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Abstract
In earlier work [9], we defined CTL model-checking over

finite-valued logics with De Morgan negation. In this pa-
per, we extend this work to logics with intuitionistic, Ga-
lois and minimal negations, calling the resulting language�

CTL. We define
�

CTL operators and show that they can
be computed using fixpoints. We further discuss how to ex-
tend our existing multi-valued model-checker

�
Chek [8] to

reasoning over these logics.

1 Introduction

Logics with non-classical negation have a number of ap-
plications in modeling and reasoning about systems. For ex-
ample, intuitionistic logic can be used for program analysis
and optimization [2] and for investigating safety properties
of behaviours of reactive systems [1]. Such logics provide
a setting for the study of composition and refinement rules,
and a framework for the use of the modular specification
methods. Further, De Morgan logics with finite number of
elements can be used for aggregating information coming
from different sources [14], for reasoning about partial sys-
tems [5, 16], for compiler optimization [24], and for query-
checking [15].

In [6, 7], Chechik et al. introduced model-checking
over quasi-boolean logics. They built

�
Chek [8] – a multi-

valued symbolic model-checker which generalizes an ex-
isting symbolic model-checking algorithm to allow reason-
ing over a multi-valued extension of CTL (

�
CTL). Given a

system expressed as a
�

Kripke structure – a multi-valued
extension of a classical Kripke structure – and a

�
CTL

property,
�

Chek returns the degree to which the system
satisfies the property. The original work considered those
logics where the truth values form a finite quasi-boolean
distributive lattice and the conjunction and disjunction are
interpreted as the meet and join operations, respectively,
of the lattice. Further, the negation in this logic was De
Morgan, ensuring the preservation of involution of negation
( ��������� ) and De Morgan laws.

In this paper, we extend
�

CTL model-checking to rea-
soning over other logics with non-classical negation, in par-
ticular, intuitionistic, minimal and Galois. Such logics are
often used for specification and reasoning, and our plan is to
develop an automatic verification procedure for cases when
the number of truth values is finite. The goals of this paper
are: (1) to define

�
CTL operators directly; (2) to establish

relationships between them; and (3) to ensure that these op-
erations can be computed using fixpoint operations. Our
results allow us to extend

�
Chek to reasoning over these

logics. Further, this work sets the stage for model-checking
over various other non-classical logics.

The rest of this paper is organized as follows: Section 2
gives a short introduction to classical CTL model-checking.
Section 3 defines the non-classical logics used in this paper.
Section 4 formally defines

�
Kripke structures and

�
CTL

operators and studies their properties. The main result of
this paper is given in Section 5, where we show that our
definitions of

�
CTL operators satisfy classical fixpoint for-

mulations of their CTL counterparts and discuss adequate
sets for

�
CTL. We conclude in Section 6 with a summary

of the paper and directions for future work.

2 Classical CTL Model-Checking

In this section, we give a brief overview of classical
CTL model checking. CTL model-checking is an automatic
technique for verifying properties expressed in a proposi-
tional branching-time temporal logic called Computation
Tree Logic (CTL) [11].

The language of CTL is the language of propositional
logic augmented with unary temporal operators �
	 , ��	 ,
��
 , ��
 , ��� , and ��� , and binary temporal operators ���
and ��� :

1. Constants TRUE and FALSE are CTL formulas.
2. Every propositional variable is a CTL formula.
3. If � and � are CTL formulas, then so are ��� , ����� , ���
� , �
	�� , ��	�� , ��

� , ��

� , ��� ������� , ��� ������� ,
���
� , ���
� .
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A model of CTL is a Kripke structure, consisting of a
set of states � , a transition relation ��������� , an initial
state �
	��
� , a set of atomic propositions � , and a label-
ing function ����������� , which maps a state to a set of
atomic propositions that are TRUE in it. � must be total,
i.e, ����������� �!�"�#� $%�'&(�()*�#� . Properties are evaluated
on a tree of infinite computations produced by the model.
Finite computations are modeled by adding a self-loop to
the final state of the computation. The standard notation+ &,�.- � � indicates that a formula � is TRUE in a state �
of a model

+
. If a formula is TRUE in the initial state, it is

considered to be TRUE in the model.
The logic connectives � , � and � have their usual mean-

ings. The existential and universal quantifiers � and � are
used to quantify over paths. The operator 	 means “in the
next state”, 
 represents “sometime in the future”, � is “un-
til”, and � is “globally”. For example, �
	�� is TRUE in
state � if � is TRUE in some immediate successor of � , while
��	�� is TRUE if � is TRUE in every immediate successor
of � . ��

� is TRUE in � if � is TRUE in the future along
some path from � ; � � � � � � is TRUE in � if along some
path from � , � continuously stays TRUE until � is TRUE.
���
� is TRUE in � if � is TRUE in every state along some
path from � . ��

� , ��� � � � � and ���
� are defined sim-
ilarly, replacing the quantification over some paths by the
one over all paths. In summary,

/�0(13254 6#798;: 7*<>=@?A132CB/#0(132D4 6#EGF 8;: /#0(132IH4 6"F/#0J1 2 4 6#FLKNM 8;: /#0(1 2 4 6"FOKP/#0J1 2 4 6�M/#0J1Q254 6#FLRNM 8;: /#0(132G4 6"FORP/#0J1Q254 6�M/�0(132D4 6#SUTVF 8;: W�XD<ZYV[\?A132]0]X^B_<L`aKb/#0^XI4 6#F/#0c132G4 6#d�TVF 8;: e XD<ZYV[\?A132]0]X^B_<L`#fg/�0]Xh4 6�F/#0c1 2 4 6"SjiUF 8;: kJlnm,oJmIm,p�8;q]kJqGq^rts!mIu vQkJlN1 2 0(1 2xwzy 0
{|{;{ [_e�}�~.��[3/#0(1J��4 6�F/#0(132G4 6#d�iUF 8;: ��r
o5m���mco^��u vQkJl!132^0(132xwzy�0 {;{;{[�e�}!~.��[Q/#0(1J��4 6"F/�0(1 2 4 6"S���F 8;: kJlnm,oJmIm,p�8;q]kJqGq^rts!mIu vQkJlN1 2 0(1 2xwzy 0 {;{;{[\W
}!~.��[Q/#0(1J��4 6"F/#0(13254 6�d���F 8;: ��r
o5m���mco^��u vQkJl!132^0(132xwzy�0
{|{;{ [�W
}�~.��[3/#0(1 � 4 6�F/�0(1 2 4 6�S!� F���MG��8;: kJlnm,oJmIm,p�8;q]kJqGq^rts!mIu vQkJlN1 2 0(1 2xwzy 0 {;{;{ [Wt}�~.��[Q/�0(1J��4 6�M.Ke���[,�5���*��}j�g/#0J1���4 6#F/#0(1 2 4 6�d�� F���MG��8;: �n�
��m���m,o^��u v�kJl!1 2 0(1 2 w�y 0 {;{|{ [Wt}�~.��[Q/�0(1 � 4 6�M.Ke���[,�5���*��}j�g/#0J1���4 6#F

The “until” operators are strong, i.e., ��� � � ��� and
��� � � ��� are TRUE only if eventually � is TRUE.

A number of identities hold between CTL operators [18,
12]. We list a few of them here.
dj� F���M5�¡6 E�S!� EzM��#E¢F>K>E�MG��KE�SjiUE�M

(
d��

and
S��

)d£TVF 6 E�SUTVE¢F
(
d£T

and
SUT

)d���F 6 d�� ¤"�#F��
(
d��

and
dU�

)

S���F 6 SN� ¤"�#F��
(
S��

and
S��

)d�iUF 6 E¢S���E¢F
(
d�i

and
Sj�

)SjiUF 6 E¢d���E¢F
(
Sji

and
d��

)

Clearly, many CTL operators are redundant and do not need
to be computed directly.

Definition 1 A set ¥ �§¦�¨t©�&�ªxªxª &,¨Q«^¬ of temporal CTL oper-
ators is adequate if the interpretation of all CTL operators
can be obtained from the results of the interpretation of el-
ements of ¥ and propositional operators ¦ ��& ��& ��¬ .
For example, some adequate sets for CTL are ¦ �
	 , ��� ,
���>¬ and ¦ �
	 , � � , � �>¬ [18, 12]. A complete study of
different adequate sets of CTL operators is given in [21, 20].

Alternatively, CTL operators can be described using
their fixpoint formulations, as shown in Figure 1. This de-
scription is most useful for symbolic model-checking [22].­5® ª°¯_$ ® ) and ± ® ª°¯_$ ® ) indicate the least and the greatest
fixpoints of ¯ , respectively.

3 Logics with Non-Classical Negations

In this section, we discuss the properties of the logics we
consider in this paper. Our logics are presumed to have a
finite number of truth values. Rather than giving a proof
system for each logic, we define conjunction, disjunction
and negation on the truth values of the logic. This is ap-
propriate for the goals of model-checking, where we seek
to determine properties, expressible in CTL, of particular
models. The fact that there is a finite number of truth values
guarantees convergence of fixpoints during the computation
of CTL formulas over such logics.

We are concerned here with non-classical negation; con-
sequently, classical properties of conjunction and disjunc-
tion operators are retained, that is, we presume that con-
junction and disjunction are each associative, commutative
and idempotent, and that conjunction and disjunction dis-
tribute over each other. Such properties are easily guaran-
teed if we require that the truth values of the logic form a
finite distributive lattice, where conjunction and disjunction
are meet and join, respectively. In what follows, we use the
same symbol for the logical operators and their correspond-
ing lattice operators.

Definition 2 A lattice is a partially-ordered set ( ² , ³ ) for
which a unique greatest lower bound, denoted by � and re-
ferred to as meet, and a unique least upper bound, denoted
by � and referred to as join, exist for each finite set of ele-
ments. Meet and join over an empty set are referred to as
top ( ´ ) and bottom ( µ ), respectively.

We use the equality sign to denote the identity relation be-
tween different lattice elements:
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���
� � ± ® ª � � ��	 ® $ �����������	��

��)
���
� � ± ® ª � � �
	 ® $ ��������������

�3)
��

� � ­5® ª � � ��	 ® $ ��
��������	��
��3)
��

� � ­5® ª � � �
	 ® $ ��
�����������

�3)

��� � � ��� � ­5® ª � ��$ � � ��	 ® ) $ �����������	��

��)
��� � � ��� � ­5® ª � ��$ � � �
	 ® ) $ �����������	��
��3)
Figure 1. Fixpoint formulations of CTL operators.

7�6���� 7N����K����.7
(identity)

Since the join operator gives rise to a partial order (de-
fined as ��³�� iff ��������� ) we shall henceforth denote a
lattice by $ ²�& ��& �I) , and presume that the associated partial
order is the one determined by the join. � and � are isotone
operators:

if
7N���

then
7�K������GK��

(isotonicity)
if

7N���
then

�GK*7*���GK��
if

7N���
then

7�R������GR��
if

7N���
then

�GR*7*���GR��
In what follows, we often refer to notation �V³�� and � ���
to indicate “if � then � ” and “ � iff � ”, respectively.

Given a lattice  �P$A²j& ��& �I) , we describe several unary
operators with properties of non-classical negation � . We
take our inspiration from the recent work by Dunn [13] who
gave the axiomatization of properties of negation for sev-
eral logics and arranged them to form a partial order, based
on the strength of negation. We discuss several logics de-
scribed in [13]: De Morgan, Galois, minimal and intuition-
istic.

Definition 3 A Galois negation, � � $ �"!'& �$#A) , often re-
ferred to as a split negation, defined over a lattice ( ² , � ,
� ), is a pair of unary operators, with properties

7*��E&%'� 6 ����E&(�7
(Galois connection)E&(�? 7�R)��B 6 E&(�7�K E&(*�
(anti-disjunction)E&%]? 7�R)��B 6 E&%�7�KLE&%+�E ( 7�RLE ( � � E ( ? 7UK���B
(sub-anti-conjunction)E&%�7�RLE&%'� � E&%%? 7UK,�3B7 � E&(zE&%�7
(constructive double negation)7 � E % E ( 7? 7!�-��B � ?AE&%+����E&%
7'B
(sub-anti-monotonicity)? 7!�-��B � ?AE&(�����E&(�7'B

The Galois connection property is equivalent to the four
properties in constructive double negation and sub-anti-
monotonicity.

Definition 4 A minimal negation � , defined over a lattice
( ² , � , � ), is a unary operator with the properties of a Galois
negation where � � � ! � � # .

intuitionistic De Morgan

involution, etc.

minimal

self-Galois
classical contraposition

Galois

absurdity

Figure 2. Several logics with non-classical
negation.

Definition 5 An intuitionistic negation � , defined over a
lattice ( ² , � , � ), is a unary operator with the properties
of a minimal negation and with the property:7�KPEz7 6 .

(absurdity)

Definition 6 A De Morgan negation � defined over a lat-
tice ( ² , � , � ), is a unary operator with properties

E_? 7UK���B 6 Ez7UR E/�
(De Morgan)E_? 7UR���B 6 Ez7UK E/�E¢Ez7 6 7

(involution)7N��� 6 E/����Ez7
(anti-monotonicity)

Clearly, any property that holds of a Galois negation
holds for minimal, intuitionistic and De Morgan negations
when we assume � � �0! � �$# . In what follows, we of-
ten state a property for a Galois negation, where the anal-
ogous properties for the logics with stronger negations can
be inferred. Further, it can be shown easily that a De Mor-
gan negation has more properties than a minimal negation.
However, it does not satisfy the absurdity property of an in-
tuitionistic negation. Figure 2 summarizes the relationship
between the different logics we consider here, based on the
strength of the negation operator.

For De Morgan, minimal and intuitionistic logics, impli-
cation ( 1 ) and equivalence ( 2 ) are defined using the law
of material implication:

7��3��� Ez7UR)�
(material implication)7546��� ? 7��6�3B>K§?7�h� 7'B
(equivalence)

3



(a) 32

1

4

��

��

����
����

(b)

�$# �0!
1 4 4
2 3 4
3 4 2
4 1 1

Figure 3. A model of a 4-valued Galois logic:
(a) the lattice; (b) the negations table.

For Galois logics, there are two implication (and conse-
quently, two equivalence) operators:

7���% � � E&%Q7�R��
(material implication)7�� ( � � E ( 7UR,�

7 4-% � � ? 7���%��3BLK ?7�I��% 7'B
(equivalence)7 4-("� � ? 7���("�3BLK ?7�I��(I7'B

Definition 7 We say that  � $A²j& ��& ��& �I) is a Galois
logic, if it is a multi-valued logic where the truth values
form a finite distributive lattice $ ²j& ��& �I) and � denotes a
pair of unary operators $ � # & � ! ) that have the properties of
the Galois (split) negation.

We say that  � $ ²j& ��& ��& �I) is a minimal, intuitionis-
tic, or De Morgan logic, if it is a multi-valued logic where
the truth values form a finite distributive lattice $ ²�& ��& �I)
and the negation is a minimal, intuitionistic, or De Morgan
negation, respectively.

For this paper, the term “multi-valued logic” is used to
refer to any Galois, minimal, intuitionistic or De Morgan
logic. In the literature, De Morgan logics are often referred
to as quasi-boolean logics [4]. We note that our use of the
term “intuitionistic” refers only to logics where the negation
has intuitionistic properties. We are not dealing with logics
where the implication is intuitionistic (Heyting).

Finally, we establish some properties of tops and bottoms
of lattices corresponding to our logics.

Lemma 1 If $ �"!�& �$#C) is a Galois negation over a lattice ( ² ,
� , � ), then

E&(z¤ 6 . E&%t¤ 6 .
(negation of

¤
)

Thus, similar properties hold for logic with intuitionistic,
minimal and De Morgan negations.

For the remainder of this paper, we assume that the dual
property,

E&(/. 6 ¤ E&% . 6 ¤
(negation of

.
)

also holds. Figure 3 gives an example of a 4-valued Galois
logic that satisfies the above conditions. In general, nega-
tion of µ always holds for logics with De Morgan negations
but does not necessarily hold for logics with weaker nega-
tions.

4 Multi-Valued CTL

In this section, we describe multi-valued Kripke struc-
tures, which we call

�
Kripke structures [7], give the defini-

tion of our multi-valued CTL (
�

CTL) operators and study
their properties.

4.1
�

Kripke Structures

Definition 8
+ � $%�_&,�
	n&c�L&,� & �N&  �) is a

�
Kripke struc-

ture, where  � $ ²j& ��& ��& �I) is a multi-valued logic; � is
a (finite) set of propositional variables; � is a (finite) set of
states; �
	#� � is the initial state; � ���O�"� ��² is a
transition relation, assigning degrees of truth to transitions
between pairs of states; and � ����� ²�� is a (total) inter-
pretation function assigning values to variables in states.

Note that a
�

Kripke structure is a completely connected
weighted graph. We also ensure that there is at least one
non-false transition out of each state, extending the classical
notion of Kripke structures. Formally,e�1U<ZYV[QW\X_< Y�[3`�?A1t0CXJB�H6 .
�

CTL is a multi-valued extension of CTL. It has the
same syntax as CTL, except that any 	��.² is also a

�
CTL

formula.
We are now ready to give semantics of

�
CTL operators

on a
�

Kripke structure
+

over a non-classical logic  . We
use the same symbol � to denote both a

�
CTL formula �

and its interpretation in a
�

Kripke structure. The meaning
is clear from the context. Let ��$%��) denote the value of �
at state � . Finally, if we write � ³ � , we mean that �¢� �
��� ��$C��)�³ ��$C��) in any

�
Kripke structure.

For intuitionistic, minimal and Galois logics, we further
presume that

�
CTL has a constant symbol ´ and the in-

terpretation in any
�

Kripke structure is subject to the con-
dition that �¢���O� �@´L$C��) � ´ . For minimal and Galois
logics, we presume that

�
CTL has a constant symbol µ and

the interpretation in any
�

Kripke structure is subject to the
condition that ���L������µL$C��)�� µ . For intuitionistic logic,
for any interpretation and any formula � , $ ��� ���I)Q$%�t) �
µ .

4.2 Next-Time
�

CTL Operators

We start by giving semantics of those
�

CTL operators
that do not include fixpoints [9]:7�?A1�B � ? =@?A1QB^B,? 7'B

?AE¢F�B,?A1�B � E_?AFD?A1QB^B
?AF*K*M_B,?A1�B � FD?A1QB K*M�?A1�B
?AF*R*M_B,?A1�B � FD?A1QB R*M�?A1�B

We proceed by defining the �
	 operator. In classical CTL,
this operator is defined using existential quantification over
next states. We extend the notion of existential quantifica-
tion for multi-valued reasoning through the use of disjunc-
tion. This treatment of quantification is standard [3, 23].
The semantics of �
	 is [9]:
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SUTVFD?A1QB � ��������? `�?A1�0CXJB KLFD?�X^B^B
(def. of

SUT
)

We define ��	 using the conjunction in place of the univer-
sal quantification.

d£TVFD?A1QB � � ���	� ? `�?A1t0%X^BG� FD?�XJB^B
(def. of

d£T
)

Note that the operation � $C�'&c�() 1 ��$ �() yields ´ for those
states where � $C�'&c�() is µ . For a Galois logic, we define a
pair of ��	 operators that differ by the type of implication
used:

d�T % FD?A1QB � � ������? `�?A1�0CXJB¢��%�FD?�XJB^B
(def. of

d£T
)d�T (QFD?A1QB � � ������? `�?A1�0CXJB¢��(�FD?�X^B^B

In what follows, we use a common notation for the different
��	 operators, referring to them as ��	�
��\¨ ��¦
�\& 	(&Q¦�¬'¬ to
indicate ��	 ! , ��	 # and ��	 , respectively.

Definition 9 Let ¥ be a unary operator on
�

CTL formulas.
¥ is monotone if for all

�
CTL formulas � and � , and for

the interpretation in any
�

Kripke structure
+

,

if
e�1�<VYV[QFD?A1�BD�.M�?A1QB

then
e�1U<ZYV[t?��UF�B,?A1�BD�"?���MIB,?A1QB

The proofs of the next two propositions are omitted due
to space restrictions, and appear in [10].

Proposition 1 The operators �
	 and ��	 
 , where ¨ �
¦��\& 	(&Q¦'¬�¬ , are monotone.

Proposition 2 Let ¨Z� ¦��\& 	J&�¦�¬�¬ and either ¨ © � ¨���� ¦�¬
or ¨ © &c¨�����¦
�\& 	J¬�� ¨ ©���
¨�� . Then, for a Galois, intuitionis-
tic, De Morgan or minimal logic $ ²�& ��& ��& �I) , the following
are the properties of ��	 
 and ��	 :

SUTVF � E����QE����QS�TZF
(constructive double negation)d�T � F � E ��� E ��� d�T � Fd£T��,E��,F � E��,SUTVF
(sub-

d�T
and

S�T
)d�T����3F � E����3S�TZE����tF

(contra
d�T

and
SUT

)

Proposition 3 [9] For De Morgan logic, the classical
identity between ��	 and �
	 holds, that is:E�d�TVF 6 SUTVE¢F

(
d�T

and
SUT

)

4.3 Other
�

CTL Operators

In this section, we give the semantics for the remain-
ing
�

CTL operators. The rationale for the definitions pre-
sented below is as follows. Classical CTL operators are
usually quantified over reachable paths in Kripke struc-
tures, i.e., � �g$%�
	n&,� © &��
��&�ªxªxª ) is considered to be a path if
$C�
	�&�� © )��P� ��$%� © &,�
�
) �O� � ª ªxª . However, in

�
Kripke

structures, the value of �L$%�'&(�() ranges over the elements
of the lattice, including µ , and we would like to quan-
tify

�
CTL operators over all paths and then factor in the

level of reachability. Thus, we replace the classical def-
initions, e.g., “for all paths � 	 &��\©\&�� � &�ªxª ªx&,�t« , ��$C�t«%) holds”
and “exists a path �t	�&,� © &,�
��&
ª ªxª &�� « such that ��$%� « ) holds” by
the equivalent expressions “for all states �t	'&,� © &��
��&�ªxªxª &�� « �
$A� $C�
	'&,� © ) �I� $C� © &,�
�
) ��ªxª ª �I� $C� «���© &,� « )() 1 ��$%� « ) ” and “ex-
ist states �
	�&�� © &,�
��&�ªxª ªx&,� « such that $C�L$%�
	�&�� © ) �L� $C� © &,�
�
) �
ª ªxª ��� $C� «���© &,� « )c) � ��$%� « ) ”, respectively.

We start by introducing a formal notion of paths.

Definition 10 A path �h$%��) over a
�

Kripke structure � is a
sequence of states � 	 &,�\©�&�� � &�ªxª ª , where � 	 �O� . Let  >$C��) be
the set of all paths emanating from � .

Our goal is to use the intuition given in the beginning
of this subsection to rewrite definitions of CTL operators to
obtain their

�
CTL counterparts. These definitions can have

several forms that are classically equivalent, e.g.
d��5y(FD?A1"!3B � �$#&%('*),+ � �"-.! ? � �"/�y2102! `�?A132]0(132xwzy(BG�gFD?A1J�
B^B
d���3�FD?A1"!3B � � #&%('*),+ � �"-.! ?AFD?A1J��B�R4� ��/�y2502! E�`�?A132]0(132xwzy(B^B
These definitions are also equivalent for logics with De

Morgan negations but are different for logics with minimal
negation. We now present those formulations that can be
computed using fixpoints and study their properties. In Sec-
tion 5 we prove that in fact they can be computed using the
fixpoint formulation.

Definition 11 Let ¨ � ¦
�\& 	J&�¦�¬'¬ . Then for a Galois, in-
tuitionistic, De Morgan or minimal logic $ ²j& ��& ��& �I) , the
definitions of

�
CTL operators are as shown in Figure 4.

Of these definitions, the one for ��� is the least intuitive.
We have obtained it from the property “ ��� and � � ” in
Section 2, using our new definitions of ��� and ��� . We
further propagated negations to the inner-most terms and
simplified the resulting expression.

Proposition 4 Let ¨��§¦
�\& 	(&Q¦�¬'¬ . Then, for a Galois, in-
tuitionistic, De Morgan or minimal logic $ ²j& ��& ��& �I) , ��

and ��
 
 preserve the classical relationships with ��� and
��� 
 , respectively:d�� � F 6 d � � ¤j��F��

(
d��

and
d��

)S���F 6 SN� ¤j��F��
(
Sj�

and
S��

)

The proof of the above proposition is clear by inspection of
the definition of the

�
CTL operators.

Proposition 5 Let ¨V��¦
�\& 	J&�¦�¬'¬ and either ¨ © � ¨�� � ¦�¬
or ¨ © &,¨��!��¦��\& 	J¬�� ¨ ©���
¨�� . Then, for a Galois, intuitionis-
tic, De Morgan or minimal logic $A²j& ��& ��& �I) , the following
are the relationships between the

�
CTL operators:

F � E����QE��*��F
(constructive double negation)d�� � E � F � E � S�iUF
(sub-

d��
and

Sji
)d��6�7�QF � E����3SjiUE��*��F

(contra
d��

and
Sji

)d�i8�,E���F � E��cSj��F
(sub-

d�i
and

S��
)d�i �7� F � E ��� S���E �*� F

(contra
d�i

and
S��

)
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S���FD?A1"!3B � � #&% '�),+ � �"-.! ?AFD?A1J�
B K � ��/�y2502! `�?A132%0(132xwzycB^B (def. of
S��

)d��&��FD?A1"!3B � �$#&% '�),+ � �"-.! ?AFD?A1J�
B R � ��/�y2502! E��,`�?A132]0(132 w�y(B^B (def. of
d��

)SjiUFD?A1"!3B � � #&% '�),+ � �"-.! ?AFD?A1J�
B K � ��/�y2502! `�?A132%0(132xwzycB^B (def. of
Sji

)d�i � FD?A1 ! B � � #&% '�),+ � �"-.! ?AFD?A1 � B R � ��/�y2502! E � `�?A1 2 0(1 2 w�y B^B (def. of
d�i

)SN� F¢��MG�C?A1 ! B � � #&% '�),+ � �"-.! ? � �"/�y2102! `�?A1 2 0J1 2 wzy B�KNM�?A1 � B�K � ��/�y2502! FD?A1 2 B^B (def. of
S��

)d � � F¢��MG�C?A1 ! B � � #&% '�),+ � �"-.! ?^? � �"/�y2102! E � `�?A1 2 0(1 2xwzy B^B R*M�?A1 � B K � � 210 ! FD?A1 2 B^B^B (def. of
dU�

)

Figure 4. Definitions of
�

CTL operators for Galois, intuitionistic, De Morgan or minimal logics.

The proof of the above proposition is similar to the proof of
Proposition 2 and is again omitted.

Proposition 6 [9] For De Morgan logic, the following ad-
ditional properties hold:

Sj��F 6 E�d�iUEGF
(
d�i

and
S��

)SjiUF 6 E�d���EGF
(
Sji

and
d��

)dj� F¢��MG�¡6 E�S!� EzM��#E¢F>KLEzM5�@KE�SjiUEzM
(
dU�

and
S��

)

5
�

CTL Model-Checking

Symbolic model-checking over non-classical logics is
possible only if all operators can be computed using their
fixpoint formulations. Otherwise, only a subset of

�
CTL is

analyzable. In this section, we prove that the definitions
of
�

CTL operators given in Definition 11 are equivalent
to their fixpoint formulations and look at adequate sets for�

CTL.

Theorem 1 Let ¨g� ¦��\& 	J&Q¦'¬�¬ and let
�

CTL operators
¦ ��
�& ��
 
�& ��� & ��� 
t& ���U& � � 
Q¬ be given by Definition 11.
Then, for a Galois, intuitionistic, De Morgan or minimal
logic $A²j& ��& ��& �I) , they are equivalent to their fixpoint for-
mulations, i.e.

d�i8�,F 6 ��� { FbKOd£T���� ? d�i��'p'u@r
8	��kJBSjiUF 6 ��� { FbKOSUT
� ? Sji��np�u@rt8	�\k(Bd�� � F 6 ��� { F>R>d£T � � ? d����'p�u@rt8	�\k(BSj��F 6 ��� { F>R>SUT
� ? S����np�u@rt8	�\k(Bd �
� F���MG�¡6 ��� { M RV?AF>K*d�T����£B ? dU�
�'p'u@r
8	��kJBS!� F���MG�¡6 ��� { M RV?AF>K*S�T���B ? S��
�np�u@rt8	�\k(B
The proof of this theorem is omitted due to space limita-
tions. The proof for ��
 
 is available in the extended ver-
sion of this paper [10]. Note that the theorem holds even if
² is an arbitrary complete distributive lattice.

The termination of the algorithm for ��
 
 � is guaranteed
by the usual application of the Knaster-Tarski theorem since
our logics are defined over finite lattices.

Proposition 7 Let ¨ �a¦��\& 	J&Q¦'¬�¬ and let
�

CTL opera-
tors be given by Definition 11. Then, ¦ ����& ��� 
 & ��� &
��� 
 & �
	.& ��	 
 ¬ is an adequate set for

�
CTL.

The proof depends on Proposition 4 which indicates that
��
 
 and ��
 can be computed from ��� 
 and � � , respec-
tively.

Proposition 8 For logics with De Morgan negation, an
adequate set for

�
CTL coincides with one for CTL:

¦ ��� & ����& �
	�¬ .
This result depends on Propositions 3 and 6 and was proved
in [7].

In earlier work, Chechik et al. built a symbolic multi-
valued model-checker

�
Chek [8] which analyzes

�
CTL de-

fined over logics with De Morgan negation. The model-
checker uses decision diagrams to represent sets of states of
a
�

Kripke structure and perform fixpoint computations. It
also uses ¦ ��� & ���U& �
	�¬ as the adequate set.

The verification engine of
�

Chek can be extended to
handle a larger adequate set, in particular, the one that con-
sists of

�
CTL operators ¦ ��
�& ��
 
t& ��� & ��� 

& ����& ��� 
Q¬ .

The fixpoint algorithms for computing these operators di-
rectly are given in Theorem 1. Work is required to extend�

Chek’s counter-example capabilities1 to this new adequate
set, but we believe this does not present a major challenge.

In the remainder of this section, we look at fragments
of
�

CTL for which adequate sets are smaller than the one
given by Proposition 7. We consider two examples, each
using a logic with minimal negation.

Example 1. Suppose we know that $ ���
��

�I)�$C��) � ´ ,
where � is some

�
CTL formula. Then,?AE�Sji�S���F�B,?A1�B~

(sub-
d��

and
Sji

)? d���E¢S���F�B,?A1QB~
(sub-

d�i
and

S��
)? d��Ud�iUE¢F�B,?A1QB

Therefore, ?AE�d��Ud�iUEGF�B,?A1QB~
(sub-anti-monotonicity)?AE¢E�S�i�S���F�B,?A1QB~
(constructive double negation)? Sji�S���F�B,?A1�B6
(original assumption)¤

1A counter-example is a sequence of states starting from the initial one
that exhibits the failure of a property.
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if
?���y {;{;{ ��� F�B,?A1QB =

¤
then

E_?A��?���ycB {;{;{ ��?���� B^E¢F�B,?A1QB =
¤

and
?A��?���ycB {;{;{ ��?���� B^E¢F�B,?A1QB =

.
if

?�� y {;{;{ � � E¢F�B,?A1QB =
¤

then
E_?A��?�� y B {;{;{ ��?�� � B^F�B,?A1QB =

¤
and

?A��?�� y B {;{;{ ��?�� � B^F�B,?A1QB =
.

if
?���y {;{|{ ���@E¢F�B,?A1�B =

¤
then

E_?���?��jy(B {;{;{ ��?���� B^F�B,?A1QB =
¤

and
?���?���y(B {;{|{ ��?���� B^F�B,?A1QB =

.
if

?���y {;{|{ ���@F�B,?A1QB =
¤

then
E_?���?��jy(B {;{;{ ��?���� B^E¢F�B,?A1QB =

¤
and

?���?���y(B {;{|{ ��?���� B^E¢F�B,?A1QB =
.

Figure 5. Restricted adequacy conditions for Theorem 2.

Thus, $ ����

�������I)Q$%�t) �
´ .

Example 2. Suppose we know that $ ��

�������I)Q$%�t)�� ´ ,
where � is some

�
CTL formula. Then,? d��Ud�iUE¢F�B,?A1QB�

(sub-
d�i

and
S��

)? d���E�S���F�B,?A1�B�
(sub-

d��
and

Sji
)?AE¢Sji�S���F�B,?A1QB

Thus, $ �����
��

�_)�$C��) �O´ and $ ���
��

�I)Q$C��) �Oµ .
These results allow us to formulate the following theo-

rem, the proof of which is based on Proposition 5 and the
monotonicity of

�
CTL operators. Suppose we have a func-

tion ¯ over
�

CTL operators that converts ��
 , ��� , ��	 to
��� , ��
 and �
	 , respectively, and let � be its inverse.

Theorem 2 (Restricted adequacy) Let  be a minimal
logic. Let � be a CTL formula and let ¥ « �
¦ ��� & ��
�& �
	#¬ and � « ��¦ ��� & ��
�& ��	�¬ . Then the con-
ditions given in Figure 5 hold.

A similar theorem holds for a logic with Galois negation.
Clearly, more work needs to be done to identify further

syntactic restrictions on
�

CTL formulas that allow us to re-
duce the size of the adequate set of

�
CTL. In particular, we

have not looked at the relationships between the ��� and
��� operators. We plan to address these shortcomings in
future work.

Note that the definition of the
�

CTL operator that we
selected was based on the goal of having an equivalent
fixpoint formulation for it. Consider the definitions of
��
I© and ��
 � given in Section 4. ��
 � coincides with
the definition we chose for

�
CTL. In De Morgan nega-

tion, ��
 © � has the fixpoint property – that is, ��
 © � �
± ® ª � ��$ ��	 ® ) (negations can be pushed in the same way
as in classical negation). If we weaken the negation to
intuitionistic or minimal negation, we can show only that
��
 © $ �I)�$C��)�³ $ � � ��	 ��
 © �I)Q$%��) . So, while we can com-
pute $ ­5® ª � � ��	 ® )�$C��) , we are not computing ��
 © ��$C��) .

Thus, we need to formulate our
�

CTL definitions care-
fully to get the fixpoint properties we want, so that the an-
swers given by symbolic model-checking correspond to the
meaning of

�
CTL operators.

6 Summary and Future Work

In this paper, we studied CTL model-checking, as de-
fined over multi-valued logics with non-classical negation

(
�

CTL). In particular, we looked at finite-valued logics
with De Morgan, intuitionistic, minimal and Galois nega-
tions. We identified the cases where classical relationships
between CTL operators are preserved in the multi-valued
case and where these relationships break down. We also
gave definitions for

�
CTL operators under which they can

be computed directly using fixpoint operations and showed
how to modify the existing multi-valued model-checker�

Chek to reason about this version of
�

CTL. Finally, we
discussed the adequate sets for our

�
CTL as well as alter-

native definitions of
�

CTL operators.
In future work, we would like to continue studying the

relationship between different definitions of
�

CTL opera-
tors and adequate sets for symbolic computation of subsets
of
�

CTL. In particular, we would like to study logics with
an infinite number of values for which fixpoint operations
converge in finite time.

We are also interested in extending our work to a hierar-
chy of substructural logics [25]. The substructural hierarchy
is built around the idea of weakening properties of the con-
junction operator. We may consider premises as resources
to be used or “consumed”; consequently, these logics are of-
ten referred to as “resource logics”, and their applicability to
various settings becomes clear. Putting these properties in
an algebraic (rather than proof-theoretic) form, we say that
to account for the number of times an assumption is used
in a proof we may do away with idempotence of � ; specif-
ically, we no longer assume that � ³ �
� � ; to account for
the order in which assumptions are used in a proof, we no
longer assume that commutativity holds ( � � � ����� � ); to
account for whether or not an assumption is used in a proof,
we no longer assume the lower bound property ( � � �j³ � );
to account for the grouping of resources, the associativity of
� is dropped.

In this paper, we assumed that implication is material
implication but intuitionistic implication, expressed by the
rule:

����7��6� 8°: 7UK,�����
(residuation)

has semantics of interest in specifications. We are inter-
ested in studying properties of

�
CTL defined over logics

with different implications.
We note that Huth and Pradhan [17] have defined com-

plete AC lattices as structures ( ²
	n&
³�	�& ��	 &(² 

&�³ 
�& � 
 ),
where ³ 	 and ³ 
 are partial orders over their respec-
tive domains, inducing lattice structures and satisfying split
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classical double negation properties ( � 	 � 
 � � � and
� 
 � 	 � � � ) and sub-anti-monotonicity properties ( � ³ 	
� implies ��	 � ³ 
 ��	 � and � ³ 
 � implies � 
 � ³ 

��	 � ). They showed that three-valued model-checking and
AC-lattices as their denotation spaces can be systematically
lifted to property verification and requirements elicitation
for multiple stakeholders. We believe that the logics con-
sidered in our paper may have the same application.
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