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Abstract

arisingequationscollocationsplinequadraticforanalyzedanddevelopedaremethodsMultigrid
convergenceofrateTheequations.differentialsecond-orderone-dimensionalofdiscretizationthefrom

shownissmootherasschemerelaxationRichardsondampedawithintegratedmethodtwo-gridtheof
algorithmstheofversionsmultileveladditiveThestep-size.theofindependently1/2,thanfasterbeto

toextendedismethodsmultigridcollocationsplinequadraticofdevelopmentTheanalyzed.alsoare
colloca-splinequadraticformethodsMultigridequations.differentialpartialelliptictwo-dimensional

collocationsplinequadraticwithusedfunctionsbasisthebecausestraightforward:notaremethodstion
non-isoperatorsextensionandrestrictionefficientofdesignthethusfunctions,basisnodalnotare

multigridchosensuitablythatindicatemultigrid,fullandV-cyclewithresults,Experimentaltrivial.
equations.collocationsplinequadratictheforsolverefficientveryaisiteration

Introduction1.

solu-iterativetheformethodsefficientmosttheofsomebetoconsideredaremethodsMultigrid
Multigridequations.differentialpartialofdiscretizationthefromarisingsystemslinearoftion
Galerkinordifferencefinitefromarisingsystemslinearforanalyzedanddevelopedbeenhavemethods
colloca-elementfiniteforworkrelatedTheequations.differentialofdiscretizationelementfinitetype

splinequadraticformethodsmultigriddevelopspaperThis[Gary81].limitedveryisdiscretizationtion
indepen-techniques,analysisFourierusingconvergence,ofproofanalyticanincludeWecollocation.

twotoextendedbemayresultsThesedimension.oneinmethodtwo-levelaforspacingmeshofdent
convergence.high-qualitytheconfirmtestsNumericaldimensions.more)(or

aatareequationscollocationsplinetheforsolversefficientofanalysisanddevelopmentThe
inconsideredbeingareequationscollocationsplinequadratictheforsolversSomelevel.beginning

theinrespect,thattocontributespaperpresentThetested.performanceparalleltheirand[Chri96]
ofratewithequationscollocationsplinetheformethodsiterativeanalyzesanddevelopsitthatsense

convergencegeneralaDevelopingperformance.optimalandstep-sizetheofindependentconvergence
finiteGalerkinforthandifficultmoreiscollocationsplinequadraticformethodsiterativeforanalysis

area.maturelessmuchaisandelements

quadraticsincenontrivialiscollocationsplinequadratictomethodsmultigridofapplicationThe
orderlowerconventionalmostIndiscretization.theinfunctionsbasisnon-nodalusescollocationspline
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systemlineartheincoefficientsthehence,used;arefunctionsbasisnodalmethods,elementfinite
bealsomayinterpretationsimilar(Agrid.theonnodesparticularatfunctiontheofvaluesrepresent

Thecollocation.splinequadraticwithcasethenotisThismethods.)differencefiniteforused
thebetweentheminterpolatingdirectlyhencevaluesfunctionrepresentnotdocoefficientsunknown

qua-theofstructuretheaboutobservationcleverauseWesense.nomakesmultigridinlevelsgrid
Sec-seeoperators,extensionandrestrictionefficientprovidetofunctionsbasiscollocationsplinedratic

quadraticonbasedmethodselementfiniteotherwithusedbealsocanoperatorsThese3.1.tion
Galerkin.splinequadratice.g.splines,

(QSC)collocationsplinequadraticoptimaltheofoverviewbriefapresentwe2,SectionIn
developwe3,SectionInmatrix.collocationsplinequadratictheofpropertiesspectraltheandmethod

theofanalysisconvergencetheoutcarryandsplinesquadraticforoperatorrestrictionandextensionan
ofimplementationthediscusswe4,SectionInequations.QSCone-dimensionalformethodtwo-grid

res-alternativedevelopwe5Sectioninandequations,QSCtwo-dimensionalformethodmultigridthe
thethatindicatewhichexperimentsnumericalofresultsthepresentwe6,SectionInoperators.triction

sum-Theequations.QSCformethodssolutionothertocomparedefficientveryaresolversmultigrid
7.Sectioninstatedarestudythisfromconclusionsandmary

MethodCollocationSplineQuadraticOptimalThe2.

domainainequationoperatorthebydescribedproblemvalueboundaryaconsiderWe Ω (one-
multi-dimensional),rectangularordimensional

LI u(x) = g(x in) Ω (2.1),

boundary,theondefinedconditionsboundarysomeand ∂Ω of, Ω,

BI u(x) γ= (x on) ∂Ω. (2.2)

operator,differentialboundarylinearaisBIoperator,differentialellipticlinearaisLIHere g and γ are
offunctionsgiven x andmulti-dimensional),or(one-dimensional u offunctionunknowntheis x.

partitionnodeaGiven ∆ of Ω space,splinequadratictheforfunctionsbasisofsetachoosewe,
CIcontinuityofpolynomialspiecewisequadraticofspacetheis,that 1 partition.theofnodestheon

ofsetthedefinealsoWe data orpoints collocation inpoints Ω onand ∂Ω If. Ω one-dimensional,is
Ifnodes.boundarytheandpartitiontheofsubintervalstheofmidpointsthearepointscollocationthe

Ω Thedimension.eachinpointscollocationoftuplesarepointscollocationthemulti-dimensional,is
approximationthedeterminesmethodcollocation u ∆ to u LIresidualsthethatrequiringby u ∆−g and

BI u ∆−γ datatheonzeroarerespectively,B,IoperatorboundaryandLIoperatordifferentialtheof
non-optimaltoleadsformulationthissplines,smoothofspaceaisspaceapproximatetheIfpoints.
approxima-collocationsplinetheoforderconvergencethethatsensetheinapproximations,solution
formulationThespace.approximationsametheininterpolantsplinetheoforderthethanloweristion

PIperturbationsappropriateofconstructiontheonbasedismethodscollocationsplineoptimaltheof LI

PIand BI thederived:wereformulationsTworespectively.BIandLIoperatorstheof one-step or extra-
polated whichinmethods, u ∆ L(Iresidualsthethatrequiringbydeterminedis + PI LI )u ∆−g and
B(I + PI BI )u ∆−γ LIoperatorsperturbedtheof + PI LI BIand + PI BI points,datatheonzeroarerespectively,,

theand multiple-step or deferred-correction isapproximationorder(second)lowawhichinmethods,
themovingbygenerated,areapproximationsorderhighersteps,subsequentinandfirst,generated



-3-

orderlowerthetothemapplyingandproblem,PDEtheofsidehandrightthetooperatorsperturbation
theofordertheondependsrequiredstepssuchofnumberThestep(s).previoustheofapproximations

cubicorquadraticandproblemssecond-orderforexample,Forused.splinesofdegreetheandBVP
two-dimensionalandsplinesquadraticforoperatorsperturbationThesuffice.stepstwosplines,

[Chri94].indevelopedareproblemssecond-order

deferred-thebutproperties,convergencetorespectwithequivalentareformulationsBoth
[Hous88],requirementsmemoryandtimetorespectwithefficientmorearemethodscorrection

nonzerofewerwithbandwidth,smallerahavingsystemlinearatorisegivetheybecause[Chri88],
theformethodsmultigridconsiderwepaperthisInmethods.extrapolatedthethanrowperentries

equations.QSCtwo-stepthefromarisingsystemlineartheofsolution

matrixQSCtheofPropertiesSpectral2.1.

BVPtheofdiscretizationthefromarisingmatrixQSCthetoappliedisanalysisOur

LI u(x) −≡ u =′′ g(x in) ≡Ω (2.3)1)(0,

conditionsboundarytosubject

BI u(x) ≡ u = on0 x = ,0 x = 1. (2.4)

ofpartitionaonconstructedspacesplinequadratictheforfunctionsbasisofsetA Ω uni-with
step-sizeform h and n B-splinesquadraticofsettheissubintervals {φi

h(x)}i =0
n +1 with,

φi
h(x) =

2
1__ ξ(

h
x__ −i+ functionsplinequadraticthewhere2) ξ bydefinedis

ξ(x) ≡









0

9 − 6x + x 2

−3 + 6x − 2x 2

x 2

elsewhere

2if ≤ x ≤ 3

1if ≤ x ≤ 2

0if ≤ x ≤ 1

. (2.5)

functionbasissplinequadraticathatnoteWe φi
h atthat,andelements,threemostatinsupporthas

specifically,Morefunctions.basisnon-zerothreemostatarethere1),(0,domaintheofpointany
non-twoexactlyand1),(0,ofpointnon-nodalanyonfunctionsbasisnon-zerothreeexactlyarethere

thenotarefunctionsbasistheseThus,1).(0,ofpartitiontheofnodeanyonfunctionsbasiszero
methods.elementfiniteconventionalfromtousedarewefunctionsbasisnodalusual

functionstheonBased φi
h(x functionsbasisofsetaconstructcanwe) {ψ i

h(x)}i =1
n theythatso,

areThey(2.4).conditionsboundaryhomogeneousthesatisfy

ψ1
h(x) φ= 1

h(x) φ− 0
h(x ;) ψi

h(x) φ= i
h(x ,) i = 2, ... ,n − ;1 ψn

h(x) φ= n
h(x) φ− n +1

h (x). (2.6)

results(2.6)bydefinedfunctionsbasisthewithimplementedmethodQSCthe(2.3)-(2.4),problemFor
formtheofsystemlineartridiagonalain

Ax ≡
h 2
1___










−1

3

−1

2

−1

.

2

−1

−1

.

−1

−1

2

.

3

−1










x = g −≡








g ((2n −1)h ⁄2)

g ((2n −3)h ⁄2)

g (5h ⁄2)

g (3h ⁄2)

g (h ⁄2) 








(2.7),
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where h = 1⁄n.

matrixtheofeigenvaluesthe[Chri94],inshownAs A bygivenare(2.7)in

λi =
h 2
1___ sin4 2

2n
iπ___ (2.8),

eigenvectorsorthonormalitsand δi , i = 1, ... ,n are

{δ ji = √2h sin
2n

(2j −1)iπ________ , i = 1, ... ,n − and,1 δ jn = √h sin
2n

(2j −1)nπ_________ }, j = 1, ... ,n. (2.9)

EquationsQSCforMethodMultigridThe3.

theexplainalsoWeQSC.formethodsmultigridofusetheintroducewesection,thisIn
wehowandfunctionsbasisnodalusenotdoesdiscretizationunderlyingthewhenarisethatdifficulties

sub-nexttheindevelopedoperatorsrestrictionandextensionThemethod.QSCtheforthiswithdeal
approximationtheasusedaresplinesquadraticwheneverapplicableare5and4sectionsinandsection
discretizationtheasconsiderediscollocationorGalerkinsplinequadraticwhenexample,forspace,

ittherefore,matrix,QSCtheofeigenvaluestheuses3.3Sectioninthough,analysis,Themethod.
method.discretizationQSCthetoonlyapplies

EquationsQSCforOperatorsExtensionandRestrictionThe3.1.

Letequations.QSCforoperatorsextensionandrestrictiondevelopfirstWe
φi

h(x ,) i = 0, ... ,n + step-sizewithconstructedfunctionsbasissplinequadraticthebe1, h and
φi

2h(x ,) i = 0, ... ,n ⁄2+ 2step-sizewithconstructedfunctionsbasissplinequadraticthebe1, h Let.
also ψi

h(x ,) i = 1, ... ,n and ψi
2h(x ,) i = 1, ... ,n ⁄ func-basissplinequadraticrespectivethebe2,

conditions.boundaryDirichletzerosatisfythattions

functionrepresentnotdocoefficientstheofvaluesthenodal,notarefunctionsbasistheSince
gridfinetocoarseafromcoefficientstheseinterpolatingdirectlyThus,points.gridparticularatvalues
the(fromgridcoarsetheonvaluesfunctionthecalculatemustonenaivelyInstead,sense.nomakes
oncoefficientsappropriatethecalculatethesefromandgrid,finethetotheseinterpolatecoefficients),

clearlyiswhichsolve,systemlinearglobalarequirewouldhowever,step,finalThatgrid.finethe
unacceptable.

cangridcoarsetheinfunctionbasisnodalanythatshowwelemma,followingtheinFortunately,
underlyingthe(i.e.gridfinetheonfunctionsbasisofcombinationlinearparticularaasrepresentedbe

explicitcalculatecanwethisFromnested).arespaces "interpolation-like" themovetoformulas
grid.finetocoarsethefromdirectlycoefficients

3.1.Lemma If q (x) =
i =1
Σ
n ⁄2

θi
2hψi

2h(x splinequadraticanyofrepresentationtheis) q (x torespectwith)

functionsbasisthe ψi
2h , i = 1, ... ,n ⁄ then2, q (x) =

i =1
Σ
n

θi
hψi

h(x ofrepresentationtheis) q (x with)

functionsbasisthetorespect ψi
h , i = 1, ... ,n hold:relationsfollowingthewhere,
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θ1
h =

2
1__ θ1

2h (3.1a)

θ2j
h =

4
1__ (3θ j

2h θ+ j +1
2h ,) j = 1, ... ,n ⁄2− (3.1b)1

θ2j +1
h =

4
1__ (θ j

2h + 3θ j +1
2h ,) j = 1, ... ,n ⁄2− (3.1c)1

θn
h =

2
1__ θn ⁄2

2h . (3.1d)

Proof: ofdefinitiontheand(2.5)Using φi
h(x ,) i = 0, ... ,n + thatproveeasilycanwe(2.6),inas1,

φi
h(x ,) i = 0, ... ,n + and1 φi

2h(x ,) i = 0, ... ,n ⁄2+ byrelatedare1,

φ0
2h =

4
1__ (3φ0

h φ+ 1
h (3.2a))

φi
2h =

4
1__ (φ2i −2

h + 3φ2i −1
h + 3φ2i

h φ+ 2i +1
h ,) i = 1, ... ,n ⁄ (3.2b)2

φn +1
2h =

4
1__ (φ2n

h + 3φ2n +1
h ). (3.2c)

relationThe ψ1
2h(x) φ= 1

2h(x) φ− 0
2h(x with(3.2b)and(3.2a),), i = tolead1

ψ1
2h =

4
1__ (2ψ1

h + 3ψ2
h ψ+ 3

h). (3.2d)

getcanweSimilarly,

ψn ⁄2
2h =

4
1__ (2ψn

h + 3ψn −1
h ψ+ n −2

h ). (3.2e)

Then

q (x) =
i =1
Σ
n ⁄2

θi
2hψi

2h(x) =

=
4
1__

i =2
Σ

n ⁄2−1
θi

2h(ψ2i −2
h (x) + 3 ψ2i −1

h (x) + 3 ψ2i
h (x) ψ+ 2i +1

h (x)) +

+
4
1__ θ1

2h(2 ψ1
h(x) + 3 ψ2

h(x) ψ+ 3
h(x)) + (3.3)

+
4
1__ θn ⁄2

2h (2 ψn
h(x) + 3 ψn −1

h (x) ψ+ n −2
h (x)) =

=
4
1__ 2θ1

2hψ1
h(x) +

4
1__ (3θ1

2h θ+ 2
2h)ψ2

h(x) +
4
1__ (θ1

2h + 3θ2
2h)ψ3

h(x) + ... +

+
4
1__ (3θn ⁄2−1

2h θ+ n ⁄2
2h )ψn −2

h (x) +
4
1__ (θn ⁄2−1

2h + 3θn ⁄2
2h )ψn −1

h (x) +
4
1__ 2θn ⁄2

2h ψn
h(x).

(3.3).Relationfromdirectlyderivedare(3.1a-d)Relations

matrixoperatorextensionfollowingthetolead(3.1a-d)Relations E ∈ RI
n×

2
n__

coefficientsthefor
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spline:quadraticaofrepresentationelementfinitetheof

E =
4
1__
















1

3

2

1

3

3

1

.

.

3

1

1

3

.

.

2

3

1
















. (3.4a)

ifThus, w 2h sizeofvectorais n ⁄ 2step-sizetocorresponding2 h vectorextendedrespectivethe, w h

step-sizetocorresponding h bydefinedis

w1
h =

2

w1
2h

____ ; w2i +1
h =

4

wi
2h + 3wi +1

2h
___________ , i = 1, ... ,n ⁄2−1

(3.4b)

w2i
h =

4

3wi
2h + wi +1

2h
___________ , i = 1, ... ,n ⁄2− ;1 wn

h =
2

wn ⁄2
2h

_____ .

thedefineweequations,QSCformethodtwo-gridtheofanalysistheoutcarryingofpurposetheFor
matrixoperatorrestriction R oftransposethebeto E namely,1/2,byscaled,

R =
2
1__ E T . (3.5a)

ifThus, w h sizeofvectorais n step-sizetocorresponding h vectorrestrictedrespectivethe, w 2h

2step-sizetocorresponding h bydefinedis

w1
2h =

4

2w1
h + 3w2

h + w3
h

_______________ ; wn ⁄2
2h =

4

wn −2
h + 3wn −1

h + 2wn
h

___________________

(3.5b)

wi ⁄2
2h =

4

wi −2
h + 3wi −1

h + 3wi
h + wi +1

h
________________________ , i = 6,4, ... ,n −2.

opera-restrictionthethatNotepoints.datatheonvaluesresidualtoappliedisoperatorrestrictionThe
tor R functionaofvaluestheuseswhichformula,interpolationfollowingthetorisegives(3.5)of u at
points h ⁄ 32, h ⁄ 52, h ⁄ 7and2, h ⁄ ofapproximationancomputeto2 u 2pointat h:

u (2h) ∼∼
8
1__ (u (

2
h__ ) + 3u (

2
3h___ ) + 3u (

2
5h___ ) + u (

2
7h___ )). (3.6)

fornotbutpolynomials,linearandconstantforexactisformulaabovethethatnoticingworthisIt
2.7,matrix,stiffnesscollocationsplinequadraticthethatnotetointerestingalsoisItones.quadratic
and3.4a,extension,ourwhiledifference,finitecenteredfromarisingmatrixtheresemblescloselyvery

finitewithusedoneslinearstandardthefromdifferentquiteareoperatorsrestrictioncorresponding
differences.
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EquationsQSCforSchemeCorrectionGridCoarseThe3.2.

followingthehaveweiteration,anyatoperators,extensionandrestrictionthedefinedHaving
equations:QSCforscheme)two-grid(orschemecorrectiongridcoarse

correspondingvectorresidualrestrictedaobtaintoresidualthetooperatorrestrictiontheApply1:Step
grid.coarsetheto

1.Stepfromresidualrestrictedthevectorright-sidewithsystemQSCgridcoarsetheSolve2:Step
tocorrespondingerrortheofrepresentationelementfinitetheofcoefficientsofvectortheisresultThe

residual.restrictedthe
gridcoarseaobtainto3StepfromcoefficientsofvectorthetooperatorextensiontheApply3:Step

grid.finethetocorrespondingresidualcorrected

thetoappliedisoperatorextensionthethatemphasizeWe elementfinitetheofcoefficients
representation thetonotandcorrectionerrortheof correctionerrortheofcomponents Thisitself.

theThuspoints.datatheonfunctionbasissplinequadraticnon-zeroonethanmoreistherebecauseis
datatheonfunctionsbasissplinequadratictheofcombinationlinearaaswrittenfunctionaofvalues

elementfiniteanyfortrueisThiscombination.lineartheofcoefficientsthefromdifferentarepoints
splines.quadraticonbasedisitaslongasGalerkin,orcollocatione.g.considered,method

EquationsQSCforMethodTwo-GridtheofAnalysisConvergence3.3.

formethodtwo-gridtheofiterationanyaterrortheofbehaviorthestudywesection,thisIn
equivalentalmostbetooutturnwhichmethods,two-gridoftypestwoconsiderWeequations.QSC

likescheme,iterativesimpleaofconsistmethodsBothconcerned.israteconvergenceasfaras
multiplica-tocorrespondTheyscheme.correctiongridcoarseawithintegratediteration,Richardson’s

ver-multiplicativethethatnoteWemethods.multilevelofliteraturetheinalgorithmsadditiveandtive
bemustgeneral,invariant,additiveThemethod.multigridclassicalaasdirectlyappliedbecansion

method.subspaceKrylovawithaccelerated

iterationsomeatthat,assumewemethodfirsttheFor k xsolutionapproximateangiven, (k) we,

xapproximationangettoscheme,relaxationsimpleaapplyfirst ˆ(k)
residualrespectivetheand r̂

(k)
.

to3.2,Sectionindescribedasscheme,correctiongridcoarsetheapplyweThen r̂
(k)

theobtainto,

residualpreconditioned ŝ
(k)

xapproximationThe. (k +1) xbyobtainedis (k +1) = x̂
(k)

+ ŝ
(k)

.

theofresulttheasexpressedbecanerrortheonschemecorrectiongridcoarsetheofeffectThe
operatortheofapplication

Mc = II − E .A ′−1 .R .A (3.7)

dimension;appropriateofoperatoridentitytheisIIwherevector,errortheto A and A ′ QSCtheare
step-sizesformatrices h 2and h and(2.7);indefinedasrespectively,, E and R andextensiontheare

(3.4)-(3.5).indefinedasrespectively,operatorsrestriction

factorthebydampediteration,Richardson’schoosewescheme,relaxationsimpleaAs
h 2
4___ .

ofresulttheasexpressedbecanerrortheonschemerelaxationtheofiterationoneofeffecttheThus,
operatortheofapplicationthe

Mr = II −
4

h 2
___ .A. (3.8)



-8-

theofresulttheasexpressediserrortheonmethodtwo-gridtheofiterationoneofeffecttheThen,
operatortheofapplication

M = Mc
.Mr . (3.9)

3.1.Theorem Richardsonaofconsist(2.7)equationsQSCformethodtwo-gridtheofiterationanLet

bydampediteration
h 2
4___ operatorextensionthebycharacterizedschemecorrectiongridcoarseaand

iterationRichardsondampedtheofresidualthetoappliedand(3.5),operatorrestrictiontheand(3.4)
factorcontractionaand1/2byboundedratewithconvergesmethodtwo-gridtheThenapproximation.

step-size.theofindependentlynorm,Euclideanthein1/2thanless

Proof: Let[Hack94].followweanalysis,ourIn δi , i = 1, ... ,n and, δ′i , i = 1, ... ,n ⁄ thebe2,
ofeigenvectors A and A ′ Letrespectively., Q eigenvec-thebyformedcolumnsitswithmatrixthebe

oftors A order:followingthein

Q ≡ [δn ,δ1 ,δn −1 ,δ2 ,δn −2 , ... ,δn ⁄2−1 ,δn ⁄2+1 ,δn ⁄2]. (3.10)

Let Q ′ ofeigenvectorsthebyformedcolumnsitswithmatrixthebe A ′ order:naturalthein

Q ≡′ [δ′1 ,δ′2 , ... ,δ′n ⁄2]. (3.11)

Let si ≡ sin
2n
iπ___ and ci ≡ cos

2n
iπ___ , i = 1, ... ,n.

matricestransformedtheConsider

M̃r ≡ Q T .Mr
.Q , M̃c ≡ Q T .Mc

.Q and M̃ ≡ Q T .M .Q = M̃c
.M̃r = I(I − Ẽ .Ã ′−1 .R̃Ã I)(I −

4
h 2
___ Ã)

with

Ẽ ≡ Q T .E .Q ′ , Ã ′−1 ≡ Q ′T .A ′−1 .Q ′ , R̃ ≡ Q ′T .R .Q and Ã ≡ Q T .A .Q.

thataccountintoTaking Aδi λ= iδi , i = 1, ... ,n theforstructureblock-diagonalagetwe,
specifically,Morematrices.transformed

Ã =
h 2
4___ blockdiag{A 0 ,A 1 , ... ,An ⁄2}

with

A 0 = ;[1] Ai =


0

si
2

ci
2

0 



, i = 1, ... ,n ⁄2− ;1 An ⁄2 = [1⁄2]

notationthewhere blockdiag{B 1 , ... ,Bn} blockswithmatrixblock-diagonaladenotes B 1 , ... ,Bn

Also,diagonal.theon

M̃r = blockdiag{Mr 0 ,Mr 1 , ... ,Mrn ⁄2}

with

Mr 0 = ;[0] Mri =


0

ci
2

si
2

0



, i = 1, ... ,n ⁄2− ;1 Mrn ⁄2 = [1⁄2]

Ã =′
h 2
4___ blockdiag{A ′1 ,A ′2 , ... ,A ′n ⁄2}
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with

A ′i = [si
2 .ci

2].

thatNoting

sin
2n

(2j −1)iπ________ + sin3
2n

(2j +1)iπ________ + sin3
2n

(2j +3)iπ________ + sin
2n

(2j +5)iπ________ = 8.cos3

2n
iπ___ .sin

2n
(2j ′−1)iπ_________

with j =′ (j +1)⁄ ,2 j = 5,3,1, ... ,n − ,1 i = 1, ... ,n ⁄2,

getalsowe

Q ′T .R .Q = √2 blockdiag{ [[0], c1
3 s1

3 ], ... [, cn ⁄2−1
3 sn ⁄2−1

3 ], √ [2 cn ⁄2
3 ]}

and

Q T .E .Q =′ 2(Q ′T .R .Q)T .

Thus,

M̃c = blockdiag{Mc 0 ,Mc 1 , ... ,Mcn ⁄2}

with

Mc 0 = ;[1] Mci =


−si

3ci

1−ci
4

1−si
4

−sici
3



, i = 1, ... ,n ⁄2− ;1 Mcn ⁄2 = [1⁄2],

and

M̃ = blockdiag{M 0 ,M 1 , ... ,Mn ⁄2}

with

M 0 = ;[0] Mi =


 −si

3ci
3

(1−ci
4)ci

2

(1−si
4)si

2

−si
3ci

3 



, i = 1, ... ,n ⁄2− ;1 Mn ⁄2 = [1⁄4].

blocksthethatprovetoeasyisIt Mi , i = 0, ... ,n ⁄ issoanddefinitepositivesymmetricare2 M̃.

ofnormsEuclideantheTherefore M̃ blockstheofand Mi , i = 0, ... ,n ⁄ respec-theassametheare2

matrixtheofnormEuclideanthe[Hack94],in10.3.1LemmatoAccordingradii.spectraltive M̃ is

blockstheofnormsEuclideantheofmaximumthe Mi , i = 0, ... ,n ⁄ upmakethat2, M̃.

blockstheofeigenvaluesthethatseetoeasyisIt Mi , i = 1, ... ,n ⁄2− are1 µi 1 = si
2ci

2 and

µi 2 = 2 si
2ci

2 Then,.
i =1

max
n ⁄2−1

µ{ i 1  , µ i 2 =}
i =1

max
n ⁄2−1

{2 si
2ci

2 =}
i =1

max
n ⁄2−1

{2
4
1__ sin2

2n
2iπ____ } <

2
1__ Thus,.

S (M̃) < max{ 10, ⁄ 12, ⁄4 =} 1⁄ ofnorm(spectral)EuclideantheSo2. M̃ indepen-1/2,byboundedis
equationsQSCformethodtwo-gridtheofconvergencetheprovesThisstep-size.theofdently

(2.3)-(2.4).problemmodelthetocorresponding

relaxationRichardsontheinfactordampingoptimaltheofdeterminationtheconsidernowWe
Letiteration.persweepsrelaxationmoreortwohavingofeffecttheand ω′ fac-dampingthedenote

withtor, =ω′ 4 ⁄ω h 2 and, ν matricestheTheniteration.persweepsrelaxationofnumberthedenote
Mi bygivenareabovecomputedas

M 0 = [1−
ω
1__]ν ; Mi =








−si
3ci(1−

ω
si

2
___ )ν

(1−ci
4)(1−

ω
si

2
___ )ν

(1−si
4)(1−

ω
ci

2
___ )ν

−sici
3(1−

ω
ci

2
___ )ν








, i = 1, ... ,n ⁄2− ;1 Mn ⁄2 = [
2
1__ (1−

2ω
1___)ν].
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thattocorrespondsfactordampingoptimalThe ω ofeigenvaluemaximumtheminimizesthat Mi

allfor i 0allfori.e., ≤ ci < optimalthestepsmoothingoneFor1. ω theand.75approximatelyis
approximatethegivewe3.1,TableIn.33.approximatelyismatrixiterationerrortheofradiusspectral

rateconvergence ρ1 withis,(thatfactordampingnaturalthefor =ω dampingoptimaltheforand1)
steps.smoothing5to1forfactor

3.1.Table op-theandnaturalthewithequationsQSCformethodtwo-gridtheofratesConvergence
isfactordampingThefactors.dampingtimal =ω′ 4 ⁄ω h 2 naturalthewith, ω optimaltheand1being

bydenotedisiterationpersweepsrelaxationofnumberThetable.theinshownas ν.

______________________________
ρν 1 ω optimal ρω______________________________

0.330.750.501
0.190.700.262
0.130.670.193
0.100.640.154
0.080.630.125______________________________






























iterationsomeatthat,assumewemethodsecondtheFor k xsolutionapproximateangiven, (k)

residualrespectivetheand r (k) xapproximationangettoscheme,relaxationsimpleaapplywe, ˆ(k)
.

to3.2,Sectionindescribedasscheme,correctiongridcoarsetheapplyalsoWe r (k) theobtainto,

residualpreconditioned s (k) xapproximationThe. (k +1) xbyobtainedis (k +1) = x̂
(k)

+ s (k) isThis.
anasknown additive aasinterpretedbecanmethodfirstthewhereasscheme,multilevel multiplica-

tive scheme.multilevel

resulttheasexpressediserrortheonschemecorrectiongridcoarsetheofeffectthecase,thisIn
operatortheofapplicationtheof

N = II −
4

h 2
___ .A − E .A ′−1 .R .A. (3.12)

3.2.Theorem Richardsonaofconsist(2.7)equationsQSCformethodtwo-gridtheofiterationanLet

bydampediteration
h 2
4___ operatorextensionthebycharacterizedschemecorrectiongridcoarseaand

methodtwo-gridprevioustheofresidualthetoappliedand(3.5),operatorrestrictiontheand(3.4)
in1/2thanlessfactorcontractionawithconvergesmethodtwo-gridtheThenapproximation.iteration

step-size.theofindependentlynorm,Euclideanthe

Proof: matrixtransformedThe3.1.TheoremofproofthetosimilarisproofThe Ñ nowis

Ñ ≡ Q T .N .Q = I[I − Ẽ .Ã ′−1 .R̃Ã −
4

h 2
___ Ã]

where Q, Ẽ, Ã ′, R̃ and Ã thatshowcanWe3.1.Theoremofprooftheinassametheare

Ñ = blockdiag{N 0 ,N 1 , ... ,Nn ⁄2}

with
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N 0 = ;[0] Ni =


 −si

3ci

1−ci
4−si

2

1−si
4−ci

2

−sici
3 




, i = 1, ... ,n ⁄2− ;1 Nn ⁄2 = [0].

blocksthethatNote Ni , i = 0, ... ,n ⁄ ofnormEuclideanThedefinite.positivesymmetricnotare2

Ni betoshowneasilyis sici therefore,,  Ñ  2 = max{0,
i =1

max
n ⁄2−1

{sici =}}
2
1__ cos

n
π__ <

2
1__ provesThis.

prob-modelthetocorrespondingequationsQSCformethodtwo-gridadditivetheofconvergencethe
(2.3)-(2.4).lem

schemeJacobi-Richardsonthethenrathersmoother,Gauss-SeidelausetopossiblecertainlyisIt
errortheofeigenvaluesthecalculatingindetailstechnicaltheHowever,above.analysistheinused

tedious.moremuchareoperatorpropagation

ProblemsTwo-DimensionaltoExtension4.

gen-ato3Sectioninanalyzedanddescribedmethodtwo-gridtheofextensiontheconsiderWe
domainrectangularaindefinedBVPellipticlineartwo-dimensionaleral Ω two-definefirstWe.

(3.5b).and(3.4b)tosimilarrelationsbyoperatorsrestrictionandextensiondimensional

If w 2h sizeofvectorais nm ⁄ 2step-sizetocorresponding4 h respectivethedimensions,bothin
vectorextended w h step-sizetocorresponding h rela-followingthebydefinedisdimensionsbothin

ofcomponentsThetions. w h bygivenarecornersthetoclosepointstocorresponding

w 11,
h =

2

w 11,
2h

_____ ; w1,m
h =

2

w1,m ⁄2
2h

______ ; wn 1,
h =

2

wn ⁄ 12,
2h

______ ; wn,m
h =

2

wn ⁄2,m ⁄2
2h

_______ . (4.1a)

ofcomponentsThe w h thetoclosepointstocorresponding y = bygivenareboundary0

w2i + 11,
h =

4

wi 1,
2h + 3wi + 11,

2h
_____________ ; w2i 1,

h =
4

3wi 1,
2h + wi + 11,

2h
_____________ , i = 1, ... ,n ⁄2− (4.1b)1

forhavewepoints,theofresttheAtboundary.thetoclosepointsothertheforsimilarlyand
i = 1, ... ,n ⁄2− ,1 j = 1, ... ,m ⁄2−1,

w2i 2, j
h =

16

9wi, j
2h + 3wi, j +1

2h + 3wi +1, j
2h + wi +1, j +1

2h
_______________________________ ; w2i 2, j +1

h =
16

3wi, j
2h + 9wi, j +1

2h + wi +1, j
2h + 3wi +1, j +1

2h
_______________________________

(4.1c)

w2i + 21, j
h =

16

3wi, j
2h + wi, j +1

2h + 9wi +1, j
2h + 3wi +1, j +1

2h
_______________________________ ; w2i + 21, j +1

h =
16

wi, j
2h + 3wi, j +1

2h + 3wi +1, j
2h + 9wi +1, j +1

2h
_______________________________ .

If w h sizeofvectorais nm step-sizetocorresponding h res-respectivethedimensions,bothin
vectortricted w 2h 2step-sizetocorresponding h rela-followingthebydefinedisdimensionsbothin

ofcomponentThetions. w 2h bygiveniscorner0)(0,thetoclosepointthetocorresponding

w 11,
2h =

16

4w 11,
h + 6w 21,

h + 2w 31,
h + 6w 12,

h + 9w 22,
h + 3w 32,

h + 2w 13,
h + 3w 23,

h + w 33,
h

______________________________________________________________ (4.2a)

ofcomponentsThecorners.thetoclosepointsothertheforsimilarlyand w 2h pointstocorresponding
thetoclose y = bygivenareboundary0

w i ⁄ 12,
2h =

16

2wi − 12,
h + 6wi − 11,

h + 6wi 1,
h + 2wi + 11,

h + 3wi − 22,
h + 9wi − 21,

h + 9wi 2,
h + 3wi + 21,

h + wi − 32,
h + 3wi − 31,

h + 3wi 3,
h + wi + 31,

h
_____________________________________________________________________________________________ ,(4.2b)
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for i = 6,4, ... ,n − theofresttheAtboundary.thetoclosepointsothertheforsimilarlyand2,
forhavewepoints, i = 6,4, ... ,n − ,2 j = 6,4, ... ,m −2,

wi ⁄2, j ⁄2
2h = (wi −2, j −2

h + 3wi −2, j −1
h + 3wi −2, j

h + wi −2, j +1
h + 3wi −1, j −2

h + 9wi −1, j −1
h + 9wi −1, j

h + 3wi −1, j +1
h +

(4.2c)
+ 3wi, j −2

h + 9wi, j −1
h + 9wi, j

h + 3wi, j +1
h + wi +1, j −2

h + 3wi +1, j −1
h + 3wi +1, j

h + wi +1, j +1
h )⁄16.

theofapplicationtheofcostcomputationalthethatseeneasilyisit(4.1),relationstheGiven
com-(non-boundary)per(flops)operationsfloating-pointthreeisdimensionstwoinoperatorextension

3oftotalaasymptotically,i.e.ponent, n 2 (anforflops n +1)×(n + (i.e.grid1) n eachinsubintervals
dimension).

applicationtheofcostcomputationalthethatseeneasilyisit(4.2),relationsthegivenSimilarly,
(non-boundary)per(flops)operationsfloating-point15isdimensionstwoinoperatorrestrictiontheof

15oftotalaasymptotically,i.e.component,
4

n 2
___ (anforflops n +1)×(n + grid.1)

MethodsGridCoarseAlternative5.

4RatioStep-SizeofGridswithMethodTwo-GridThe5.1.

hasgridfinethethatassumewillWepresented.ismethodtwo-gridalternativeansectionthisIn
step-size h 4onecoarsethewhile, h thethatismethodtwo-gridasuchofadvantagepossibleA.

insteadone,finetheof1/4sizeofisitcaseone-dimensionaltheInsize.smallerofisproblemcoarse
ofproblemgridcoarseA1/4.ofinstead1/16,sizeofisitcasetwo-dimensionaltheinbut1/2,of

4step-size h applicationrecursivea(i.e.methodmultigridaofcasetheinthatconsequencethehasalso
withreachedbewillgridcoarsestthereached)isgridcoarsesizefixedauntilmethodtwo-gridtheof

logspecifically,Moresteps.fewer 4 nc

n___ logofinsteadsteps, 2 nc

n___ wheresteps, nc gridcoarsesttheis

computed.betoneedcomponentsfewersosize,smallerofarevectorsrestrictedtheaddition,Insize.

4step-sizeofgridcoarseausetoorderIn h 1levelsbetweenrelationsrestrictionandextension,
twoin(4.2)and(4.1)(or(3.5b)and(3.4b)relationsrestrictionandextensiontheIfneeded.are3and

(step-sizes2and1levelsbetweenonceappliedaredimensions) h 2and h moreonceandrespectively),
2(step-sizes3and2levelsbetween h 4and h directlyrelationsrestrictionandextensionrespectively),

restrictionandextensionthethatisapproachthisindisadvantageclearAarise.3and1levelsbetween
example,For2.and1levelsbetweenthosethanflopsmorerequire3and1levelsbetweenrelations

com-4(usingflops3requires2and1levelsbetween(3.5b)relationrestrictionone-dimensionalthe
components).10(usingflops9requires3and1levelsbetweenrelationrespectivethewhileponents),

dimensionstwoandoneinoperatorsrestrictionandextensiontheforrequiredflopsthelists5.1Table
21,levelsofcomponentsofdependencytheshows5.1Figure4.and2ratiohavestep-sizesthewhen

3.and
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5.1.Table (3.4b)operatorsrestrictionandextensiontheapplytorequiredoperationsFloating-point
step-thewhendimensions,twoin(4.2)and(4.1)onesrespectivetheanddimensiononein(3.5b)and

4.and2ratiohavesizes

__________________________________________________
step-sizes h 2and h step-sizes h 4and h

2D1D2D1D__________________________________________________
extension n 3n 2 1.5n 5.25n 2

1.5restriction n 3.75n 2 2.25n 6.1875n 2
__________________________________________________





































oooo +++++oooo ++++oooo ++++

+o+o+o+o+o+o+

+o+o+o+

(a)

oooo +++++oooo ++++oooo ++++

+o+o+o+o+o+o+

+o+o+o+

(b)

5.1.Figure step-sizeswithgridstocorrespondingcomponentsvectorofdependencyThe h 2, h 4and h
A(3.5b).operatorrestrictionthe(b)and(3.4b),operatorextensionthe(a)applyingwhen "+" denotes

awhilepoint,grida "o" (midpoint).pointcollocationa

RelationsRestrictionAlternative5.2.

thefromadvantageousareThesedeveloped.arerelationsrestrictionalternativesectionthisIn
accu-morealsoareTheyused.are4ratioofstep-sizeswhenviewofpointcomplexitycomputational

show.shallweasrate,

iswhich(3.6),formulainterpolationthetorisegives(3.5)operatorrestrictionthethatRecall
formula:interpolationfollowingthenowConsiderone.mostatdegreeofpolynomialsforexact

u (2h) ∼∼
16
1___ (− u (

2
h__ ) + 9u (

2
3h___ ) + 9u (

2
5h___ ) − u (

2
7h___ )). (5.1)

threeandcomponentsfourusesandthreemostatdegreeofpolynomialsforexactisformulaThis
flops.

or2,and1levelseitherbetweenrelationsrestrictiondeveloptousedbecaninterpolationCubic
ifexample,Forlevels.twoanyor3,and1levels w h sizeofvectorais n step-sizetocorresponding

h vectorrestrictedrespectivethe, w 2h 2step-sizetocorresponding h bydefinedis

w1
2h =

16

5w1
h + 15w2

h − 5w3
h + w4

h
______________________ , wn ⁄2

2h =
16

wn −3
h − 5wn −2

h + 15wn −1
h + 5wn

h
____________________________

(5.2)

wi ⁄2
2h =

16

− wi −2
h + 9wi −1

h + 9wi
h − wi +1

h
__________________________ , i = 6,4, ... ,n −2.
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ifAlso, w h sizeofvectorais n step-sizetocorresponding h vectorrestrictedrespectivethe, w 4h

4step-sizetocorresponding h bydefinedis

wi ⁄4
4h =

16

− wi −3
h + 9wi −2

h + 9wi −1
h − wi

h
__________________________ , i = 8,4, ... ,n. (5.3)

com-theofeachofcomputationtheforrequiredareflops3onlycase,one-dimensionaltheinThus,
3.levelator2levelateithervectors,restrictedtheofponents

thelists5.2Tableway.naturalaindimensionstwotoextendedbecan(5.3)and(5.2)Relations
havestep-sizesthewhendimensionstwoandoneinoperatorrestrictionoftypethisforrequiredflops

3.and21,levelsofcomponentsofdependencytheshows5.2Figure4.and2ratio

5.2.Table onein(5.3)and(5.2)operatorsrestrictiontheapplytorequiredoperationsFloating-point
dimensions.twoinonesrespectivetheanddimension

_________________________________________________
step-sizes h 2and h step-sizes h 4and h

2D1D2D1D_________________________________________________
1.5restriction n 3.75n 2 0.75n 0.9375n 2

_________________________________________________






























+o+o+o+o+o+o+

+o+o+o+
(a)

oooo +++++oooo ++++oooo ++++

+o+o+o+o+o+o+

+o+o+o+

(b)

5.2.Figure step-sizeswithgridstocorrespondingcomponentsvectorofdependencyThe h 2, h 4and h
A(5.3).operatorrestrictionthe(b)and(5.2),operatorrestrictionthe(a)applyingwhen "+" adenotes

awhilepoint,grid "o" (midpoint).pointcollocationadenotes

results.Numerical6.

computa-andconvergencethedemonstratethatexperimentsnumericalfromresultssectionthisIn
areequations(QSC)collocationsplinequadraticformethodmultigridtheofefficiencytional

presented.

on(5.3)and(5.2)(3.5b),operatorsrestrictiontheofeffectthedemonstratethatresultssomeFirst,
fulltheandV-cycletheofperformanceThepresented.aremethodtwo-gridtheofconvergencethe

multigridV-cycleThetested.alsoareoperatorsrestrictionthreesametheusingmethodsmultigrid
levelgridcoarsestcertainauntilmethodtwo-gridtheofapplicationrecursivetheofconsistsmethod
start-V-cycleeachforapproximationinitialanconstructsmethodmultigridfullThereached.beenhas

identicalaremethodmultigridfulltheinusedoperatorsinterpolationThegrid.coarsestthefroming
above.discussedthoseto

symmetrictorisegiveswhichAppendix,theinlisted1,ProblemtoappliedweretestsThese
functionsbasisofsettheifsystemlinear {ψ i

h(x)}i =1
n waspreconditioning(Jacobi)Diagonalused.is
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thecalculatedweiteration,eachAtused.wasmethodaccelerationNoscheme.relaxationaasused
constantaonapproximationcollocationtheoferrormaximumtheandsystemlineartheofresidual

8× theoferrortheofnormmaximumthetoapproximationanasconsideredbecanlatterThegrid.8
MATLAB.usingoutcarriedwereexperimentsTheseapproximation.collocation

andV-cycletheandtwo-gridtheofiterations5forresidualtheanderrortheshows6.1Table
257aforoperatorsrestrictionthreewithmethodsmultigridfull × coarsestThegrid.discretization257

17wasmethodmultigridaofcasetheingrid × level.eachatappliedwasiterationrelaxationOne17.
areresidualanderrorrespectivetheandvectorzerothebetochosenwasvectorsolutioninitialThe

asshown " 0iteration " respectively.residual,anderror

reaches2Din(5.2)operatorrestrictionwithmethodmultigridfullthethatshowexperimentsThe
ajustis(4.2)operatorrestrictionwithmethodmultigridfullTheiteration.1inerrordiscretizationthe

methodmultigridfullthewhileerror,discretizationthereachtoiterationstwoneedsandbehindbit
Theerror.discretizationthereachtoiterations5thanmoreneeds2Din(5.3)operatorrestrictionwith
thereachtoiterations2-3require2Din(5.2)and(4.2)operatorsrestrictionwithmethodstwo-grid

residualtheasfarAsiterations.4-5takemethodsV-cyclerespectivethewhileerror,discretization
againis2Din(5.2)operatorrestrictionwithmethodmultigridfulltheconcernedisrateconvergence

method.fastestthe

6.1.Table in(bothsystemlinearQSCtheofresidualandapproximationQSCtheoferrorObserved
methodsmultigridfulltheandV-cyclethetwo-grid,theofiterations5forformat)exponential

257afor1Problemtocorresponding × method.QSCtheofstepfirsttheforandsizegrid257

________________________________________________________________________________________
two-gridmultigridV-cyclemultigridfullmethod

(5.3)(5.2)(4.2)oper.restr. 



(5.3)(5.2)(4.2) 



(5.3)(5.2)(4.2)________________________________________________________________________________________
erroriteration

3.2e-43.2e-43.2e-43.2e-43.2e-43.2e-43.2e-43.2e-43.2e-40
4.7e-76.6e-81.7e-77.5e-63.5e-61.2e-55.9e-62.5e-81.0e-71
5.5e-73.3e-82.2e-88.6e-69.2e-75.9e-71.0e-64.0e-82.2e-82
2.5e-74.0e-82.2e-82.6e-67.6e-82.1e-73.0e-71.6e-82.2e-83
1.4e-71.6e-82.2e-81.7e-63.1e-89.6e-81.7e-72.4e-82.2e-84

1.0e-72.1e-82.2e-85 








3.6e-72.4e-84.8e-8 








6.6e-82.4e-82.2e-8________________________________________________________________________________________
residual

1.8e+01.8e+01.8e+01.8e+01.8e+01.8e+01.8e+01.8e+01.8e+00
2.3e-11.5e-11.6e-15.4e-15.2e-14.3e-18.5e-21.7e-25.1e-21
6.3e-22.8e-23.8e-22.8e-11.7e-11.6e-12.5e-26.0e-36.6e-32
3.0e-27.6e-31.0e-21.5e-13.4e-26.1e-21.1e-21.7e-31.7e-33
1.8e-21.5e-33.2e-38.8e-27.1e-32.5e-26.1e-35.5e-45.1e-44
1.2e-24.8e-49.4e-45.6e-22.0e-31.1e-23.8e-31.8e-41.6e-45________________________________________________________________________________________






















































































ofnumbertheismethodsmultigridortwo-gridtheofimplementationtheinparameterAnother
applied.isschemecorrectiongridcoarsethebeforeappliedpreconditioning)(diagonaliterationsJacobi
perfor-computationalthefrombeneficialisitcases,someinthat,foundwenumberthisvaryingBy

isschemecorrectiongridcoarsethebeforeiterationsJacobifewaapplytoviewofpointmance
ofnumbertheversusrespectively,residual,theanderrortheplot6.1(b)and6.1(a)Figuresapplied.

res-threewithmethodmultigridfulltheforMATLABbymeasured(flops)operationsfloating-point
257aonoperatorstriction × eachatappliediterationsrelaxationofnumberThegrid.discretization257

figure.theonshownislevel
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0 1e+07 2e+07 3e+07
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0.0001

error
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flops
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2Din(5.2)oper.restr.----
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0.0001
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1

residual
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flops
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2Din(5.3)oper.restr..........

1

1
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6.1.Figure multigridfullthebyperformed(flops)operationsfloating-pointofnumbertheofPlots
and(a)approximationQSCtheofscale)log(inerrortheversusoperatorsrestrictionthreewithmethod
gridwith1Problemtocorrespondingrespectively,(b),systemlineartheofscale)log(inresidualthe

257size × theindicatelineeachonshownnumbersThemethod.QSCtheofstepfirsttheforand257
method.multigridtheofleveleachatperformediterationsrelaxationofnumber

relaxations3withoperatorrestriction(5.2)theofperformancetheofdetailstheviewtoorderIn
6.2.Tableincludedhavewelevelperrelaxations6withoperatorrestriction(5.3)theofandlevelper
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6.2.Table ex-in(bothapproximationQSCtheoferrorsystem,linearQSCtheofresidualObserved
withmethodmultigridfulltheofiterations5forrequiredthousands)(inflopsandformat)ponential

tocorrespondingrespectively,levelperrelaxations6and3with(5.3),and(5.2)operatorsrestriction
257afor1Problem × method.QSCtheofstepfirsttheforandsizegrid257

______________________________________________________________________
(5.3)(5.2)oper.restr.

63relax.of.no.
flopserrorresidualflopserrorresidualiteration______________________________________________________________________
13883.2e-041.8e+0013883.2e-041.8e+000

156653.5e-081.8e-03157221.5e-081.7e-031
299412.2e-081.2e-04300552.2e-087.7e-052
442182.2e-081.9e-05443892.2e-082.6e-063
584942.2e-083.3e-06587222.2e-081.5e-074
715322.2e-086.9e-07718162.2e-081.1e-085______________________________________________________________________
























































thereachtoflopsofnumbertheiscriterionperformancethewhenthatshowexperimentsOur
operatorrestrictionwithmethodmultigridfulltheundoubtedlyismethodbesttheerrordiscretization

theofslopetheiscriterionperformancetheWhenlevel.periterationrelaxationoneand2Din(5.2)
opera-restrictionwithmethodmultigridfulltheismethodbestthelineresidualversusflopsofnumber

methodmultigridfullthebycloselyfollowedlevel,periterationsrelaxationthreeand2Din(5.2)tor
notdoresultsaboveThelevel.periterationsrelaxationsixand2Din(5.3)operatorrestrictionwith

ascheme,discretisationdifferencefinitestandardtheforthat,statedisitwhere[Bran77],contradict
betweenratiostep-sizeoptimaltheoperator,extensionlinearandoperatorrestrictioninjectionsimple

operatorstheandmatrixQSCtheforthatthough,noting,worthisIt2.isgridscoarsetheandfinethe
does4ratioofgridswithmethodsmultigridtheofperformanceobservedthepaper,thisindeveloped

2.ratioofgridswithmethodsofthatbehindmuchsofallnot

boun-andoperatorsvariouswithproblemsPDEonmethodtwo-gridtheofconvergencetheNext,
theofsomeInconsidered.are[Chri94]methodQSCtheofstepsBothtested.isconditionsdary

basistheTherefore,boundary.theonzeronecessarilynotisfunctionsolutiontheconsideredBVPs
settheareQSCforusedfunctions {φi

h(x)}i =0
n +1 torisegivesfunctionsofsetThis2.Sectionindefined

boundarytheofcollocationofbecauseoperator,Laplacetheforevensystems,linearunsymmetric
aBi-CGStab,convergence,fasterforandreasonthisForpoints.collocationboundarytheonoperator

accelerationBi-CGStabtheofimplementationtheForused.wasmethod,accelerationnonsymmetric
functionsbasistheofusethetoDueused.was[Grop93]packageKSPthe {φi

h(x)}i =0
n +1 extensionthe,

points.boundarytheonadjustedareoperatorsrestrictionand

preconditioningAdditionalscheme.relaxationaasusedwaspreconditioning(Jacobi)Diagonal
(5.3)operatorrestrictionthebycharacterizedscheme,correctiongridcoarseabyprovidedwas

coarseThedimension).eachinsizegridfinethe1/4gridcoarsea(withdimensionstwotoextended
withoutsolverbanddirectabysolvedwassize,problemgridfinethe1/16waswhichproblem,grid

fromsecondtheandpreconditioningdiagonalfromoneresiduals,preconditionedtwoThepivoting.
cri-stoppingTheMGJ-BCGS.astoreferredismethodThisadded.werepreconditioning,coarse-grid

10tosetwastolerancetheandresidualtheofnormEuclideanrelativethewasusedterion −11 thefor
10toandequationsQSCtheofstepfirst −9 equationsQSCtheofstepfirsttheForstep.secondthefor

incomputedvectorsolutionthestepsecondtheforwhilevector,zerothewasvectorguessinitialthe
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tosolverdirectafromresultingthatwithcomparedwascomputedvectorsolutionThestep.firstthe
producedthattosimilarwassolveriterativethebyproducedapproximationofqualitythethatensure
iterativeanforcemaychosentolerancetheandcriterionstoppingthethatNotesolver.directaby
believe,Weerror.discretizationthereachtoneededthosethaniterationsmoreperformtomethod

tolerancetheandcriterion,stoppingusedcommonlyandrealisticaisresidualrelativethethatthough,
fairisitThusone.directawithmethoditerativetheofequivalencetheensurestough,thoughchosen,

tolerance.andcriterionstoppingthiswithmethodsiterativetestto

iterationsofnumbertheshows6.3TableAppendix.theinlistedareusedproblemstestThe
sizes.gridseveralfor5and43,2,Problemsformethodtwo-gridtheofconvergenceforrequired

precision.doubleinSparcstation1aonFORTRANusingoutcarriedwereexperimentsThese

6.3.Table splinequadraticformethodtwo-gridtheofconvergenceforrequirediterationsofNumber
method.QSCtheofstepsbothforandsizesgridseveralforequationscollocation

_______________________________________________________________________________
5Problem4Problem3Problem2Problem

2step1step2step1step2step1step2step1stepsizegrid_______________________________________________________________________________
33×33 9194374629382231
65×65 65172395128441931

129×129 2640374735402030_______________________________________________________________________________















































behaviorThissize.gridthetoinsensitivealmostisiterationsofnumberthe2,ProblemFor
systemlinearsymmetricatoapplies3.2TheoremthatNote3.2.Theorembypredictedthatwithagrees

functionsbasisofsetthefromarising {ψ i
h(x)}i =1

n issolvedmatrixtheexperimentstheinwhile,
form.closedinknownnotareeigenvaluesitsandunsymmetric

evenmatrixthemakewhichboundarytheofsideoneonconditionsNeumannhas3Problem
conditionDirichlettheforthanlargeralthoughiterations,ofnumbertheAgain,unsymmetric.more

size.problemthewithvarysignificantlynotdidproblem,theofdifficultytheofbecausecase,

termsderivativesecondtheasordersametheofiswhichterm,cross-derivativeahas4Problem
uxx and uyy ofnumberTheaffected.significantlyisrowsmatrixtheofmostofsymmetrytheThus,.

size.problemthewithslightlyonlyvaries3,Problemforthatthanlargerslightlyalthoughiterations,

coefficientsTheterms.(convection)derivativefirsttheforcoefficientvariableahas5Problem
rowsmatrixtheinThus,domain.theofpartssomeonlargerelativelybecometheythatsochosenare
dom-areunsymmetric,veryarewhichterms,orderfirstthedomain,theofpartsthesetocorresponding

reasonableofwascasethisinobtainedapproximationThesmall.verynotisstep-sizetheifinant,
inconsistentpoor,Thesmall.wasstep-sizetheunlesslarge,wasiterationsofnumberthebutquality,
differencesfinitefornotedisbehaviorsimilarfact,Inunexpected.notisproblemthisforconvergence

fastofconstructionThethem.withdealtoderivedbemusttechniquesspecialandelementsfiniteand
[Yser93].infancyitsinstillisproblemsconvection-dominatedforsolvers

whentermsderivativeorderfirstwithproblemsPDEfromarisingmatrixQSCthethatNote
functionsbasistheusing {φi

h(x)}i =0
n +1 positive-definitesymmetricaofsumtheaswrittenbecannot

matrixindefiniteornon-symmetricaandtermsderivativeordereventhetocorrespondingmatrix
risegivenotdoPDEtheoftermsdominatingTheterms).derivativeorderfirsttheto(corresponding

[XuJi92]or[Yser88]indescribedtechniquestheTherefore,matrix.positive-definitesymmetricato
applicable.notare
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ofthatwithcomparedisequationsQSCformethodtwo-gridtheofperformancetheFinally,
severalofefficiencycomputationalobservedthegraphicallyshows6.2Figure[Chri96].solversother

are:consideredsolversThe1.ProblemfromarisingequationsQSCtoappliedsolvers

pivoting.withouteliminationGaussBandedBand-LU

preconditioning.withoutalgorithmGradientConjugateRich-CG

theofsolutionCGpreconditionedtridiagonallywithmethoddecompositionDomainSC-PCG
[Chri90].systemcomplementSchur

ac-splitting),(SchwarzsubdomainsoverlappingwithmethoddecompositionDomainSS-GMRES-MG
thattosimilarschemecorrectiongridcoarseadditionalanandGMRESbycelerated

MGJ-BCGS.methodforused

rowandfill-infor1levelwithalgorithmCGpreconditionedfactorizationIncompleteIF1m-CG
modification.equality

correctiongridcoarseawithrelaxation(Jacobipaper.thisindescribedsolverTheMGJ-BCGS
Bi-CGStab.)byacceleratedscheme

homogeneoushas1Problemsystems.symmetrictoonlyapplicableareRich-CG,e.g.solvers,Certain
functionsbasisofsettheofusetheallowingconditions,boundary {ψ i

h(x)}i =1
n Laplacetheforwhich,,

solversthoseforusedwasfunctionsbasisofsetThissystem.linearsymmetricatorisegiveoperator,
systems.symmetrictoonlyapplicable

thatclearbecomesit6.2,FigureinplottedlinessizegridversustimetheofslopestheFrom
inbesttheandefficiency,computationalasymptotictorespectwithmethod,optimalanisMGJ-BCGS

considered.solversthetocomparedtermsrelativeandabsoluteboth
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6.2.Figure equa-QSCofsystemthetoappliedmethodsseveralbytakensecondsintimetheofPlot
sizegridtheversus1Problemtocorrespondingtions n theofstepfirsttheforanddimensiononein

Bandare:plotlog-logainslopesThemethod.QSC – Rich4.09;LU – SC3.05;CG – 2.71;PCG
SS– GMRES– IF1m2.19;MG – MGJ2.57;CG – 1.75BCGS
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ConclusionsandSummary7.

equations.QSCformethodsmultigridofanalysisandformulationthedescribespaperThis
foroutcarriedisanalysisThedeveloped.aresplinesquadraticforoperatorsrestrictionandExtension

step-sizesofratiothewhichfordeveloped,areoperatorsrestrictionAlternativeproblem.1Dmodela
mul-aswellasmethodsTwo-grid4.or2bemayonegridfinetheoverproblemgridcoarsetheof
withwellagreesmethodstheofbehaviorthethatshowresultsExperimentaltested.aremethodstigrid
con-boundaryandoperatorsPDEgeneralmorewithproblemsforevenanalysis,thebypredictedthat

ismethodstheofbehaviorcomputationalasymptoticTheanalysis.theinassumedthosethanditions
optimal.

Appendix

1.Problem uxx + uyy = g 1)(0,in × 1)(0,

u = on0 x = 0, x = 1, y = 0, y = 1

functionThe g isproblemthetosolutionexactthethatsochosenis u = x 2
9__

(x −1)2y 2
9__

(y −1)2 .

2.Problem uxx + uyy = g 1)(0,in × 1)(0,

u γ= on x = 0, x = 1, y = 0, y = 1

3.Problem uxx + uyy = g 1)(0,in × 1)(0,

u γ= on x = 1

un δ= on x = 0, y = 0, y = 1

4.Problem uxx + uxy + uyy + ux + uy + u = g 1)(0,in × 1)(0,

u γ= on x = 0, x = 1, y = 0, y = 1

5.Problem
uxx + uyy +

x 2 + 10−2

1_________ ux +
y + 10−2

1________ uy = g 1)(0,in × 1)(0,

u γ= on x = 0, x = 1, y = 0, y = 1

functionsthe5and43,2,ProblemsIn g, γ and δ exactthethatsochosenareapplicable)(whenever
isproblemsthetosolution u = e x +y .
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