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There are many standard numerical methods for initial value problems (IVPs) for or-
dinary differential equations (ODEs). Compared with these methods, validated methods
for IVPs for ODEs produce bounds that are guaranteed to contain the true solution of a
problem, if the true solution exists and is unique.

The main result of this thesis is a formula to bound the global error associated with
the numerical solution of a stiff IVP for an ODE. We give the complete proof of this result.
Moreover, we derive Dahlquist’s formula and Neumaier’s formula from this formula. We

also give alternative (and possibly simpler) proofs of some known related results.
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Chapter 1

Introduction

We consider the initial value problem (IVP) for an ordinary differential equation (ODE)

y/ = f(t7y)7 y<t0) = Yo, te [t07T]7 (11>

where y € R™ and f : R x R™ — R™. Throughout this thesis, we assume that f is
smooth and that a unique solution to (1.1) exists on [ty, 1.

Given the grid tg <t; < --- <ty =T, hy, = tar1 — t, is the stepsize on the n'"* step.
Denote the true solution to (1.1) by y(¢), and let y, be an approximation to y(t,). The

global error at the mesh point ¢, is

€n = Yn — y(tn)‘

A walidated numerical method for the IVP (1.1) generates guaranteed bounds on the
global errors {e, : n =0,..., N}. Validated numerical methods often use interval arith-
metic (reviewed in §2.2) to accomplish this goal.

Let z(t) be a vector of piecewise polynomial approximate solution to (1.1), where
2(t) = zp(t) on [t tni1)-

Such a vector of piecewise polynomials z(t) can be generated, for example, by computing

a discrete numerical solution {y, : n = 0,..., N} at mesh points {t, : n = 0,..., N}
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and constructing an interpolant to obtain a vector of polynomials z,(t) on the interval
[tn,tni1). Note that z(t,) =y, and z(t) is continuous on [to, 7).

The global error associated with the approximate solution z(t) is
e(t) = z(t) — y(t), t € [to, T.
The defect associated with (1.1) is defined by
o) =2'(t) — f(t, 2), t € [to, T).

(Since the approximate solution z(t) discussed above is a vector of piecewise polynomials,
d(t) will be computable and continuous everywhere except posssibly at the mesh points,
{t, :n=1,..., N — 1}, but this does not affect our analysis.)

We will focus on the global error e(t). The main result of our thesis is that

e(turn) € cap([Al(tus1 — ta))elta) + / " eap([Al(tuns — $)d(s)ds,  (1.2)

where [A] is an interval matrix and exp([A]p(t))d(t) is an interval vector function (to be
defined later).

This result should be particularly well-suited for stiff IVPs, a subclass of IVPs in
which some solution components decay rapidly compared to the time-scale of the problem.
Except for Neumaier’s results [24], which we expand upon in this thesis, none of the
published validated numerical methods that we know of now are suitable for stiff problems
in the sense that the existing validated numerical methods all suffer from a severe stepsize
restriction on this class of problems, similar to that encountered by traditional nonstiff
methods for IVPs for ODEs. For a further discussion of this deficiency, see [20].

Neumaier uses logarithmic norms (reviewed in §2.5) to prove that, if we take ¢y =0
n (1.1), |le(0)]] < eo, p(fy(t,y)) < pfor all t € [0,7] and all y in a suitable domain, and
10(t)]] < € for all t € [0,T], then

€oett + (et — 1) if 0
ey < 4 O TR D e (1.3)

€o + €t ifu:O
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for all ¢ € [0,T].

When the differential equation (1.1) with ({y = 0) satisfies the uniform dissipation
condition p < 0, (1.3) gives an effective global bound for all times. Moreover, although
Neumaier has not yet implemented these schemes, it appears that they should be able to
solve stiff systems without the severe stepsize restriction noted above from which other
existing validated numerical methods for IVPs for ODEs suffer.

Our original goal was to use interval arithmetic to compute sharp enclosures of the
right side of (1.2) directly, in the hope that this might produce better bounds than
Neumaier’s. However, this has proven more difficult than we originally expected and so
we leave this task to future work.

An outline of this thesis follows. Chapter 2 contains background material that we
need later. In particular, we introduce interval arithmetic on real intervals, interval
vectors, and interval matrices, as well as the logarithmic norm and Hausdorff distance.
In addition, we review several results that are used later in this thesis. We also provide
a simpler proof of one of these related results concerning the logarithmic norm.

The proof of formula (1.2) is not immediate, as far as we know. In Chapter 3, we
prove formula (1.2) using the Hausdorff distance and interval arithmetic.

Formula (1.3) is a special case of Theorem 1.1 of [5] and the Main Theorem of [11],
both of which imply that, if ||e(0)| < €y, p(A(t)) < c(t) for allt € [0,T] and ||5(2)]| < p(t)
for all ¢t € [0, 7], then

t
le()]] < eoelo <)% 4 el C(S)‘“/ p(s)e™ Jo gy (1.4)
0

for all ¢ € [0,T].

In Chapter 4, we compare our results to Dahlquist’s and Neumaier’s. In particular,
we derive Dahlquist’s formula (1.4) from our formula (1.2). Our motivation for this is
not to have another proof of Dahlquist’s important result, but rather to show that our
approach yields bounds that are as tight or tighter than those that can be obtained by

Dahlquist’s and Neumaier’s approaches. On the other hand, we give a simple example
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which shows that formula (1.2) may sometimes yield bounds that are tighter than those
given by formulas (1.3) and (1.4).

We summarize our conclusions and discuss future work in Chapter 5.



Chapter 2

Preliminaries

In this chapter, we review some mathematical background that is used later in this thesis.

2.1 Vector Norms and Matrix Norms

2.1.1 Vector Norms

For o = (21, -+,2,)T € R™, the p—norms are defined by

1
2]l = (Jza]” + -+ + [zwl)r,  p21

In particular, the 1, 2, and oo norms are

lzlls = l21| + - + |2,

1 1
2l = (lz1* + -+ + |2 )2 = (27 2)2,
oo = s Jos].
All vector norms on R™ are equivalent in the sense that, if || - ||, and || - ||, are any

two vector norms on R™, then there exist positive constants o and # € R such that

allz)|le < |lzlls < G|z for all z € R™ (o, f may depend on m).
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2.1.2 Matrix Norms

For A € R™*™, the matrix norm || - || subordinate to a vector norm || - || is defined by

||A93||
o Ml

The matrix p—norms are related to the vextor p—norms in this way. If follows easily

1Al = (2.1)

from (2.1) that

[Azll, < [ Allpllzll
Il =1
For
11 Q12 ... QAim
A Q21  A22 ... G2y
Am1 Gm2 - Gmm

the 1, 2, and oo matrix norms are given by

| Az[ls _
Al = Z
H Hl S;;Ig qul 1<]<m |alj‘

A
|All2 = sup ”H T’HZ = max{V/X : A is an eigenvalue of AT A},
x#0 T2

A m
Al|s = sup 142 o = max a;:.
j

o el 155

It also follows easily from (2.1) that

[AB[ < [[AlllBI,  AeR™™,  BeR™™
In particular, for any £ = 1,2, 3, ..., we have
IA*] < (A
All matrix norms on R™*™ are equivalent in the sense that, if || - ||, and || - ||, are any

two matrix norms on R™*™ then there exist positive constants o and 3 € R such that

allAlle < Ay < B|A]lq for all A € R™ ™ («, 8 may depend on m).
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Let {Ar:k=1,2,3,...} and {By : k =1,2,3,...} be two sets of m X m matrices. If

there exists an m x m matrix A, such that ||A; — A| — 0 as k — oo, then we say that

o0

Ay, converges to A and we denote this by A, — A. If || Y°°, ., Bi|| — 0 as k — oo, then

A = Ele B; converges to some matrix A, and we denote this by A =3"" B;.

2.2 Interval Arithmetic

The set of intervals on the real line R is defined by
R = {[a] = [g,a]|a,a € R,a < a}.

If a = a, then [a] is a thin interval. If @ > 0, then [a] is nonnegative, which we denote

by [a] > 0. If a = —a, then [a] is symmetric. Two intervals [a] and [b] are equal if a = b

The four operations of real arithmetic, addition (+), subtraction (—), multiplication
() and division (/), can be extended to intervals as follows. For any such operator,
denoted by o, define

[ao[b] ={zoy:x€lal,y € [b]}. (2.2)

For any intervals [a] and [b], it is easy to see that the following properties are satisfied

[a] +[0] = [a+ba+0],

la] = [0] = [a—b,a—1],

[a] + [ = [min{ab, ab, ab, ab}, max{ab, ab, ab, ab}],
[a]/[b] = la,a]*[1/b,1/0],  if O & [b].

The width of any interval [a] is defined by
w(la]) =a—a
The midpoint (or center) of any interval [a] is defined by

m([a]) = (@ +a)/2.
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The magnitude of any interval [a] is defined by
[a]] = max{]al, al}.
If ¢ is a real number, and [a] is an interval, then
tla] = {tx : x € [a]}.
An interval vector [a] is an element of IR™, defined by

[a1]

[as)]

(@]
where [a;] = [g;,a;] € IR, fori=1,... ,m.

An m x m interval matrix [A] is an element of IR™*™ defined by

[all] [0,12] Ce [alm]
[A] _ [agl] [a,22] Ce [Clzm]
[am1]  [ame] -+ [@mm)
where [a;] = [a;;,a;;] € IR fori=1,...,mand j=1,...,m.

We define the width and midpoint of an interval matrix componentwise as follows:

w([A]) = (w([ay]))1<icm1<j<m,

Il e R

ST >

The width and midpoint of an interval vector are defined similarly.
Since we use the infinity norm only for interval vectors and matrices in this thesis, we
do not append the standard subscript oo to identify it. The infinity norm of an interval

vector [a] € TR™ is defined by

alll = max {[[a]|}

1<i<m
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and the infinity norm of an interval matrix [A] € TR™*™ is defined by

Al = 1%@;2'

The standard matrix norm inequalities hold for interval matrices as well. Let [A], [B] €

IR™ ™ and [v] € IR™, then it is easy to show

1A+ (Bl < [ITA]ll + [I[B]l;

AR < AT,
IAIBII < [ITANB]II- (2:3)
It follows immediately from (2.3) that
LA < (AT

for k=1,2,3,...

2.3 Matrix Functions

A matrix function is a matrix whose elements are functions:

an(t) a19 (t) N AT ) (t)
A(t) _ Ggl(t) 929 (t) e &Qm(t)
A1 (1) ama(t) .. Gmm(t)
If @;;(t) is continuous on [ty,T] for all i = 1,...,m and j = 1,...,m, then we say

that A(t) is continuous on [tg, T]. It is easy to check that, if A(¢) is continuous on [to, T,
{tk € [to,T]} and t, —t € [to,T], then HA(ka) — A(t)” — 0.

If a;;(¢) is differentiable on [tg,T] for all i = 1,...,m and j = 1,...,m, then we say



CHAPTER 2. PRELIMINARIES 10

that A(t) is differentiable on [ty, 7] and we denote the derivative of A(t) by

ap(t)  ap(t) ... ay,(t)
wo - | B0 0w
() alt) .. a ()

If a;;(t) is integrable on [ty, T] for alli =1,...,m and j = 1,...,m, then we say that

A(t) is integrable on [ty,T] and we denote the integral of A(t) by

ftf a1 (t)dt ftf ap(t)dt ... ftf a1y (t)dt
/T Attt — I az'l (t)ydt [, ag.z(t)dt I a%(t)dt
j;tf A (t)dt ftf ma(t)dt ... ftf Ay (1)t

Let {Bi(t) : i = 1,2,3,...} be a set of m x m matrix functions, and assume each
B;(t) is continuous on [tg, T]. Let Ag(t) = Zle Bi(t), k = 1,2,3,... If there exists
an m X m matrix function A(t) such that, for any € > 0, there exists a K such that
| Ax(t) — A(t)|| < e for k > K and any ¢ € [to, T], then we say that Ay = S5 | By(t) is
uniformly convergent to A(t) on [ty, 7] and we denote this by A(t) = > "2, B;(t).

If Ais an m x m matrix, then the matrix series I 4+ £t + ’3—!2152 + Ak—’;tk 4o is

convergent for any t € R. We denote the sum of this series by e4?.

2.4 Mean Value Theorem for Functions of Several

Variables

If F: D C R"— R™ is differentiable at every point in a convex set D, then for any two

points z and y € D

F(y) - F(z) = / Fly — t(y — 2))(y — o)dt
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where F'(y — t(y — z)) = ag—iz)|zzy_t(y_x). This result follows from the observations that

| Pau—to—ow—aa = ~ [ Gro—ty-a)
= —F(y—tly— )i

— F(y) - Fla).

2.5 The Logarithmic Norm

The logarithmic norm (also known as the log norm, the logarithmic derivative or the
measure of a matrix) was introduced in 1958 separately by Dahlquist [5] and Lozinskij
[17] as a tool to study the growth in numerical solutions of differential equations. For
any matrix norm subordinate to a vector norm and A € R™*™, define the logarithmic

norm of A by

u(A) = lim M +hA -1

h—+0 h (2:4)

We use the following three well-known lemmas [30] later.

Lemma 2.1
(1) u(A) < [ All;
(2) WA+ B) < pu(A) + pu(B);
(3) plad) = ap(A), for any a > 0;
(4) p(A) = p(B)| < |A = BJ|.
Lemma 2.2 If A, — A, then u(A,) — p(A).
Proof. From Lemma 2.1 (4), it follows that

|1(An) = p(A)] < [|An = Al = 0.
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Lemma 2.3 ||| < et < elAll,

We provide below what we consider to be a simpler proof than the standard proof
that appears for example in [3].
Proof. From the definition of the log norm, (2.4), it follows that, for any € > 0, there

exists a d; > 0, such that, for all A satisfying 0 < h < ¢;, we have that

Il +hA|| —1 €
TR (A < =
N pA) < 5
or equivalently
h
11+ hA| < 1+ hu(A) + f
Since
= hk Ak
" =T1+hA+ o
k=2 )
it follows that
ha — PE[AL )
" < I+ RAN + ) =7 = T+ hA| + h*My(h)
k=2 ’
where
°° hk—2 Allk
Mi(h) =Y —k“' |
k=2

is a convergent series. Therefore, there exists d, > 0, satisfying d5 < 97, such that, for all

h satisfying 0 < h < d3, we have hM;(h) < §. Thus

h h
e < 12+ hAll+ = < 1+ hu(4) + 7 (2.5)
Similarly,
2\ hE[u(A)]F
A — 1 4 hp(A) + Z —[ kf! )
k=2
— M lu(A)*
> L4 hp(A) =) —

k=2
= 1+ hu(A) — h*>My(h) (2.6)
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where
& hk_Qu A k
k=2

is also a convergent series. Therefore, there exists 6 > 0, satisfying § < s, such that, for

all h satisfying 0 < h < d, we have hMy(h) < 5. Thus from (2.6)

he

14 hu(A) < e 4 5 (2.7)
Combining inequalities (2.5) and (2.7), we get
hA he hyu(A)
e ||<1+hM(A)+?<e“ + he (2.8)

for all h satisfying 0 < h < 6.

Choose a positive integer N such that & = + < 8. It follows from (2.8) that

le¥|l < e + 5
N
Therefore
A
let = ll(e™)™]
< Jem ¥
< (u(A) e)N
N
N
N k (N Bu(A)
—  ou(A)
} +Z(k)
k=1
N
1 /N
< e 3L ( X ) k)]
k=1
Since
L (NN _NN-1)---(N-k+1) _1
Ne\E ) NFE! ~ k!

for k=1,..., N, it follows that

N k-1

A W) | oI E

lle?]| < e 4 ee Z o
k=1
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Without loss of generality, we may assume ¢ < 1. Hence,
N .1 N
€ 1
> <lmc<e
k=1 k=1
Therefore,

H€A|| < A | geln(A)+1 (2.9)

Since € is an arbitrary positive constant, inequality (2.8) implies that [ed| < er().
Moreover, since p(A) < ||A| from Lemma 2.1 (1), [[e?] < e < el 4l

O

Note that u(A) = limy, o4 % depends on the matrix norm we use for ||[I+hA]|.

In this thesis, we use || + hA|| throughout. Thus for

a; a2 ... Gim
agq A929 ... A9m
A —
Am1  Am2 Amm
we get
1+ h(ln hCL12 Ce hCle
hCLQl 1+ ha/22 Ce hCLQm
I+hA=
h/aml h@mg o 1+ hamm
Hence,

17+ hAlloe = max (11 + has| + g |hayj).
jF#
For h > 0 small enough, 1 + ha;; > 0. So |1 + ha;;| = 1 + hay. Thus,

||I + hA”oo =1+ hlrgiag};(aii + g |aij|)-
J#i
Therefore,

o MM+ hAe -1
p(A) = lim - = max (aii + ) lay])

Note that p(A) may be negative. Also note that, if a; > 0 for ¢ = 1,...,m, then

p(A) = [|A]l
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2.6 Hausdorff Distance

Let (X,d) be a metric space and Py(X) be the set of all nonempty subsets of X. For

A € Py(X), and x € X, define the distance from x to A as

d(z,A) = inf d(x, a).

a€A

If € A, then d(z, A) = 0, but, if d(z, A) = 0, we can not conclude that = € A. For
example, if x =0, A = (0,1), then d(z, A) =0, but = € A. However, if d(z, A) = 0, then
x € A, where A is the closure of A.

For A and B € Py(X), define the distance from A to B as

d(A,B) = inf d(a,b).

a€AbeEB

If AN B # 0, then d(A, B) = 0, but if d(A4, B) = 0, then we can not conclude that
AN B = 0. For example, if A =(0,1) and B = (1,2), then d(A, B) =0, but A(\ B = 0.
However, if d(A, B) = 0, then AN B # ().

For A€ Ry ={r € R:x >0} and A € By(X), define

A A={reX dz,A) <A} ={re X :3aec Ast. d(z,a) <A}
For A and B € Py(X), define the Hausdorff distance [14] [15] between A and B as
H(A,B)=inf{A>0: ACA+Band BC A+ A}. (2.10)
The following results follow immediately from definition (2.10).
e IfA\>0,AC A+ Band BC A+ A, then H(A,B) <\
e Forany e >0, AC (H(A,B)+¢)+Band BC (H(A,B)+¢)+ A,

o If A= B, then H(A,B) =0, but if H(A, B) = 0, we can not conclude that A = B.
For example, if A = (0,1] and B = [0, 1), then H(A, B) =0, but A # B. However,
if H(A, B) =0, then A = B.
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The Hausdorff distance between A and B can also be defined as

Hi(A, B) = max{sup inf d(x,y),sup inf d(z,y)}. (2.11)

zeAYEB yeB TEA
Definitions (2.10) and (2.11) are equivalent. To see this, choose any ¢ > 0. As noted

above, it follows from (2.10) that
AC (H(A,B)+¢)+ B.
Therefore, for any = € A, there exists y € B, such that d(z,y) < H(A, B) 4+ €. Thus,
inf d(z,y) < H(A,B) + ¢
yeB
Since the last inequality holds for all z € A,

sup inf d(z,y) < H(A, B) +

zeAYEB

Similarly, we can show that

sup inf d(x,y) < H(A,B) + ¢

yeB TEA
Thus, Hi(A, B) < H(A, B) + €. Since € is arbitrary, H,(A, B) < H(A, B).
On the other hand, for any € > 0, by definition (2.11) of H,(A, B),

sup inf d(z,y) < H1(A,B) + €

zeAYEB
Thus, for any = € A, inf cpd(z,y) < Hi(A, B) + €. Hence, there exists y € B, such that
d(z,y) < Hi(A, B) + €. Therefore, A C (H,(A, B) +¢) + B.
Similarly, we can show that B C (Hy(A, B)+¢€)+ A. Hence, H(A, B) < H (A, B)+e¢
Since € is arbitrary, H(A, B) < H,(A, B).
Therefore, H(A, B) = Hi(A, B).
Indeed, in [19], for X = R™, and A and B compact sets, the authors define the

Hausdorff distance as

Hy(A, B) = max{maxmin ||z — ]|, maxmin |z — y||}
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In this case, since A and B are compact, d(z,y) = ||z — y|| can obtain its sup and inf

values. Thus, Hs(A, B) = Hi(A, B) = H(A, B).

Lemma 2.4 Let A and B € Py(X) with B compact. Then, for any v € A, there exists

y € B such that d(z,y) < H(A, B).

Proof. Combining Hi(A, B) = H(A, B) with definition (2.11) of H,(A, B), we get
that

sup inf d(z,y) < Hi(A,B) = H(A, B).

z€AYEB

Hence, for any z € A, inf cpd(z,y) < H(A, B). Since B is compact, there exists
§ € B such that d(z,9) = inf,cpd(z,y) < H(A, B). That is, for any = € A, there exists
y € B such that d(z,y) < H(A, B).

U
Lemma 2.5 If X is a normed linear space, then for any Ay, Ay, By, By € Py(X),
H(A| + Ay, By + By) < H(Ay, By) + H(A, By).
See [15], Proposition 4.3.15(ii) and Remark 4.3.17.
Proof. For any z,y € X, we define d(x,y) = ||z —y||, where |- || is the norm associated

with the linear space X.

From definition (2.10) of the Hausdorff distance H, for any ¢ > 0,

Al - (H(Al,B1)+€>+B1,
B, C (H(Al,B1)+€)+A1,
AQ C (H<A27BQ) +€> +B27

By C (H(AQ, Bg) + 6) + A,.

Since X is linear space, for any u € A; + A, there exist a; € A; and ay € A, such

that u = a; + ay. Moreover, since A; C (H(Ay, By) + €) + By, there exists by € B
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such that d(ay,b1) < H(A, By) + €. Similarly, there exists by € By such that d(ag, by) <

H(Ay, Bs) + €. Let v =0y + by € By + By. Then
d(u,v) = |lu—vf
= [l(a1 + az) — (b1 + bs)|
< lar = bafl + flaz = bo
= d(ay,by) + d(as, bs)
< H(Ay, By) + H(Ay, By) + 2e.

Therefore, Al + A2 C (H(Al, Bl) + H(AQ, Bg) + 26) + (Bl + Bg) Similarly, Bl + B2 C
(H(Al, Bl) + H(AQ, BQ) + 26) + (A1 + AQ) Hence,

H(Al —|— AQ, Bl —|— BQ) S H(Al, Bl) + H(AQ, Bg) + 26.
Since € is arbitrary,
H(A; + Ag, By + By) < H(Ay, By) + H(Ay, By).

U

Let [A] € IR™™ be an interval matrix and ¢ : [to,T] — R and ¢ : [t,,T] —
R™ be continuous functions. We define the integral of an interval vector function
exp([Alp(t))d(t) as follows. Consider a sequence of meshes t, = t(()p V<t <<
t = T where AtP = tgﬁ)l —t® i =0,1,...,p— 1, and let £ be any point in
[t )] i = 0,1,...,p — 1. Moreover, assume that maxo<;, At — 0 as p — oo. If

there exists an interval vector [I] € IR™ such that, for any such sequence of meshes, the

Hausdorff distance

[y

p—

HOY eap([Alp(€P)S(EP)ALY (1)) — 0 as p — oo,

— 5

then we say that [I] is the integral of the interval vector function exp([A]p(t))d(t) on

[to, T| and we denote this by

N= [ eopaee)i

to



Chapter 3

Main Results

Our goal in this chapter is to show that formula (1.2) holds. The proof is straightforward
in the case that A(t) commutes for all ¢ € [ty, T] in the sense that A(t')A(t") = A(t")A(t')
for all ¢/, t" € [to, T], where A(t) = fol fy(t, 2(t) —s(z(t)—y(t)))ds, y(t) is the true solution
to (1.1) and z(¢) is an approximate solution to (1.1). Therefore, using the notation

introduced at the start of Chapter 1 and the mean value theorem from §2.4, we see that
ety = () -y
= (f(t,2()) — f(t,y(t))) +6(t)
= A@)(z(t) — y(t)) + 6(¢)
= A(t)e(t) + o(t).

If A(t)A(t") = A(t")A(t') for all t',t" € [to, T], then

(1) = eap ( / A<£>d£> elta) + / exp ( / A<5>df) 5(s)ds

e exp([Al(tues — ta))elta) + / " e p([A (s — 5))5(s)ds,

where A(€) € [A] for all £ € [t,,t,+1]. In particular, if A(t) = A for all t € [to, T, this

simplifies to the well-known formula

e(tna1) = exp(Altnrs — tn))eltn) + /t " eap(Alt e — $))0(s)ds. (3.1)

19
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However, if A(t")A(t") # A(t")A(t') for some t',t" € [t,, tn41], it may happen that

a%n#m{ﬁmA@¢yWHff¥w(ﬂwA@¢ﬁ@w

Formula (1.2) is a generalization of (3.1) that holds even if A(#)A(t") # A(t")A(t')
for some t',t" € [t,,tn41]. We prove formula (1.2) using Hasudorff distance and interval
arithmetic.

Assume that we have a grid ¢y < t; < --- <ty =T on [tg, T] and that we know ¢(0),
or at least have a bound on it. Then we can use formula (1.2), which we are about to

derive, to inductively bound e(t,41) in terms of e(t,).

To this end, consider the ODE
¢ = A(t)e + (1), t € [tn,tni1)- (3.2)

To derive our formula (1.2), we consider the application of Euler’s method, with stepsize
b to integrate (3.2) from ¢, to ¢,41. This numerical integration is used only to develop
our bound (1.2) on e(t,); it is not used in actual computation.

Let ¢!l )0 = e(t,). Then

B = %mlesz +6)
= (I+ ]ZA )l + };(51
where A; = A(t,) and 6; = 0(¢,,). Similarly,
Wy = el (Al + 6
= (I+ ];AQ) s ?62
= (I+ %A2)(I + };Al) eno+ l;[([ + %Ag)él + 09
where Ay = A(t, + %) and &, = 8(t, + 2). Continuing in this way, we see that
enl)l = eif,)zfl + %(Aleg,)ll + 1)
_ U+ %Al)efj}ll 4,

h
—ADeY 4+ = Z (I + Al o (I 4 = A1)

= (I+ﬁAl) I+ = ]

l
h
l l
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where A; = A(t,, + S22 and 6, = (¢, + R0,

Denote

Sy = U+ FA) (I + FAe(ty,)

h

Ont = zz (1 + A, (I + T A1) 0.

Then eg?l = Sp1 + 0ny. When [ — oo, the stepsize % — 0 and e(t,41) = limy_ eV

Let
an(t) a12 (t) Ce alm(t)
A(t) _ agl(t) a929 (t) Ce a,gm(t)
A1 (t)  ama(t) .. Gmm(t)

Since we assumed the function f associated with the IVP (1.1) is smooth and A(t) =

fol fy(t, 2(t) — s(z(t) — y(t)))ds, each a;;(t) is continuous on [t,, t,41]. Let

@i =, glggm ai;(t), Uiy =, MaX G (t)
and define
a1, a11] @, @ie] o @, G
Ao, G Aoy, O - a a
[A] _ [—217 21] [—227 22] [—2m7 Qm]
[th aml] [Qm% C_lmg] s [anw C_me]

[A] is a closed convex set in an m?-dimension linear space,

\—maXZ]a”]—a < +o0.

1<i<m

To derive formula (1.2), let us first focus on S,,;. To this end, let

BY = (I + %A,) (I + %Al).

Since

oAl B (g G18Y

-----
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it follows that

Akl = max Z|aij(tn+%)|

IA

max max(|a,;|, @)
j=1
m

for k=1,...,1. Therefore,

h h
IBON < 17+ FAd - 11+ 74

IA

h h
(L A 1+ T4l

a*h
(1+—)

IA

< ea*h

Since {B;Ll)}fil is a bounded set in m2-dimension linear space, there exists a subse-
quence {Bfll’“)},;";l of {Bg)}j’il such that B — B, as [, — co. Let S, = Bpe(t,). Then
Snl, = B,(Il’“)e(tn) — S, as [, — oo.

Now note that

B = (I+%Al)---([+%A1)

(e (O e (e

)71>< the sum of the (li) products of any k out of the [ A;’s in the order

they appear in BY.

where C}, = (}C

Since [A]* is convex and Cj, is the convex combination of (}) points in [AJ*, C € [A]*,

Thus
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=S ()4 e

Since Yo (1) (2)*[A]* is an interval matrix and

13 (1) e < 30 (1) = s Sy

S, (D) (2)¥[AJ* is a bounded closed subset in m?-dimension linear space.
Define exp([A]) = > 1y [k— We want to show that B,, € exp(h[A]). To this end, we

prove the following six lemmas.

Lemma 3.1 If ZZOZO ar and ZZOZO bi. are convergent series, then

i lak, bi) = Zak,Zbk] .

=0
Proof. Choose any & € > /7 o[ak, by]. Then there exists & € [a, b], K =0,1,2,..,

such that & = > 77 & Since D prgar < D pegén < Y opeobi, € € [Dopen Ghs 2 e bil-

Therefore,

Z ak,bk Zak7 Zbk]
k=0 k=0

To show [y ag, > bx] C > [ak, by],we first prove > 77 [ak, by] is convex. To this end,

choose any cand d € >~ [ax, bg]. Then note that ¢ = ",> ¢ and d = >, dj, for some
cg and di € [ag, bg], k = 0,1,2,.... Now observe that, for any ¢t € [0,1], tc + (1 — t)d =
Y oreolter + (1 —t)dg). Since [ay, by is convex, teg + (1 —t)dy € [ax, by] for k=0,1,2,.. ..
Therefore, tc+ (1 —t)d € >~ lax, bg]. Thus, "> [ax, by] is convex. Consequently, since
Y reo Wy Y opeo bk € D0 olak, by, any convex combinations of Y7 ay and Y oo by is in

> heolak, bi]. Hence [ 277 ak, Y 2o bi] C 320 olax, byl



CHAPTER 3. MAIN RESULTS 24

Therefore,

go ay, by] = [Zak,Zbk] :

Lemma 3.2 exp([A]) is closed.

Proof. It is sufficient to prove exp([A]) is an interval matrix. To this end, let [A]F =

([0, @5 Dis=t,.ms k= 0,1,2,..... Since [|[A]]| = a*,

ig 0 g 1)n)=1

k) k _ *\k
1@%1’;”2| ai;’ ai; || = A < NAJIF = (@)
for k=0,1,2,. Hence|[w), zJ]]<( a*)ffori,j=1,...,mand k=0,1,2,.... Since
k)
max(laj|, o) = llaf},a ]| < (@), laff'| < (@) and Jai))| < (a")F, k = 0,1,2,....
Therefore
oo k) oo
ai} (@) _ .
2 S X
k=0 k=0
=g = @) .
= > o€
k=0 k=0
; al®
Hence, Y 72, k—J, and > 7, % are convergence series for each 7,5 =1,...,m.
ol®
Thus, by Lemma 3.1, exp([A]) = ([e;;, €i;])ij=1,2,...m Where e;; = > 77 *k—J, and €;; =
(

reo - That is, exp([A]) is an interval matrix.

Now we give three lemmas on Hausdorff distance.

Lemma 3.3 If X is a normed linear space and B € Py(X), then
H(0, B) < sup|[]
beB

where 0 denotes the zero element of X.
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Proof. For any € > 0, since 0 C [supycp ||b]| + €] + B and B C [supycg ||b]] + €] + 0.

Therefore, H(0, B) < supycp ||b|| + €. Since € is arbitrary, H(0, B) < sup,cp ||b]].

O
Lemma 3.4 If X is a normed linear space, A, By, By € Py(X), then
H<A7Bl + BQ) < H(Aa Bl) + sup HbH
be B
Proof. By Lemma 2.5 and Lemma 3.3,
H(A,B1+BQ) == H(A+O,Bl+BQ>
< H(A,By)+ H(0, By)
< H(A, By) + sup |0
bEBy
O

Lemma 3.5 . If X is a normed linear space, A is a nonempty conver subset of X and

A> >0, then H(pA, NA) < (A — p) sup,cq |lall-

Proof. First, we want to show AA = pA+ (A —p)A. Obviously, A\A C pA+ (A —p)A.

On the other hand, for any w € pA + (A — p)A, there exist aj,as € A such that

w = pay+(A—p)ag = A[‘X‘al—i-)‘;/\“aﬂ. Since A is convex, %aﬁ—%ag = v € A. Therefore,

w = Av € AA. Hence AA D pA + (A — p)A. Consequently, N\A = pA + (A — pu)A.

By Lemma 2.5 and Lemma 3.3,

H(pA,NA) = H(pA+0,pA+ (A —p)A)

IN

H(pA, pA) + H(0, (A — p)A)

IN

sup || (A — p)all
acA

(A — ) sup ||al
ac€A
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Theorem 3.1

l
1 () AR caam) 0 ast—oe

k=0

Proof. First note that

a() b e
By Lemma 2.5, Lemma 3.4 and Lemma 3.5, we obtain that
iy (1) (5) 1atcantamy
. H<§ () (?)kmh;h—f[&’“)
_ H<§ () (?)km]uo, k;—,[A]’wg;Z—T[A]’“)
< H(ll(,i) h'f[AJk,ki:O—,hk[Am B0, 3 AR

[\
—~ —
=)=

|
|-
N
TN o~
~_
—_
=
*

>=
S~—
=

+
[~
=
*
-1
-

k=0 k=Il+1
Z (a*h)F = (1, ath o,

= 2 _Z(k)( )
k=0 k=0

Theorem 3.2 B, € exp([A]h).

Proof. As noted before, there exists a subsequence {Bg’“)}i‘;l of {Bq(@l)}j’il such that

BW — B, asl, — co. BW € S (lf)(i)l[A]’ and both Y% (%)(&)’[A]Z and

exp([AJh) are bounded closed subsets in m?-dimensional linear space. Therefore, by
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Lemma 2.4, there exists b/ € exp([AJh) such that
LNV AN
50,109 < 150, eapay) = 13 () (1) 1A capllaim),
Hence,

d(Bn, exp([A]h))

IN
S
—
Sy
3
=
=
N2

IN

d(By, BiY) +d(B, b))

A(Ba B0 4 1S (%) (lﬁ) (AT, eap([AJh)

IN

- 1
=0

0 as [, — oo.

!

since, as noted above, d(B,, Bg’“)) — 0 as l — oo and

HOS () At eanAm) 0 as oo

i=0
by Theorem 3.1. Therefore, d(B,,, exp([A]h)) = 0. By Lemma 3.2, exp([A]h) is a closed

set, whence B,, € exp([A]h).

Corollary 3.1 S, € exp([A]h)e(t,).

Proof. Recall S,, = Bye(t,). Since B,, € exp([A]h), S, € exp([A]h)e(t,).
Now, consider o,,;. First, evaluate
= (1= kN By k
e (1) Grarcanayn - S
i=0
To this end, let Dﬁ)l_k =(I+24) - (I+2A441). By an argument similar to that used

- i
L=k (h\', ..
e (1) (5)

()

above for B!, we can get

e

Il
o
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Note that
1/l=k\ 1/1-k\ 1(0—=kfi—(l—=k)---(I-k—i+1)
7! [ [ 7 7! g -
By Lemma 2.5, Lemma 3.4 and Lemma 3.5, we obtain that
-k 7
I—k\ [h . k
e (') (7) v e - i)
=0
E kN (R <1 /1—k\"
= () (5) Wy () v
i=0 i=0
5k (R 2R — k! > 11—k
— H(Z( Z_ )(7) A 40, (T) WA+ ) o (T) KA}
i=0 i=0 i=l—k+1
=k R =k I N AN
< H il iAz - v zAz H - v z'Az
< a7 X () wan o Y 5 () ey
=0 =0 i=l—k+1
-k i ) 7
1 /1—k 1/1—k . 1/1—k
< — " - *7\17 I * 71\
< U(z) ll(z)](ah)fzz,(l)(ah)
1=0 i=l—k+1
* 1 /1—k\" E kN ah
- () @ - ()
=0 =0
= Tt (g alh)l—’f (3.3)
Next, we will show that
— * * * * 1
e T (14 alh)l—’f <eh (14 alh)l = 0(7), k=1,2,...,1 (3.4)

To this end, define f(z) = e "~* — (1 + ¢2){0=3%) and note that f(x) is continuous

and differentiable on [0, a*h], with

! a*h—z a*h I(1--%) ah, 1
= — ]_ a* 1 1 ——
fllw) = =" 4 (14 —=) e (1 4+ —=) —
Since (1 + a;h)ﬁ is increasing with [ and converge to e as [ — oo,
(1 + alh)l(l—afh) — [(1 + alh)aih]a*h—x < et h—z

By the mean value theorem,

alh) _ hl(l —|—la h

In(1 + )=In(l+a"h) —Inl =

a*h

*
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where [ < ¢ <[+ a*h. Hence,

alh)l(l_a*xh) In(1 + alh) l < atha

(1+ ah ¢ ah

Consequently f'(z) < 0. Thus f(z) is a nonincreasing function on [0,a*h]. Therefore,

for any x € [0, a*h/,

f@) < F(O) = e = 1+ =)
In particular, for any k =1,...,1, ®% € [0, a*h], hence
k a*h a*h

f7ah) = e (14

l )lfk Sea*h_<1+ l )l.

Now, we only need to show e*" — (1 + %)) = O(7). To this end, let ¢ = u, and

note that u — 0 as [ — oco. Thus,

a*h

where g(u) = (1 +wu) « . Using L’Hospital rule, we see that

. 6a*h_9<u> . /
M T

a*h

Since g(u) = (1+u)™ , Ing(u) = “2In(1 4 u). Therefore,

g(w) _ ahlgg —In(l+u)
glu) u?
B a*h[u(l—u+u2_...)_(u_§+u§_ )
= =
w12
= a h[—5 + S ]
Thus,
a* 1 2
g(u) =1+ u)Tha*h[—— + Zu— -
2 3
Consequently,
. €a*h - g(U) ] ) a*h wh
i T =y =
Recalling u = <, we see that

lim

l—o0
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Thus,

a*h 1
2 =0(;)

ea*h _ (1 _|_

Combining this with (3.3), (3.4) and Lemma 2.4, we see that

li (l Y k) (?) [A]" C exp([A](h - ?h)) tup(l)  k=1,...,1

- 1
=0

where ui(l) € R™™ and sup,c,, o lull < e’ — (1+ 52 =0(3), k=1,...,L

l

On the other hand,

5 = 5(tn+%h)
kh  h
= Ot =)
kh
= 5(tn+7)+vk(l)

Gt = 5N TAY (T4 7 Ag)i
h I [l-k I —k A ) '
R0

C % > lexp([A](h - ?h)) + uk(l)} {5(15” + #) + v (1)

L
% exp([A](h — ?h))é(tn + kl—h)] +r(l)

k=

—_

where (1) C R™ and sup,, 7| = O(7).

Let | — oo, and by the definition of the integral, we get

h
— /0 exp([Al(h —u))o(t, +u)du asl— oo

_ /t (Al (s — 5))6(5)ds.

30



CHAPTER 3. MAIN RESULTS 31

Lemma 3.6 J;i”“ exp([A](tay1 — s))0(s)ds is a bounded closed set in m-dimensional

linear space.

Proof. First, note that

exp((A)(tnr — ) = 3 Lot D
k=0
Therefore,
- (tn _S)k
lexp([A](tnsr =) < > Hk! LAY
k=0
- (tn"rl_s)k *\ k
< D (@)
k=0
— e *(tnt1— s)
Hence,

1] conllAlttnn = sDsast < [ lean(Altan = )G lds

tn+1 .
S M/ ea (tn+1fs)d8

where M = max;, <s<4,., ||0(s)||. For a* >0,

tn+1 » h . ea*t
/ e (tnt1=9) gs — / e tdt = —
tn 0 a

and, for a* = 0,
tn41 ) tn+1
/ e (tnt1=9) g g — / 1ds = h.
tn in

Therefore, Li"“ exp([A](t,s1 — s))0(s)ds is bounded.

t=h 1

t=0 a*

Next, from the definition of the integral, f::“ exp([A](tns1 — s)d(s)ds is an interval

vector. It must be a closed set in m—dimension linear space.

Theorem 3.3

e(tni1) € exp([A](tnsr — tn))e(tn) + /t " eap([Al s — 5))(s)ds.
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Proof. Since o, =230 [(1+5A) - (I +2A411)d,),

l
h hoie
ol < TkZ(HTa )TEM - (where M = max ||é(t)])
=1

n<t<tni1

h h

< Mhe®™,

IN

Therefore, {0,,}°, is a bounded set in m-dimension linear space. From the sub-
sequence l, k = 1,2,..., that we used in the analysis of S,, we can choose a sub-
subsequence I, k = 1,2, ... such that there exists a convergent subsequence of {Jn,l%}%‘;l
of {o,,,}72,. To simplify the notation we still denote this as {0, }7>,. Thus, there exists
a o, such that o,,; — 0, as [ — oo.

As in the proof of Theorem 3.2 and Corollary 3.1, note that ﬂ:’“ exp([Al(tns1 —
s))0(s)ds is closed (Lemma 3.6). Therefore, as in the proof above for S,, we can show
that

o € /t " eap([A] (bsr — 5))5(s)ds. (3.5)

Now recall that by Corollary 3.1 and equation (3.5)

Sn,lk - Sn € 6:L‘p([A](tn+1 - 8))e(tn) (lk - OO)

Gni — o€ /t " (Al (trss — $)5(s)ds (s — 00).

Therefore,

e(tni1) = llilréo(sn,lk+0'n,lk)
k‘)
= lim S, + lim o,
lg—oo lg—oo

= Sn+an

€ exp([Al(tusr — ta))e(tn) + /t " eap([Al (b — 5))5(s)ds.



Chapter 4

Comparison to Dahlquist’s Results

and Neumaier’s Results

The following Theorem is due to Dahlquist, see Theorem 1.1 of [5] and the Main Theorem
of [11].

Theorem 4.1 Let f:[0,T] x R™ — R™. Let y(t) : [0,T] — R™ be the unique solution

of the initial value problem
y/ = f(tv y), y(O) = Yo, te [OaTL (4'1)
and let z(t) : [0,T] — R™ be an approximate solution to (4.1) in the sense that

leO)] < e
sl < pt),  Vvte[0,T],
where e(t) = 2(t) — y(t) and 6(t) = 2'(t) — f(t, 2(1)). If
plfy(t 2(t) = s(z(t) —y(1))) < c(t), Vt€[0,T], Vse[0,1],
then, Vit € [0, T,

le@)l < eoelo e 4 eloete)is / pls)e” Jociuds (42)
0

33
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We shall prove Theorem 4.1 using the analysis leading up to Theorem 3.3 in Chapter
3. Our motivation for this is not to have another proof of Dahlquist’s important result,
but rather to show that our approach yields bounds that are as tight or tighter than

those that can be obtained by Dahlquist’s approach. To this end, recall that

y = f(ty(t)
2= f(t,2(t) +0(t)

e(t) = z(t) —y().

Hence,
ety = 2'(t)—y't)
(1) — f(t,y(@®)] +6(t)
{ / £ 2(0) = s(=() — y(®)ds | (=(6) — y(®) + 500
)+ 8(t) (4.3)
where A(t fo fu(t, 2(t) — s(z(t) — y(t)))ds € R™™ is continuous.

To prove Theorem 4.1, we need three lemmas.

Lemma 4.1 Under the assumptions of Theorem 4.1,
p(A(t) <c(t),  vtel0,T].

Proof. Since A(t fo fy(t, z(t) — s(z(t) — y(t)))ds, it follows from the definition of

the integral that

= lim — nytz (2(t) — y(1))).

Let A,(t) = %Z;:ol fy(t, 2(t) = £(2(t) — y(t))), and note that A, (t) — A(t) as n — oo.

Therefore, by Lemma 2.2 in Chapter 2,

p(An(t)) — u(A(t))  asn — oo. (4.4)
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Also by parts (2) and (3) of Lemma 2.1 in Chapter 2,

pAD) < =S plfy ()~ (=) — )
< % -ne(t) = c(t) (4.5)

for any positive integer n. Combining (4.4) and (4.5), we get that
p(AR) <cft),  Vte[0,T].
U

Lemma 4.2 Under the assumptions of Theorem 4.1, for allt € [0,T], and for alln > 0,

there is an a(t) > 0 such that, if t' € [0,T] with [t' —t| < a(t) and 0 < h < a(t), then
1T+ hA(t)] <14 hu(A(t")) + hn.

Proof. Choose any ¢ € [0,7] and any 1 > 0. Since

lim Il + RhA(t)]| — 1 _
h—+0 h

p(A(1)),

there exists an a4(¢) > 0 such that, for 0 < h < a;(t),

I/ +hAR)| -1
h

u(AW®) < 3.

Hence

11+ hA®)| < 1+ hu(A(t) + ?

Also, since A(t) is continuous, there is an as(t) > 0 such that, if |t — t| < as(t), then

JAW) - AW < 3.

In addition, by part (4) of Lemma 2.1 in Chapter 2,

|3

[(A)) = n(AD)] < [AE) = ADI < 3-
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Take a(t) = min(ay (t), aa(t)). Therefore, for 0 < h < a(t) and |t/ — t| < a(t),

11+ hAW) = [+ hA(L)) + h(A(t) — A@))]
< L+ RA@)[ + RI[A(E) — A(t)]]
hn  hn

< 1+ hu(A(t)) —l-?—F?

< 1+ h(u(A®)) + g) + ?

= 1+ hu(A(t")) + hn.
U

Lemma 4.3 Under the assumptions of Theorem 4.1, for all n > 0, there is a 6 > 0 such

that, if t € [0,T] and 0 < h < ¢, then
I+ hA(t)| <1+ he(t) + hn.

Proof. Choose any n > 0 and any ¢ € [0, 7]. By Lemma 4.2, there is an «(t) > 0 such

that, if ' € (t — a(t),t + «(t)) N[0,7] and 0 < h < «(t), then
|1+ RA)| <1+ hp(A(t')) + hn.
Since [0, 77 is compact and

U t=6),t+6(1) > [0, 7],

te[0,7)
by Borel’s open covering theorem, there exists a finite set of points ¢1,...,ty € [0,7]
such that

M

it = 6(t:). ti + 6(t:)) D [0, 7).

i=1

Let § = min(«(t1),...,a(ty)) > 0. For any ¢t € [0,T], there is some i € {1,..., M}
such that ¢t € (t; — a(t;), t; + a(t;)). For 0 < h < § < a(t;), by Lemma 4.1 and Lemma

4.2, we obtain that

IT+hA®)|| < 1+ hu(A(t)+ hn

< 1+ he(t) + hn.
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O
Now, we prove Theorem 4.1 using the analysis leading up to Theorem 3.3 in Chapter

3. Take t, = 0,t,.1 =t and h = t,,1 — t,,. Then we showed in Chapter 3 that
e(t)y=S+o

where for convenience we have dropped the subscript n from S and ¢ in the last equation,
as we shall do throughout the rest of this Chapter for S, ¢ and similar expressions from
Chapter 3.

Recall that

S = Be(0)
lp—o0 lp—o0 lk lk
,— 1
A=A, =1,
Iy
and
t & t ¢
7= zgggoﬁ;[(u EAlk) (I EAj+1)5j]

o |
@:50% £,  j=1,...L.

By Lemma 4.3, for any n > 0, there is a § > 0 such that whenever 0 < h < §, then

 — 1
11+ hA| < 1+ he(

t)+h77, 221,,lk

Choose K large enough such that, if £ > K, then

t
0< — <.
U

Using the inequality e” > 1 + x, for all ¢ € [0,7T] we have

t t
IBW < T+ Ayl [T+ A
s s
t . —1 t t t
< (A4 e+ Dy (14 —e(0) + 1
lk lk lk lk; lk:

o le(E 04t +e(0) 1)

IN
m&.
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Therefore,

Bl = Jlim |[B®]
k00
< elolels)tnds (4.6)

Since 7 is an arbitrary positive constant, (4.6) implies that
IB|| < elocds

whence

111 = 1 Be(0)[| < | Blllle(0)]| < egelo . (4.7)

Next, using the inequality e* > 1 4 z again, for all ¢t € [0, 7], we have

Ik

t t t
— T4+ —A V- (I +—A.1)5,;
TN (EFSARREER St
& ¢ t j—1
< — I+—A T+ = A A
= lk;H Al T+ A (=)
Iy .
t t L—1. nt t g nt. j—1
< — 1 — t —)..-(1 t t
S 2 e ) (L e+ e
< Zel;[cdk L) 4t t) 4 (j—lt)
< -
t l 1 c t _1 Cu
< o leCh Ot (o)+n]l Zp(jl t)e Tk L) n (22 ) +n]
i k
Also,
lim 612[ (lk : = efo[c(s +nlds
lp—00
and
t e ) — 1 ¢ j—1 ¢
lim _Zp(J_t)e 7 [e(0) 4 eI ) 4] :/ p(s)e~ Jsletrtdugg,
Therefore

t
|| < elolete)nlds / p(s)e Joletwrsdugg (4.8)

0
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Since 7 is an arbitrary positive constant, (4.8) implies that
t
ol < el |7 papem ity
0
From (4.7) and (4.9), we obtain that, Vt € [0, 7],

t
le(®)]| < egelo s 4 elo C(S)ds/ p(s)e™ Jo cwdugg
0

(4.9)

O

Corollary 4.1 Let f :[0,T] x R™ — R™. Let y(t) : [0,T] — R™ be the unique solution

of the initial value problem (4.1) and let z(t) : [0,T] — R™ be an approximate solution

to (4.1) in the sense that

le(O)]| <

1) < e VE€[0,T),
where e(t) = (t) — y(t) and 8(t) = 2'(t) — f(t, 2(1)). If
u(fy(t, 2(t) = s(2(t) —y(@))) < p, VE€[0,T], Vs e€l0,1],
then, ¥t € [0,T],

t eoett + <(ett — 1 if 0
e(t)|| < epe!t +eett | e Fids = ’ il ) "
le(
0

Neumaier’s similar result, Corollary 4.5 in [24], can be summarized as follows.

€0 + €t if w=0.

Theorem 4.2 Let f : [0,7] x R™ — R™ and assume S € R™ ™ is invertible. Let

y(t) : [0,T] — R™ be the unique solution of the initial value problem

Yy =f(ty), y0)=y, tel0,T]

and let z(t) : [0,T] — R™ be an approximate solution to (4.10) in the sense that

IS7re(O)] < €

1S7E5(t)]| < e vt € [0,T],

(4.10)
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where e(t) = z(t) — y(t) and §(t) = 2'(t) — f(t, z(t)). If

p(S7Hf,(ty)S) <pu, Vtel0,T], VyeR™,
then, ¥t € [0,T1,

15ty < 4 O TR D FuAO (4.11)

€ + €t if w=0.
For S = I, the above result simplifies as follows. If
le(O) < e
6@l < e  VEe[0,T],
u(fy(ty)) <p, VE€[0,T], VyeR™
then, Vt € [0, 77,

eoett + (et — 1) if 0
le) <4 a ) Hut (4.12)

€y + €t if u=20
This result follows immediately from Corollary 4.1.
Now, we prove Theorem 4.2. Since S is an invertible matrix, we may define v = S~!y,

or equivalently y = Su. Substituting this change of variables into (4.10), we get
Su' = f(t,Su)

or equivalently

u' = S7f(t,Su) = F(t,u)
giving rise to the IVP
u' = F(t,u), u(0) = S7'y(0) = S~ yp. (4.13)

Note that y(t) is the true solution of (4.10) if and only if u(t) = S~ 'y(t) is the true

solution of (4.13).
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Let z(t) be an approximate solution of (4.10). Then
2= f(t,z) +0(t)

or equivalently

Let v = S71z, or equivalently z = Sv. Hence,

Sv' = f(t, Sv) +4(t)
or equivalently

v = STUf(t,Sv) + STY(t)

= F(t,v) + A(t)
where A(t) = S714(t) is the defect associated with the approximate solution v(t) to the
IVP (4.13). Let E(t) = v(t) — u(t) = S7'(2(t) — y(¢)). Then

E'(t) = '(t) —d(¢)
= [F{t,0(t) = F(t,ut))] + A1)

_ { Fu(t, v(t) — s(o(t) — u()))ds| (u(t) — u(t)) + At)
)

0

= B)E(®) + A()

where B(t) = fol Fu(t,v(t) —s(v(t) —u(t)))ds is a matrix. Applying our previous analysis

to the ODE
E'(t) = BUO)E(t) + A(t)
with
IEO = [IS7"e(0)]| < e
IA@I = [[STe@) <e  Vte[0,T],
and

p(Fu(t,u)) = p(S~ fy(ty)S) < p, Vte[0,T], VyeR™,
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we get that

L1 €(pht .
IE@®)| = ||Ste(t)|| < eoett + £(et —1) i p A0
€ + €t if 4= 0.

O

We have just shown that formula (1.2) always yields bounds that are as tight as those
produced by formulas (1.3) or (1.4). On the other hand, the following simple example
shows that formula (1.2) may sometimes yield tighter bounds than those produced by

formulas (1.3) or (1.4).

Example. Consider the problem

y = Ay

y(t(]) = Yo, tO € [O7T]7

where A is an m X m constant matrix. Applying the Backward Euler formula to this

problem, we get

Y1 = Yo + hAy
Y1 = (I — hA)_lyo.
Let the approximate solution z(¢) be the line which passes through the points (0, y) and

(h, yl):

t
2(t) = yo + E(yl — o) = Yo + tAys = yo + tAI — hA) .

The defect associated with this approximate solution is

o(t) = 2'(t) — Az(t)
= A(I — hA) 'y — Ayo — tA*(I — hA) 'yo
= [A— A(I — hA) —tA%)(I — hA) y,

= (h—t)A*(I — hA) "y (4.14)
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Now apply formula (1.2) with ¢, =0, t,,,1 = h and [A] = A, replacing the € by =, since

with [A] = A the right side of (1.2) is a simple vector rather than an interval vector:
h
e(h) = e*e(0) +/ eAh=)5(s)ds
h
= )+ / A=) (h — $)A%(I — hA) Yyods
0

h
= +/ e uA*(I — hA) Yyodu (let h—s=u)
0

_ )+ (/h uA’e A“du) (I —hA)™?

e (- [

_ +(hAehA )(I hA)™

_ +(hAehA = 1) (I —hA)™

- (0) + (I — eM(1 - hA)) (I —hA)yy

= eMe(0) + (1 — hA) — My, (4.15)

where we have used the fact that A, eA* and (I — hA)~! commute.
Now we compare the bounds (1.3) and (1.4) with bounds that can be derived from

(4.15). To be more concrete, let

A= ) to =0, T =4, HG(O)H < €o, ”yOH < 66'

Consider the bound (1.3) first. From (4.14), we see that
lo@®)]l < AIA*(T = hA)leg = e.
Applying bound (1.3), we get

le()]| < eoe™ + ere
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where

¢ =h(1-— e_h)||A2(I — hA)_1||

Next consider the bound (1.4). From (4.14), we see that
l6()1| < (h =) A*(I — hA) ey = p(t)
Applying bound (1.4), we get

h
le®)| < eoeh+/ =03 (1l — §)[[A2(T — hA)e)ds
0

= e " + el

where

co=(1—e™ —he™)||A%(I — RA)Y
Finally, for (1.2), note that the associated equation (4.15) results in the bound

le(m) < eoe™ + (1 = hA)™ — e™|leg

= Eoe_h + 0366

where

cs = ||(I —hA)t — et

Now we compare the bounds (1.3), (1.4) and (1.2) for this example by comparing the

size of the constants ¢y, ¢ and c¢3. To this end, note that

1 -1
A% = 4
0 1
L 10 9 h 1420 —h
0 1 0 —2h 0 1+2h
(- hay' = 1 1+2h h
A+202\ g 142
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(1+2h) 0 1+2h
4
|A%(I — hA) Y| = —(1 on)? (3h + 2) (in the infinite norm, assuming h € [0,4].)
Thus,
4h(1 —e™h)
“ T gy O
4(1 — e — he ™)
Co = 1+ 2n) (3h + 2)
o — T m e 2 he~?
3 = _
0 ﬁ 0 o—2h
— ﬁ —e (1+gh)2 he~?"
0 ﬁ o—2h
L —2h h —2h . P
- ‘1—|—2h_ |+|(1+2h)2 he™="| (in the infinite norm ).

The numerical results for ¢, ¢o and c3 are as follows for h =1,2,4

=y

h=1 h=2 | h=4
c1 | 1.4047 | 2.2135 | 2.7148
co | 0.5872 | 0.7603 | 0.6280
cs | 0.2222 | 0.2251 | 0.1588

Since ¢; > ¢y > c¢3, this example shows that our formula (1.2) sometimes produces

tighter bounds than (1.3) and (1.4).




Chapter 5

Conclusions and Future Work

We reviewed interval arithmetic, logarithmic norms and Hausdorff distance in Chapter
2. We derived a formula in Chapter 3 for bounding the global error associated with the
numerical solution of an IVP for an ODE.

Most importantly, we believe this formula can be applied to stiff IVPs without re-
quiring that the stepsize be severely restricted. Therefore, we believe that this approach
may lead to an effective validated numerical method for stiff problems.

We compared our results to Dahlquist’s and Neumaier’s in Chapter 4 and derive their
formulas from ours, thus showing that our new formula always produces bounds that are
as tight as theirs. Moreover, we gave an example that shows that our new formula
sometimes produces bounds that are tighter than theirs.

As noted in Chapter 1, our original goal was to use interval arithmetic to compute
the right side of (1.2) directly, in the hope that this might produce an effective validated
method for stiff [IVPs for ODEs. However, this has proven more difficult than we originally

expected and so we leave this task to future work.
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