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1 Introduction

Multiple-valued logics [2] provide an interesting alterna-
tive to classical boolean logic for modeling and reasoning
about systems. By allowing additional truth values, they
support the explicit modeling of uncertainty and disagree-
ment.

In order to do temporal reasoning over multiple-valued
systems, we must extend a classical temporal logic to
the multiple-valued case. For instance, the branching-
time temporal logic CTL is a fragment of the modal � -
calculus [5]: it has conjunction, disjunction, negation, two
next-time operators, weak (EX) and strong (AX) [4], and
several additional temporal operators described as least or
greatest fixpoints. For example, the property ����� , “even-
tually � may become true”, is the least fixpoint:

�����
 !��"$#&%'�)(
%'�+*,".-/-

and 0$12� , “ � holds everywhere”, is the greatest fixpoint:

0$12�
 435"6#7%'�98
%'0.*,":-;-
The necessary conditions for finite-time convergence of
fixpoint computations are the finiteness of the state-space,
the finiteness of the set of state valuations, and the mono-
tone increasing property of ��* and 0$* .

The intuitive idea of the weak next-time operator ��*:�
is “there exists a successor state where � holds”. If <
is the (finite) state-space, and = the system’s transition
relation, then for any state > :

%?�+*@��-A%?>B-� 4C�>ED�FG<IHJ%'=K%?>MLN>&DO-�8)�P%?>EDO-;-

The sense of 0$*:� , however, involves causation: “if there
is a transition to state > D , then � holds there”, and is de-
fined using implication:

%'0.*@��-Q%R>B-� TS�> D F9<
HJ%?=K%?>MLU> D -�VW�P%?> D -;-

In this work, we focus on possible multiple-valued gen-
eralizations of 0.* . We begin with a review of multiple-
valued model-checking, described in greater detail else-
where [3]. We choose to use finite sets of truth values,
in order to guarantee finite-time convergence of fixpoints.
Following that, we state the conditions for implication op-
erators which both correspond to intuition, and allow a
monotone increasing 0.* to be defined, which is needed
to prove the existence of fixpoints. As an example, we
choose three implications for a particular multiple-valued
logic, and discuss the relationships between them, and
with �+* . Finally we show a structural condition on both
multiple-valued models and implications that allows us to
guarantee that 0$* is stronger than ��* , while still permit-
ting flexibility in modelling partial systems.

2 Background

Let X be a finite set of logic values, partially ordered
by truth degree. We use sets of truth values that have
the structure of a De Morgan algebra [6] %'X.LAY,L[Z�LN\�LN]�- :
a distributive lattice with an antimonotonic and involute
negation operator ] : if ^WY`_ , then ]a_bYc]a^ , and
^edf]�]a^ . The least element of the lattice is denotedg

, and the highest element h . Figure 1(a) shows the truth
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Figure 1: (a) Lattice for 3-valued logic, and (b) table for
its De Morgan negation.

ordering for a 3-valued logic, and Figure 1(b) defines the
De Morgan negation. Here h =T and

g
=F.

A � Kripke structure [3] is a tuple %?<�LN>��JL/= L��5L�� L�� -
where:

1. < is a finite state space, > � an initial state;
2. � d %'X.L&Y,LNZ�LN\�LN]�- is a De Morgan algebra;
3. =
	�<�� <TV X is a (valued) transition relation, as-

signing degrees of truth to transitions between states;
4. � is a finite set of state variables;
5. �
	 <���� VWX is the interpretation function assign-

ing values to variables in states.

Some examples of � Kripke structures are shown in Fig-
ure 2. The form of = is constrained to ensure that states
have successors. In classical Kripke structures, this total-
ity condition is formalized as S�> H C�> D H = %R>MLU> D - . There
are three possible ways to generalize this condition for
� Kripke structures:

S�>6H&C�> D H&=K%?>MLU> D -+d4h (strong totality)
S�>6HJ%����������$= %R>MLU> D -/-�d h (join totality)
S�>6H&C�> D H&=K%?>MLU> D -��d g

(weak totality)

All of these definitions collapse to ordinary totality in the
classical case; and in the three-valued case, strong total-
ity and join totality coincide. For example, the � Kripke
structures of Figure 2 satisfy weak totality, but not strong.

A temporal logic formula is interpreted in a given
� Kripke structure as a map < V X . For � F�� , and
formulas � and � , some of the connectives are defined as
follows:

� %R>B-  ��%?>ML � -
%'�98��P-Q%R>E-  �P%?>B-�Z��@%?>B-
%'��*:��-Q%R>E-  ����������%?= %R>MLU> D -�8 �P%R>E-/-

For example, ��*:� in state > of Figure 2(b) is computed as
%'=K%R>JL��;-QZ+�P% �;-;-Q\.%'=K%?>ML"!�-QZ�� % !�-/-�d % # Z$#I-Q\$%%# Z���-�d
# \ � d&# . The other connectives are defined similarly,
and fixpoints have the standard definition.
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Figure 2: Example multiple-valued Kripke structures.

3 Multi-Valued Implications

A common approach to defining implication for multiple-
valued logics is through residuation of a monoid opera-
tion on the logic values [1]. We take a simpler approach:
defining the criteria for an implication, and then exploring
the space of candidates for applicability.

We propose the following criteria for a useful implica-
tion operator V , for all ^�L;_�L�-KF)X :

% g V ^�-�d h (vacuity)
if ^ Y _ then % - V ^�-PY % - V _�- (monotonicity)
%Rh V ^�-PY ^ (sub-identity))
%Rh V h2-+d4h L&% g V h2-+d4h (reduction to classical)
% g V g -+d4h L&%Rh V g -+d g

The reason for the vacuity condition is as follows: sup-
pose, for some state >)F < , 0$*:� has a computed value.
Now we adjoin some new state � to < , with no transition
from > to � ( =K%?>ML"�;-�d g

). The value of 0.*:� in > should
not change!

Monotonicity guarantees that 0$* , as defined using V ,
is also monotonic, which is required for the existence of
a fixpoint. The sub-identity rule formalizes the intuition
that the statement h V ^ indicates that “under any condi-
tions, ^ holds”, and it does not make sense for this expres-
sion to be any more true than the truth value of ^ . Finally,
we want the implication to behave classically when only
classical truth-values are used, since if we define a system
using only h and

g
as values, then analysis should yield

the same results as classical model-checking.
Under these conditions, a 3-valued logic yields 33 pos-

sible implication operators, so we restrict our attention to
three: material implication, defined as ^ V + _ d!]a^�\�_ ;
Gödel implication, where ^ V�.!_ deh if ^ Y _ , and _
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Figure 3: Material ( V + ), Gödel ( V�. ), and Łukasiewicz
( V�� ) implication tables for the 3-valued logic of Figure 1.

otherwise; and Łukasiewicz implication, which is defined
on an � -valued, totally ordered logic by mapping truth
values into the fractions

��� � . The tables for these impli-
cations are shown in Figure 3.

4 Strong Next-time Operators

In this section, we define three different 0$* operators
using multi-valued implications, and give some of their
properties. We also discuss the ordering between these
operators: for one operator to be stronger than another
corresponds to the intuitive notion that it is a more con-
servative definition of “in all next states”.

For an implication operator V , we define a strong next-
time operator as follows:

%?0$*2��-Q%?>B-� ������� %?=K%?>MLU>ED7-�VW�P%?>EDO-;-

Using the three implication operators, we define three
next-time operators, 0$* + , 0$* . , and 0$* � . Since the
monotonicity rule holds for all three implications, the 0$*
operators are monotonic as well:

Proposition 1 If � Y�� , then 0$*��a�TY!0.*	� � , for � F
�� L�
KL���� .
Any ordering between implication operations is inher-

ited by the 0$* operators defined using them:

Proposition 2 For any V � LNV��.LU0$* � LU0$*�� , with
� L�� F 
�� L�
KL���� , and any formula � :
��� S�^�L;_ HJ% ^)V��G_�- Y % ^)V � _�-�������� 0$* �a� YT0.* � �

By inspection, it is easy to see that the following relation-
ship holds:

0.* + � \ 0.* .+� d!0.*	��� (1)

In general, for � -valued logics, Equation 1 does not
hold; a simple counterexample in the 5-valued totally-
ordered logic can be found.

5 Relationships Between Next-time
Operators

We are interested in how 0$* relates to �+* , and also to
its dual ]��+*,] . Under strong totality, 0.*@� Y ��*:� ; un-
der weak totality, this ordering does not necessarily hold.
In the 3-valued case, join totality is equivalent to strong
totality, but whether join totality guarantees the correct
ordering remains an open question in the general case.

We state the result for strong totality more formally:

Proposition 3 For all states > , if strong totality holds,
then 0.*@� YT��*.� .

Proof:
By strong totality, for any state ! , there is !#"%$'& such that(	) !�*+!#"-,/.�0 . Then:

)214365 , ) !7,�8 )2(�) !9*+! " ,;: 5<) ! " ,=,<8 5<) ! " ,
by sub-identity. In turn:

5<) ! " ,/. (�) !9*>! " ,@? 5<) ! " ,<8BA 365

and thus the desired property holds:

Looking at the proof of Proposition 3, we can see that
a weaker condition is possible. In order to define this in a
simple manner, we need to state that if our next-time op-
erators are correctly ordered in all propositional variables� and their negations ] � , then they are also correctly or-
dered for any temporal logic formula:

Lemma 1 Let ��* and 0$* be monotonic operators. If,
for all � F�� , 0$* � Y ��* � , and 0$*@] � Y �+*2] � , then:

0$*@� YT�+*@�

for all temporal logic formulas � .
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We can also define a weaker condition ensuring
0$*2� Y �+*@� . We call this condition sufficient totality,
and it is defined relative to the 0.* operator being used.

Theorem 1 If for all � F�� , and >,F < :

C �[L�! F <IHE= %R>ML"�;-+V � %��;- Y = %R>ML"!�-�Z � %�!�-
with � �d ! , and

C �[L�! F <IHA=K%R>JL��;-+V ] � % �;-PY = %R>ML"!�-�Z ] � %�!�-
then 0$*:� Y ��*:� in all states.

Proof:
Direct, and by Lemma 1.

In Figure 2(a), we have a � Kripke structure which is
only weakly total. It is sufficiently total for 0$* . , but not
for either of the other strong next-times: here �+*@� d �
and 0$* + � db0.*	��� d # . In this case, our analysis
seems to say that, on the one hand, there is no transition
to a state where � holds; but, on the other hand, maybe
� holds in any next state! By contrast, the structure in
Figure 2(b) is sufficiently total for all three 0$* opera-
tors. In this case, 0$* + � de0$* � � d �+*.� d
# , and
0$* . � d � .

We conclude with observations about the connec-
tion between ]��+*2] and 0$* operators. By definition,
0$* + � d ]��+*@]�� , and thus:

Proposition 4 ]����I] is stronger than 0.* � :

]���*@]�� YT0.*	���
and incomparable with 0$* . .

We might say that 0.* � is the most “optimistic” strong
next-time operator.

6 Summary and Future Work

This work reports on our first investigations of the space
of strong next-time operators for multiple-valued tempo-
ral logic. We have stated axioms for implications that can
be used to define an 0.* operator, and discussed the rela-
tionships among candidate operations and their relation-
ship to �+* . Finally, we have given a weaker totality con-
dition for � Kripke structures which is parameterized in
the choice of 0.* .

In the future, we plan to generalize this work to any
(finite) multiple-valued logic, and discover more general
relationships between classes of multiple-valued implica-
tions, and thus between the 0.* operators they define. As
well, we hope to find applications in verification for the
different 0.* operators, and incorporate them into our ver-
ification framework [3].
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