LINEAR, DISCRETE, AND QUADRATIC CONSTRAINTS IN SINGLE-IMAGE
3D RECONSTRUCTION

Ady Ecker

A thesis submitted in conformity with the requirements
for the degree of Doctor of Philosophy
Graduate Department of Computer Science
University of Toronto

Copyright (© 2010 by Ady Ecker



Abstract

Linear, Discrete, and Quadratic Constraints in Single-Image 3D Reconstruction

Ady Ecker
Doctor of Philosophy
Graduate Department of Computer Science
University of Toronto

2010

In this thesis, we investigate the formulation, optimization and ambiguities in single-image
3D surface reconstruction from geometric and photometric constraints. We examine linear,
discrete and quadratic constraints for shape from planar curves, shape from texture, and shape
from shading.

The problem of recovering 3D shape from the projection of planar curves on a surface
is strongly motivated by perception studies. Applications include single-view modeling and
uncalibrated structured light. When the curves intersect, the problem leads to a linear system
for which a direct |east-squares method is sensitive to noise. We derive a more stable solution
and show examples where the same method produces plausible surfaces from the projection of
paralel (non-intersecting) planar cross sections.

The problem of reconstructing a smooth surface under constraints that have discrete ambi-
guities arise in areas such as shape from texture, shape from shading, photometric stereo and
shape from defocus. While the problem is computationally hard, heuristics based on semidefi-
nite programming may reveal the shape of the surface.

Finally, we examine the shape from shading problem without boundary conditions as a
polynomial system. This formulation allows, in generic cases, a complete solution for ideal
polyhedral objects. For the general case we propose a semidefinite programming relaxation
procedure, and an exact line search iterative procedure with a new smoothness term that favors

folds at edges. We use this numerical technique to inspect shading ambiguities.
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“In the past, research in the pattern recognition field has been limited
to the identification of two-dimensional shapes, mainly because it was
thought that any three-dimensional analysis would be more difficult.
The idea seems to have been that the 2-D work would pave the road
for future 3-D work. However, progress has been slow and it may well

be that the study of three-dimensional projections is an easier step.”

Lawrence G. Roberts, 1963
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Chapter 1

| ntroduction

1.1 Oveview

The single-image 3D reconstruction problem is to recover a 3D surface from its 2D image.
The motivation to study thisinverse problemisthat 3D shapeisan inherent invariant of objects
to variations in pose, illumination conditions and surface markings. This invariance can be
very useful for recognition and categorization. In addition, 3D information makes the problem
of segmenting a scene into different bodies much simpler. While most current methods for
segmentation and recognition are based on 2D appearance models, they do not generalize far
beyond their training set. It is amost impossible for 2D-based methods to identify two ob-
jects with the same 3D shape but very different texture or surface markings as similar objects.
2D appearance-based systems are also limited in their ability to interpret articulated objects
and occlusion [130]. Therefore, both 2D and 3D processing are essential to achieve generic
recognition and categorization. Although technologies such as laser range finders and multiple
view geometry can provide accurate surface reconstructions, the single-image problem is of

fundamental theoretical and practical importance to the science of vision.

This thesis examines the formulation, optimization and ambiguities in single-image 3D

surface reconstruction from geometric and photometric constraints. The thesis consists of in-
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Figure 1.1: The three types of single-image 3D reconstruction problems we will deal with are
shape from planar curves (left), shape from texture (middl€), and shape from shading (right).
In each case, the goal isto come up with a plausible 3D interpretation of the scene (or afamily
of 3D interpretations). Although these specific images are different at the local level, humans
can identify their three-dimensional shape similarity.

troductory and research chapters. Chapters 1, 2 and 5 contain background material. Rather
than being comprehensive surveys, they are meant to provide a high-level conceptua discus-
sion of previous approaches, highlight points that are less widely known, and direct the reader
to the relevant literature. Chapters 3, 4, and 6 are expanded versions of our papers [39-41].
They present our research on shape from planar curves, shape from texture and shape from
shading. Examples of the sort of images that will be examined are shown in figure 1.1. The
original contributionsin these chapters are quite technical, hence their summary is deferred to

chapter 7.

Whereas most work in computer vision is organized by problems and the emphasisis on
implementation, the general organization here revolves around mathematical techniques. In-
stead of presenting a particular system for a particular problem, the thesis identifies similar
mathematical structuresin seemingly different problemsthat were treated independently in the
past. Compared to the “problem oriented approach”, the “technique oriented approach” is also
easier to study and implement with software components. As a conseguence, we present more

general, robust and cleaner algorithmsto some of these problems.
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1.2 Reconstruction by humans

Much of computer vision research, including 3D reconstruction, was inspired by human per-
ception. Ideally, we would like computer systems to be able to perform every visual task that
humans can do. Theoretical insights about human perception may lead to further generaliza-
tions. For example, binocular stereo in computer vision wasinspired by human perception, and
generalized to multi-camera stereo systems. Although we will not deal directly with humans,
the questions of what humans can do and how are always in the background.

There is a lot of evidence suggesting that humans attempt to interpret images as three-
dimensional surfaces [75,106,112,129,134,142,171,193]. The surfaces could be unfamiliar,
and their shape never seen before. Even more, theimages could be of unnatural images, such as
line drawings, textured surfaces, and artificially shaded images, as shown in figure 1.1. While
human 3D perception may not be veridical, it is often better than current computer vision
systems, especially in real world scenes. All this may suggest that 3D perception is central to
human vision, possibly for itsrole in recognition.

Humans' object recognition had been studied extensively, and a complete account is out of
the scope of thisthesis. An up-to-date survey is presented in [61]. One key question that had
been examined is whether humans perform recognition in a viewpoint-invariant manner. This
issue has not been completely settled yet, as both viewpoint-invariant and viewpoi nt-dependent
neurons have been detected [61]. However, even if object recognition by humansis viewpoint-
dependent, that does not mean that 3D reconstruction processes are not involved. Due to the
inherent ambiguities in single-image 3D reconstruction, it is possible that the estimations of

the same surface seen from different viewpoints will not be identical.

1.3 Reconstruction by computers

The need for 3D reconstruction was clear to the pioneersof computer vision, like Roberts[ 157],

Horn [75] and Marr [129]. However, over the years the problem proved to be very difficult.
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The primary source of difficulty isthe fact that depth information is discarded during projection
onto the image plane. That makes the problem ill-posed, since different 3D surfaces can have
exactly the same image. In fact, for any pair of images, there exists a Lambertian surface
that produces the two images under two illumination conditions (the surface can have arbitrary
albedo at every point, and shadows and inter-reflections are ignored) [27]. This implies that
no non-trivial function of the image of a surface can be completely invariant to illumination
changes. Hence, the problem is severely under-constrained and additional assumptions haveto
be made.

Fortunately, surfaces in our world have many regular properties that leave a trace in the
projected image. Single-image reconstruction methods take advantage of such regularities.

They usually deal with the following elements:

1. Assumptions about the world and image formation process. Assumptions reflect
prior knowledge about surfacesthat we expect to see. They may also involve assumptions
about the illumination and the way the regularity projects onto the image. The goal of a
reconstruction method isto invert the image formation process. Note that the assumption

may hold or not, so ideally there should be away to do a consistency check.

2. Cue extraction from the image. Thisis alow-level image processing step, where el-
ements such as edges and texture features are identified. Perceptual organization and
grouping principles might be applied to generate hypotheses about the 3D relations be-

tween image features.

3. Constraints. Constraints are mathematical conditions that the surface and problem pa-
rameters should satisfy. The constraints are derived from the image cues under the as-
sumed image formation model. The goal isto solvefor the surface, or family of surfaces,

that satisfies the constraints.

4. Optimization. Even if the system of constraints fully characterizes the surface we may

not be able to find the solution. Optimization complexity isa seriousissue, since systems
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of nonlinear constraints could be instances of NP-hard problems. The systems tend to
be large since they depend on the desired surface resolution. In practice these systems
are noisy, and exact solutions may not exist. Therefore, we may need to settle with

approximation algorithms that have no quality guarantees.

5. Ambiguities. Depth cues are often very ambiguous at the local level. Typicaly, it is
impossible to recover the 3D shape from small image windows, and hence there is a
need to integrate the cues over substantial parts of the image. It may also be the case that
some global ambiguities remain, for example an in/out Necker reversal. Ambiguitiesare
important to study, since they reveal the limitations of bottom-up reconstruction under a
particular set of assumptions, no matter how good the optimization procedure being used
is. In order to determine the shape, additional prior knowledge should be used to pick a
shape inside the space of ambiguous shapes.

It is evident that the problem is difficult, involving the making of assumptions, large op-
timization problems, and dealing with ambiguous solutions. For these reasons, after the first
wave of pioneering work in computer vision, interest in single image reconstruction declined
during the 90s and the problem almost disappeared from computer vision courses and text-
books. Recognition methods turned into appearance and statistical models, while surface re-
construction methods turned towards multiple view geometry. Of course, multiple view meth-
ods are not a complete solution to the surface reconstruction problem, the same way that at-
taching a barcode to objectsis not a solution to visual recognition.

In recent years research interest in single image reconstruction has somewhat increased.
Apart from the classical computer vision setting in robotics, several new applications are
emerging. First, thereisnow alarge amount of unannotated images on the Internet which are of
interest to search engines. Even arough 3D reconstruction, such as identification of buildings
and roads, could be afirst step towards recovering some information about their content and
the person who took them. Second, computer graphics applications increased the demand for

3D models of characters and environments. Interfaces of freeform sketching systems|[32, 139]
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as well as single view modeling from photographs [217] would improve if part of the recon-
struction process is automated. These programs range between computer-aided user interfaces

and human-assi sted computer vision.

1.4 Reconstruction by recognition

The reconstruction paradigm presented thusfar is completely bottom-to-top, going from image
features to a system of constraints and its solution surface. In this thesis we will focus on the
formulation and optimization phases only. To complete the picture we briefly examine here
the question whether a top-to-bottom approach can do surface reconstructions without going
through the complicated optimization phase.

Roberts' thesis [157] was the first attempt in computer vision to fit known 3D models of
polyhedrato animage. After preprocessing the image with an edge-detector and detecting cor-
ners, the program solved for 3D poses of the polyhedral models so that the projection of their
3D vertices onto the image would be close to the image corners. Rather than using 3D recon-
struction to aid recognition, in this approach 3D reconstruction is essentialy a byproduct of
the recognition process. The approach is limited since except for very restricted domains (e.g.
industrial parts), we cannot assume a-priori knowledge of the surfaces we might encounter.

One way to increase the amount of shapesthat can be resolved isto fit alinear combination
of shape models. For instance, Atick [3] demonstrated the use of shapes basis for approxi-
mate 3D reconstruction of faces from single images. We will discussin detail linear subspaces
derived from planar curves in chapters 2 and 3. This approach is appealing, since once the
category of an object is identified the search for the shape can be carried out in alow dimen-
sional subspace. However, real-world shapes can be quite complicated and generally cannot be
approximated by low-dimensional linear subspaces. Thisisin contrast to diffuse BRDFs and
global illumination for which low-dimensional models make reasonable approximations. The

problem isthat as the image resolution is scaled up, the possible variability of shapesincreases
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beyond what low-dimensional models of the entire image can represent.

To get beyond the limitations of entire surface recognition it was suggested to perform
3D reconstruction by recognizing image parts. The idea of recognizing parts is old (e.g.
Marr [129]). However, some of the more recent methods use |earned surface patches instead of
volumetric primitives. Initsradical version [51,67,73, 78,135, 168], the only 3D-aware com-
ponent is arecognition module that proposes candidate surface parts for each image part. This
leadsto alabeling problem, where the goal isto choose among the proposed surface partsthose
that are compatible with their neighbors. Probabilistic formulations of the problem use Markov

Random Fields (MRF), similar to other labeling problems and texture synthesisin particular.

Reconstruction by recognition of parts was demonstrated on some real images that were
impossible to reconstruct with previous edge-based and shape from shading methods [ 168].
Yet, there are limits to the generality of this approach. On the one hand, small image patches
can be very ambiguous locally. For instance, it is impossible to estimate the orientation (and
depth) of a constant-intensity patch. In fact, as we shall see in chapter 6, its shape need not
be planar. This is reminiscent of the problems in Pentland’s local shape from shading ap-
proach [75]. On the other hand, large image patches require an image-shape dictionary whose
size grows exponentially with the patch size. Furthermore, the resulting labeling problems are

generaly NP-hard.

A more traditional approach combines learned statistics with geometric and photometric
constraints. Partial recognition can be used to establish the system of constraints or resolve
surface ambiguities. For example, Han and Zhu [66] learned 3D edges of cloth and used
these edges as boundary conditions for shape from shading. Lipson and Shpitalni [ 120] used
statistics of anglesto improvetheinterpretation of ambiguous polyhedra. The sketching system
of Chen et a. [28] used a database of detailed 3D models in conjunction with a traditional

analysis of edges and corners.

In conclusion, athough we will not deal with recognition in this thesis, there is definitely

room for additional learned knowledge for setting constraints on the shape. Note, however,



CHAPTER 1. INTRODUCTION 8

that while recognition can be done by detecting some distinctive features, the nature of the 3D
reconstruction problem is very different, requiring the assignment of depth at every surface

point.

1.5 Constraintsformulation

In this section we give a brief introduction to the formulation of constraints on surfaces. Here
and throughout most of the thesis we assume an orthographic projection. Before we can spec-
ify constraints we need to choose a representation for the surface. The common practice is
to represent the surface as a function z(x,y), or another linear surface representation (spline).
Other surface representations, notably level sets and point clouds, could be more appropriate
for a moving surface with topology changes. Since we dea with a single image these repre-
sentations have no advantage.

In alinear surface representation a set of NV points (x;, y;, ;) is related to a vector of pa-
rameters v viabasis functions (z1, . . ., zy)7 = Bv, where we assume that (z;, ;) are known,
and z; are the unknowns.

Throughout the thesis we will meet several such linear representations. For example, a
height map on agrid hasthetrivid basisB = I, v = (zy, ..., z2x)’. In chapter 4 we will work
with alow-dimensional spline basis made of smooth functions. In Chapter 6 wewill ook at tri-
angular meshes. In choosing a basis there is a tradeoff between the number of basis functions,
which affects the computational cost, and the fidelity of the representation. However, mathe-
matically all linear representations are similar in the sense that one can perform an approximate
conversion between any two linear representations. That is, if (z1,...,2x)7 &~ Byv; ~ Byvy,
we can use the pseudo-inverse operator to obtain v, ~ B} Byv,. Thus, constraints specified in
one linear representation can be cast to any other linear representation. Obviously, the loss of
accuracy in such conversions depends on the fidelity of the bases.

The advantage of linear representations is that surface depth and derivatives are simple
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Table 1.1: Common linear constraints.

Constraint Formulation Possible sources

known depth 2 = 2o stereo or symmetry

co-planar points zi=ax; +by; +d (see chapter 2)

known normal Di = Dos @ = Qo brightest point in the Lambertian model,
vanishing line of a plane in perspective

known normal tilt ¢; = p;tanT occluding contour and shape from texture

linear functions. For example, on a grid we may approximate the surface derivatives using
finite differences p;; = 211, — 2i5, Aij = 2i;+1 — 2Z;;. The surface normal is a vector in
direction (—p, —q, 1). It is sometimes convenient to represent aunit normal vector with slant o
and tilt 7 angles. The (slant,tilt) representation is similar to (latitude,longitude) in geography.
In such a representation a unit normal vector is (sin o cos 7, sin o sin 7, cos o).

Next we turn to discuss various types of constraints. Surprisingly, most single-image con-

straints studied in computer vision fall into only three categories.

1. Linear constraints. Linear constraints are by far the most studied class of constraints.
Some examplesare givenin table 1.1. We will examine co-planarity constraintsin detail
in chapters 2 and 3. Note that linear constraints may be specified with equalities or

inequalities.

2. Discrete constraints. We call a discrete constraint a case where some known linear
function of the surface can attain finitely many known values. The most common case
is binary (sign) ambiguity, due to in/out Necker reversal. This ambiguity appearsin the
analysis of shape from texture that we will examinein detail in chapter 4. An important
binary ambiguity is Perkins' cubic corner [84,198]. Interestingly, the perspective shape-

from-angle problem can have more than two solutions[210, 212].
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3. Quadratic constraints. Quadratic constraints show up naturally in problems that in-
volve known angles. For example, an orthogonality constraint between two planar faces
with normals (—p1, —¢1, 1) and (—p2, —¢2, 1) can bewritten aspyq; + p2ge + 1 = 0. In

chapter 6 we will discuss quadratic constraintsin shape from shading.

Obviously, there are constraints that don’t fit nicely into the classification above. Notable
exceptions are non-Lambertian reflectance functions (e.g. Phong’s model). However, if specu-
lar reflection can be separated from diffuse reflectance and the illumination direction is known,
thereisactualy alinear constraint at specular points (the normal is the bisector of the viewing

and illumination directions).

1.6 Optimization

The formulation of constraints leads to an optimization problem, whose difficulty depends
on the type of constraints being applied. Systems of linear constraints are tractable, as long
as they are well conditioned. Linear inequality constraints lead to linear programming (LP).
Linear equality constraints can be solved by procedures of numerical linear algebra. For the
size of problems we work with in chapter 2, the SVD procedure is generally accurate. Note
that there is extensive literature on iterative methods for large sparse linear systems. However,
when it comes to the computation of null vectors, which are essential to obtain the space of
solutions, iterative methods [60, 99] are less reliable, or might be impractically slow for very
large systems.

Unlike linear constraints, discrete ambiguities lead to combinatorial problems. For small
number of discrete constraints an exhaustive search might still be feasible, but many of these
problems are NP-hard. Continuous quadratically constrained quadratic programs (QCQP) are
generaly NP-hard as well. Note that QCQP subsumes both LP and problems with discrete
binary ambiguities.

In chapters 4 and 6 we will apply semidefinite programming (SDP) relaxations to discrete
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ambiguities in surface reconstruction and quadratic constraints in shape from shading. SDP is
currently a very active research area with a wide range of applications. For a general intro-
duction to SDP see [68, 115, 189]. Recently, SDP-based approximation agorithms have been
developed for several computer vision problems, such asimage restoration [ 94, 95], segmenta-
tion [95, 140], graph matching [4, 169, 215] and finding correspondences in stereo [190].
While SDP methods are slower than many other iterative methods, they have severa at-
tractive properties. First, for some combinatorial problems, notably max-cut [59], SDP-based
algorithms provide the best currently known approximation ratio. Second, SDP methods do
not depend on an initial guess. Third, SDP solvers can integrate linear constraints, which are
problematic for other nonlinear optimization methods. Fourth, tight bounds from convex relax-
ations can be used in branch-and-bound schemesto find globally optimal solutions[ 23,24,155].
Last, SDP hasinspired faster iterative algorithms of similar quality in practice but without any
guarantee [18]. Thus, SDP relaxations are radically different from shape optimization methods

used in the past in computer vision.



Chapter 2

Planarity

2.1 History of planarity constraints

The problem of remotely measuring distances, and the perception of surface shape, have oc-
cupied artists, opticians, photogrammeters, psychologists and many others long before the age
of computers. In computer vision, Roberts' thesis [157] from 1963 marks the beginning of
investigations into single-image 3D reconstruction. It was only natural for the early works to
start by examining polyhedral objects. The reason isthat intersecting planar faces of polyhedra
generate straight edges (brightness discontinuities) in the image, which are relatively easy to
detect. Essentially, the problem reduces to making a 3D interpretation out of an edge map or a
linedrawing. Despite the simplicity of planar facestheir theory is not trivial. Inthis chapter we
survey the historical development, motivations, and formulations of co-planarity constraints.

Additional historical accounts can be found in [158, 183, 197] and the first edition of [37].

Roberts' thesis dealt with objects whose shape was known beforehand. The next logica
step, carried out by Guzman [64], wasto try to identify different bodiesin animage of unknown
objects. Guzman defined types of vertices, such as “fork” or “T-junction”, and realized that
certain types cannot be linked by an edge if the edges were to belong to a single 3D body. He

also tested his program on optical illusions such as the Reuterswéard-Penrose triangle. Testson

12
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impossible objects are important, since although we can generally assume that pictures come
from real objects, it isstill agood ideafor amethod to be able to check the internal consistency

of its assumptions.

Guzman's program used a collection of heuristics that worked most of the time. 1n a subse-
guent work, Huffman [79] and Clowes [30] independently analyzed more rigorously the pos-
sible configurations of trihedral vertices (vertices formed by the intersection of three distinct
planar surfaces). In their scheme, known as “Huffman-Clowes |abeling”, each edge is labeled
as “convex”, “concave’ or “occluding”. Thelir junction catalogue contains the labels of edges
meeting at a valid trihedral junction. The problem of determining whether a line drawing has
no 3D realization became to assign each edge alabel such that the labels of edges meeting at a
vertex form avalid junction in the restricted catalogue. Thislabeling problem is NP-hard [97].
However, Waltz [202] showed that after assigning labels around a vertex, the number of pos-

sibilities for neighboring vertices reduce drastically. The median-case of labeling a random

trihedral drawing is linear in the number of junctions [143].

It is interesting to note that the people involved in these early projects made various con-
tributions outside computer vision. Roberts worked on packet switching and is a pioneer of
the internet. Huffman is known for his work on compression. Waltz's filtering agorithm,
known as arc-consistency, is an important procedure in the field of constraints satisfaction
problems (CSP). Marvin Minsky supervised Guzman and was involved in Waltz's work. He
also supervised Horn's pioneering thesis on shape from shading, and is known for his works

on artificial intelligence.

Research on line labeling continued in several directions. Huffman [79] and Malik [126]
extended the labeling framework to curved surfaces. Varley [197] extended the junction cata-
logue to tetrahedral vertices. Additional results are covered in a recent book by Cooper [33].
Other works looked at the question of identifying faces from images of polyhedra or wire-

frames[122,174,191].

Even if we ignore the issues of extracting line drawings from real images and the com-
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plexity of finding legal labelings, there are several problems with the line labeling approach.
First, line labeling does not output 3D surfaces. Second, it was found that the average number
of legal labelings of tetrahedral vertices is exponential in the number of vertices [197, 199].
Thus, labelings are insufficient for characterizing 3D shapes. Third, alegal labeling is a nec-
essary but insufficient condition for 3D realizability, as there are illusory drawings that have
legal labelings but cannot be realized as 3D objects (note that the NP-hardness result for line
labeling [97] does not necessarily reduce SAT formulas to drawings of polyhedra that can be
realized as 3D objects).

These problemsled Sugihara[183] to add algebraic co-planarity constraints. Hisconditions
are necessary and sufficient for a labeled line drawing to be redlizable as a 3D polyhedron.
Linear systems of co-planarity constraints already appeared in Falk [42], but Falk did not solve
them numerically. When Sugihara attempted to solve these systems, he encountered some
numerical issues which will be the subject of chapter 3. Although Sugihara's original method
begins with a line labeling, it was later argued that the line labeling step is unnecessary if the
algebraic system can be formed [71, 158, 199].

In paralel, and completely independently from the work done on the analysis of polyhedra,
there has been work on constraints from planar cross sections. Objects with planar cross sec-
tions are very common. They include surfaces of revolution (SOR [31]), and more generally,
Straight Homogeneous Generalized Cylinders (SHGC [196]). In addition, linear systems aris-
ing from structured light have similar structure [14]. Figure 2.1 illustrates fully uncalibrated
structured light. The curves in the image are projections of planar cross sections of the sur-
face. The goal isto compute the 3D surface from the observed network of curves without any
information about the planes. The surface at the bottom of figure 2.1 was computed using our
method, which will be described in chapter 3. Notice that all planar curves could be placed on

the same plane. A key here isto escape from flat and nearly-flat solutions.
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Figure 2.1: 3D reconstruction from uncalibrated structured light. Top left: a planar laser strip
projected on the object. Top right: curves extracted from a video sequence of projected strips.
Bottom: arendering of the computed surface.
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2.2 Motivationsfor planarity constraints

There are many reasons to study planarity. Perception studies (e.g. [181, 188]) have demon-
strated cases where humans clearly make the planarity assumption. For example, Pizlo et
al. [148] showed that planarity can even override stereo depth cues. Although the extraction of
salient curves from real imagesis adifficult problem by itself, it is hard to believe the sophisti-
cated ability to interpret curves as 3D surfaces had been evolved with no relation to perception
of real scenes. Why are humans making the planarity assumption? Although thereis currently
no definitive answer to this question, there are several possible explanations.

A somewhat naive argument for the importance of planarity isthat planar curves are com-
mon in the environment. A closer look reveals that planar curves are ubiquitous mainly in
man-made objects, like buildings. Planarity is justified in artificial environments, but uncom-
mon in nature, albeit several exceptions. In some regions the ground isflat, and the same holds
for calm water. Cylindrical and ellipsoidal objects have a planar rim from any viewpoint [ 100].
Planarity is also important for motion analysis, since objects thrown in the air trace a roughly
planar trajectory.

It isworth pointing out that co-planarity subsumes parallelism and co-linearity. Thereisno
need to treat these conditions separately as many sourcesdo. A common principle of perceptual
organization isthat parallel linesin the image are likely to be the projection of paralel linesin
3D (under orthographic projection). A similar principle is that parallel linesin the image are
likely to be the projection of co-planar linesin 3D. The subtle difference between the two is
that nearly-parallel lines in the image can still be the projection of co-planar 3D lines, which
is a linear constraint, in contrast to nonlinear measurements for nearly-parallel lines in 3D
(e.0. [119]). The same holds for co-linearity. Points which are nearly-collinear in the image
can be assumed co-planar in 3D. We emphasize this point since linear and parallel lines are
more common in nature than planar surfaces.

Rothwell et a. [161-163] made an interesting suggestion why an internal representation

based on planes might be useful for object recognition. They proposed the “polyhedral cage”
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metaphor, where a 3D object is surrounded by avirtual polyhedron. The vertices of thispolyhe-
dron need not be attached to the surface. The only important requirement is that these vertices
can be computed from images of the surface. Once the vertices are identified in an image, we
can compute invariants and query a database (geometric hashing [111]). Unfortunately, a the-
orem of Burns et al. [19] states that there does not exist a function that is view-invariant for all
possible point sets of any particular size. Thistheorem holds for perspective and orthographic
projections. However, the fact that there are no invariants for general point sets does not imply
that invariants do not exist for specia point configurations. The most studied condition where
view-invariants exist is co-planarity [154, 162]. Invariants can be written for four co-planar
points under orthographic projection and five co-planar points under perspective projection.
Note that planarity constraints become meaningful only for four or more points, since three
points are trivially co-planar. To be valuable, a polyhedral cage should have some faces with
at least four vertices. On such faces affine invariants can be defined. Perspective invariants can

be defined on the butterfly configuration of six points on two intersecting planes [ 162].

2.3 Formulationsof planarity constraints

In this section we review the algebraic structure of networks of intersecting planar curves in
the ideal noiseless case. There are several ways to describe this structure. Our formulation is
similar to Rothwell et al. [161, 163] and Bouguet et a. [14].

Consider a surface on which N planar curvesI'y, ..., 'y, lyingon N planes rq, ..., 7wy,
are marked. Each curve I'; isjust a set of points on a common plane 7;, and does not need to
be continuous (our curves here are just a collection of co-planar points). For now assume an
image is taken under orthographic projection, and & intersection points (x5, v;;) between the
projections of the curves I'; and I'; onto the image are identified. The setting isillustrated in
figure 2.2. Our input isthe intersection points, together with their association to the intersecting

curves. The goa isto recover the planes and compute the depth along the curves. Note that
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two curves may not intersect in the image or they may intersect several times. For simplicity
we omit the intersection multiplicity index. If two curves share a straight line segment, we pick
its two endpoints as intersection points. When more than two curves intersect at a point, we

consider them as pairsin acyclic order.

Assuming the planes do not contain the projection direction (an edge-on plane provides no

information and should be ignored), we can parameterize plane 7; as

zi(z,y) = a;x + by + d; . (2.1)

A 2D intersection point in the image corresponds to a 3D intersection on the surface, which
allows us to eliminate the unknown depths:

zi(@ij, vij) — 2 (Tij, vij) = (2.2)

(@i — a;)zij + (bi — bj)y;; + (di —d;) = 0.
The last equation has another geometric interpretation. Planes 7r; and 7; intersect at a 3D line
whose projection onto the image istheimage line L;; defined by

(ai — aj)x + (b — bj)y + (di —d;) = 0. (2.3)

Equation (2.2) smply meansthat (z,;, y;;) ison L;;. Collecting equations (2.2) for al visible

intersection points results in ahomogeneous linear system:

Av=0, (2.4)

where v = (ay,...,an,b1,...,by,d,...,dy)T is avector collecting the planes parame-
tersand A is a sparse matrix whose rows contain z;;, —x;;, vi;, —i;, 1, —1 at the appropriate
columns. Any vector v defines surface curves {I';} by the back-projection of the image curves

onto their planes.
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Uy

Lij, Yij

Figure 2.2: Intersecting planar curvesin 3D and their projection.

Sugihara already noticed that the problem has similar structure under perspective projec-
tion. In fact, the original formulation of Falk [42] was for the perspective case. Following
standard conventions, the relation between image coordinates x, y to world coordinates X, Y
in perspective projection with focal length f isx = fX/Z,y = fY/Z . A plane w; which does

not pass through the camera center is parameterized by

(2.5)
(aix/f+by/f+c)Z(X,Y)=1.

Theintersections between pairs of curvesyield homogenouslinear equations analogousto (2.2)

1/ Zi(wi5,y55) — 1/ Zi(wi5,y55) =

(a; — aj)ai; /[ + (bi — bj)yis/ [+ (ci —¢;) =0

(2.6)

In the perspective case we divide by f the entries x;;, v;; in the matrix A, which we denote

as A ;. Collecting equations (2.6) for al visible intersection points results in a homogeneous
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linear system analogousto (2.4):

Afo =0. (27)

: . . : B 1
Solutions to 2.7 can be substituted in 2.5 to give the depths Z(X,Y") = e Frha e The
orthographic and perspective system are similar, except that in the perspective case the solution

isfor inverse-depths.

It is sometimes possible to reduce the number of variables in the systems (2.4) and (2.7).
For instance, it might be known that some planes are parallel to the ground plane, paralel to
each other (e.g. in structured light), or intersect at a single point [ 14]. It might also be possible
to estimate the normal of a plane by finding its vanishing line in the image [ 144, 175,182]. In

our analysis here we consider the most general case of 3V variables.

Under orthographic projection, the vector v of true planesis a solution to (2.4) and hence
in the null space of A, which we denote Null(A). However, Null(A) aso contains trivial
solutions, which place all curves in the same arbitrary plane. Observe that (2.2) has a basic

trivial subspace of solutions spanned by
)" )"

_ (In,0on _ (On,1n,0n _ (02n,10)T
V=T Un V2T N V3T TN (28)

where we use the notation ¢, to denote a k-vector whose entriesare all ¢. For any non-flat solu-
tion v to (2.4) thereis a 4D subspace of ambiguous solutions, since any linear combination of
v,v1,Vo,v3 isalso asolution to (2.4). Thisisknown as Generalized Bas-Relief (GBR) ambigu-
ity (the ordinary bas-relief ambiguity in an old depth-compression scul pting technique [ 207]).
The intuitive interpretation of the GBR is that “adding a plane” to al points on the surface,
or multiplying the depths by a constant, preserve co-planarity relationships and is invisible to
the observer. A similar ambiguity occurs in the perspective case, and called Generalized Per-
spective Bas-Relief (GPBR). The GBR ambiguity was already known to Sugihara, although
the terms GBR and GPBR became common later [7,109]. This ambiguity is common to sev-

eral uncalibrated depth cues, such as shadows, photometric stereo, and affine structure from
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motion from two views [102]. Interestingly, in human perception studies of pictorial relief,
Koenderink et al. [106] found that variationsin 3D perception of the same picture by different

observers can be attributed to the orthographic GBR ambiguity.

The GBR and GPBR are special affine and projective transformations of 3D space. A GBR

transformation can be written as

z 1 00 T 0
v1=1lo1o]]lyl+]|0| - (2.9)
2 a b c z d

X’ 1 000 X
Y’ 01 00 Y
= (2.10)
A 0 010 A
w’ a b c d 1

Note that the GPBR scales points along their line of sight to the center of projection. The
movement of points along their line of sight is unnoticed in the projected image. This is
analogous to the operation of the orthographic GBR, which moves points in the direction of

the z-axis.

To understand how the GPBR operates on planes, consider a 3D point (X, Yo, Zo)T on
some plane a1 X + b1Y + ¢;Z = 1. The homogeneous coordinates of this point can be writ-

tenas (X, Yo, Zo, 1)T = (Xo, Yo, Zo, a1 Xo + 01 Yy + 1 Z0)". Applying the GPBR transforma-
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tion (2.10) we get

X' 1 00 O Xo
Y’ 0100 Yo
4 0010 Zo
w’ a b c d a1 X+ b1Yy + 12y
(2.12)
Xo
Yo
Zo
(a+ a1 d)Xo+ (b+ b1d)Yy + (¢ + a1d) Zy
If W’ 0, the point (X', Y”, Z', W")T ison the plane
(a+ a1 d) X + b+ 0 d)Y +(c+ad)Z=1 . (2.12)
Thus, under a GPBR transformation, a vector v = (ay,...,an,b1,...,bn,d1, ..., dy)T of

planes parametersistransformed to av/Nvy + bv/Nvy + cv/Nvg + dv.

It is worth pointing out that there are several alternative formulations of co-planarity con-
straints. These formulations are mathematically equivalent to ours in the noiseless case, and
should produce similar results on small line drawings of polyhedra. However, they are not
equivalent computationally in structured light scenarios in terms of size and sparsity of the

matrices involved.

e Theoriginal formulation by Sugihara[183] had al the variables
(a1,...,an,b1,...,by,dy,...,dN, z1,...,2) inthelinear system. In astructured light
scenario we might have & = O(N?) intersection points, while only 3N parameters are
required to represent the planes. This could be a problem for large N if we use dense

solvers.
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e Lipson and Shpitalni [119] formed co-planarity constraints by plane-fitting. We can
use this idea (in a different way than theirs) to derive linear constraints on the depths

z = (21, .., 2m)’ Of m co-planar points as follows. For co-planar pointsthere exist a, b, d

such that
T oy 1 a 21
bl = : =7z. (2.13)
Tm  Ym 1 d ~m
Let
oy 1
P=|: . (2.14)
Tm Ym 1
Then
a
Ptz= |y ) (2.15)
d
(I — PP+)z =0, (2.16)

where P is the pseudo-inverse of P. If we construct S; = (I — P,P;"), where P,

contains the points of each planar face, then we can pad these matrices with zeros such
S
that thematrix S = | : | representsall the co-planarity constraints, i.e. Sz = 0, where

S
z = (21, .., 2;)". Inthisform, not only the size of the matrix S canbe O(k x k), but also

S can be denser than our matrix A.

e Sparr [180] and Heyden [72] proposed sparse constraints on the depths of co-planar
points using barycentric representations. For each planar face we can choose three non-

collinear points (z1,y1), (x2,y2), (v3,y3) a abasis. Any other point on that face with
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image coordinates (4, y4) can be represented as

(-0 DAO-C) e

This can be rearranged as

Ty Ty T3 T4 0
C1 + Co + c3 +cy =

(0 Y2 Y3 (A 0 (2.18)
01+CQ—|—C3+C4:0.

The barycentric representation is invariant to affine transformations and the GBR in par-
ticular. When the faceislifted from theimage planeto 3D by some GBR transformation,
thelinear constraint ¢, 2, +co29 +c323+¢424 = 0 still holds. The constraintsfor all points
over al planes can be collected into a matrix S, so that Sz = 0 as before. Crapo [34]
obtained a similar matrix S, where instead of solving (2.17) numerically for o and g,
his matrix entries are expressed using determinants. Although S has the same order of

nonzero elementsas A, itispossibly of size O(k x k).

¢ Interestingly, the question whether aline drawing can be realized as a non-flat 3D poly-
hedron is connected to mechanical rigidity of networks of planar faces connected by
hinges. A linear system derived from kinematic considerations was proposed by Ros and
Thomas [158, 159]. In their system, the variables are the infinitesimal angular veloci-
ties of the hinges that would lift the network from the image plane into a non-flat 3D
configuration. While this scheme is similar to the previous ones for polyhedra, it relies
on straight segments in the line drawing. However, in structured light we might have a

single intersection point between two curves in the image, so no hinge can be formed.



Chapter 3

A Linear Escape from Flatland

3.1 Introduction

In this chapter we revisit the problem of recovering 3D shape from the projection of 3D planar
curves. This problem is strongly motivated by perception studies, and has applications in
single-view modeling and uncalibrated structured light. As we saw in the previous chapter,
systems of intersecting planar curveslead to linear systems of equations. Here we take a closer

look at the non-trivial solutions of such systems.

Previous work on linear systems from planar curves was divided between work on pla-
nar faces and planar cross sections. Planar faces of polyhedral objects were studied by Sugi-
hara[183] and many others. Linear systemsarising from planar cross sections have been exam-
ined in structured light [ 14] and Straight Homogeneous Generalized Cylinders (SHGC) [196].
Note that the planar cross sections of an SHGC need not necessarily bevisiblein theimage. In
some cases they could be estimated from the silhouette [ 192]. We stress that the same analysis
applies to scenes having both types of planar curves. This point has also been emphasized in

independent work [53, 54, 89-91] that followed our paper [41].

The algorithm we propose looks for a solution that minimizes the algebraic error of the

linear system, under the constraint that a geometrically meaningful measure of non-planarity

25
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is held constant. This formulation has two advantages. First, it is less sensitive to noise than a
direct least-squares solution. Second, our cost function isinvariant to changesin focal length.
Thus, given a system of intersecting curves with little amount of noise, our method can deter-
mine whether it is possible that all curves are actually planar in a non-trivial 3D configuration.
We also show examples where the same method produces plausible surfaces from the projec-

tion of parallel (non-intersecting) planar cross sections.

3.2 Non-trivial solutionsin noiseless systems

Before getting into solving the system Av = 0 (2.4) we consider whether multiple linearly-
independent solutions are possible. Ideally our system would have a 4D solution space: three
dimensions are due to the GBR ambiguity and the fourth comes from the true shape. One may
wonder whether systems with more independent non-trivial solutions exist. The dimension
clearly depends on the observed pattern of intersections. For instance, digoint components of
curves leave some degrees of freedom. If the image is of atriangular mesh, we can place any
of its vertices freely in depth. Rothwell and Stern [161] demonstrated polyhedra with more
than four degrees of freedom but relatively few intersections. However, for highly-connected
networks of curves the system will typically be over-determined. For example, in a structured
light scenario we may have O(N?) equationsin 3N unknowns. Although extremely rare, there
exist highly-connected systems with O(N?) intersections that have a subspace of non-trivial
solutions whose dimension is greater than one, as shown in figure 3.1.

Next we show how to artificialy construct systems with O(/N?) intersection points that
have a 2-dimensional non-trivial subspace. This question is not completely trivial. One cannot
manipul ate the entries of the matrix A arbitrarily to lower the rank of the matrix, because the
matrix has a special structure: on each row we have x;;, —x;;, yi;, —v:;, 1, —1. However, it can
be easily achieved with a geometric construction. Let {r}},{7?} be any two sets of N planes

in general position. For each set of planes, we can intersect pairs of planesin 3D and find the
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Figure 3.1: Multipleinterpretations. In the left drawing, each “L” shaped curve is assumed to
be planar. The drawing can be interpreted as a cube or as having doubly-ruled faces. In this
particular example, there is a 7-dimensional solution subspace, since each vertex of the cube
can be placed arbitrarily in depth.

projection of the intersection lines in the image, as defined by (2.3). Denote by {L;;}.{L;}
these image lines for each set of planes. Set (z;;,;;) to be the intersection point of L}j and
L7;. By congtruction, the two sets of planes {r; },{=}} are solutions to the system defined by
this choice of (z;;, y;;). Having a 3-dimensional non-trivial subspace is much more accidental,

sincefor each intersection thelines L;;,L?;,L}; must intersect at a point (or two lines coincide).

3.3 Solving noisy systems

We now turn to solving the system in practice. Sugihara[183] already noticed what he called
the superstrictness problem: the linear system is typicaly over-determined and has no exact
non-trivial solution in presence of noise. There are two general waysto deal with this problem.

The first approach assumes that the curves are exactly planar in the world and therefore
the measured positions in the image of the intersection points need to be corrected. Several
methodsfall into this category. Sugiharaand Imai [ 183] look for a subset of the equations such
that if we drop these equations, the system has a solution even if the positions of the inter-
section points are slightly perturbed (generically reconstructible system). This approach does
not spread the error evenly [160]. Shimshoni and Ponce [173] derived a linear programming

relaxation. Their method provides a necessary but not sufficient condition for non-trivial 3D



CHAPTER 3. A LINEAR ESCAPE FROM FLATLAND 28

realization of the curves. Ros and Thomas [160] proposed a nonlinear optimization algorithm
based on a specia parameterization of al exact solutions. The parameterization is derived
from a resolvable sequence, which is an ordering of the vertices and faces such that there is
always a way to place the vertices and faces one by one in 3D without contradicting previous
placements. However, as they discuss, there are systems for which a resolvable sequence does
not exist. Heyden [ 72] examined modifying the matrix of the system using SVD on any incon-
sistent subset of equations. While his method is not guaranteed to work for all systems, it was
probably the first purely numerical method for the superstrictness problem.

The second general approach to the superstrictness problem assumes the positions of the
intersection points are correct (A is fixed), and accepts the compromise that the curves will
not be exactly planar in 3D. Since curves that are exactly planar are uncommon in nature, we
may consider planarity as a simplifying assumption that could be violated. A clear advantage
of this approach is that numerical linear algebra methods can be applied. In contrast, the
approach of correcting the line drawing is more combinatoria in nature and generaly is a
hard problem. Previous work along this line include Grimstead and Martin [62, 198], Sturm
and Maybank [182], Bouguet et a. [14], and Ros and Thomas [159]. Our work follows this

direction.

3.3.1 Thetrivial subspace

We begin our investigation with acloser look at thetrivial subspace. It might be that the vectors
v1,va,v3 from equation (2.8) do not span the full algebraic subspace of flat solutions. This
happens when there is a curve whose intersection points are along a straight line (in particular
acurve with less than three intersections), asillustrated in figure 3.2. Assuming the planes are
not edge-on impliesthat a straight curvein theimageisstraight in 3D. Note that Zero Gaussian
Curvature (ZGC) surfaces [195] are a special case of surfaces that contain lines.

To characterize the complete space of flat solutions we need a measure of surface flatness.

A natural approach isto pick a set of pointson the surface, fit aplanewith linear regression, and
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straight
curve

Figure 3.2: A trivial solution can embed all curves into the same geometric plane while as-
signing the straight line a different plane. Since all the intersection points are on the same
geometric plane, there are no gaps between the curves at the intersection points.

measure the residual error. The error will be zero whenever al points are coplanar. Although
we don’t know the depths at the points, we can express these depths as a linear function of v.
Let (z;,y;) be aset of k representative points on the curves (e.g. the intersection points). Let
Z be amatrix that reverse-projects the points onto their planes. The rows of Z contain x;, v;, 1
at the appropriate columns, so that Zv = (zy,...,2:)7, where (z1,...,2;)T are the depths
of the planes at the points (x;, y;) according to equation (2.1). The geometry isillustrated in
figure 3.3, where for ssimplicity it shows the intersections of linesin 2D instead of planesin

3D. Define the matrix C by

1y 1

(3.1)

Tp yr 1

C=(1-PPYZ/Nk=(Z-P(P'2))/Vk ,

where P is the pseudo-inverse of P. Then ||Cv/|| is the averaged squared norm of the devi-
ation in the z direction of the points (x;, y;, z;) from the best fitting plane obtained by plane-

fitting linear regression. The residual of this regression is the solution to the least-squares
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Figure 3.3: System of three intersecting lines (T'y, FQ,F?,_) in 2D. The image is formed by

-112'1 0 0 1 0 0 aq xTq 1
0O = 0 0 1 O Qo r 1
. . . I 0 0 1 00 __|as | T2 1
projection on the x-axis. Here Z = 0 0 2, 0 0 1] v = d | P= v 1]
0 0 z3 0 0 1 do r3 1
| 0 T3 0 01 0_ _dg_ _Zlfg 1_
problem
) 2
min z Zv—-P |y ) (3.2

d

which is achieved by (a,b,d)T = P*Zv. Therefore, the residual in equation (3.2) equals
[(Z = PP*Z)v|* = [|Cv|?.

We define the trivial subspace to be the null space of C. All vectorsin the trivial subspace
correspond to coplanar points (z;, y;, z;), including cases with straight curves as in figure 3.2.

There are three degrees of freedom in choosing this plane, but the dimension of Null(C) could
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| Space of solutions Av = 0|

| Trivial subspace Cv = 0 | | Non-trivial solutions Cv # 0 |
T Systems with lines
Bezle tnwa] have additional Additional non- True surface
subspace solutions . . . . -
oy trivial solutions trivial solutions (1D ambiguity)
1, V2, V3

(figure 3.2)

Under-constrained systems Over-constrained sys-
(e.g. triangular mesh) tems (e.g. figure 3.1)

Figure 3.4: Categories of solutions to noiseless linear systems of intersecting planar curves.
A solutiontothe system Av = 0 can bealinear combination of trivial and non-trivial solutions.
A system should have at |east a four-dimensional solution space (GBR ambiguity). Additional
linearly-independent solutions are also possible.

be larger. A categorization of solutionsin the noiseless case is shown in figure 3.4.

Thetrivia subspace has degrees of freedom which could be set with additional information
(e.g. depth of some known points). In absence of additional information, under orthography
one may get a convincing qualitative shape by picking a solution which is orthogonal to the
trivial subspace (under perspective this might place observed points behind the camera). This
choice is natural since while the planar solutions are common to any set of curves, the non-
trivial component is specific to the observed curves, i.e. to the specific problem data. Related
ideas appear in[14,161]. Interestingly, solutions orthogonal to 1 5 occur in diverse applications
such as graph Laplacians or graph drawing [65, 107]. Next we provide some statistical support

for this choice.

Assume a set of random planes is viewed orthographically from a random direction, or
simply that the planes have random uniform orientations. What is then the distribution of

the basic trivial component? Recall that v, v, v3 in equation (2.8) are an orthonormal basis
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Figure 3.5: Histograms of (3.4) for random planes (10° trials). Left: N = 10 planes, mean =
0.297, std = 0.108. Right: N = 50, mean = 0.132, std = 0.05.

vectors for the basic trivial subspace. The relative magnitude of the basic trivial component is

H (VTVl, VTVQ, VTVg) H

(33)
vl

Since absolute depth islost in orthographic view, we may set vivs = ﬁ > d; = 0. An upper

bound on (3.3) is
I an S0 |
VN|[(a,...,an,bi,...,bx)|

(3.4)

When the orientations of the planes are uniformly distributed, the directions of the unscaled
normals are (n¥,n?, —n?), where n¥,n?, n? ~ N(0,1). In the form of (2.1), a; ~ n¥/nZ,
b; ~n!/nZ. The coefficients of the planes are Cauchy distributed. The sum of Cauchy vari-
ablesis also distributed Cauchy, has a mode at zero but its mean is undefined. Therefore, we
cannot apply the central limit theorem (CLT) to the absolute magnitude of the trivial compo-
nent, \/_IN S a;or \/_lﬁ >~ b;, and expect that as N — oo their distributions will converge to the
normal distribution. However, the relative magnitude of the basic trivial component in (3.3) is
always bounded by 1. The empiric histogram of (3.4) isshown in figure 3.5. From thisempiric
distribution we conclude that under the assumption of large number of uniformly distributed

plane normals, it is probable that the magnitudes of vIv; and vIv, are small relative to the

magnitude of v.
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3.3.2 Proposed method for orthographic systems

In the presence of noise the trivial (planar) solutions are still exact, but in general there are
no additional exact solutions. Geometrically this means there may be depth gaps between the
planesat (z;;,y;;). Thisisshownin figure 3.3 asthe algebraic error. A standard approach isto
minimize the norm of the residuals of (2.4), i.e. looking for avector v such that ||Av || issmall.
However, when the points are nearly planar ||Av|| is small for any set of curves. Thus, we
want at the same time to keep the points (z;, y;, z;) avay from acommon plane. The condition

|Cv|| = 1 holds the points away from their best fitting plane.

Recall that Null(C) is made of the trivial solutions that can be fit with a single plane.
From (3.1,3.2), Cv = 0 implies Zv = P(a, b, d)* for some plane parameters a, b, d. Hence,
2i(@ij, vij) = 2;(Tij, vij) = ax;; + by;; + d. By definition, that means Av = 0. Therefore,
Null(C) C Null(A), even when A isnoisy. We may assume for now that v is orthogonal to
Null(C), since any component of v in the trivial subspace does not affect ||Av||. Thetrivial

component can be added later if additional information is provided. We pose (2.4) as

argmin ||Av] s.t. ||Cv| =1, v L Null(C) . (3.5

To solve (3.5), let C = UDVY be the SVD of C. Define V and D by removing the
columns of V and rows of D that correspond to singular values smaller than . The removed
columns of V span the trivial subspace, which is at least three-dimensional. The columns of
V form abasis for the orthogonal complement of the trivial subspace. Writingv = VD ~lw,

and using the fact that U is orthogonal, the problem becomes
argmin [[AVD 'w| s.t. [UDVv| = |w|=1. (3.6)

The procedure is summarized in algorithm 1. In thisalgorithm, w essentially picks a solution

in the V basis. The matrix D! weights the columns of V so that vectors closer to a flat
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solution get higher cost. The singular value associated with w is the minimum value of (3.5).
For a system with a little amount of noise, we expect its value to be close to zero, unless the

true surfaceis atrivia solution.

Algorithm 1 Solving a system of intersecting planar curves.
1: Form the matrices A, Z, P from the intersection points.
2 SetC=(Z-P(P*2))/VEk.
3: Computethe SVD C = UDVT,
4: Form V and D by removing the columns of V and rows of D that correspond to singular
values smaller than .
Compute the SVD of AVD !, and let w be the last right singular vector.
Returnv = VD lw.

o a

3.3.3 Perspective systems

In the previous chapter we met the orthographic system Av = 0 (2.4) and the perspective
system A v, = 0 (2.7). Sugihara [183] observed that the orthographic system has an exact
non-trivial solution if and only if the perspective system with the same intersection points has
an exact solution. His result implies that given a noiseless systems of curves, one can test
whether it is possible that the curves are indeed planar in a non-trivial configuration, without
knowing the focal length of the camera. It is always enough to check whether a solution exists
assuming orthographic projection. We extend this result to noisy systems by showing that the
error level measured in our formulation for noisy systems is independent of the focal length.
Notethat in general, the singular values of the matrix A ; from (2.7) are not invariant to changes
of f.

In the perspective case we divide by f the entries x;;, y;;, x;, y; in the matrices A, Z, P,
whichwe denoteas Ay, Z;, P s, and compute C; similar to (3.1). Asin the orthographic case,
the matrix C; performs a plane-fit. Instead of fitting a plane to the 3D points (X;,Y;, Z;), it
is algebraically more convenient to define C; such that it measures deviation from planarity
Yi _ oy 1

L ). Notethat if the transformed points are on a

for the transformed points (5 = %, 72 = %, -

plane ag + b + ¢ = -, thenthe 3D pointsare on the plane a.X; 4 bY; + ¢Z; = 1. With these
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definitions we can solve

argmin ||Asve|| s.t. [|[Cpvy| =1. (3.7)

Vf

We show below that for any focal length f, the smallest singular values obtained from solving
equation (3.7) are the same, and equal those of the orthographic system. With any solution
vector v = (ay,...,an,b1,...,by,dy, ..., dy)T to the orthographic system we can associate

asolution v to the perspective system

Vf:(fab"‘7fa’N7fb17"'7be7d17"'7dN>T‘ (38)

By direct computation we get A vy = Av, Z;v; = Zv, P;P; = PP*, and Cyv; = Cv.
Thus, the minimal singular values of the systems (3.5) and (3.7) are the same. Notethat if v is
perpendicular to the basic trivial subspace, then so isv ;. However, if v is perpendicular to the
numerical null space of C, there is no guarantee that v, will be orthogonal to the numerical
null space of C;. Nevertheless, since Null(C;) C Null(Ay), it is aways possible to project
out the trivial componentsin v, without affecting the cost value. However, our argument for
picking a solution orthogonal to the trivial subspace is less justified for perspective projection,
since it may place some visible points behind the camera (violate the cheirality constraints). In

some situations the solution must contain atrivial component.

3.34 Reaults

Demonstrations of the method to uncalibrated structured light are shownin figures 2.1 and 3.6.
The curves were extracted from a video sequence of projected laser strips controlled by hand.
Curves whose intersection pointswere nearly linear were pruned, because some of these curves
are not nearly linear in 3D. The surfaces shown were computed using the orthographic model.

Surface interpolation between the curves was done by Matlab, which interpolates over atrian-
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Table 3.1: The five smallest singular values of AVD .

Fig. 21 Fig. 3.6 Fig. 3.7 Fig. 3.8 Fig.3.10 Fig. 3.10
without noise (A,J) with noise (C,K)
0.8630 1.3247 1.2936 0.3672 2.9201e-011 35.8137
20788 3.8083 3.3439 1.2055 43.3110 43.8159
25905 57032 48551 1.6912 51.2596 52.5848
4.0279 7.0677 7.6960 4.1249 52.1086 53.7654
6.2370 9.9011 9.9925 4.7813 56.0042 58.0213
gulation.

We also applied the method for single-view modeling [ 182]. The user creates a 3D model
from a photograph by drawing line segments and linking them to planar faces. Results are
shownin figures 3.7 and 3.8. Though many faces had to be defined to fix all degrees of freedom
in these examples, we used nothing but grouping of segmentsto planesto infer the 3D shape.

Table 3.1 lists the smallest singular values of the matrix AVD ~! for various figures. For
ideal noiseless systems, the smallest singular value should be zero. Generdly, a large gap
separating the smallest singular value from the rest indicates that the last singular vector is

likely to be close to the true set of planes (up to a GBR ambiguity).

3.3.5 Comparison to previouswork

Structured light is a popular scanning method, especially in controlled environments. Onein-
convenience of fully-calibrated structured light is that any projected strip has to be calibrated
with respect to the camera. This makesit difficult to move the camera or light freely to achieve
optimal scanning of the object. Hence, it is desirable to minimize the amount of calibration.
The method we presented is fully uncalibrated. It proposes a shape assuming orthogonality to
the trivial subspace. As we argued and demonstrated, this assumption produces a reasonable
qualitative shape for randomly oriented planes. Otherwise, some known points, or orthogo-

nality constraints, have to be used to achieve a metric reconstruction. The minimal additional
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Figure 3.6: Surface reconstruction from 78 curves and 1053 intersection points. The axis of
the head is not perpendicular to the table due to a non-zero trivial component in the collection
of true planes.
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Figure 3.7: Top row: input image and manually drawn curves (54 planar faces). Bottom row:
shaded and texture-mapped computed surface from different viewpoints.
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Figure 3.8: Image, curves, shaded and texture-mapped surface.

39
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information needed is much less than what is required for calibrating every light strip. Solving
asystem of intersecting planeswith additional calibration information yieldsajoint-calibration

of all the planes together.

Several previousworks have been attempting to do uncalibrated structured light. Chen, Gao
and Chen [26] assume the projected planes form an orthogonal grid. Caspi and Werman [21]
assume the planes belong to two pencils. In the setting of Bouguet et a. [14] it was assumed
that al planesintersect at a known point (the light source) so each plane had only two degrees
of freedom. Our formulation is more general than the previously used models for uncalibrated
structured light. It does not restrict the planes in any way and thereby alows scanning any

visible part of the surface.

In this subsection we derive the algorithm of Bouguet et al. [14] in a different way (their
formulation makes the solution exactly orthogonal to the basic trivial subspace only when an
exact solution exists), and compare it to ours. To avoid the zero solution (vy = 03y) to (2.4),
write

argmin ||Av| s.t. ||v|| =1, v L Span{vy, vo, v3}. (3.9

Essentially, one is looking for the fourth smallest right singular vector of A. To enforce the
solution to be orthogonal to the basic trivial subspace (both in the noisy and noiseless cases),

we write v. = Bu, where B is a matrix whose columns form an orthonormal basis to the
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orthogonal complement of v,v,,v3 defined by (2.8). A possible closed-form choiceis

E 0 O

1
B=10 E 0 A=,
VN(1++V/N)
0 0 E
L 3N x(3N—3)
1 1L
VN VN VN (3.10)
1+a @ «
E = « 1+« «
o « - 1+
L 4 Nx(N-1)

(a less symmetric choice for E is the Helmert matrix). B has orthonormal columns since
for each column E; we have ||E;||> = & 4+ (N —2)a® + (1 + a)? = 1, and for i # j
E; Ej = 5 +2a(l+a)+ (N =3)a’ = 0. Inaddition, E; - 1y = ——< + 1+ (N —1)a = 0.

Using this basis, the problem becomes
argmin ||[ABu|| s.t. |Bu|| =|jul|=1. (3.11)

Let AB = UDVT bethe SVD of AB. uisthelast columnof V and v = Bu isthe desired
solution. We can verify that except for the columns associated with the intersection points of
thefirst curve, the other columnsof AB are sparse and contain the same elementsas A.. Entries
of the form ax;; — ax;; vanish, and entries of the form (1 + a)x;; — ax;; leave the original
elementsof A. Sinceonly thelast singular vector is used, there might be iterative methods that

can handle very large sparse systems faster than the complete computation of the SVD.

Comparing (3.6) to (3.11), the matrix VD ! isreplaced with B. The methods differ in two
aspects. First, excluding only the basic trivial subspace yields a flat solution when a straight
line is present. Secondly, omitting D! is prone to nearly-flat solutions. These solutions

place all curves, except a small number, near a single plane. Almost al intersection points
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(®)

Figure 3.9: (A) 25 synthetic cross sections of a radial sine. The 351 intersection points are
perturbed (red dots). (B) Our solution. (C) Last singular vector of the smple SVD method.
This is a nearly-flat solution (note the bottom-right curve). (D) Second-last singular vector
of the simple method. Although resembling the solution, it must be perpendicular to the last
singular vector (C).
contribute nearly zero to the total error, and the error at the small number of intersection points
of curvesfar from this plane might be relatively negligible. Note also that unlike the condition
|Cv|| = 1, the condition ||v|| = 1 has no geometric meaning. In fact, it mixes units of slope
(a;, b;) and depth (d;). Thus, changing the measurements units can potentially alter the singular
values of the matrix (although the effect might be unnoticeable if the error in the system is
small).

Figures 3.9 and 3.10 compare both methods on synthetic randomly oriented cross sections
of aradial sine. The positions of the intersection points were perturbed and shown by red
dots. Both methods succeed solving these examples without the perturbations. However, the

perturbationswere enough to break down the simple SV D method while our method succeeded.

Figure 3.11 demonstrates our method when straight curves are present.

3.3.6 Waystoimprove accuracy

While the method we presented could be good enough for visualization purposes, for other
applications, notably 3D scanning by structured light, it might be desired to obtain the high-

est possible accuracy. In this section we outline several ways to improve the accuracy of our
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(A) (B)

G (H) @

(K) (L)

Figure 3.10: (A) 100 synthetic cross sections of aradia sine. These curves intersect at 4475
points. (B) A second view of the curves overlaid on the 3D surface. (C) The red dots denote
a random perturbation of the intersection points. (D) The output of the simple SVD method
when run on the noiseless input (A). (E)-(1) The last five singular vectors produced by the
simple SVD method when run on the noisy input (C). (J) The output of our method when run
on the noiselessinput (A). (K)-(L) Thelast two singular vectors produced by our method when

run on the noisy input (C).
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Figure 3.11: Left: adding four straight segments to figure 3.1 resolved the ambiguity. Right:
computed surface by our method. The Last four singular vectors of the simple SVD method are
flat, and the shape appears only at the fifth (note that our method thresholds by ¢ the singular
vectorsof C, not A).

method. We did not experiment with these enhancements since our focus was on the mathemat-
ical formulation. These practical enhancements should be considered for real implementations

depending on the level of control one has on the scanning environment.

Our experience with our method has been that it is more stable than the simple linear
method, in the sense that we never observed a case where it broke down and the simple linear
method didn’t, but observed the other way around (see figure 3.9). However, sometimes both
of them break down. The common cause for breakdowns are curves having nearly-linear inter-
section points in the image which are not linear in 3D. The simplest solution is to drop these
curves. However, if the curves are linear in 3D dropping them means throwing away some
information.

Another way to improve the stability and accuracy is to surround the object with planar
plates at various orientations, as illustrated in figure 3.12. Thiswill help to prevent the image
curves from being straight lines. An additional advantage of such a setup is that the image
intersection points of curves on these planar plates can be computed more accurately. Since
the image curves on planar plates are straight lines, one can do line fitting and intersect these
lines with subpixel accuracy.

It is also possible to improve the numerical stability of the system by using restricted sets
of planes. For instance, Bouguet et al. [14] used planes that intersect at a point. Caspi and

Werman [21] used pencils of planes that have a common line. Sagawa et a. [165] used two
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Figure 3.12: Surrounding the object with planes can improve the localization of intersection
points.
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pencils (horizontal and vertical strips) and report improved stability compared to systems of
arbitrary planes. It should be kept in mind that due to possible concavities on the surface, using
asingle pencil of planes might not be enough to illuminate al the areas on the surface that are
visible to the camera. However, it is possible to use multiple pencils while still keeping the
number of variables small.

A different error model for noisy systemsisto assume that the observed intersection points
in the image are contaminated by i.i.d. isotropic Gaussian noise. The maximum likelihood
estimation is achieved by minimizing the sum of squared distances between the observed in-
tersection points (z;;,v;;) to the image-projection of the intersection lines L;; (2.3) of the

estimated planes (see figure 3.13). For orthographic projection the expression is

Pl ) L wo,a

and for perspective projection the expressionis

ZJ (e = aﬂ')x"gé f _z%;;bggiyf/b{ )"; (=) (o v L Nuncy). (3.13)
In (3.12), the numerators are the same as (2.2). The fractions are homogenous in the vari-
ables vector v (scale invariant). Note that (3.12) is invariant to addition of basic trivial com-
ponent vectors vy, v, v3, which on their own yield the undefined value 0/0. Optimization
along the lines of (3.12) was proposed by Kawasaki and Furukawa [91] without the condition
v L Null(C). Without this condition, the optimization procedure is free to add unbounded
trivial components, and converge towards 0/0 which is numerically undesirable. Thereis a
large variety of numerical methods that can be applied to (3.12), some of them are specifically
designed to minimize homogeneous rational functions[29, 86]. These numerical methods typ-
ically converge to a local minimum, depending on the initial guess. Fortunately, the linear

method usually provides a good starting point for nonlinear optimization.

When the system of curves is under-determined, or when a metric reconstruction is re-
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image 3D

Figure 3.13: In anoisy system, an observed intersection point may not lie on the projection of
the intersection line of the two 3D planes. We would like to minimize this distance.

quired, planarity constraints can be combined with additional depth cues. For example, Lipson
and Shpitalni [119, 198] maximized measures such as corner orthogonality and verticality of
line segments. Another exampleis Surfaces Of Revolution (SOR [31]), which are SHGC' swith
two additional constraints. Shimshoni and Ponce [173] and Shimodaira [172] used also shad-
ing. These works require nonlinear optimization, potentially in high dimension. In contrast,
Sugihara [183] already proposed to simplify the search by first solving the linear constraints
to obtain alow-dimensional linear subspace that contains the solution, and then searching for
scale and trivial subspace coefficients (e.g. search in a 4D space) to optimize additional ob-
jectives. The benefit of this approach is that the non-linear search is confined to a very low
dimension. If we ignore the global depth ambiguity (vs), the 3D space of GBR ambiguities
can even be sampled densely enough to get close to the solution of nonlinear cost functions (a
parallel brute-force search might be the method of choice for the brain). In practice, it is some-
times helpful to expand the search space with additional singular vectors of C that correspond

to small singular values. Optimization in a subspace has been demonstrated for several nonlin-
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ear cost functions. Sugihara applied thisideato shape from shading and shape from texture of
over-constrained polyhedra. Liu et al. [121] used nonlinear search in alow dimension to opti-
mize the minimum standard deviation of angles (MSDA). Kawasaki and Furukawa [ 89] used
the low-dimensional space to optimize orthogonality constraintsin structured light. Since our
method captures the trivial subspace in a more geometrically meaningful way than previous

methods, it can contribute in that direction as well.

3.4 Parallel planar curves

In the previous sections we discussed systems of planar curves with many intersection points.
Next we look at the complimentary case of parallel cross sections, where standard shape from
texture algorithms cannot be applied. Consider the topographic maps in figure 3.14. In this
problem one has to set the order and distances (in z) between the planes. Notice the strong
depth perception in absence of elevation values.

It seems that in general humans are better at perceiving over-constrained polyhedra than
arbitrarily oriented planar cross sections (e.g. figure 3.9 (A)). Although the problem of in-
terpreting parallel planar curves is very under-constrained, there are examples where humans
have strong 3D perception. Todd and Reichel [188] showed an example where humans per-
ceive parallel cross sections better than randomly oriented cross sections with plenty of inter-
section points. Whether humans are able to perceive a3D shape from its parallel cross sections
varies with the shape and the orientation of the cross sections. In particular, topographic maps
will not always pop-out naturally to the correct shape of the terrain. The same shape dliced
at different orientations can generate different percepts (or the perception of curves on a flat
surface). Therefore, we are not particularly interested here in Euclidian reconstruction of to-
pographic maps with fixed depth gaps between adjacent curves, but in suggesting plausible

smooth shapes using a mechanism similar to the case of intersecting planar curves.

To reduce the parallel case to the case of intersecting curves we use a simple shape prior,
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Figure 3.14: 3D shape estimation from parallel planar curves (topographic maps).
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Figure 3.15: Reconstruction of topographic maps by piecewise planarity using agrid of 10 x 10
cells. Each window ismade of 2 x 2 cells. The sampled red dots are considered as approximate
intersection points between the planar cross sections to the planar cell windows.

namely assume that the surface is roughly planar over local patches. The construction is shown
in figure 3.15. We overlay a coarse rectangular grid over the image region, and group neigh-
boring 2 x 2 cellsinto aset of W partially overlapping windows. The windows serve as virtual
facets. We sample aset of points (z;, y;) along the curves. These pointsare treated as theimage
of the intersection points between the planar curves and the virtual planar facets.

Although in general the planeswill not intersect at the sampled points, we may still striveto
minimize the distances. Rather than parameterizing the facets explicitly, for each window we
measure the distances between the curves to the best fitting plane at the sampled points. This
isdone by constructing amatrix C; asin (3.1) for each window (normalized by the number of

points in each window). To enforce the curvesto be parallel, we can either set a; = b; = 0 and



CHAPTER 3. A LINEAR ESCAPE FROM FLATLAND 51

solvefor v = (dy,...,dy)T, or aternatively add a penalty for the variance

IRv|]? = X (Var(a;) + Var(b;)) , (3.14)
R x| In — v 1vxw Onxn Onxn
N Onxn Iy — w1y Onxn

The choice of )\ depends on our confidence that the planes are parallel. The optimization

problems becomes (semicolons denote vertical matrix concatenation):

argmin || [R; \/LWCU cee \/LWCW]VH s.t. [[Cv]|=1. (3.15)

This problem is solved asin (3.6). As before, the solution is up to GBR ambiguity. Examples
are shown in figure 3.14, where we used a grid of 10 x 10 cells, and each window is made of

2 x 2 cdlls.

The method proposed has several limitations. First, it depends on the size of the win-
dows that roughly approximate the surface. When they are too small the surface can be over-
smoothed, as shown in figure 3.16. Although these shapes do not seem as smooth as the true

surface, they are actually smoother according to our measure.

Another technical limitation of our formulation is that we cannot group all sampled points
to the same plane, since minimizing ||Cv|| st. ||[Cv| = 1 is meaningless. It is interesting
to note that several unresolved examples in the literature could be solved by arranging the
Cross sections as close as possible to a single principle plane while keeping the shape non-flat.
Computationally this means finding the singular vector of the matrix [R; C] that corresponds
to the smallest singular value greater than . Figure 3.17 demonstrates this singular vector
on examples from Stevens [181], Todd and Reichel [188], and two synthetic examples with

random gaps between parallel planes and nearly-parallel planes.
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Figure 3.16: Clockwise: synthetic cross sections of aradial sine and last three singular vectors,
solved by piecewise planarity on a grid of 10 x 10 cells. These solutions over-smooth the
surface where asingle plane fit (figure 3.17(C)) is appropriate for this shape.
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Figure 3.17: Shapesdetermined by asingle planefit. (A) Wavesfrom Stevens[181]. (B) Radial
sine from Todd and Reichel [188]. (C) Sine with non-uniform cuts (same as figure 3.16).
(D) Sine with perturbed parallel cuts (intersection points were not used). \ = 10* for (A,B,C)
and A = 103 for (D).
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3.5 Conclusions

In this chapter we presented a unified analysis of shape from planar curves. We generalized
the linear method of Bouguet et al. to deal with arbitrary planes, improved its robustness,
and demonstrated its applicability to single view modeling and fully uncalibrated structured
light. Asthe cases of polyhedra, SHGC's, ZGC's and uncalibrated structured light were treated
independently in the literature, it is valuable that the same approach can deal with all of them.

A difficult issue we weren’t dealing with is assigning curves to planar faces automatically,
which is a perceptual organization and grouping problem. One may try heuristics such as
grouping parallel linesto a planar face, yet often multiple interpretations are possible.

We also experimented with parallel planar curves where we assumed the curves intersect
implicit planar facets. While the case of intersecting planar curves is now well understood,
the case of parallel cross sections is more chalenging and may require the combination of
additional depth cues or prior knowledge. The method we proposed can be used to extract a

low dimensional subspace in which additional non-linear search can be performed.



Chapter 4

SDP Heuristicsfor Surface

Reconstruction Ambiguities

4.1 Introduction

An important problem in surface reconstruction is the handling of situationsin which there are
not enough constraints to uniquely determine the surface shape. In these under-constrained
situations there are multiple interpretations of the surface that are consistent with the available
constraints. The ambiguities can be continuous, such as unknown depth, or discrete, such as
infout reversal. In this chapter we deal with constraints that have discrete ambiguities. Such
constraints are common to many surface reconstruction problems. They arise in areas such
as shape from texture, shape from shading, photometric stereo, shape from defocus, and local

structure from motion [ 194].

Our main interest is resolving the inherent ambiguities in shape from texture. Textured
surfaces, such asthe vase showninfigure 4.1, produce astrong 3D perception. Surface normals
can be estimated from the texture up to two-fold ambiguity. The interpretation of such images
poses two interconnected challenges. First, one has to choose which of the possible normals

is the correct one. Second, one has to integrate the normals to a plausible surface, which
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Figure 4.1: A synthetically textured surface.

preferably should be smooth. Note that it is important that surface smoothness is taken into

account in between the texture elements, as explained in figure 4.2.

The problem of smooth surface integration under ambiguous constraintsis computationally
hard. In particular, it does not meet the conditions needed for graph-cut algorithms to pro-
duce optimal solutions[25]. We show it can be approximated with semidefinite programming
(SDP). Zhu and Shi [218] used SDP to solve in/out reversal ambiguities of surface patchesin
shape from shading. We show that a similar mathematical formulation appliesto other surface

reconstruction problems.

The genera approach starts by representing the surface as a spline, i.e. the shape is con-
trolled by a set of continuous variables. Additional discrete variables are used to form the am-
biguous constraints. A quadratic cost function measuring surface smoothness and constraint
satisfaction is defined. The continuous variables are eliminated, leading to a quadratic cost
function in the discrete variables only. An SDP relaxation embeds the discrete variables in
a continuous high dimensional space. Finally, a rounding step sets the discrete variables and

proposes a 3D shape.
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Figure 4.2: An example where it is important to integrate the smoothness over the en-
tire surface. Consider a spherical surface (or more generally, an ellipsoidal surface) that
can be convex or concave. Suppose we can infer the ambiguous normals from texture at
the four positions of the circles shown above. These (non-unit) normals are of the form
(£a,0,1) (0, +b, 1)*, and the norm of the difference between each normal to its nearest neigh-
boris||(£a,0,1)" — (0,+b, 1)!|| = va? + b%. If our cost function only compares each normal
to its two nearest-neighbor normals, then any assignment to the possible flips has the same
score. Thus, for this specific configuration, relying on nearest neighbors of the normalsis not
helpful, and surface smoothness has to be taken into account in between the texture elements.
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The problems we deal with are larger than those considered by Zhu and Shi, and the stan-
dard Goemans-Williamson random hyperplane rounding technique [59] will usually produce
sub-optimal results. We describe several heuristics that may improve the quality of the solu-

tions.

4.2 Problem formulation

We show below that several surface reconstruction problems can be written in the form
argmin ||[Av — Bd|? , (4.1)
v,d

where A and B are matrices, de{—1, 1}" isavector of discrete decision variables, and veR™
is a vector of continuous parameters that controls the surface. We represent the surface as a

splineg, i.e. alinear combination of basis functions

z(z,y) = Zbi(f’?>y)"i . (4.2)

The specific bases we use are described in Appendix A. Controlling the surface by arelatively
low dimensional vector of parameters v reduces the computational load and prevents over-
fitting noisy constraints. Next we discuss several specific problems that can be formulated in

thisform. Algorithmsfor solving (4.1) will be discussed in section 4.3.

4.2.1 Shape from two-fold ambiguous normals

Traditional shape from texture deals with estimating surface normals from the distortion of
texture under projection. Under orthographic projection, normal estimates usually have atwo-
fold tilt ambiguity, because the projections of local planar patches with normals (p, ¢, 1) and
(—p, —q, 1) are identical. We address the problem of estimating the shape of a surface given

a large number of ambiguous normal estimates, as demonstrated in figure 4.3. In this work
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we use the simplest way to recover the normals, which is from the distortion of known texture
elements. Humans are probably relying on density changes to estimate the normals. In both

ways the estimation of normalsis up to two-fold ambiguity.

For sparse texture the problem is under-constrained, since the surface can be integrated for
any choices of the normals. In addition, under orthographic projection thereisone global in/out
reversal ambiguity, and a continuous ambiguity in absolute depth. However, if we make the
assumption that the surface is smooth, we can identify the more probable shapes of the surface.
In related work, Forsyth [48, 49] proposed alternating between optimizing surface smoothness
and selecting the normals. We show in section 4.3 that by using a quadratic smoothness term

the problem can be converted into an entirely discrete optimization problem.

Denote the partial derivatives of the surface by p = £, ¢ = ¢, The texture observed at
a specific image point, say (z;,y;), provides two choices for the surface derivatives, namely
(pi, qi)d;, with d; = +1. By differentiating (4.2) with respect to = and y, we can express the
derivatives of the spline surface in terms of the vector v. This provides two known row vectors

a,, and a,, such that
0,...,0,p;,0,...,00d=4a, -v , (0,...,0,¢;,0,...,0)d=a, Vv, (4.3)

where d is an n-vector formed from the sign bitsd;.

To regularize the surface we use a quadratic smoothness term. The smoothnessterm can be
expressed in terms of the spline parameters using amatrix E such that ||Ev||? isthe smoothness
energy (see Appendix A for more details). The smoothness energy is weighted with a regu-
larization parameter )\ that balances between the smoothness energy and the constraint error.

Together, these terms can be written in the form of (4.1),

VIAE 0 2
vV — d
A’ B’
N——— ———
A B

(4.4)

argmin
v,d




CHAPTER 4. SDP HEURISTICS FOR SURFACE RECONSTRUCTION AMBIGUITIES

. ]
* ¢ ’
"a s 0:' )
g " 2 L 304 P ' | omy,
. L4 . . 'Y o me sveg . g
N awse ass ¢ Yy Caags et
1o L4 amw PO - n® L 2L
AR MBAX e . " *e .= '’
ALY P -« @ w, " | s " e w *%, o
Ly seg o, T menm (R 14 L WS Sy ¢ = & ¢ ‘e,
S tes semame sea sm . NG IE -, ¢
N : * m m®e m o o @ . ‘~~‘ -"'. . '0’ ¢
§“ D * e o s ‘. - ne Lt 0]
Soe o ce onm P * [RA T W cen T,
~ - PS - e 4 o MR 4
- - . o - - ~ ::'l
Py an

\\

NN

NN

R ’0’0'0‘0’0"0“‘3‘%\“%‘%\&%\\“\
27755090 00 0000 8 X o
1177 AL RO NS

AR RS RGNS
RS ERTEIEKRREES
"0"0'0.‘0‘0%’0’0’0’9’0’0‘0“
IR

o
(X

60

Figure 4.3: Top to bottom: surfaces textured with squares, input images, parallelograms ex-

tracted from the images and the computed surfaces.
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Here A’ and B’ are matrices formed from the constraintsin (4.3), with each constraint in (4.3)

appearing asasinglerow in A'v = B'd.

4.2.2 Two-light photometric stereo

In standard photometric stereo of a Lambertian surface, at least three light sources at known
positions are used to determine the surface normals. For agiven light source, theimage bright-
ness at a point constrains the corresponding surface normal to a circle on the unit sphere. Two
light sources may limit the normal to two possibilities, which are the intersections of the two
circles. A third light is usually enough to disambiguate the normal. A two-fold ambiguity
remains when a point is in shadow with respect to one of the lights [ 70], or in degenerate con-
figurations, when al the light directions are located on a great circle on the unit sphere. Under
a crude approximation, this happens with the sun as the light source during the daily rotation
of the earth (assuming the earth’s axis of rotation is perpendicular to the direction to the sun.
This assumption isinaccurate).

In special cases, two lights are sufficient. This occurs when the two circles on the unit
sphere touch at a point, or when one of the intersection points of the two circlesis on the oc-
cluded hemisphere. Onn and Bruckstein [141] studied photometric stereo of Lambertian sur-
faces using two lights. Their method uses the pointsthat are uniquely determined by two lights
to divide the image into regions. Inside each region integrability is used to choose between
the two possibilities of the normal. However, detecting the boundaries of these regions on a
discrete grid is susceptible to errors, especially when the surface has discontinuous derivatives.

Our formulation for two-light photometric stereo avoids region detection and adds a surface
smoothness prior. We assume knowledge of points (x, y) where we have two choices for the
surface derivatives, (p1, q1) or (p2, ¢2). Onn and Bruckstein [141] derived the formulas for the
possible derivatives in the Lambertian case. For other shading models these choices may be
determined experimentally. However, more complicated shading models might require more

images, since the corresponding two curves on the unit sphere might intersect more than twice.
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We don't deal with these cases here.

The two choices for the surface derivatives at point (x, y) can be expressed as functions of

asignbitd,, = +1

p Psum Ddify
- + day
q Qsum qdiff
(4.5)
Psum | 1 [ P1 + D2 Paig | 1 (P1—P2
2 ' 2
Qsum q1 + g2 qQdiff q1 — Q2

As in the previous subsection, the spline derivatives can be writtenasp = a, - v, ¢ = a, - v.

Collecting the equations for al points and adding the smoothness term we arrive at

2

= argmin
v,d’

VE 0 of[d})?

VvV —

A’ B b|\1

VAE o (o
vV— d -

A’ B’ b’

argmin
v,d’

Here the nonzero entries of the matrix B’ are made of pg, ¢4, and the vector b’ is made of

Dsum» ¢sum @cCOrding to (4.5). A standard transformation to bring (4.6) to theform of (4.1) isto

/

solveford = . Note that the cost of a pair (v, d) in (4.1) equals the cost of (—v, —d).
1

Thus, if after solving (4.6) the last coordinate of d is —1, we need to negate the solution.

4.2.3 Segmentsof known length

Assume a collection of segments of known 3D length (or pairs of features with known 3D
distances) is detected on a smooth surface, as shown in figure 4.4. Given an orthographic view,
each segment can have a front/back reversal. Similar problems were considered by Naito and

Rosenfeld [133] and Koenderink and van Doorn [104].
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Figure 4.4: Top row: setup of 112 matchsticks on a surface. Middlel€eft: the input image. Bot-
tom left: line segments that were extracted from the input image. Bottom right: the computed

surface using a spline with 50 basis functions.
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The depth difference of the segment’s endpointsis constrained by

Zi — Zj = dz‘j l2 — 7"2» = Az‘jdz’j y (47)

)

whered;; = £1, [ isthe 3D length of the segment and r;; is the observed length in the image.
[, r;; (and hence A;;) are assumed to be known. By (4.2), the depth z; at a point (z;,y;) isa
linear combination of the spline bases at that point. That is, z; can be expressed as a, - v, where

a; isaknown row vector, and similarly for z;. Each depth constraint can be written as
(ai—aj)v: (O,...,O,AZ’J’,O,...,O)d. (48)

Collecting these equations over all constraints and adding the smoothness term can be written

asin (4.4).

4.3 SDP rounding heuristics

We now turn into solving problems of the form (4.1). For any vector d, the optimal v is
v=A"Bd , (4.9)

where A* is the pseudo-inverse of A. Plugging v back into equation (4.1) we get
[(AATB — B)d|]> = C e X ,whereC = (AATB — B){(AATB — B) = B{(I - AA")B,
X = dd’, and e istheinner product of matrices (C e X = 3" C;;X;;). Therefore, the problem
isreduced into acombinatorial optimization problem of finding the discrete vector de{—1, 1}"
which minimizes C ¢ (dd"’). Once d isfound, v is given by (4.9) and the 3D shape is given
by (4.2).

Unfortunately, the general problem is NP-hard and difficult to approximate [2]. Semidefi-

nite programming is widely used to find approximate solutions for problems of thiskind. The
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standard SDP relaxation requires the matrix X to be symmetric positive semidefinite (instead

of rank one) with ones on the main diagonal (sinced? = 1), i.e. solving
argmin CeX st. X; =1, X>0 . (4.10)
X

The SDP problem (4.10) is convex and can be solved in polynomial time using an SDP solver.
A discrete vector d is obtained from the continuous solution matrix X in a rounding phase.
The Goemans-Williamson random hyperplane rounding scheme [ 59] uses the Chol esky factor-
ization of the matrix X, X = RR'. Let u; denote the i-th row of R. Since X;; = u; - u! =1,
the rows of R can be viewed as an embedding of the decision variables into the unit sphere in
IR™ (this embedding is not unique). Rounding is done by picking a random hyperplane with
normal N and setting d; = sign(u; - N).

For matrices C arising from the max-cut problem with nonnegative edge weights, this
scheme provides a strong, provable expected approximation ratio of at least 0.878. More-
over, several derandomization schemes achieve this approximation ratio with deterministic al-
gorithms [10]. However, this approximation ratio does not apply to our problem for several
reasons. Firgt, their analysisin deriving the 0.878 approximation ratio is not directly applica-
ble for general quadratic cost functions. Secondly, we are interested in the shape of the surface,
not the number of correctly classified sign bits. A small number of misclassifications may have
large influence on the shape or may not be visible at al (e.g. when p, ¢ are both close to 0).
Note that it is possible to have different solutions with very different shapes but similar objec-
tivevalues. It isa so possible that the correct surface is not the minimal solution (e.g. when the
correct surface is not smooth, or when there are insufficient or noisy constraints). This depends

on the specific instance of the problem.

In our setting, due to the fact that the 0.878 approximation ratio does not apply directly,
simple random hyperplane rounding typically requires alarge number of iterations. We apply

aseries of heuristics for improvement and solution refinement:
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1. Instead of picking plane normals from a uniform distribution on the sphere, we use the
principle singular vectors of R (that correspond to largest singular values). For example,
if we had to choose a single plane, a good choice for the normal would be the principle
singular vector. Such “inertial” splitting methods have been previously used for other
embeddings [22, 46], but to our best knowledge not for the SDP embedding. To widen
the choices of planes, we randomly pick normals as aweighted linear combination of the

singular vectors that correspond to the k-largest singular values, i.e.

where s; ~ N (0, 1) and w; isthe singular vector corresponding to the singular value \;.

Finding these singular vectors can be done efficiently by power-iteration methods.

2. Instead of making the decision based on a single normal, we randomly select a pair of
normals N, Ny according to (4.11), and perform a circular sweep for normals in the
plane spanned by IN;, N,. To do this, we project the points embedded in IR"™ on this
plane (the first plane we check is the one spanned by the two principle singular vectors).
Then we perform acircular sweep in thisplane, asdescribed in [18]. Basically, the sweep
rotates a line through the origin that separates the points into two groups, and picks the
partition with the lowest cost. We noticed that these angular sweeps can be made more
efficient than described in [18]. Note that the cost of splitting » pointsin IR™ based on
a single random normal is O(n?). However, once the points have been projected on a
plane and an initial cut has been computed (in O(n?)), we can update the cost of the cut
in O(n) by careful bookkeeping similar to the Kernighan-Lin (K-L) algorithm [93]. As
the line is rotated past a point, the only terms that need to be moved to the other side of
the cut are the n — 1 pairwise terms that involve that point (these terms are smply the
corresponding row of C except the diagonal element). Thus, we can check n consecutive

splittings also in O(n?), thereby reducing the amortized cost by afactor of n.
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Figure 4.5: Surface computed from a synthetic photometric stereo pair.

3. Thek-best results from the circular sweep phase are refined with the K-L algorithm [45,
88,93, 110]. Thisisalocal search procedure that will clean up a small number of mis-
placed vertices. We terminate this algorithm early if no progressis made in 50 consecu-

tiveiterations [88]. The lowest cost solution among these trialsis returned.

4.4 Two-fold ambiguity results

Figure 4.3 demonstrates reconstruction from ambiguous normals. To simplify texture extrac-
tion we used sguare texture elements (see section 4.5 for derivation of normals from parallelo-
grams). The SDP solver we used is DSDP [9].

In figure 4.5 we computed a surface from apair of syntheticimages of aL ambertian surface
using two-light photometric stereo. The two possibilitiesfor the surface normal are computed
on a29 x 29 grid. Points having only a single possible normal and points in attached shadow
were removed. The system had 425 discrete variables. Our program made the correct decision
at each of these points. However, the average deviation from the true surface is 19% (note that
two corners are in shadow).

Results for segments of known length are shown in figures 4.4 and 4.6. In figure 4.4, the
image was taken from a distance of about 10m with a zoom lens to approximate orthographic
projection. As suggested by Naito and Rosenfeld [133], the 3D length of the segments is

estimated as the maximum over the 2D lengths of all segmentsin theimage. Figure 4.6 shows
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1521 randomly oriented line segments tangent to a synthetic surface (top and bottom left). The
top-center plot shows the projection of the SDP embedding on the subspace of the first two
principle components. The splitting line is the lowest energy circular cut for this projection.
To check the appropriateness of the projection on a low-dimensional subspace we projected
the SDP embedding on the subspaces spanned by the first 1,2, 3,...principle vectors. The
top-right plot is the squared-length of these projections, where the 1521 values are sorted. The
lowest curve is the distribution of magnitudes of the projection on the subspace of the first
principle vector; the second curve is the distribution of magnitudes for the projection on the
subspace of the first two principle vectors, etc. It is evident that the points were embedded
near a low dimensional subspace, and this is used for more efficient rounding. The solution
(bottom-center) was computed using 300 spline bases, 1000 circular sweeps on random planes
chosen by our algorithm, and K-L runs on the best 100 vectors. The output had 15 wrong flips,
and the average height deviation from the truth surface is 1%. In comparison, a run of the
Goemans-Williamson random hyperplane rounding (bottom right) with 10* trials produced 82
mi sclassifications, with 2.6% average height deviation (the reason we chose more random trials
isthat each iteration of the Goemans-Williamson rounding isfaster than our rounding scheme).
While these numbers depend very much on the particular instance, this example shows that the
SDP approach to discrete ambiguities can deal with much larger instances than demonstrated

by Forsyth [48].

4.5 Four-fold ambiguities

The previous sections looked at problems where each decision had two options. In this section
we demonstrate an extension to discrete ambiguities with four options. As a model, we look
at a shape from texture problem. Suppose a collection of similar triangles are scattered on a
smooth surface viewed orthographically. All triangles are scaled versions of a known triangle.

In addition, we assume that one edge on each triangle can be identified. For instance, if the
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Figure 4.6: Top left: segments of known and equal length on synthetic surface. Top cen-
ter: projection of the SDP embedding on the subspace of the first two principle components.
Misclassified points with respect to the ground truth are circled. Top right: plot of the squared-
length of the projections of the embedded points on the first principle subspaces (see text).
Bottom left: original surface. Bottom middle: output of the program. Bottom right: output
using random hyperplane rounding.
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texture elements are rectangles, asin figure 4.7, we can identify the diagonal. Thisinformation
leads to four-fold ambiguity since there are two ways to match the image segments with the
edges of the known triangle.

Algebraicaly, let (x;,v:, 2:), 1 = 1,2, 3, be the three vertices of a triangle in the image.
Denote dz;; = x; — x;, dyi; = yi — v, dzij = 2 — 2; = p - dxj + q - dy,;, where p, g are the
slopes of the triangle’s plane. Since the triangle is similar to the model triangle, the 3D length

ratios are known

_ dx?, + dyi, + dz3, ry— dr3s + dyss + dz3,
dziy + dy?s + dz3, dzis + dy?s + dz3,

(4.12)

(&1

Thisleadsto two quadratic equationsin p, g. Simple manipulationslead to a quadratic equation
in ¢? that can be solved for the positive root (see Appendix B). Switching between r,r, gives

another solution. In the general case, the four solutionsare of theform +(p1, ¢;) and £(p2, ¢2).

In the SDP literature, the max-k-cut problem was studied by Frieze and Jerrum [52] and
de Klerk, Pasechnik, and Warners [35]. While an ideal encoding requires two bits to encode
four possibilities, their encoding uses four bits: a single indicator bit set to 1 and the rest 0.
Since the matrix X has O(n?) entries, redundant encoding makes the SDP problem 4 times
larger, which is a significant factor for current SDP solvers. There is a natural encoding of
this problem with two sign bits for each constraint using average and offset vectors similar
to the sums and difference vectors of section 4.2.2. However, we found that if the two bits
are completely independent, the rounding phase becomes more difficult and results get worse.
Instead, our encoding uses two variables dy, d, for each triangle that ideally would take the
values —1, 0, 1. We add the constraint d; - d, = 0 so that only one decision variable is active at

atime

p=dip1 +daps , q=diqa+deqe , di-do=0 |, d%+d§:1~ (4.13)

By expressing p, ¢ for each triangle using the spline parameters and adding the smoothness
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term, we arrive at a system of the form (4.1) in 2n discrete variables. The SDP relaxation is

modified to
argmin CeX sit. Xgi_l,gi_l + X21'727; =1 , Xgi_l’gi =0 s X=0. (414)
X

After solving the SDP problem (4.14) for X, Cholesky factorization X = RR! embeds the
decision variablesinto aspherein IR*". Let u; denote the i-th row of R, so that X;; = u; - u}.
For each decision there are two orthogonal Vectors, uy;_;,uy;, suchthat ||ug;_1[|? + [Jugy||? = 1.
The rounding phase has to decide which of the two vectorsis active, and round the active vari-
abletoeither 1 or —1. Intheideal case, the vectors associated with the inactive variableswould
concentrate near the origin. While concentration can be observed, deciding which variable is
active by picking the longer vector of each pair is not powerful enough. Instead, we execute

the following heuristics:

1. A column of the matrix X is the inner product between a row vector u; of R to the
other rows. In theideal case, the columnsfor inactive variables should be all zeros. We
multiply u; by «;, the magnitude of the :-th column of X. This has the effect of moving
vectors orthogonal to the rest, or close to 0, towards the origin. In addition, the largest
singular vectors of a;u;, that are used for projection on a plane for the circular sweep in
(4.11), become less affected by the vectors of the inactive variables when these vectors

are moved towards the origin.

2. Thevectors a;u; are projected on aplane asin (4.11), and alineis swept circularly. For
each pair of indices 2: — 1 and 21, the point on the plane with the largest projection on
the sweep line is considered active, and the sign of the projection is the rounded value
(eventsin this circular sweep occur at angles where the projections of the points on the
sweep line are equal in absolute value). We repeat this step for different planes and store

the best circular cut for each plane.

3. For every variable, we estimate the probability p; it isinactive as the percentage of best
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cuts where it was inactive. Clearly, py;_1 + py; = 1. We modify the diagonal of the
matrix C to reflect this knowledge by setting C;; = C;; + up; (1 isatuning parameter).
The SDP is solved a second time with the modified matrix C. Due to the constraint
Xoi—1.2i—1+ Xai2; = 1, vectorswhich are believed to be inactive are pushed towards the

origin.

4. We repeat steps 1,2 with the modified C, keep the best solutions and run the K-L al-
gorithm as a fina step. The modification of the K-L algorithm to four possibilities is
straightforward [214].

The method is demonstrated in figures 4.7 and 4.8. In figure 4.7, a collection of 415 similar
rectangles at random orientationsisoverlaid on a3D surface. Our program uses triangles made
of the diagonal and two sides of each rectangle. Only the proportions of the model triangle are
assumed known. The circular sweep in the plane of the first two principle components makes
148 errors in the first round (out of 830). After modifying the C matrix it makes 114 errorsin
the second round. Note that alarge number of inactive variables are concentrated close to the
origin and cannot be distinguished in this figure. The final computed surface (bottom middie)
makes 80 errors. The average height difference between the original and computed surfacesis
5%. Wiggles in the computed surface arise because only 300 basis are used. Similar wiggles
occur with a spline that uses the ground truth decision vector (bottom right). In this example,

the cost function of the computed surface islower than the cost of the ground truth spline.

4.6 Conclusions

Several depth cues, such as texture, shading and defocus, are inherently ambiguous at the
local level. In this chapter we examined the integration of discrete constraints arising from
these ambiguities with continuous objectives like surface smoothness. Problems of this form
involve both continuous and discrete variables, and can be transformed into an entirely dis-

crete optimization problem which is computationally hard. Following the approach of Zhu
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Figure4.7: Reconstruction from similar rectangles. Top left: theinput imageis made of similar
rectangles overlaid on a 3D surface. Top right: the circular cuts of the projections on the plane
of the two principle directions for the first and second SDP embeddings. Misclassified points
with respect to the ground truth are circled. Bottom left: original surface. Bottom middle:
output of the program. Bottom right: spline surface using the ground truth decision vector.
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Figure 4.8: Top left: asurface textured with rectanglesin ratio 1:2. Top right: the input image.
Bottom left: parallelograms extracted from the input image. Bottom right: the computed
surface.
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and Shi [218], we presented a method to obtain an approximate solution using an SDP relax-
ation. We improved the rounding phase using a combination of heuristics, namely projection
on planes in the subspace of the largest principle components, efficient circular sweep, and the
K-L algorithm. These general heuristics were shown to be useful in our setting, and are po-
tentially useful for other SDP applications as well. We conclude by briefly mentioning several

possible extensions and aternative methods.

Our focus has been on devel oping a framework for solving problems of the form (4.1) that
involve ambiguousdiscrete constraints. In practice, after binary decisions are made, the surface
can be re-integrated using more robust integration methods. While the use of smoothness was
demonstrated to resolve certain shapes, for many surfaces smoothness alone is insufficient
and additional unambiguous constraints are required. A natural extension to the approach
presented here would be to replace the spline with a shape basis, e.g. for particular shapes
such as faces [3]. The general form of (4.1) allows for many other variations, such as adding
linear constraints (e.g. specifying depths or normals at specific points[217]), or using shading

information to disambiguate some normals[208].

Our formulation for shape from texture was under the assumption of orthographic projec-
tion. This assumption is reasonable, because texture elements are often seen through narrow
angles. Two-fold ambiguities exist aso in perspective projection. For example, suppose we
observe an elipse in the image which is the perspective projection of a slanted circle. If the
cameraiscalibrated, it is possibleto recover the normal to the circle’s plane up to two-fold am-
biguity [85]. Garding [56] showed that to a first-order approximation, this two-fold ambiguity
is areflection of the normal around the line of sight. He also examined the global ambiguity
of the surface that happens when all the normals are flipped around their line of sight. This
ambiguity is analogous to the global reflection ambiguity in orthographic projection. Unlike
the orthographic case, in perspective the two corresponding shapes will usualy have different
smoothness. The problem of integrating a smooth surface under perspective ambiguities seems

to us more involved than the corresponding orthographic problem.
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The main limitation of the proposed SDP scheme isits scalability. There are several ways
to extend it to larger instances. First, there are large-scale SDP methods [131, 140]. Second,
methods like CirCut [ 18] can be used to obtain high-quality cuts much faster than solving full
SDP problems. The difference is that these methods depend on an initial guess. Third, it is
possible to achieve scalability for the shape from texture problem, which is our main interest,
using a hierarchical scheme, where the shape is solved up to in/out reversal over sub-windows.
The solutions over these sub-windows can be glued together using the method of Zhu and
Shi [218]. Fourth, it is possible to formulate the shape from texture problem using all the tilt
angle constraints with coarsely sampled slant angle constraints. Recall from table 1.1 that tilt
angles provide homogeneous linear constraints. These constraints do not differentiate between
the two possibilities (p, ¢) and (—p, —q) for the surface partial derivativesthat can be recovered
from the texture. Thus, alarge number of tilt constraints could be added to the linear part of
the system (our matrix E), while the slant constraints could be sampled. Note that for a small
number of dlant constraints, e.g. 25, an exhaustive search over the flips is feasible, possibly
with a final refinement step. However, for a moderate number of ambiguous constraints an

exhaustive search isinfeasible.

An important property of the SDP approach isthat there is no need for initialization. How-
ever, if a good starting vector d is available, it can be exploited by performing the rounding

phase on alinear combination of X and d - d* [155].

Compared to discrete minimization approaches such as belief propagation, our approach
isglobal, i.e. not based on local neighborhoods. Any discrete decision directly influences the
cost of the entire surface. For aproblem such finding a surface from segments of known length,
knowledge of alabel at a point could say little about a neighboring label. This property of the
problem makes it different from other problems with discrete constraints. For instance, in
segmentation problems there is often a strong correlation between nearby labels. A notable
easy problem with discrete constraints is the interpretation of “Legoland” surfaces from cubic

corners, which can be solved in linear time [97].
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While we looked at discrete optimization, there is a complementary family of continuous
optimization algorithms that could be applied. For the shape from texture problem, a continu-

ous optimization formulation similar to (4.4) is

argmin D [y )P = 9] + ((ag, - v)* = ¢))°] + MEv]? . (4.15)

Forsyth [49] examined a similar expression with a different smoothnessterm. Similar expres-
sions have also been encountered in graph drawing problems[55]. The problem (4.15) callsfor
continuous optimization in terms of v. In chapter 6 we will discussin more detail approaches
for the minimization of quartic expressions, including iterative methods with exact line search
and SDP relaxations. Broadly speaking, the discrete optimization approach has an advantage
when the number of ambiguousdiscrete constraintsissmall. In the extreme case of avery small
number of discrete constraints, an exhaustive search could be feasible, whereas iterative con-
tinuous optimization methods would not guarantee convergence to the global optimum. On the
other hand, if the number of spline basis vectorsis much smaller than the number of ambiguous

discrete constraints, it might be more efficient to perform continuous optimization [ 205].

4.7 Appendix A: Our splineand smoothnessterm

In this section we describe in more detail the spline (4.2) and smoothness energy used in our
implementation. These were chosen mainly for the sake of simplicity, and other splines and
energies (e.g. thin-plate spline) could be used. To simplify notation assumethe imageis square.

We used tensor-product spline bases

bij(z,y) = bi(x)b;(y) , (4.16)
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where b;, b, are singular vectors associated with small singular values of the matrix

1 -2 1 0 0
01 -2 1 -0

D= . (4.17)
0 1 -2 1

For the smoothness energy we used the sum of squared second derivatives over theimage. The

energy of abasisfunction of the form (4.16), with ||b;|| = ||b;|| = 1, is

b \> [ d®b;\’
=0y P~ [ (G2 ) + () way . @

Note that for tensor-product splines we need to integrate only one-dimensional functions. The

vectors Db; are proportional to the left singular vectors of D and hence orthogonal. Since the
basisfunctions b; are orthogonal, as are Db;, the smoothness of a spline governed by v can be
written as ||[Ev||?, where E is a diagonal matrix made of the elements ¢;; for each basis used.

The advantage of this approach over Fourier basisisthat the basis vectors are not cyclic.

4.8 Appendix B: Normals computation for four-fold ambi-
guity

Consider atriangle with normal (—p, —¢q, 1). Assuming the origin of the coordinate systemsis

at the centroid of the triangle, we can expressits vertices as

Py = (z1,y1,pr1+qy1) ,  Po= (x2,Y2, pratqy2) , P3= (x3,y3,pr3+qys) . (4.19)

Denote x;; = x; — x5, Yij = yi — Y;» Lij = x3; +y5;, .. L;; are squared lengths of the sides of

the triangles in the image. The known squared ratios of the 3D lengths of the sides, r; and r5,
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give the equations

(z2—21)°+(y2—y1)°+(z2—21)% _ Liat(pzaitqy21)® _ -
(w3—21)2+(ys—y1)2+(23—21)> ~ Liz+(prai+qys1)? 1 (4.20)
(v2—23)*+(y2—ys)’+(22=28)° _ Loa+(prastayss)® _ .
(w3—21)%+(y3—y1)%+(23—21)? L13+(pr31+qys1)? 2

Arranging these equations as functions of p, ¢ we can write

Ap? + Big> + Cipg+ Dy =0
(4.21)

Asp? 4+ Bog? 4+ Copg + Dy = 0

.2 2 2 2 _ _
Ay =25, — gy, Br =y3 —riys, Cr = 2221y21 — 2rixs1ys1, D1 = Lo — r1Lys,

2 2 _ .2 2 _ _
A = To3 — Ta2l3q, By = Ys3 — T2Y31, Cy = 2w93Yy23 — 2r9x31Y31, Do = Log — roLy3.

(4.22)
To solve these two quadratic equations, first eliminate p? and express p in terms of ¢
?(AyBy — A1 Bs) + pq(AsCy — A1Cy) + (AyDy — A1Dy) =0 4.23)
_ q%(A2B1—A1B2)+(A2D1— A1 D3) .
p= g(A1Co—A3Ch) :
Eliminate the pq term from the two equations
pz(Ang — AgCl) + qz(BlC'2 — BgCl) —+ (DlCQ — DQCl) =0. (424)

Plug in p? as afunction of ¢

(q2(A2Bl — A1 By) + (A2 Dy — A1D2))2

(BiC,— B DyCy— DyCy) = 0. (42
¢*(A1Cy — ACh) +¢ (Bi1Cy = ByCh) + (D10 — DGy ) = 0. (4.25)
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Let
E - A1C'2 - AQCl, F - 3102 - BgCl, G - chg - DgCl,

H = A2B1 — AlBQ, I = A2D1 — Ang, t= q2.

We arrive at a quadratic equation in ¢, whose positive roots determine ¢ and p

(tH +1)* +tE(tF +G) =t*(H* + EF) + t(2HI + EG) + I* = 0.

80

(4.26)

(4.27)



Chapter 5

A Light Introduction to Shape from
Shading

5.1 Thestandard shapefrom shading mode

In this chapter we cover background material on shape from shading (SFS) as a preparation for
chapter 6. Our goal here is not to provide a comprehensive literature review, but to highlight

the main conceptual issues. General SFS surveys can be found in [75, 80, 147, 149].

While curves and texture provide constraints on 3D shape, it is important to understand
that our picture of single-image 3D reconstruction would be incomplete without understand-
ing SFS. Shading is important for depth perception in the interior of shapes far from their
boundaries. When an image is reduced to a line drawing, the information on which side of an
edge is dark and which side is bright is lost. Since the same image curves could arise from
many different 3D shapes, shading information could reduce this ambiguity.

In computer vision, research on the SFS problem was pioneered by Horn [75], who for-
mulated the problem mathematically as a differential equation and proposed the characteristic
stripes method to solveit. The ideathat shading isa cue for 3D perception isolder. An histor-

ical account of related work prior to Horn is given in the last chapter of [75].
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Horn’s approach to SFSisto invert the physical process of image formation. The brightness
of each image pixel is the result of an interaction (BRDF) between the light source direction
and intensity, the surface orientation, the surface reflectance properties and the position and
orientation of the camera. If the parameters of the image formation process are known, it

might be possible to solve for the 3D shape of the surface.

The standard SFS model makes additional assumptions to simplify the problem. The sur-
face is assumed to be textureless with constant albedo which is known. There are no visible
regions of the surface which are in cast or attached shadow, and there is no inter-reflection of
light between points on the surface. The model assumes a single, distant and uniform light
source. The light source intensity and direction are assumed to be known. It assumes a distant
viewer which translates to orthographic (weak perspective) projection. The reflectance of the
surface is assumed to be Lambertian. This means that, due to the foreshortening effect, the
intensity at a pixel is proportional to the cosine of the angle between the light source and the
surface normal, independently of the viewing direction. Under these assumptions, the SFS

problem is to estimate a surface that satisfies the SFS equation at each point

-N —ap —
AL-N-_\—ap—bgtc (5.1)

I'=p—Gi =P
IN]] V140 + ¢

In equation (5.1), I istheimageintensity at a point, p isthe surface albedo, \ isthelight source
intensity, L = (a, b, ¢) is a unit vector in the light source direction, N = (—p, —q, 1)7 isthe
surface normal, where p = g—; and g = j—; are the partial derivatives of the surface z(z, y).

It is sometimes assumed that the brightest point in the image corresponds to a normal
pointing in the light source direction, and hence its intensity is pA. When the image is scaled

by pA, for example by division by the intensity of the brightest point, the equation becomes

L-N —ap—bg+c

N V1+p?+q¢?

Thisisthe form that we will be using.

1

(5.2)
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In reality, whether or not the surface is Lambertian can be a function of scale. It could be
that a blurred image of a textured surface, or an image taken from far away, will be approxi-
mately Lambertian, while a material that is considered Lambertian will ook textured in avery

high resolution image.

When there are severa ideal light sources and al of them are visible in a region on a
Lambertian surface, AL is the linear sum of these light sources. Thus the assumption of a

single light source is not too restrictive.

The specia case where L = (0,0, 1), i.e. the illumination comes from the viewing direc-

tion, leads to the Eikonal equation. The Eikonal eguation can be written as

——1=p"+¢ . (5.3)

In this case there cannot be visible attached or cast shadows in the image (unless an occlud-
ing surface is between the camera and the light source). Note that the SFS equation with
L =(0,0,1) islocaly ambiguous, since there is an infout reversal ambiguity for each local

patch of any solution surface.

Several works studied existence and uniqueness of solutions to the SFS problem. Horn et
a. and Brooks et al. [17, 76] demonstrated images for which there is no solution to the SFS
equation. Oliensis[137] proved the unigueness of SFS solutionswhen boundary conditionsand
other technical conditions are assumed. In absence of boundary conditions, the SFS problem
is ambiguous. For example, consider the four surfaces » = +22 + y? with L = (0,0, 1). In
thiscase p = +2x, ¢ = +2y, and therefore these four surfaces have exactly the same image.
Saxberg [167] proved (under additional assumptions) that there are up to four local solutions
near generic singular points (points whose normals are parallel to the direction of the light
source). Okatani and Deguchi [136] showed that the second derivatives of the surface can be
computed from image derivatives at singular points up to a discrete number of possibilities

(subject to additional conditions). They argued that the singular points are the only points
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where it is possible to compute the second derivatives of the surface directly from local image
derivatives. It should be noted that when the surface is not of class C'? there might exist an
infinite number of solutions. For instance, Deift and Sylvester [ 36] studied the ambiguitiesin
the image of a Lambertian hemisphere. They showed that if the surface is C2, the hemisphere
is a unique solution up to a reversal ambiguity. Otherwise, there is an infinite number of
solutions[108].

Also related to shading ambiguitiesis the GBR ambiguity, that we already encountered in
chapter 2. When a surface undergoes a GBR transformation, its intensities will change, but
for asmall GBR transformation the change could be indistinguishable [ 7]. In summary, while
there are theoretic conditions where the solution to the SFS problem is unique or thereis only

adiscrete number of solutions, in practice the SFS problem is an ill-posed problem.

5.2 Classesof shapefrom shading methods

In this section, we review the main approaches for solving the SFS problem, without getting
into the technical details. The survey paper by Zhang et al. [147] classifies SFS methods
into four groups: minimization, propagation, local and linear. Most methods today are either
minimization or propagation methods. These methods can be sub-classified according to the

following criteria:

1. Surface representation. While so far we discussed surfaces of the form z(x,y), or
other linear surface representations, several SFS methods (e.g. [211]) solve for the nor-
mal parameters (p, ¢) with the integrability constraints p, (z,y) = ¢.(x,y). Thisrepre-
sentation doubles the number of parameters and requires afina surface integration step.
The possible benefit of this representation is that the algorithm can adjust the normals
independently while relaxing the integrability constraints. It is not clear whether one

representation is better than the other.

2. Boundary and initial conditions. Propagation and global minimization approaches



CHAPTER 5. A LIGHT INTRODUCTION TO SHAPE FROM SHADING 85

depend heavily on boundary and initial conditions. The two main classes of propaga-
tion approaches are those that begin from known boundary conditions [ 1, 87, 164] and
those that begin from singular points [ 11, 96, 138, 200, 218]. Globa minimization ap-
proaches are usually started from simple surfaces such as a plane, or from the intensity
image [149]. The reason why initialization from intensities might work is that for some
special surfaces, such as a sphere or a cylinder, the image of the surface when lit from

the viewer direction is proportional to the depth of the surface.

3. Regularization. Regularization terms are often added to suppress high derivativesin the
solution surface. Some propagation methods that start from known boundary conditions
do not include regularization terms at al. Regularization might also be implicit in a
scheme [1, 87]. In general, regularization makes a method more robust, but tends to

over-smooth the surface.

Historically, Horn's characteristic stripes method was developed in full generality, before
he simplified the problem to the orthographic Lambertian model. In recent years there has
been renewed interest in lifting some of the assumptions of the ssmplified model. Methods
for solving the SFS problem under perspective projection are described in [ 145, 150, 186, 216].
Note that some works on perspective SFS omit a cos* o term, where « is the angle between
a viewing ray and the image plane. This term is mentioned, for example, in [117], and in
principle can be removed at the camera. The assumption that the light source is remote was
replaced with a proximal light source in [149]. The problem of estimating the light source
direction from an image was considered in several works, e.g. [75,101,177]. A very different
approach for dealing with unknown illumination was taken by Smith [ 178], who derived a PDE
with higher-order derivatives in which the light vector was eliminated. Smith was unable to

solve his PDE, and his approach was not continued.
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5.3 Human perception of shape from shading

Horn's influential SFS model is an elegant mathematical simplification. However, its assump-
tion of Lambertian reflectance does not hold for many real-world objects. In contrast, it seems
that humans do not have a special problem to perceive the 3D shape of many real-world non-
Lambertian objects. In this section we review research on human shape perception from the
psychophysics literature. Shape perception literature is too broad to be covered here in detail.
Our focus hereis on experiments that examine the assumptions of the standard SFS model. We
caution the reader that human perception is not yet understood at the computational level. Itis
difficult to draw decisive conclusions from these experiments.

Note that humans cannot presume that the albedo is constant at every point. Research on
how humans infer lightness (perceived reflectance or albedo) has along history, that is covered
in detail in Gilchrist’s book [58]. Many factors seem to be involved in this non-local process,
such as the intensity of the brightest point in the image, edge contrast, and even the perceived
3D structure of the scene. While we focus on images with constant albedo, it should be kept in
mind that the brain executes another process, which is not fully understood yet, to interpret the
raw brightness values of image pixels.

The perception literature considers shading as a weak depth cue that can be overridden
by stronger cues. For instance, Ramachandran [153] gave an example where stereo overrides
SFS perception, and another example where the same shaded image can be perceived in two
different ways if the bounding contours are changed. These examples also demonstrate that
SFSisaglobal process, since the same small image patches can be perceived differently in a
different global context.

It is believed that SFS analysisis an early process in the brain. Kleffner and Ramachan-
dran [98] showed that SFS can provide a basis for perceptual grouping of objects based on
their perceived 3D structure. They demonstrated pop-out of a shape surrounded by differently
shaded shapes. SFS can provide correspondences for motion analysis as well. Mamassian et

al. [128] looked for areas in the brain that are active as SFS tasks are being processed. They
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found activity in early processing areas, and suggested that SFS is mostly a bottom-to-top

process.

Severa studies attempted to evaluate the accuracy of humans SFS perception. In atypical
setting, participants were shown a shaded shape on a screen and asked to orient the normal
vector at specific points on the surface. In aclassical experiment by Koenderink et al. [105] it
was found that the normals could be integrated to a real surface. Repeated experiments with
the same subject on the same image correlated well. In a similar experiment [103], they no-
ticed some differences between subjects and even between different trials of the same subject.
They argue that these differences can be mostly attributed to scaling of the shapein depth. An-
other finding was that tilt estimate is more accurate than slant estimate. The slant was usually

underestimated.

Other studies checked whether humans are assuming surfaces are Lambertian. Todd and
Mingolla[75] experimented with ellipsoidsrendered using Lambertian and non-Lambertianre-
flectance functions, highlights and cast-shadows. They found no difference in accuracy when
shiny displays are compared to Lambertian displays. There was no difference when the ellip-

soid had a cast shadow compared to the conditions when there was no shadow.

Langer and Bulthoff [112] studied human SFS perception under diffuse lighting (“cloudy
day”) condition. In this condition, the amount of light a point receives is proportional to its
visible fraction of the sky, and deep points are usually darker. Subjects were asked whether
points on a surface are in avalley or on a hill under both diffuse and point light source condi-
tions. Performance was well above chance, and the participants said they were unaware of the

lighting condition changing between trials.

There is evidence that the light source direction is somehow encoded in the human visual
system. Kleffner and Ramachandran [98] studied the perception of shaded half-hemispheres.
In one experiment, they showed two rows of balls, where the rows were illuminated from
opposite directions. One row was perceived as convex balls and the other as concave balls. It

was impossibleto perceive al the balls as convex simultaneously. When inversion occurred, it
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occurred globally. They concluded that there is a built in assumption of a single light source.
They also argue that humans assume that light comes from above. When subjects were asked
to tilt their heads by 90°, a convex/concave inversion occurred. They reasoned that the “light-
from-above” assumption is made in retinal (gaze) frame of coordinates without an adjustment
of the head direction. Later, Perona and Sun [127,184] found a biasto assume that light comes
from the top-l€ft direction.

Boyaci and Maoney [15] demonstrated invariance of human SFS perception to monotone
(not necessarily linear) transformation of the brightness values. To illustrate, consider the
imagein figure 5.1(A). In parts (B) and (C) the brightness values of thisimage were scaled to
the range [0,1] and raised to the powers of 0.5 and 2 respectively. Notice that the perceived
shapes outside the dark areas is very similar. The negative image in part (D) is not perceived
as an elipsoid. Thisisin agreement with the single light source assumption, since there is no
“negative light” that will leave the shape intact, nor there is a single positive light source that
will generate thisimage from an ellipsoidal shape. Non-monotonic brightness transformations

alter the shape perception, asillustrated in parts (E) and (F).

5.4 Alternative shape from shading models

The presence of many non-Lambertian surfaces in the real world inspired further research on
modeling the SFS problem. In this section we review some alternative research to the standard
SFS model.

A natural candidate for study isthe field of isophotes. |sophotes, or iso-intensity contours,
are curves of constant brightness in the image. There are several reasons to study isophotes.
Under the assumptions of the standard Lambertian model (section 5.1), the orientation ¢ of an

isophote is independent of the albedo p and the illumination strength A

I NLN/ND - dLN/N])
_ Y _ Y o Yy
tan = I, pAYLNAND — dEN/IND (5.4)
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(A) (B)

© (D)

(E) (F)

Figure 5.1: Effect of intensity transformations on perceived shape. When the image of aLam-
bertian ellipsoid (A) undergoes a monotonic transformation of its intensities, as shown in (B)
and (C), the 3D shape looks similar. A negative transformation (D) and non-monotonic trans-

formations (E) and (F) result in different perception.
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One motivation to study isophotes is that the brain has orientation-selective cells [ 142]. An-
other reason is that monotonous brightness transformations, of the sort shown in figure 5.1,
leave thefield of isophotesintact. |sophote fields have been studied extensively and have many
interesting properties[16,47,166, 206, 209]. None of these works was able to drop the assump-
tion of known BRDF and propose an alternative way for complete 3D reconstruction directly
from thefield of isophotes.

Nevertheless, severa shading models that have been proposed end up being a parametric
transformation of the brightnesses of Lambertian images. These transformations are usually
monotonic. When the parameters of the transformation are known, it is possible to invert
the transformation and run a SFS algorithm on a Lambertian image. Some examples to such

models are given below.

1. The reflectance of a Lambertian surface under hemispherical uniform illumination, as-

suming constant albedo and no inter-reflections or self-shadows, is given by [ 75]

=201y —— ) | (5.5)
2 V1402 + ¢

where L, depends on the illumination strength and surface albedo. Note that the trans-
formed image 27/L, — 1 will look like a standard Lambertian image illuminated from

the viewer direction.

2. Thedirect reflection component from water under hemispherical uniform illuminationis
governed by the Fresnel coefficient [187]. A complete model for the reflectance of water
should take into account the light coming from inside the water, shadows and inter-
reflections which we neglect here. The Fresnel coefficient is a monotonic non-linear
function of the angle between the observer and the surface normal. In contrast to the
Lambertian case, water achieve minimal brightness when the surface normal points to
the viewer, and maximal brightness at grazing angle. Thus, images of water are similar

to negative images of Lambertian surfaces.
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3. Images produced by a scanning electron microscope (SEM) are similar to reciprocal
images of Lambertian surfaces. According to the theoretical model by Shataset al. [ 170],
the image intensity is proportional to ﬁ where 6 is the angle between the surface
normal to the microscope’s primary beam. A similar empirical model is given by Ikeuchi

and Horn [75].

5.5 Conclusions

The SFS problem involves modeling the image formation process, numerical optimization,
and deciding among ambiguous solutions. In this chapter we took a closer look at Horn's
Lambertian model. This model has aways been considered as an idealized simplification, and
its assumptions were sometimes regarded as unrealistic. However, al the alternative models
that have been proposed so far might model particular scenes more accurately, but would be
less accurate in other circumstances. A photorealistic modeling of the image formation process
might be too complicated to invert. For instance, some models in computer graphics simulate
subsurface scattering [81]. Another issue is that we have many possible models to choose
from. Even worse, the scene might be composed of multiple objects that follow different
reflectance models. As explained in the previous section, several models can be reduced to
the Lambertian model after a suitable brightness transformation. Thus, it is possible that a
brightness normalization process has to take place before running a SFS algorithm. In the
next chapter we leave these modeling questions open, and move on to examine numerical

optimization and ambiguities of the standard SFS problem.



Chapter 6

Polynomial Shape from Shading

6.1 Introduction

The shape from shading (SFS) problem [ 75, 147] isto recover the 3D shape of a surface from a
single image, whose intensities are related to angles between surface normals and light source
direction. SFS belongsto awide class of problemsin computer vision that involve embedding
points in Euclidean space based on distance or angle information. These problems have nat-
ural formulations as systems of polynomial equations. Both exact methods, such as Grobner
basi s and homotopy continuation, and convex rel axation techniques, have been applied to poly-
nomial systems arising from such diverse problems as structure from motion [ 8, 20, 83, 132],
camera calibration [43] and low-dimensional embedding [152, 204]. In this chapter we apply
similar techniques to the SFS problem, which traditionally was treated mostly as a general
nonlinear PDE that is notorioudy difficult to optimize. While the polynomial formulation is
not new (e.g. [145]), only recently theory and software for polynomial systems became widely

available.

Throughout we will focus on the standard Lambertian model that was elaborated in sec-
tion 5.1, i.e. orthographic projection, a known distant light source, unit albedo, but no other

boundary conditions. Denote the unit light source vector by L = (a, b, ¢), and the surface

92



CHAPTER 6. POLYNOMIAL SHAPE FROM SHADING 93
normal by N = (—p, —¢, 1)*. The Lambertian intensity at an unshadowed point is

L-N —ap—bg+c

I= = € [0,1]. (6.1)
N - Vispre o oM
Squaring and rearranging we get the quadratic equation
(14 p* +¢*)I? — (—ap — bg +c)* = 0. (6.2)

To avoid solutionsto L - N/||N|| = —I we add the constraint
—ap—bg+c>0. (6.3)

The SFS problem is to find a surface z(z,y) withp = % and ¢ = j—; that satisfies (6.2) and

(6.3) for each point in the image.

The polynomial form (6.2) has several advantages over the quotient form (6.1). First, small
polynomial systems can be completely solved. We demonstrate this in section 6.2, where we
show that all solutions to the SFS problem at vertices of an ideal, generic polyhedron can be
found by homotopy solvers for polynomial systems. Second, exact line searches are possible
in the polynomial form, but require expensive bisections in other forms. In section 6.3 we
demonstrate the effectiveness of exact line searches as part of an iterative method for SFS
on a grid. Third, semidefinite programming (SDP) relaxations for polynomia systems can
produce approximate solutionswithout requiring an initial guess. We derive an SDP relaxation
for SFS in section 6.4. In the absence of boundary conditions, the SFS problem is known
to be ambiguous [108]. In section 6.5 we propose a method for generating artificial shading

ambiguities asillustrated in figure 6.1.



CHAPTER 6. POLYNOMIAL SHAPE FROM SHADING 94

Figure 6.1: An exaggerated shading ambiguity illustrated by three images of one real object.
The object has a pre-computed shape, designed using techniques described in this chapter,
which wasthen realized by 3D-printing and illuminated with a directed light source (plus weak
ambient). Bottom: an oblique view of the object. Middle and top: atop view, with the essentia
difference being that we moved the directed source to adifferent position. Itisimplausible that
a human viewing the top image would infer the correct surface.
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Figure 6.2: Triangulation around a vertex.

6.2 Exact SFSfor polyhedraby homotopy

In this section we examine polyhedral SFS. The problem was first formulated by Horn [74].
Iterative procedures were proposed by Sugihara [183] and Lee and Kuo [116]. Penna [145]
dealt with perspective projection. Yang et al. [213] highlighted the possibility of multiple
solutions. Shimodaira[172] applied the DIRECT (dividing rectangles[82]) solver, which could
be the only previous work with a solution guarantee. However, space-partitioning techniques
tend to slow considerably asthe dimension grows[179], requireinitial range estimation for the

variables, and multiple solutions were not considered.

Since the problem can be formulated as a polynomia system, it is natural to apply ho-
motopy solvers [179]. These solvers start with a structurally similar polynomial system for
which all complex solutions are known, and trace the solutions as the system is continuously
deformed to the desired polynomial system. Homotopy solvers guarantee “with probability 1”
finding all complex solutions without requiring an initial guess, they scale with problem di-
mension better than space-partitioning methods, and are parallelizable. Modern solvers can be
considered reliable, although rare breaking cases exist. See [179] for in-depth discussion and
comparison to Grobner basis and resultants. Previous applications of parameter continuation
to SFSincludereal continuation [57], graduate decrease of smoothness[185] and continuation
through scale space [156]. Watson [203] mentions early work related to homotopy and SFS

that we were unable to find.
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Assume the surface is a triangular mesh, and consider a particular vertex vy and its k
neighbors v, ..., v, counter-clockwise as in figure 6.2. To simplify notation we shift the
coordinates so that vo = (0,0,0). The normal to a triangle (v, v;, v;+1) is proportiona to
Vi X Vip1 = (YiZit1 — Yit1%i, Tip1% — TiZis1, TilYir1 — Tip1Ys). Dividing by the last coordinate
we get

_ Yitit1 T Y1z T2 — TR ' (6.4)

— Pi y 4 =
TilYi+1 — Ti+1Yi TilYi+1 — Ti+1Yi

Substituting in (6.2) for every triangle, we get £ quadratic equations in zq, ...,z (z;,y; are
known from the image). If the system is generic, there are at most 2* real solutions, which for
small k£ can be found by a homotopy solver.

After solving for the possible configurations around each (internal) vertex, we prune the
solutions. Configurations violating (6.3) or whose neighboring vertices have no compatible
configuration are discarded. Then we need to solve a constraint satisfaction problem (CSP) to
identify all consistent global solutions. Luckily, often an assignment of a configuration at aver-
tex and its neighborhood determines uniquely the configurations of its neighbors and therefore
a simple assignment propagation and backtracking algorithm finds all global solutions.

Polyhedral SFS by homotopy is demonstrated in figure 6.3. The input contains 1143 trian-
gles. Their vertices were randomly jittered to ensure generic systems. We used the homotopy
solver HOM4PS-2.0 [118] to successfully find both solutions.

Note that theoretically it isalso possibleto solvefor the light source, by writing the systems
of the neighbors of a triangle together and forming a system of quartic equations with the
condition a? + b2 + ¢ = 1. Thisis practical only if the number of neighborsis small.

Unfortunately, the method described is sensitive to noise. Even 1% of intensities perturba-
tion can lead to systems whose all solutions are complex. One might form the sum of squares
of (6.2), take the partial derivatives and find all stationary points. Thisleads to & cubic equa-
tions, with up to 3* solutions. Although solutions can be pruned, there still might be a large
number of candidates. Given that for noisy systemsit is harder to determine which neighboring

configurations are compatible, the result is a much harder CSP.
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Figure 6.3: SFS of a polyhedron by homotopy. Left: synthetic Lambertian image with
L = (0,0, 1) of triangulated vase [147]. Right: the two solutions found by the a gorithm.
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The problem with noisy data should be no surprise. It is known that local SFS methods,
such as Pentland’s method [75] that assumes the surface is locally spherical, give unreliable
normal estimates in presence of noise. The polyhedral case is similar, since image intensities
information is available in aloca neighborhood around each vertex. Furthermore, as the mesh
resolution increases, we expect the intensities around a vertex to become nearly uniform, and
hence the configuration around a vertex will inevitably become ambiguous. Note also that
there is evidence that humans find SFS of triangulated meshes difficult [176]. However, in
a controlled environment with a photometrically-calibrated camera, it might be possible to

minimize the effect of noise by averaging the image intensities over each planar face.

6.3 Iterativeprocedure

In this section we present two technical improvementsto global iterative SFS methods. These
methods, e.g. [75, 147, 185], minimize the sum of squares of (6.2) over a grid. Denote by
z the heights of all grid points arranged as a column vector, and let p;; = 211 — zij,
qi; = 2;,+1 — Z;; be the discrete partial derivatives of the surface. To avoid specifying any
boundary conditions, for an M x N image we solve for z on an extended (M + 1) x (N + 1)

grid (the (M + 1, N + 1) pixel isredundant). Then (6.2) becomes

2 2 2
[Zm" Zit1,50 2 j+1> ZijZi+1,5) ZijZi 541,

(6.5)
Zi 11,52, 541, 2,5, Zit1,5, Zij+1, 1} ‘u,; =0
w; = [207, 17— a® I}, — b 2a(a + b) — 217, 66

—2ab, —2c(a + b), 2ac, 2bc, I? cz}T

ij

2b(a + b) — 217

@5

Eg. (6.5) and (6.6) can be written in the form

ri = ZTAijZ + e;ﬂ-z + hij =0 s (67)
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with symmetric A;;. Letr(z) = [ri1,...,raw] " The sum of squared errorsis
F(z) = |r|* . (6.8)
The Jacobian matrix of r has the rows
Ji; = 2zTAij + eZ-Tj , (6.9)

and the gradient issimply
VF=2J"r . (6.10)

Minimization of a general multivariate quartic is NP-hard [124, 151]. However, a useful
property of polynomialsis that exact line search takes linear time. Substituting z = z, + ad
in F'(z), where z, isthe current point and d is any search direction, we get a univariate quartic
in o, whose global minimization involves solving a cubic equation in a. Experience in nu-
merical analysis suggests that exact line search often requires less function evaluations and a
smaller number of iterations than inexact line search procedures. In addition, the algorithm
is less likely to be trapped in a poor local minimum. Although very natural and easy to im-
plement, we are not aware of previous applications of exact line search to SFS, or embedding

problems like [204].

A smoothness term is often added to widen the basin of attraction for convergence and
suppress oscillations. The most common regularizer measures thin-plate energy, which inte-
grates the squared second derivatives of the surface. A problem with this regularizer is that
it will strive to flatten regions of varying intensities or edges where the surface cannot be flat.
In[63,77] itisproposed to down-weight the smoothnessterm by ameasure of intensity change.
That smoothnessterm frees the surface to bend where intensity is varying, but does not enforce
folding explicitly. In addition, reducing the smoothness term allows surface oscillations, as

will be explained in section 6.5.
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Instead we define a new smoothness term that mitigates these problems. Consider two
neighboring pixels with normals (—p1, —q1, 1), (—p2, —¢2, 1) and intensities [;,15. The small-

est possible angle # between these normals satisfies

cos(#) = cos(arccos(ly) — arccos(Is))

=L Ly1- 1113

For nearby pixels on a smooth surface, and for pixels with large intensity difference, it is

(6.11)

reasonable to expect that the angle between the normalsis close to the minimal possibled, i.e.

(6.12)

cos(8) ~ pip2 + g2 + 1
VIt +a@vi+p+a
Plugging in the Lambertian assumption (6.1) and multiplying by the denominator we define

the smoothness term as another quarticin z

S(z) = Z ((plpz + q1q2 + 1) 1115 — cos(0)(—apy — bqy + ¢)(—apas — bga + C)>2

(6.13)

Our complete algorithm minimizes F'(z) + AS(z) using conjugate gradient with exact line

search, and reduces A\ gradually. The method is demonstrated in figures 6.4 and 6.5.

In the algorithm above we ignored the non-negativity constraint (6.3). It is possible to take

it into account by minimizing

Z ((1 +p* + ¢*)I* — (—ap — bq + ¢)* sign(—ap — bg + c))2 . (6.14)

The exact line search requires sorting « according to where the terms switch signs, and search-
ing for the minimum of the quartics in each intermediate interval. The coefficients of these
quartics can be accumulated as the line is traversed. This usually makes insignificant differ-

ence for images without shadows.
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Figure 6.4: SFS of the synthetic penny [147]. The source surface (upper-left), of size 128 x 128,
generates the input image (middle-left) with L = (0,0, 1). Our iterative method, initialized
from a section of a sphere, produced the surface on the right. The computed surface generates
the lower-left image. While the 3D surfaces are different, the RM S of the images differenceis
only 0.008, and the maximal absolute difference of intensitiesis 0.117.
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6.4 SDP relaxation

While iterative techniques with exact line search are effective, often there exist initial guesses
that lead to suboptimal local minima. This motivated us to look at the completely different ap-
proach of convex relaxations, which guarantee convergence to a global minimum of a related
problem. Convex relaxations have been recently applied to embedding problems from geo-
metric measurements of distances and angles. For instance, Biswas et al. [12, 13] applied SDP
relaxations to localization problemsin sensor networks. We can think of the SFS problem as a
similar geometric embedding problem, where the goal isto embed the pointsin depth such that
the angles between the surface normals and the light source direction comply with the image

brightness values.

In this section we derive a L asserre-type SDP relaxation to SFS. Comprehensive theoretical
background on the topic can be found in [114]. The basic idea is to introduce new variables
for products of variables (lifting) so that non-convex terms become linear. Additional positive-
semidefinite constraints are added to capture relationships between all variables and tighten
the approximation. Since full relaxations are very expensive, scalability is achieved via sparse
relaxation [125, 201]. The semidefinite constraints are defined on cliques, which in our case

arejust unit triangles.

We begin by defining the notation for the independent variables of the problem. For
each point (7, j) we use an extended set of variables: xj* ideally corresponds to a monomial
(zi;)" - (Ziv1;)° - (zi41)". Here, r,s,t are nonnegativeintegers, r + s+t < 2d, and d iscalled
the relaxation order. In this notation x°,x*} ; and x{9" | refer to the same variable corre-

sponding to (z; ;)*, k = 1 refersto the surface height at point (4, j), and x{; is the constant 1.

These variables are arranged into moment matrices as follows.

Let (11, s1,t1) = (0,0,0), (re, S2,t2),...,(rp, sp,tp) bean enumeration of all r, s, ¢ such

thatr + s+t < dand D = (*£*) = O(d®). For each image pixel, we would ideally like to
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represent the constraint that the following matrix

T
rasata rpsptp . rosats rpsptp
]‘7Xij 7"'7X7;j :| |:]'7XZ] ""7Xij (6.15)

is a positive semidefinite rank-one matrix. This condition is not convex in the problem vari-
ables. Instead, we use a convex relaxation. For each image pixel, a positive semidefinite

constraint isdefined ona D x D moment matrix whose elements are independent variables
[MJ = Xy e, {M]} =1 . (6.16)
m,n 1,1
|deally, M,; would be equal to (6.15).

The SDP relaxation for non-shadowed pixelsis

min (Ztrace(l\/[ij) +G- 5) s.t. (6.17)
tj
(a+b)x}" — ax);” — bx{% + ¢ >0 (6.18)
r+2,s,t _r,s+2t _rst+2
—e < [ X X,
1541t _r+lst+l rst+1t+1
P L L (6.19)
r+1,s,t _r,s+1,t _ rs,t+1 r,8,t
i » X5 » X » Xij ]'uij§5
> X0 =0 (6.20)
j
M,, = 0, {M} 1 (6.21)
1,1

In the system above, equation (6.18) isthe constraint (6.3) written using discrete differencesfor
p, ¢. Equation (6.19) is derived by multiplying (6.5) with monomials (z;;)" - (zi+1.;)° - (Zij+1)"
for al nonnegative integers r, s, ¢ such that » + s + ¢ < 2d — 2. u,; are vectors of constants
asin (6.6), and ¢ is a dack variable. Condition (6.20) fixes the global depth ambiguity in

orthographic projection. Equation (6.21) is the positive semidefinite constraint from (6.15).
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The objective (6.17) minimizes the sum of traces and G times the slack variable . G isthe
total number of diagonal elementsin all moment matrices, which is a constant for a specific
problem. Ideally, the matrices M,; should be rank-one. Trace minimization is a commonly

used approximation to rank minimization [44].

The resulting SDP problem is solved in polynomial time without an initial guess by a
SDP solver. Currently we extract the solution simply from x}joo. Note that this extraction
procedure could fail in case there are multiple solution. Since the problem is convex, the
matrices M;; could be convex combinations of solutions. For example, when L = (0,0, 1), a
combination between the solutions z(z, y) and —z(z, y) yields x;7° = 0. A similar solution
extraction with arandom perturbation isdescribed in[201], and applied to PDEs with boundary
conditions [125]. Also note that Lasserre’s condition for convergence asd — oo in [113] does
not hold for our sparse relaxation. However, only small orders d are practical anyways. A
solution extraction scheme for dense relaxationsis described in [ 69], but does not extend easily

to sparse relaxations with noisy input.

Theiterative and SDP procedures are compared in figure 6.5 on real images of cloth (upper
two) and sugar (lower three). Theintensitieswere linearly transformed to therange [0,1]. Since
thelight source direction isunknown, we sampled 100 light directions using the spherical spiral
method [6], ran the iterative algorithm, and kept the best light for each image. Though more
expensive, this approach is more robust compared to estimating the light directly from the
images or adding the light as a parameter to the optimization. Theinitial state for the iterative
method was z = 0. The SDP results were obtained from low-resolution images (18 x 24) using
the same light sources and relaxation order d = 2. The SDP solver we used is DSDP5.8 [9],
interfaced with YALMIP [123]. For the iterative method, the RM S errors in reconstructing the
input images are all below 0.01. RMS errors for the SDP method are (top to bottom): 0.06,
0.07, 0.09, 0.07 and 0.14.
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Figure 6.5: Surface reconstruction by the iterative (left) and SDP (right) methods. In the
middle, the top two images are source images. The bottom images are renderings of the left
and right surfaces. At black pointsin the SDP solutions condition (6.18) equals zero.
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6.5 Generating SFSambiguities

In this section we explore generating SFS ambiguities, i.e. substantially different surfaces that
have identical Lambertian images. Our main goal is to provide researches a better way to
study surface priors. Instead of defining a shape prior and running a SFS algorithm, a good
prior should first be able to pick the correct surface from its ambiguous counterparts. We
can also envision a future application in surface inspection, where by inspecting the space of
ambiguous shapes, possibly with few known anchor points, one can position the light source

so that ambiguous deviations are tolerable.

Previously, SFS ambiguities were encountered when SFS algorithms converged to the
wrong surface, or in mathematical analysis of ssimple shapes such as planes and spheres [ 38,
108]. A recent work by Kemelmacher-Shlizerman et al. [92] studied Mooney faces generated
by thresholding Lambertian images. They showed that different surfaces can have an identical
isophote (iso-intensity contour) and an identical binary image. Another related ambiguity is

the bas-relief [7,207], which technically involves small changes in albedo.

SFS ambiguities can arise from micro-perturbations, e.g. placing a pyramid reflecting the
desired intensity at every pixel [5]. These surfaces are uncommon. On the other extreme,
smooth surfaces can aso be ambiguous. For instance, a single-intensity image can arise from
a plane or a cone whose axis is aligned with the light direction. Moreover, such cones can
be reflected and stitched together, as shown in figure 6.6, creating a wavy surface. In general,
a uniform-intensity image comes from a ruled surface [ 108]. Note that these surfaces can be
very smooth. Furthermore, Freeman’s generic light source assumption [50] cannot distinguish

between a plane and such a cone.

For any surface whose image is clipped to just a patch, the SFS equations represent a PDE
without boundary conditions. The lack of these boundary conditions gives rise to ambiguities.
These ambiguities have been examined in the past for the continuous SFS equation [ 108]. We

show below these ambiguities exist in the discrete case using the implicit function theorem.
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Figure 6.6: Shading ambiguities of uniform-intensity images. Top: interlaced cone sections
with the same opening angle whose axes point in the light direction will generate auniformin-

tensity image. Bottom: some eigenvectorsof J for the flat surface z = 0 with L = (%, 0, %).

Theorem 1 (Implicit function theorem) Suppose that G : IR™ x IR" — IR" is continuous and
has continuous partial derivatives. Suppose that G(zg, yo) = 0 and det [%(xo, yo)]m £ 0.
Then there exists a neighborhood U C IR™ of x4 and a function ¢ : U — IR" such that
G(z,g(x)) = 0 Vz € U. Furthermore, g and its first partial derivatives are continuous

onU.

Consider asolution z, i.e. F(zy) = 0 and r(z) = [0, ... ,O}T. We will apply the implicit
function theorem to the function r(z) : R VWD _ RMN Note that the Jacobian matrix
J = %(z0)in(6.9) iISMN x (M+1)(N+1). Assumefurther that J hasfull columnrank. Then
we can choose M N independent columns of J to form the“y” part in theimplicit function the-
orem, and the rest of the columnswill form the“x” part. The implicit function theorem implies
that there existsan (M + N + 1)-dimensional manifold of solutionsin an e-neighborhood of
zo. While the theorem guarantees solutions only in arbitrarily small neighborhoods, in many
cases the ambiguity can be very substantial (see figures 6.1,6.7 and 6.8).

Next we describe how to generate numerically an ambiguous surface z from a given surface
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Figure 6.7: Artificially generated shading ambiguity. Top left: initial cylindrical surface. Top
right: the null vector of J. Bottom: 3D-print of the computed surface (right) generating the
same image of a cylinder (left).
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Figure 6.8: Artificially generated shading ambiguities of a Lambertian sphere cut by a plane
(top left). The lower five surfaces, produced by our algorithm, generate very similar images
when illuminated by the same light source L = (0.25, 0.433, 0.866).
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step in direction v,
solutions null vector of J
manifold step orthogonal
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Figure 6.9: Generating a solution z; from a known solution z,.

zo and a light source L. The idea is illustrated in figure 6.9. Starting from a solution z
of the SFS equations, we take a large step that would change the image as little as possible.
Consider the second order approximation F'(z + v) & F(zg) + VF(zo)'v + 3V V2F(z)v.
Note that F'(zy) = 0, VF(z,) = 0. The Hessian at such a point is V2F(z,) = 2J7J. Hence,
a desired direction v is a null vector of J. Taking the step z = z, + av, we get away from
the solutions manifold. Applying our iterative procedure of section (6.3) with the constraint
vT(z — (zo + av)) = 0 we get to apoint z; on the solutions manifold. This constraint ensures
that we won't get closeto z,. In our implementation, at each iteration we project the conjugate
gradient search directionsd sothat d - v = 0. A step size « is searched so that it is large and

yet returning to the manifold is still possible.

It remains to describe how to compute the null vectors of J. Note again that the matrix
Jis MN x (M +1)(N + 1) and therefore large, sparse, and has at least M + N + 1 null

vectors. This can be exploited in a divide-and-conquer scheme. We partition the image to four

I,

roughly equal blocks I = , and compute bases B, B, B3, B, for the null spaces of

L L
J restricted to each block recursively (svd is used for small images). For a &' x & subimage,

we formitsrestricted Jacobianona (4 + 1) x (4 + 1) extended grid, making it rank-deficient.
Each column of the basis matrices By, By, B;, B, has (4 + 1)(4 + 1) entriesthat correspond

to heights on the extended subimages. The bases B+, B, B3, B, overlap on the middle row
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and column of 1. We stitch these bases together to form a basis B for the null space of J by
finding linear combinations of the null vectors that match on the overlapping pixelsof 7. Let

B, B, be the rows of By, B, that correspond to their overlapping pixels along the middle
W,
W,
B, W, give abasis for the null space of J restricted to [11 12}. We combine B3, B, and then

column of 7, and let be the null space of [ B, -B, } Then B; W, combined with

the upper and lower partsin asimilar way. Finally, we orthogonalize the resulting null space
matrix B.

It is convenient to sort the null space by smoothness from low to high frequency. We build

1 -1
amatrix C that measures smoothness by applying the filters [1, -2, 1], [1, -2, 1}T, [ ]
-1 1
at every pixel. Let V bethe sorted right-singular vectors of CB. Then the matrix BV contains
the null vectorsin sorted order. Some null vectorsfor aplane and a cylinder surfaces are shown

in figures 6.6 (bottom) and 6.7.

6.6 Conclusions

In this chapter we applied tools specifically designed for polynomia systemsto the SFS prob-
lem, both for polyhedral and curved surfaces. Their main advantage isin not requiring bound-
ary conditions. In contrast, many propagation methods (e.g. [ 1, 75, 150]) rely on boundary con-
ditions. Other propagation methods (e.g. [216]) rely on the existence of singular points (where
N = L) in theimage. While propagation approaches are fast and impressive reconstructions
have been demonstrated, these reliances on the existence of initial information are conceptually
unsatisfactory. In general, we cannot assume knowledge of curved boundaries, and wouldn’t
like the algorithm to completely break down when the singular points are occluded.

The SDP relaxation is aradically different approach to the SFS problem. It is interesting
because convergence to a global minimum of the relaxed problem is guaranteed, without de-
pending on theinitial guess. However, the solution of the SDP relaxation does not |ead directly

to a solution of the original SFS problem.
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Another method that does not depend on the initial guess is Pentland's linear SFS [ 146].
The differenceisthat under the Lambertian model, the true surface has apositive error in linear
SFS, whereas the SDP relaxation satisfies equation (6.19) with zero slack. Of course, this does
not imply that the SDP relaxation will find the optimal solution, since there might be solutions
in the extended set of variables with lower smoothness or sum of matrix traces. On the other
hand, if an SDP relaxation without smoothness does not have a solution, possibly because we
added incompatible constraints, then we can conclude that some of our assumptions (e.g. light
source direction) werewrong. Thisisimpossibleto infer from linear SFS, since thetrue surface

has a positive error in the linear SFS model.

Additional depth constraints obtained from other depth cues or user interaction can be
added easily to the system. These may includeinequality constraints (e.g. (6.3) or front/behind

relationships), which are difficult to incorporate into other methods.

While currently the results of the SFS relaxation are inferior to other SFS methods, it opens
an entirely new direction for future research. At present SDP solvers limit the method to
low-resolution images and low relaxation orders (note the possibility of variable relaxation
orders at different pixels). It is conceivable that the method will do better with large-scale SDP
solvers that will allow higher relaxation orders or incorporate smoothness terms over large
windows. Better exploitation of sparseness, parallelism, and tighter approximations of the full
SDP problem, may allow larger problemsto be solved in the future. Other interesting directions
for future research include improving the solution extraction from the moment matrices, and

using the relaxation in a branch-and-bound scheme.

Ambiguities are a serious problem for all iterative SFS methods with no boundary condi-
tions, since the algorithm can start converging to one solution in one part of the image and
a conflicting solution in a remote part. For large and noisy images, this can occur even with
boundary conditions. Therefore, some prior information is needed to choose between solu-
tions. We proposed a new smoothnessterm for the iterative method, and used the sum of traces

of the moment matrices in the SDP method. These priors are sensible, but obviously not a
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complete answer.

As afirst step towards dealing with shading ambiguities, we introduced a method for gen-
erating ambiguous surfaces that produce the same image. This complements previous work on
ambiguity of analytical surfaces, and observations about the convergence of some SFS algo-
rithms to ambiguous surfaces. The ability to visualize the family of ambiguous surfaces may

contribute to better understanding their extent.



Chapter 7

Conclusions

7.1 Thebigpicturein low resolution

Single-image 3D surface reconstruction is a key problem in computer vision. While multi-
view methods can provide depth estimates at some points, single-view cues provide only par-
tial information and raise the problem of surface integration. The challenge in single-view
reconstruction is both to identify the cues in the image and to solve the resulting optimization
problems.

In thisthesis we investigated optimization problemsin single-image 3D reconstruction. We
examined various types of constraints and formulations for shape from planar curves, shape
from texture, and shape from shading. The constraints were categorized as linear, discrete
or quadratic. Although we studied each case in isolation, they can be combined together.
While there are numerous ways to perform the optimization, we recommend considering the

following possibilities:

e If thereis asignificant number of linear constraints, solve the linear constraints first to

obtain alow-dimensional linear subspace that contains (or close to) the solution.

e If the number of discrete-ambiguity constraints is small, do exhaustive search on them

or on asmall sample.

114
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o If areasonable starting guessis known (e.g. from a recognition module), form the prob-
lem as aquartic (or polynomial) minimization, and try an iterative solver with exact line

search.

e Oneway to get an initial guessisto form an SDP relaxation from the discrete ambiguity
constraints or the continuous quadratic constraints. In cases where multiple solutions are
possible, a suitable regularization term or a symmetry-breaking term should be included.
The relaxation can be used as an initial guess for an iterative procedure or local search

refinement.

7.2 Summary of contributions

The main contributions of the thesis are summarized bel ow.

In chapter 3

e We presented a unified analysis for the problem of shape from planar curves, including
planar faces, planar cross sections, straight lines and parallel lines. The same scheme
appliesto the analysis of polyhedra, single-view modeling, structured light, and SHGCs.

Previously these cases were treated separately and not in their full generality.

e We presented a characterization of the trivial subspace based on a geometric criterion.
Under this criterion, the cost function is the same for both orthographic and perspective
projections. It yields a more robust method compared to a direct |east-squares solution.
We showed empirically that for randomly oriented planes it makes sense to pick a solu-

tion orthogonal to the basic trivial subspace.
In chapter 4

e We formulated the problem of inferring a smooth surface from texture cues as a discrete

decision problem.
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o We applied an SDP rel axation with various rounding heuristicsto this problem. Although
the problem is NP-hard, very reasonabl e approximate solutions can be obtained, even for

instances with over 1,000 decision variables.
In chapter 6
e We applied polynomial-solving techniques to the SFS problem.

— By using ahomotopy solver, we showed that exact sol utions can befound at avertex
of ageneric polyhedron, and in generic casesthis can be extended to a solution over

the entire polyhedron. However, the approach is sensitive to noise.

— We demonstrated the use of exact line search for the SFS problem. The technique
iswidely known in the optimization community, yet hardly ever used in computer
vision. It easily appliesto many other problems, such as single-view modeling from

planarity and orthogonality constraints.

— We implemented a sparse SDP relaxation for the SFS problem. While currently
the results are inferior to other SFS algorithms, this method does not depend on an

initial guess, and opens a new direction for future research.

e We proposed a method for generating artificial shading ambiguities. This method will

allow researchersto test surface priors on different surfaces that produce the same image.
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