On Exponential Approximation to the Hockey Stick

Function™

Tan Iscoef Ken Jackson? Alex Kreinin® Xiaofang Ma¥

January 24, 2007

Abstract

The hockey stick function is a basic function in pricing and risk management of many
financial derivatives. This paper considers approximating the hockey stick function by a
sum of exponentials. The algorithm proposed by Beylkin and Monzén|[1] is used to deter-
mine the parameters of an approximation. Theoretical properties of the approximation

are studied. Numerical results are presented.
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1 Introduction

In this paper we describe how to approximate the function

(

11—z if0<z<1;
h@:):{ (1)
IKO if x >1,

by a sum of exponentials

hexp(x) = Z Wn xXp(YnT) (2)

n=1

over [0,00), where w,, and 7, are complex numbers. This function is a special case of the

function (
it—ax f0<az<t
h(z;t) = {
I(O if v >t

where t is a positive number. This function plays a critical role in finance, from pricing
European options [7] to pricing and risk management of correlation-dependent derivatives [8].
Since, for a fixed positive ¢, h(x;t) =t - h(z/t), we can take h(z) as the basic function. In

this paper we call function h(x) the hockey stick (HS) function.

The approximation problem considered here is in the sense of Chebyshev approximation.
For such an approximation, the weights w, and the exponents v, should be chosen to solve
the minimization problem

h(x) =) wn exp(yn)

n=1

min
LLWn,'YTLEC

, (3)

e}

where C denotes the set of complex numbers, and || f|| ., = sup,ex|f(z)| is the Chebyshev
norm (also known as the uniform norm or the sup-norm) of f. Theoretically, the existence
of such an optimal approximation is generally not guaranteed [2, Chapters VI and VIIJ.
Numerically, exponential fitting problems are badly-conditioned [4]. Consequently, classical
optimization methods, such as Newton type methods [3], do not work well for the minimization
problem (3). Fortunately, we can find numerical approximations satisfying some accuracy
requirements. In this paper, we apply the method proposed by Beylkin and Monzén[1] to

solve (3) approximately .



The remainder of the paper is organized as follows. Beylkin and Monzoén’s method and
its application to the HS function are discussed in Section 2. Properties of the exponential

approximation are discussed in Section 3. The paper ends with numerical results.

2 Beylkin and Monzon’s method and its application to

the HS function

2.1 Beylkin and Monzén’s method

In a recent paper [1], Beylkin and Monz6n proposed a numerical method to find a good
exponential approximation to a function f. Instead of finding optimal w, and 7, satisfying
(3), their method finds such parameters so that the exponential approximation satisfies a
given accuracy requirement. More specifically, for a given function f defined on [0, 1] and a
given ¢, their method seeks the minimal (or nearly minimal) number of complex weights w,

and nodes exp(7,) such that

‘f(x)-— > explona)

<, Vz € [0, 1]. (4)

This continuous problem is in turn approximated by a discrete problem: Given a positive
integer M, find the minimal positive integer number N < M of complex weights w, and

complex nodes ¢, such that
N
m m
1 (5h0) - S

Then for the continuous problem the weights and the exponents are w,, and

<, for all integers m € [0, 2M]. (5)

Yo = 2Mlog ¢y, (6)

respectively, where log z is the principal value of the logarithm.

To describe their method, we introduce some additional notation. For theoretical back-

ground and a more detailed description of the method, see [1].
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For a real (2M + 1)-vector h = (hg, hy, ..., hop), the (M + 1) x (M + 1) Hankel matrix
H,, defined in terms of h is

he  hi o - hu
hy oo e han

H, = :
hp—1 hpm o+ home
b haper hop

that is H; ; = h;y; for 0 <1i,5 < M. It is clear that Hy, is a real symmetric matrix. By the
Corollary in §4.4.4 of [6, pp. 204], there exists a unitary matrix U and a nonnegative diagonal
matrix > such that

H, = UXU7,

where the superscript T denotes transposition. This decomposition is called the Takagi fac-

torization [6, pp. 204].

The main steps of the method are:

—_

. Sample the approximated function f at 2M + 1 points uniformly distributed on [0, 1].
That is, let Ay, = f (32), 0 < m < 2M.

2. Form h = (hg, hq, ..., hap) and the Hankel matrix Hy,.

3. Compute the Takagi factorization of Hy, = UXU?, where ¥ = diag(og, 01, ...,00) and

og>01>...20pm > 0.
4. Find the largest oy satisfying oy < e.
5. Let u = (ug, uy,...,upr)? be the (N + 1)-st column of U.

6. Find N roots of the polynomial Z%:o Uy 2™ with the largest moduli and denote these

roots by (1,Cz, .- -, (n-



7. Compute the N weights w,, 1 <n < N, by solving the linear least squares problem for

the overdetermined Vandermonde system

N
P =Y wal, for 0 < m < 2M.
n=1

8. Compute parameters -, using formula (6).

Remark 1 This algorithm works for functions defined on [0,1]. To apply it to a function f
defined on a finite interval [a,b], a < b, we could consider the function f(t) = f (t(b — a) + a)
fort €[0,1). For a function defined on an infinite interval, such as [0,00), the interval could
first be truncated to a finite interval, say [a,b] C [0, 00), then the finite interval could be mapped

to the standard interval [0, 1] and the same approzimation could be applied to [0, 00)\[a, b].

Remark 2 For a general function the number of sample points is not known in advance. Thus
M should be large enough or be increased gradually until a satisfactory accuracy is achieved.
All critical points of the approximated function should be sampled. For example, for the HS
function h(zx), both x =0 and x =1 should be sampled.

Remark 3 In practice it is not necessary to compute Hy’s Takagi factorization explicitly.
From the spectral theorem for Hermitian matrices [6, pp. 171] we know that there is a real
orthogonal matriz V and a real diagonal matriz A = diag(Ao, A1, ..., Anm), with |N;| decreas-
ing, such that Hy, = VAVT. Noting that generally Hy, is not positive semidefinite, A may
have negative element(s). Thus VAVT is not necessarily the Takagi factorization of Hy,.
However, we could construct a Takagi factorization based on its spectral decomposition in the
following way. Let 3 = diag(|X\ol, |A1l,-- -, | Am|) and U = (ug,uy, ..., un), where u,, = vy,
if Am > 0; and U, = /=1, if A, < 0. It is easy to check that U is a unitary matriz and
H, = UXUT,

Remark 4 To compute w, from the linear least squares problem in Step 7, the N roots de-
termined in Step 6 must be distinct. If this condition is not met, w, should be computed by
a different method [1], [9]. This condition may be difficult to verify in theory. For numerical

solutions, we should check its validity, as suggested by Beylkin and Monzon.



2.2 Application to the HS function

In this subsection we apply Beylkin and Monzén’s method to the hockey stick function h(x).
Recall that h(x) is defined on [0, 00). The infinite interval is first truncated to a finite interval
0, 0] for a large enough b. (In fact b = 2 is large enough as explained below.) Then h(b-t) is
sampled at 2M + 1 points:

(

i1 —bt, ifbt, <1
B = h (b)) = { :

'LO otherwise

where t,, = 537 and 0 < m < 2M. To guarantee the critical point x = 1 of h(x) is sampled, it

suffices that bt,, = 1 for some m. This implies that % must be an integer. The corresponding

Hankel matrix Hy, is

i 1 _ﬁ 1_2ﬁ ﬁo oo 0]
_ﬁ 1_2ﬁ e 0 0 o 0

H, _ 1—2‘ﬁ 0 0 0
00 000
L0 0 0 0:0 0

To keep the neat form of Hy, it may require that b > 2. If b < 2, the last nonzero row of Hy,
may have more than one nonzero elements. A direct consequence of this is that the properties
of the approximation discussed in Section 3 may not hold. Thus in the remainder of this paper

it is assumed that b > 2. Let N = % and

N ON-1 N-2 - 1]
N—-1 N—=-2 o 0
Hy=|N—-2 ... e o0l (7)
1 0 0 0
Then we have
b Hy 0
= b | Hvi0] ®)



where 015 and 05, are zero matrices of the proper dimensions.

Let UXUT be a Takagi factorization of Hy, where ¥ = diag(on,on, ..., 0nn) and

ON1 > Opp = - > onn > 0. Then a Takagi factorization of Hy, can be obtained by

b [ U on] 5 0n][UT of]

H,= .
2M 0{2 I22J 0{2 022J 012 IQQJ

Remark 5 Proposition 1 in Section 8 together with Theorems 2 and 3 of [1] imply that, for a

giwen accuracy €, M must be large enough such that iﬁ < €. From this relation and noting

that N' = %, we can see the only requirements are b > 2, % 1S an integer and

1
N > o (9)

Thus we choose b = 2 for simplicity and N = M > ﬁ.

Once Hy's Takagi factorization is computed, we take uy = (ug, ug, ..., un—1)? to be the
last column of U. Then find the N'—1 roots (i, (o, . .., {y—1 of the polynomial Zﬁ;’ol upz" = 0.

Next the N/ — 1 weights w,, are obtained by solving

N—-1
h,, = Z W, for 0 < m < 2M,

n=1

in the least squares sense. Finally, parameters v, are obtained following formula (6).

In summary, the algorithm for determining coefficients w,, and =, is (note that b = 2):

1. Input € as given accuracy.
2. Find the smallest integer N such that N > 4%.

3. Compute the spectral decomposition of the matrix Hy = VAV,

4. Let u = (ug,uy,...,uj_;) be the last column of V.
5. Find all roots (1, (s, . .., (x—1 of the polynomial Zﬁfz_ol up2™ = 0 and check whether they

are distinct. If they are not distinct then exit.
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6. Solve h,, = Z/X:_ll wpC™, 0 < m < 2N, in the least squares sense for wy,.

7. Compute 7, = 2N log (,.

Before ending this section we want to say a little about w, and ~,. As mentioned in
Remark 3, uy is either a real vector or the product of a real vector and the imaginary
unit v/—1. In either case, the roots of Zfl\/:_ol upz™ = 0 will always be either real or pairwise
conjugate. Thus w, are also real or pairwise complex conjugate, correspondingly. That is, if ,
is real, then w, is real too; whereas, if (; and (; are conjugate, then w; and w; are conjugate too,
and vice versa. Furthermore, since 7, = 2N log (,, we can see that exp(vy,) = CﬁN possesses
the same conjugacy property. Thus w, exp (y,z) are either real or pairwise conjugate for all
real 2. This result simplifies the calculation of e () = SV w, exp(ynz). For real w, the
term w,, exp(y,z) is evaluated as usual, whereas for the conjugate pair indexed by i and j, only
one term needs to be evaluated, say w;exp (7;x), and then the contribution of the complex
conjugate pair of terms is 2R (w; exp (7;x)), where R(z) denotes the real part of the complex

number z.

3 Properties of the approximation

In this section we discuss some properties related to this approximation. Noting that the

diagonal matrix X is the same as the diagonal matrix of Hy/’s singular value decomposition,

we call on, n=1,2,..., N, its singular value. Direct calculation shows that
1
1 =2
1 -2 1
Hy = (10)
1 -2 1
1 -2 1




Proposition 1 As N tends to infinity, the smallest singular value o of the matriz Hy

tends to 1/4.

Proof Since Hy  is nonsingular, its singular values are positive. Proving that ox tends to
1/4 as N tends to infinity is equivalent to proving that oy, the largest singular value of

HX/I, tends to 4 as AV tends to infinity.

From Gerschgorin’s theorem [5, pp. 320] [6, pp. 344] [12, pp. T71], we know that all

eigenvalues of fol lie in the disc
D={zeC:|z| <4}.

Since Hj/! is real symmetric, we can conclude that all singular values of Hy/ are bounded

by 4. Therefore, it suffices to prove that o/ approaches 4. To this end, note that, if A is

a symmetric matrix, then maxyg ‘A;x = Amax, Where Ay is the largest eigenvalue of A.
-T
Hence, if for each A/, we can find a vector x,s such that the Rayleigh quotient —HTLHNM —
XNX
16 as N/ — oo, then we can conclude that Uﬁv — 4 as N — 0.
For even N > 6, let N = 2n. Define a vector xnr = (21, 2o, ..., 2x)" by
ry = 1,
T =Tn_ipo = (1) Hi—1), fori=2,3,...,n
Tntl = —Tp.
Through direct calculation we obtain
n—1
xyxy =142> %+ (n—1)% (11)

=1



and

H-

which implies

x v HY Hy'xy = 104242 i + 4°(n — 1) + 2(4n — 5)°.
=1

1
N XN =

(“1)"(4n = 5)
(—1)"4(n — 1)
(—=1)"(4n —5)

n—2

This result together with (11) implies that for large even N

—Tyr—1 -1,
X}\}HN HNXN ~ 242 Z?:]_ 22

xAxn

Therefore, the largest singular value of fol approaches 4 as N’ — oo.

For odd N > 7, let N’ = 2n + 1. Construct an N-vector xyr = (1, T2, . .

T = Tn_ip1 = (—1)%, fori=1,2,...,n,

Tnt1 =

—Xp.

Similar to the case for even NV, we have

252

n
x;{/x/\/ = 222’2 +n?,

i=1

10

o)t with

(12)



Holxy = | (D™ (dn 1) |,
)

(—1)"4(n —1)
I —8 |
xVH Hyxy = 17+2-42Y (i — 1)2 + 2(4n — 1) + 4%n°. (13)
=3

Thus, from (12) and (13) we have that for large odd N

—Trr—1 .
X}C[HN Hyxy 2 425" 02 _ 16
XAXN 250 2

The proof is completed.

As explained before, uys is either a real vector or the product of a real vector and the
imaginary unit. In either case, the next three propositions hold. For simplicity we assume in

the proofs that uys is a real vector.

Proposition 2 The smallest singular value opn satisfies the relation oaryonro < oy, N>
2.

Proof Let Ay be the eigenvalue of Hy corresponding to oan and uy = (ug, 1, ..., un—1) €

RV be a corresponding eigenvector. Thus Hyuy = Ayuy. Without loss of generality, assume

|lunl2 = 1. Consequently, ulH  uy = o3/

11



Now we show that ug and u; cannot be zero simultaneously. Suppose ug = u; = 0 for

some N > 2. Note that Hy'uy = A\yuy. That is

| 1 1T U ] i Ug ]
1 -2 Ug Uy
1 =2 1 U U
=\ (14)
1 =2 1 UN—2 UN—2
_1 -2 1 | [unv—1] | UN—1 ]

By comparing the two sides of the system of equations, we obtain uy_; = 0 from the first
row; then un_o = 0 from the second row; and then uy = ug = 0 from the last two rows.

Continuing this process we end with uy = 0, which contradicts uy # 0.

Let upyo = (0,0, ug, uy, ..., un—1)7, then [[upiolls =1, and
| Hiuy |
H/ounie = [ —2u0 +
Up

Furthermore we have

-2 Tyr-2 T T -2
ON+2N+2 = HIE”@L:}%X Hyox' 2wy, Hydhunye
= u HH uy + (v — 2u0)? + ul
= oA~ 2up)’ 418
> 0/(5\/.
The last inequality follows from the observation above that uy and u; cannot both be zero.

This completes the proof.
Proposition 3 wuy # 0 and up_1 # 0 for N > 4.

Proof From equation (14) we know that ug = 0 implies ux—; = 0, and vice versa. We will

finish the proof by way of contradiction. Suppose that for some N we have ug = 0. Then by

12



equation (14) we have

I S o Y Yo | ] Yo
1 -2 U1 U1
1 =21 U2 Uz
=\
ol =2 ] UN2 UN=2
L1:-2 1 J LUn—-1] LUN-1 ]
Since ug = up—1 = 0, deleting the first and the last rows (columns) of the matrix and

correspondingly the first and the last elements of uys, i.e., ug and un_1, results in a new

system of equations

1 U1 U1
1 -2 U2 U2
= )\Kfl ’
|1 -2 1 || Un—2 | UN—2 |
which says that Ay is an eigenvalue of Hy_p. Note (u1,...,un_2)T # 0, otherwise uy = 0,

which contradicts the definition of an eigenvector. By definition, opx—ap—2 < |[Ay|. However,
onn = |Av|, whence oy > o2 a2, which contradicts Proposition 2. Thus we conclude

that ug # 0. This completes the proof.

N-1

Since ug # 0, zero is not a root of )"~

up 2" = 0, 1.e., ¢, # 0. To locate ¢, we apply

Schur’s Theorem:

Theorem 1 (Schur) /11, pp. 220] [10, pp. 109] The roots of the polynomial
co+crz+ - Fep 12" 42" =0

are on or within the unit circle if and only if the quadratic form

I
—

[(Cn$i + Cn—1Ti11 + -+ Ci+1xn71)2 — (Col’i + C1Ti41 4+ 4 Cn,i,lxn,l)Q] (15)

Il
=)

)

is positive semidefinite.

13



N-1

Proposition 4 All the roots (1,Ca, ..., -1 of the polynomial 7, "5 u,z" = 0 are on or

within the unit circle and they are either real or pairwise complex conjugate.

Proof Let N' = A — 1; then the polynomial of interest can be written as Zﬁfzo u,z" = 0.

As explained in Section 2.2, all its roots (i, (s,...,(y_1 are either real or pairwise complex

conjugate. To prove that all roots are on or within the unit circle, it suffices to prove the

quadratic form
N-1

) K@W@V+UN7N%+1+"“+uwaN702_
n=0

is positive semidefinite. Note that this claim is implied by the positive semidefiniteness of the

(onn T UITpg1 + 00+ “anfﬂj\ﬂl)?] (16)

quadratic form
N 2 2
> [(uNmn 4+t U T+ una:N) — (uoxn + o UN 1T F uan:cN) ] ,
n=0

or equivalently the positive semidefiniteness of the matrix

c’'c -D'D,
where i i
UN UN_l UO-‘ (UO (751 U./\‘/—
Uy U U Uy
C _ N 1 D— 0 N—-1 (17)
_ g | u |

From Proposition 3 we know that uy # 0, so C~! exists. Therefore
c'c-D'D=C"(I-Cc'D'DC™)C.

Let Y = DC™!. It is easy to verify that

1 -2 1

= \WPH,/,

14



where Ay # 0 is the eigenvalue of Hys that corresponds to the eigenvector uys, i.e., Hyupy =

Ay, and

is a permutation matrix. Consequently,
Y'Y =\ H/P-PH = o vHY HY' = o3 Hy

since |A\v| = oan and P71 = P. Let Hy = VAVT be the spectral decomposition of Hyy,
where A = diag(Ai, X, ..., M), [An| = oam, for 1 <n < AN, and VIV = 1. Thus

I-Y'Y =V [I- 03 A2 VT =V I -0}y [diag(on, ona, - .. o)) 7] V7.

Since opr > ope > ... > oy > 0, I — 03 [diag(on, opa, - - - ,UN‘N’)]_2 is positive semidefi-
nite. Thus CTC — DD is positive semidefinite. This completes the proof.

Since v, = 2Mlog (,,, Proposition 4 implies that R(~,) < 0, but all our numerical results
show that all roots ¢, are strictly within the unit circle, whence R(v,) < 0. Thus exp(y,)
converges to zero as x goes to infinity. This leads to the following conjecture.

N-—-1

Conjecture 1 All the roots (i,(a, ..., -1 of the polynomial Y7, "5 un,z™ = 0 are strictly

within the unit circle.

4 Numerical results

Presented below are plots related to different numbers, N, of terms in the exponential ap-
proximation hey, () to the hockey stick function h(x). In Figure 1 we plot the parameters for
the 25-term exponential approximation. Conjugacy of w, and also =, is clearly shown in the
plot. In Figure 2 we present the singular values of the Hankel matrix ﬁH ~ associated with

this 25-term exponential approximation.
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o

T

L

Re(y)

Figure 1: The parameters w, and =, for the 25-term exponential approximation

Finally in Figure 3 we plot the approximation errors of the 25-; 50-, 100-, 200-, and
400-term approximations over the interval [0,30]. From these plots we can see that the

approximation errors for all five choices of N converge to zero as the variable x increases.
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Figure 3: The panels from top to bottom are the approximation errors of the 25-term to 400-

term exponential approximations to the HS function over [0,30], with the number of terms

doubling in successive panels.
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