(v;) and nots.(v}). Therefore,

ol(v}) can’t be a dominant strategy of playeContradiction.

Case 27(s;i[t], s—i[t]) > Ti(si[k], s";[k])

Thereforew; (x(s;[t], s_i[t]), Te(s:[t], s=i[t]), vi) < wi(x(si[k], s, [k]), T (si[k], s, [K]), vi)-

This implies that for playerwith valuationv; it is better to followo(v}) and noto; (v;).

Thereforeg;(v;) can’t be a dominant strategy of playielContradiction.

Proposition B.3 Let playeri have dominant strategy and valuatiorn;. Suppose there exist
opponents’ strategies ; and valuations_; such that if;(v;) is played against_;(v_;), the
mechanism terminates at iteratiowith ¢« winning and paying; < v;. Then for anyv; > v;
and any dominant strategy, if i playso;(v;) againsto_;(v_;), it must be the case that the

mechanism terminates at iteratio(as witho;(v;)).
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Proof: We will use the notation as described in Definition B.1.
Suppose there exists a valuatigh> v; and a dominant strategy/(v;) of playeri such
thato!(v)) wins against_;(v_;) at some iteratior: # t. From Proposition B.2 know that the

payment in this case will equa).

Case 1k >t

Construct the opponents strategy prodile such that'r < t, ¢’ , = o_; and for every

iterationr greater tharn it must be the case thalj # i, Vv;, 0;(v;) = max, b € M".

Since o} (v]) played against_;(v_;) wins at some iteration greater thiait must be the
case that(v)) can’'t win against’ ,(v_;) at any iteration earlier than+ 1. Therefore,

if o/(v}) is played against’ ;(v_;) it can never win (and get the good). This means that
the utility i receives from this game is 0, which is less thegceives if it followss; (v;),
sincep; < v; < v, by assumption. Therefore;(v}) can't be a dominant strategy of

playeri with valuationv;. Contradiction.

Case 2k < t

By Proposition 4.1 in order to have a dominant strategy the mechanism must belong to
the space oincreasing price mechanismbloting this fact the remainder of the proof
is very similar to Case 1, construct an approprigte to show thatr;(v;) can’'t be a

dominant strategy of playemwith valuationv;, which leads to a contradiction.

Proposition B.4 Let playeri have dominant strategy and valuation;. Suppose there exists
someo_; andv_; such that, ifi playsc;(v;) againsto_;(v_;) (inducing historyh!™'), then
LPI(v;, hi™") = future and playei is active at iteratiot. Then for any othev, > v; and any
dominant strategy; it must be the case thatiiplayso;(v}) against_;(v_;) (inducing history

h'=1), we must havé! = h7 ando; (v;, hY) = o’(v), h?), for all r < ¢.

27

Proof: Itis assumed thatPI(v;, hi™") = future. Therefore by the definition of PI there

exists some opponents’ strategy profile and valuation$_; such that playing; (v;) against
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7_;(v_;) induces the history identical {g " up to iteratiort. Furthermoreg;(v;) wins against
o_;(v_;) at some iteratio > ¢ with paymenty; smaller thar;.

Take any other valuatiorf > v; and any dominant strategy for playeri. Sincev, > v;
it is profitable for playei with this valuation to win againgt_;(v_;). Thereforeg’(v.) wins
against_;(v_;) sinces; is a dominant strategy. By Proposition B.2 and Propositior(.3)
will win at iterationk with paymentp; (same payment and iteration as witfiv; )).

Playeri gets identical outcomes if it useg(v;) or o/(v]) against_;(v_;). Therefore, with
both strategies playarhas to remain active but not win at all iterations) < r < k. By
thelimited participationassumption, this implies that playieinas to report a bid equal to the
highest bid of her opponents, at each of these iterations.

Consider the following inductive argument on the number of iterations.hLgt be the
history known to player’'s opponents before iteratian(with some facts possibly being pri-
vately known only by some opponents). ket (k') be the maximum message submitted
by playeri’s opponents at iterationbased on history”;*.

Base case: before the first iteration the histbyy is empty for alll € I. Therefore, for
playeri to remain active after iteration 0, she had to submit a message equé| o), which
means thav;(v;, @) = ol(v], @) = m",(2), furthermorevl € I h? = h? whereh? andh?
are the histories known to playkaftero;(v;) or o}(v}) is used at iteration 0 against ;(v_;),
respectively.

Inductive step: assume that at some iteratior k — 1, o;(v;, kI ™) = ol(v},h1 1) =
m’Z (k') andhy = hy VI € I, which means that playéremains active after iteratian For
playeri to remain active after iteration+ 1 she needs to submit a bid equakté'(h",).
Thereforeg; (v, h}) = ol(v}, hy) = mtY (k") andVi € I, hi*' = hitL,

This argument shows that both strategies when used against the same opponents will pro-

duce the same bids and therefore the same histories for all iterations legsthemefore this

will also holds for all iterations, 0 < r < ¢, sincet < k.

Proposition B.5 Suppose has a dominant strategy. Suppose that for some higtoryand
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valuationv;, LPI(v;, hi™) = now. Then there is a dominant strategyin which o;(v;, h¥) =

minbid for anyk > ¢ + 1 and historyh* s.t.h¥[t — 1] = bl

Proof: The proof comes directly from the definitionloPl (Definition 4.4). Since. P1(v;, hi™') =
now, if playeri wins at any iteration greater thanshe will pay a price at least as high as her
valuation. It is therefore weakly dominant fido ensure the object is never won at any iteration
later thart.

The terminationassumption, Section 4.2.3, states that the object is allocated only to a
uniquehighest bidder, therefore biddinginbid ensures thatnever wins. This means that if
there exists a dominant strategyfor playeri, then it is possible to construct an alternative
dominant strategy; for i which is identical tos}, excepts; submits a bid ofninbid at every

iteration past’s point of LPI (LPI(v;, hi™') = now).

Proposition B.6 Given afully symmetricauction mechanism with dominant strategy equilib-

rium, if o; is a dominant strategy of playerthen it is also a dominant strategy of any other

playerj # i.

Proof: Suppose this is not true. Then there must exist some opponents’ strategies
and a playej with valuationv and a dominant strategy, # o; such thatu;(c;,0_;,v) >
u;(o;, 0_j,v) (we use a simplified notation whetg(o;, o_;, v;) denotesy;(z(c;, 0_;), 7(0:, 0_;), v;))

The utilities are assumed to be quasi-linear, so a utility for an outcome of playea
difference betweei's valuation for the object (if she receives it) and the paynméas to make.
Since the auction mechanisnfigly symmetri¢his implies thai;(o;, 0_;, v) = u;(0j,0_;,v)
andu;(o;,0_j,v) = u;(0;,0_5,v).

Therefore,

ui(0j,0-5,v) = u;(0j,0-5,v) >

Uj(O'i, O',j, ’U) = UZ'(O'Z‘, O',j, ’U)
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This implies that;(o;,0_;,v) > u;(0;,0_;,v), which is impossible since; is a dominant

strategy for player. Contradiction.

Proposition B.7 Under the rules of ASIA, itis a weakly dominant strategy of any playeth

valuationu; to bid 1 at iteratiort as long as); > p', and to bid 0 otherwise.

Proof: Suppose that at some iteratibthe set of active players id (that is all players imrA
reported 1 at iteration — 1) and the mechanism announces some priceTake any player
i€ A

Suppose does not follow the above described strategy, that is she will report 1 when the
above strategy dictates 0, and/or O when it dictates 1. Denote the alternative stratbgy of
and the proposed dominant strategydyy As befores_; denotes the strategy profile of other
players,hi~* the history known to playerafter the end of iteration— 1 andh'~;" the history
known to all the other players. We will prove thatis indeed the dominant strategy for player

Case 1v; > p, playeri reports 0, when following;.

Given the message 0, playiedrops out of the auction and (o (v;, h:™1), 0_;, v;) =
0,Vo_;. However, there exists a sequence of moves of other playemshere
Voi € 0%, 07 (vj, hj‘l) = 0 (all opponents of bid O att), therefore since

v; > pry ui(oi(vi, KY), 0%, ;) > 0. Given any othes_; # o*, if the player reports 1

the auction will move into the next iteration with playeactive.

Case 2v; < py, playeri reports 1, when following,.

Given the message 1, playieeither wins the auction or stays active at the next itera-
tion. Similarly to above, there exists a sequence of moves of other playevehere
Voi € %, 0%(v;, hi) = 0. Given this sequence, (o] (v;, k'), 0%;, v;) < 0, since

v; < p;. Furthermore, sincASIAis an increasing price mechanism it is impossi-
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ble for i to win with non negative utility in any future iteration. With however,

Ui(O'Z‘(UZ‘, hg_l), o_;, Ui) = 0, VO'_Z‘.

Cases 1 and 2 show that at any iteratgarchives the maximum possible utility for player
i independent of the actions of playié&s opponents, therefore; is the dominant strategy for

playeri.

Proposition B.8 It is a weakly dominant strategy of any playen SPSIA to bid 1 at iteration
t as long as; > b, (equivalent toLPI(ht,v;) = future). Otherwise, the player should bid
0. If at any point the player is asked to choose from some set of prices she should pick the

(announced) price which is just above her valuation.

Proof: The above strategy describes a player’s actions for both stages of the mechanism. The
only time a player can be asked to pick among a set of prices (the second stage) is when she
announced 0 (a winner is never asked to refine her bid). At this point the game becomes fully
equivalent toLP-TIOLI auction. Therefore, by Proposition 3.1 it is weakly dominant in this
case for each player to bid the price level just above her valuation. Given this fact we only
need to prove that the other portion of the above strategy also constitutes a weakly dominant
strategy.
Suppose that at some iteratitthe set of active players i$ (that is all players id reported
1 at iteratiort — 1) and the mechanism announces some friceé;|. Take any playei € A.
Suppose does not fully follow the above described strategy, that is she will report 1 when
the above strategy dictates 0, and/or O when it dictates 1 (but will follow it in the second stage
of the game). Denote the alternative strategylof o, and the proposed dominant strategy by
;. As befores_; denotes the strategy profile of other playérs,' the history known to player
i after the end of iteration— 1 andh’>;' the history known to all other players. We will prove

thato; is indeed the dominant strategy for player

Case 1o_; is such that there exists at least one playef in that bids 1 at iteration
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Part A v; > b, playeri reports 0, when following;.
Sincei reports 0, and there is at least one other reporting(;(v;, i), 0, v;) =
0 Vo_;. Following o; would result ini moving to the next iteration, with non

negative utility, since; dictates quitting only when; < b, for anyk > t.

Part B v; < b, playeri reports 1, when following;.

This combination of messages movesto the next iteration. By the design of
the mechanismy,,;, > b;, Vk > 0, thereforeu, (o} (v;, ki), 05, v;) < 0Vo_y,

butui(ai(vi, h;?il), o_i, ’UZ‘) =0Vo_;
Case 20_; is such that all players id _; bid O at iterationt

Part A v; > b, playeri reports 0, when following;.

Sincev; > b; and we assumed that in this situatiehwill act according to
the dominant strategy df P — T'/O LI auction, the utility from followingo
would, in this case, equal to the utility obtained from following That is,
wi(ol(vi, K1), 04,v5) = wi(oi(v, K1), 0_0,0) = v —mg > 0if my <
oi(v;, hi~") and 0 otherwise. Where:, is the highest bid from players iA_;

at the second stage of the mechanism.

Part B v; < b, playeri reports 1, when following..

If v; < b; then there exists a set of moves of other players and a set of prices
such that playerwill win the auction and payn, > v;, With u; (o’ (v;, b1, 05, ) <
0. Following o;, on the other hand, will always insure a non negative utility,
sincei is allowed to select her bid, instead of having a mechanism enter it for
her. Finally, since the payment of playe(if she wins) does not depend on

her actions, a strategy that always enters the same bid can’t do better than the
strategy that provides a set of possibilities including the fixed bid of the other

strategy.
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Cases 1(A,B) and 2(A,B) show that at any iteratigmrchives the maximum possible util-
ity for playeri independent of the actions of playi&r opponents, therefore is the dominant

strategy for player.



Appendix C

Proofs and Derivations for Chapter 5

Proposition C.1 In the ST-ASIA mechanism, it is a weakly dominant strategy of any player

with valuationv; to bid 1 at iteratiort as long as; > p', and to bid 0 otherwise.

Proof: The proof of this proposition is very similar to the proof of Proposition 4.6

Suppose that at some iteratitthe set of active players i4 (that is all players ird reported
1 at iteratiort — 1) and the mechanism announces some pric&ake any player € A.

Suppose does not follow the above described strategy, that is she will report 1 when the
above strategy dictates 0, and/or O when it dictates 1. Denote the alternative stratbgy of
and the proposed dominant strategydyy As befores_; denotes the strategy profile of other
players,hi~* the history known to playerafter the end of iteration— 1 andh'~" the history
known to all other players. We will prove that is indeed the dominant strategy for player
i. Recall that at each iteration the mechanism randomly selects one active player and initially

elicits a bid from every player except this one.

Case 1 Playeris not the selected player, > p;, playeri reports 0, when following.

Given the message 0, playiedrops out of the auction and (o} (v;, hi™'), 0, v;) =
0,Vo_;. However, there exists a sequence of moves of other playemshere

Voi € oy, 07 (vj, hﬁfl) = 0 (all opponents of bid 0 att), so since

79
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v; > pry ui(oi(vg, K1), 0%, v;) > 0. Given any other_; # o*; the auction will move

_Z)

into the next iteration with playaractive.

Case 2 Playeris not the selected player, < p,, playeri reports 1, when following;.

Given the message 1, playeeither wins the auctions or stays active at the next it-
eration. Similarly to above, there exists a sequence of moves of other players
whereVo; € 0%, 07 (v;, hi!) = 0. Given this sequence, (o](v;, by '), 07, v;) <0,
sincev; < p,. Furthermore, sinc&SIAis an increasing price mechanism it is im-
possible fori to win with positive utility in any future iteration. Witla; however,

Ui(O'Z‘(UZ‘, hg_l), o_;, Ui) = 0, VO'_Z‘.

Case 3 Playeris the selected playes; > p;, playeri reports 0, when following;.

The fact that playeris asked for a bid implies that at least one other player announced
1. Given message 0, playedrops out of the auction ang (o’ (v;, hi "), 0 i, v;) =
0 Vo_;. However as in Case 1, ifreports 1 then at the next iteration the utilityiof

would beVo_;, u;(o;(vi, ht),0_;,v;) > 0, assuming continues to follows;.

Case 4 Playeris the selected player; < p;, playeri reports 1, when following;.

Announcing 1 moves player to the next iteration. If the player is not selected at the
next iteration and she bids 1 again than as in Case 2, there exists a sequence of moves
of other players such that; (o} (v;, ht), o*,,v;) < 0, for any other opponents’ moves
wi(ol(vi, hY),o_;,v;) = 0. Similarly, if she is selected then for any set of opponent
moveso_;, u;(o}(v;, ht),0_;,v;) < 0. In any case this is inferior to bidding 0 which

assureg/(f,i, ui(ag(vi, h;‘fil), O',Z',’Ui) =0

Cases 1, 2, 3 and 4 show that at any iteratiparchives the maximum possible utility for
playeri independent of the actions of play&ropponents, therefoke is the dominant strategy

for playeri.
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Lemma C.1 UnderDivide(k)the price at iteratiom can be expressed ps=1 — (%)t“.

Proof: Divide(k)is defined ag, = % at iteration 0 angh, = p;_1 + H’Tt—l at any iteration
t>0.

Itis possible to rewrite; asp; = %+pt_1 * % = po+z*p;—1 Wherez = % Expanding
this getp; = po + 2 * pr_1 = po + 2 * (po + 2 * Pr—2) = Po + 2 % po + 2% * (po + 2 * pr_3) =
pot+zxpo+22kpo o+ 2tkp i =pox (1 +z2+22+-- 421

172t+1

Therefore, since < 1 it is the case that, Zf«:o 2t = pg * =

1
1—z k
1 — (%)Hl_

*

k—1
1-(5H)*
1 k

|

k

Proposition C.2 Suppose that the players’ valuations are 11D according to uniform distribu-
tion. The expected total number of bits sent by each player participati®g-ASIAwith

unrestricted number of iterations and price update BiNgde(k)is upper bounded by.

Proof: From Lemma C.1 know that the price at iteratiomnderDivide(k) can we written as
pe=1— (1) orp, =1—z2"ifweletz = &L,

Suppose there are players initially participating in the auction. Due to the structure of
ST-ASIAa player sends a bit at iteratioonly if she is active at. Therefore, since a player can
send at most one bit at any iteration, the expected number of bits sent by a player at iteration

is equal to probability the player is active at iteration

Pr(playeri active att) = Pr(v; > p,—1 and3j # i s.t.v; > py_1)
= Pr(v; > pi—1) * Pr(3j # i s.t.v; > piq)
— Pr(v; > pry) * (1 = Pr(Vj £ iv; < pr_y))
= (1=pra)* (1= (p1)"™)
=1—pr1— (1 —py)* (py)™ ™

<l-p1=1-(1-2")=2
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To calculate the total expected amount of communication need to sum up the above over

all iterations.

Note that this value is independentrgfthe total number of players.
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