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Constructingcomprehensive operationalmodelsof intendedsystembehaviour is a complex

andcostly task. Consequently, practitionershave adoptedtechniquesthat supportpartial be-

haviour descriptionand focus on elaboratingthesedescriptionsiteratively. Scenario-based

speci�cations,for example,areincrementallyelaboratedto cover systembehaviour that is of

interest.However, how shouldpartialbehavioural modelsdescribedby differentstakeholders

with differentviewpointsbecomposed?How shouldpartialmodelsof componentinstancesof

thesametypebeput together?

In this thesis,we usemodelmerging basedon observationalre�nementasa generalsolu-

tion to thesequestions,wheremerging consistentmodelsis a processthatresultsin a minimal

commonre�nement.We proveseveralmathematicalcharacterizationsof merging andconsis-

tency, studyalgebraicpropertiesof themergeoperator, andgivenew andimprovedalgorithms

relatedto constructingmerge.Finally, we presentacasestudythatillustratestheutility of our

results.
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Chapter 1

Intr oduction

State-basedbehaviour modellingandanalysishasbeenshown to besuccessfulin uncovering

subtledesignerrors[8]. However, theadoptionof suchtechnologiesby practitionershasbeen

slow. Partly, this is dueto thedif�culty of constructingbehaviouralmodels– this taskrequires

considerableexpertisein modellingnotationsthatdevelopersoftenlack. In addition,andper-

hapsmore importantly, the bene�ts of the analysisappearafter comprehensive behavioural

modelshavebeenbuilt: classicalstate-basedmodellingapproachesaregenerallynotsuitedfor

providing earlyfeedback,whensystemdescriptionsarestill partial.

In contrast,interaction-basedspeci�cations,suchasmessagesequencecharts[30], arebe-

comingincreasinglypopular. Thesescenario-basednotationsarepartialbehavioural descrip-

tionsthatpromoteincrementalelaborationof systembehaviour.

Therehasbeeninterestin developinganunderstandingandexploiting therelationbetween

interaction-basedandstate-basedmodellingtechniques[46]. In particular, severalapproaches

to thesynthesisof state-basedmodelsfrom scenario-basedspeci�cations(e.g.[51, 35]) have

beendeveloped.Theseapproachesaim to combinethebene�tsof theincrementalelaboration

in interaction-basedspeci�cationswith thebehavioural analysisin state-basedmodels.

A currentlimitation of synthesisapproachesis that themodelsbeingsynthesized,e.g.,la-

belledtransitionsystems(LTSs)[31], areassumedto becompletedescriptionsof thesystem

1



CHAPTER 1. INTRODUCTION 2

behaviour up to somelevel of abstraction,i.e., the statemachineis assumedto completely

describethesystembehaviour with respectto a �x edalphabetof actions.This completeness

assumptionis limiting, particularly if state-basedmodelling is to be adoptedin iterative de-

velopmentprocesses[3], processesthatadoptuse-caseandscenario-basedspeci�cations(e.g.,

[52]), or thatareviewpoint-oriented[26].

In suchdevelopmentcontexts,amoreappropriatetypeof state-basedmodeltosynthesizeis

onein which currentlyunknown aspectsof behaviour canbeexplicitly modelled.Thesemod-

els candistinguishbetweenpositive, negative, andunknown behaviours: positive behaviour

refersto thebehaviour that thesystemis expectedto exhibit, negative behaviour refersto the

behaviour that thesystemis expectedto never exhibit, andunknown behaviour couldbecome

positiveor negative,but thechoicehasnotyetbeenmade.State-basedmodelsthatdistinguish

betweenthesekinds of behaviour are referredto aspartial behavioural models. A number

of suchmodelsexist andpromisingresultson their useto supportincrementalmodellingand

viewpoint analysishasbeenreported(e.g.,Partial LabelledTransitionSystems(PLTSs)[50],

multi-valuedstatemachines[12], Modal TransitionSystems(MTSs) [37], Mixed Transition

Systems[11] andmulti-valuedKripkestructures[5]).

1.1 Moti vation for Merge

Although synthesisof partial behavioural modelscanprovide substantialbene�ts [50], such

modelslack a speci�c conceptthat is particularlyhelpful in thecontext of behavioural model

elaboration,namely, modelmerging. Scenariosaretypically providedby differentstakehold-

erswith differentviewpoints[26], describingdifferent,yetoverlappingaspects[6] of thesame

system.How shouldthesepartialmodelsbeput together?Alternatively, considercombining

behavioural modelsof componentinstancesof thesametype. Typically, several instancesof

the samecomponentmay appearin a given scenario,e.g.,several instancesof a client com-

ponentthatconcurrentlyaccessa server. Standardapproachesto synthesisproducea separate
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behaviouralmodelfor eachclient instance(e.g.[51, 35]). However, it is reasonableto integrate

all modelsof all client instancesinto amodelfor theclient componenttypebecauseall clients

shouldsharethesamecharacteristics.How canthesepartialmodelsbecomposed?

Note that compositionof behavioural modelsis not a novel idea [42, 24]; however, its

main focushasbeenon parallelcomposition,which describeshow two differentcomponents

work together. In thecontext of modelelaboration,weareinterestedin composingtwo partial

descriptionsof thesamecomponentto obtaina moreelaborateversionof bothoriginalpartial

descriptions.Wecall thisoperationamerge.

In ageneralmergingframework,differentstakeholdersprovidemodelsandtheirproperties.

If themodelscanbemerged(i.e., they areconsistent),thena mergedmodelthatpreservesthe

stakeholders'propertiesis constructed.If themodelsareinconsistent,thensomeform of feed-

backthatgivesinsightinto why themergefailedshouldbereturned.ChechikandUchitel [49]

have instantiatedthis framework for anadaptationof MTSs[37]. In particular, they arguethat

thecoreconceptunderlyingmodelmerging is thatof acommonobservationalre�nement,and

de�ne consistency astheexistenceof suchamodel.They show thatmergingconsistentmodels

is a processthatshouldresultin a minimal commonobservationalre�nement,anddiscussthe

roleof theleastcommonobservationalre�nementandthegreatestcommonabstractionin this

process.
In this thesis,we addressseveralquestionsrelatedto merge: (1) Whatpropertiesarepre-

servedin a merge?(2) Whencantwo systemsbemerged?(3) Whatfeedbackcanbereturned

whenmodelscannotbemerged?(4) Whenis mergeunique?(5) How cancomplex modelsbe

merged?In addition,we provide severalalgorithmsthatarerelatedto thesequestions,anda

casestudythatillustratesour resultsona realisticexample.

1.2 Contrib utions of this Thesis

Weextendthework of ChechikandUchitel [49], andpresentmany noveltiesrelatedto merging

MTSs: mathematicalcharacterizationsof mergingandconsistency, algebraicpropertiesof the
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mergeoperator, new andimprovedalgorithmsrelatedto constructingmerge,anda casestudy.

Thespeci�c contributionsareasfollows.

Firstly, we de�ne a + -valuedcounterpartof the logic weak � -calculusand prove that it

characterizespropertypreservation in merge(Question(1)). As weak � -calculuscanbequite

subtleto use,we also de�ne a + -valuedcounterpartto the logic FLTL, intendedfor useas

the main speci�cation languagein the merging framework, andprove that it is preserved by

observationalre�nement(Question(1)).

Secondly, we provide a characterizationof consistency usingweak � -calculusproperties

that distinguishbetweentwo systems,i.e., that evaluateto true in one systemand false in

theother. Suchpropertiesnaturallycharacterizeconsistency for modelswith thesamevocab-

ulary. For modelswith differentcommunicatingalphabets,distinguishingpropertiesareonly

meaningfulwhenformulatedandevaluatedoverthesharedalphabetbetweenthemodels.Con-

sequently, decidingconsistency in suchcontexts is non-trivial, andwethereforegivesuf�cient

conditionsto provesoundnessandcompletenessof aconsistency characterizationfor thiscase

(Questions(2) and(3)).

Thirdly, weintroduceconsistency relationsde�nedbetweentwo MTSsandprovethatthere

is a consistency relationbetweentwo systemsif andonly if they areconsistent,which is an-

othercharacterizationof consistency (Question(2)). Usingconsistency relationsrelations,we

give conditionsfor the uniquenessof merge, which is particularlyrelevant whenattempting

automation:if morethanonemergeexists,thensomeform of humaninterventionis required.

Weconcludethattheseconditionsareconsequencesof themodellingnotation(Question(4)).

Fourthly, We studyalgebraicpropertiesof the merge operationto facilitatethe merge of

complex systems.Weshow thatmostdesiredpropertiesholdwhenthereis auniquemerge,and

givecounterexamplesandinsightsinto why thesamepropertiesfail to holdwhenincomparable

mergesexist. However, we prove that the right choiceof merge canusuallybe madewith

respectto a givenalgebraicproperty(Question(5)).

Fifthly, we give severalalgorithmsrelatedto merge,which no longerrely on thedetermi-



CHAPTER 1. INTRODUCTION 5

nacy conditionasasuf�cient condition[49]. Speci�cally, wegiveimprovedalgorithmsfor: (i)

checkingconsistency, (ii) building acommonre�nement,and(iii) building acommonabstrac-

tion thatcanelaboratedinto a minimal commonobservationalre�nement.Wealsogivea new

algorithmfor constructinga weak � -calculuspropertythatdistinguishesbetweeninconsistent

systems.

Lastly, weprovideacasestudythatillustratesour resultson a realisticexample.

1.3 Organizationof this Thesis

The restof the thesisis organizedasfollows. In Chapter2, we give preliminaryde�nitions

usedthroughoutthethesis.Chapter3 reviewsmergingMTSs,andis basedon[49]. In Chapter

4, we de�ne consistency relations,give suf�cient conditionsfor merge to be unique,prove

that observationalre�nement is characterizedby + -valuedweak � -calculusandpreserves + -

valuedFLTL, andusetheseresultsto prove a characterizationof consistency. In Chapter5,

we presentpositiveandnegative resultson algebraicpropertiesfor merging,bothfor thecase

in which merging yieldsa leastcommonre�nementandfor thecasein which it yieldsoneof

several differentminimal commonre�nements,while providing insightson the implications

of theseresultswith respectto engineeringpartialbehavioural models.In Chapter6, we give

severalalgorithmsrelatedto merge. In Chapter7, we presenta casestudythat illustratesthe

utility of our theoreticalresultsfor engineeringand reasoningaboutpartial descriptionsof

systembehaviour. Finally, Chapter8 presentsa summaryof our results,comparesthis work

with relatedapproaches,anddiscussesdirectionsfor futurework.



Chapter 2

Background

In this chapter, we give andexemplify preliminaryde�nitions and�x the notation. Section

2.1discusseslabelledtransitionsystems,andmodaltransitionsystemsthatextendthem.Sec-

tion 2.2 reviews operationson MTSs: re�nement,observationgraphs,andparallelcomposi-

tion. Finally, Section2.3de�nes temporallogicsweak � -calculusandFLTL thatwill beused

throughoutthethesisto reasonaboutMTSs.

2.1 Transitions Systems

Webegin with thefamiliarconceptof labelledtransitionsystems(LTSs)[31], whicharewidely

usedfor modellingandanalyzingthebehaviour of concurrentanddistributedsystems.An LTS

is a statetransitionsystemwheretransitionsarelabelledwith actions.Thesetof actionsof an

LTS is called its communicatingalphabetandconstitutesthe interactionsthat the modelled

systemcanhave with its environment. In addition,LTSscanhave transitionslabelledwith

� , representingactionsthat arenot observableby the environment. Examplesof a graphical

representationof LTSsaremodels
�

and � , given in Figure2.1(a). In this thesis,the state

labelled � is assumedto betheinitial stateof thetransitionsystem,unlessstatedotherwise.In

addition,transitionslabelledwith setsareabbreviationsfor an individual transitionon every

actionin theset,andthefonts � , � , and � areusedfor namingspeci�c transitionsystems.

6
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Figure 2.1: (a) LTSs and MTSs for readerand writer policies; Observational re�nements:

(b) over the alphabet i j kmlonqpsrtnsuwvsxtyozm{}|[~•no€•r•nsu‚vsxtyƒzm{…„ ; (c) over the alphabet i †

kmlonqps‡o~‰ˆŠp•n‚xtyƒzm{}|‹~ono€m‡•~‰ˆŠp•nwxŒyƒzm{•„ .

De�nition 1. (LabelledTransitionSystems)Let Statesbe a universal setof states,Ž••’‘ be a

universal setof observableaction labels,and let Ž“•”‘d•–jGŽ“•”‘—†˜kŠ™M„ . A LabelledTransition

System(LTS)is a tuple š›j•œŸž |”¡¢|”£L|’¤Š¥§¦ , where ž˜¨ Statesis a �nite setof states,¡©¨ªŽ••’‘«•

is a setof labels, £¬¨�œŸž©­®¡¯­®ž—¦ is a transitionrelationbetweenstates,and ¤°¥²±³ž is the

initial state. Weuse ´ šµjª¡·¶“kŠ™…„ to denotethecommunicatingalphabet(vocabulary) of š .

Existingsemanticsfor LTSsassumethatanLTS givesa completebehavioural description

with respectto its alphabet. ConsiderLTS ¸ which modelsa readlock. Startingin state

0, this modelallows sequencesof alternatinglonwpsr•nsuwvƒxtyƒzm{ and ~ono€•rtnsuwvsxtyozm{ actions,and,

by the completenessassumption,doesnot allow two l•nqpsr•nsu‚vsxtyƒzm{ actionswithout having a

~ono€°r•nsuwvsxŒyƒzm{ actionin betweenthem.LTS ¸ is modellinga lock thatcanbeheldby at most

onereaderatany time. Model ¹ , on theotherhand,allowstwo readersto hold thelock simul-

taneously. ¸ and ¹ arenot consideredto beequivalentunderany of thestandardequivalence
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relationssuchasstrongbisimulation,trace,observational,or failureequivalence[24, 42].

Modal TransitionSystems(MTSs) [37] allow explicit modelling of what is not known

aboutthe behaviour of a system.They extendLTSswith an additionalsetof transitionsthat

modelthe interactionswith theenvironmentthat thesystemcannotbeguaranteedto provide,

but equallycannotbeguaranteedto prohibit.

De�nition 2. (ModalTransitionSystems)A ModalTransitionSystem(MTS) 0 is a structure

=�� ��� ���

�

�������	��
 A , where �

�
�

��� , =�� ���.���

�

�	��
 A is an LTSrepresentingrequiredtransitions

of thesystemand =�� ���.�������	��
 A is an LTSrepresentingpossible(but not necessarilyrequired)

transitionsof the system. We use � 0 � ��� �

�

� to denotethe communicatingalphabet

(vocabulary) of 0 .

Figure2.1(a)showsagraphicalrepresentationof someMTSs.For example,MTS ; models

apartialpolicy for a readlock thatcanbeacquiredby at leastonereaderatany time,but does

notruleoutconcurrentreaders.Transitionlabelsthathaveaquestionmarkarethosein �������

� .

We refer to theseas“maybe” transitions,to distinguishthemfrom requiredtransitions(i.e.,

thosein �

� ). Note thatLTSsarea specialtypeof MTSs thatdo not have maybetransitions;

thus,models
�

and � canbeconsideredMTSsaswell.

Given an MTS 0 � =�� ���.���

�

����������
 A , we say 0 transitionson � througha required

transition(denoted0 �

���

� 0�� ) if 0��
� =�� ���.���

�

�����������




A and =���
 ���
�����




A! "�

� . Similarly, we

say 0 transitionson � througha maybetransition(denoted0 �

���$#

0�� ) if =���
&�%�2�	�&�




A! '���(�

�

� , and 0 transitionson � throughapossibletransition(denoted0 �

�)�

�

0�� ) if 0 �

�*�

� 0��

or 0 �

���$#

0�� (i.e., =���
&�%�2�	�&�




A+ ���� ). We write 0 �

���

�

to mean ,'0��*-�0 �

���

�

0�� . We

saythat 0 proscribes� (denoted0

�

.

��� ) if 0 cannottransiton � throughmaybeor required

transitions.Finally, for anMTS 0 � =�� ��� ���

�

�������	��
 A andastate/0 0� , wedenotechanging

theinitial stateof 0 from ��
 to / as 0'1 . For example,sometransitionsof theMTS ; , shown

in Figure2.1(a),are ;2
43658789�5;:8<;=�>6?A@

���

� ;�B (betweenstates0 and1), and ;)BDC

56E�9�5;:8<;=�>6?A@

���$#

;*B (aself-loop

in state1). Additionally, we call theset � 0 F0� 1  �

�

� thesharedactionsbetween0 and

1 , and =�� 0 �G� 1 A� =A� 1H�I� 0 A thenon-sharedactionsbetween0 and 1 .
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In this presentation,we associateeachMTS 0 with its communicatingalphabet� 0 , ex-

tendingthe presentationof [37]. The communicatingalphabetis the set of eventsthat are

relevantto themodel,i.e., thescopeof apartialdescription.Allowing modelsto havedifferent

scopesis fundamentalfor merging descriptionsof differentconcernsandviewpoints,asdis-

cussedin Chapter3. In addition,our choiceis in line with processalgebrasemanticssuchas

FSP[41].

2.2 Re�nement

Re�nementof MTSs capturesthe notion of elaborationof a partial descriptioninto a more

comprehensive one,in which someknowledgeover themaybebehaviour hasbeengained.It

canbe seenasbeinga “more de�ned than” relationbetweentwo partialmodels. Intuitively,

re�nementin MTSsis aboutconvertingmaybetransitionsinto requiredtransitionsor removing

themaltogether:an MTS 1 re�nes an MTS 0 if 1 preservesall of the requiredandall of

the proscribedbehaviours of 0 . Alternatively, 1 re�nes 0 if 1 cansimulatethe required

behaviour of 0 , and 0 cansimulatethepossiblebehaviour of 1 .

De�nition 3. (Re�nement)Let � betheuniverseof all MTSs.1 is a re�nementof 0 , written

0 ��1 , when � 0 � � 1 and = 0 �(1 A is containedin somere�nementrelation �

�

�����

for which thefollowing holdsfor all �  ��	��

� andall = 0 �(1 A  �� :

���

= 0 �

���

� 0�� A�� =�,
1 � -�1 �

���

� 1 ��� = 0�� �(1 � A( �� A

���

=?1
�

�)�

�

1 � A�� =�,'0�� -�0
�

�)�

�

0���� = 0�� �(1 � A  �� A

We oftenreferto this form of re�nementasstrongre�nement.

Considerthe MTSs shown in Figure2.1(a). MTS ; is re�ned by the LTS
�

( ;��

�

),

incorporatingthenew knowledgethatthemaybeself-loopat state; B shouldberemoved.The

re�nementrelationbetweenthesemodelsis � � ��= ; 
&�

�


(A ��= ;�B �

�

B4A � . TheLTS � re�nes ;

( ;�� � ), with there�nementrelation ��� ��= ;2
&� � 
 A ��= ;*B � �(B�A �%= ;*B � ��� A � . Finally, theMTS �

re�nes ; via therelation � � ��= ;2
6���

 A ��= ;�B ��� B@A ��= ;�B ����� A � .
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Figure2.2: Rulesfor thehidingoperator.

Althoughre�nementcapturesthenotionof modelelaboration,it requiresthealphabetsof

the processesbeing comparedto be equal. In practice,model elaborationcan lead to aug-

mentingthealphabetof thesystemmodelto describebehavioural aspectsthatpreviously had

not beentaken into account. To capturethis aspectof modelelaboration,we introducetwo

concepts:hidingandobservationalre�nement.

Hiding is anoperationthatmakesa setof actionsof a modelunobservableto its environ-

mentby reducingthealphabetof themodelandreplacingtransitionslabelledwith anactionin

thehidingsetby � , asshown in Figure2.2.

De�nition 4. (Hiding) Let 0 � =�� ���.���

�

����������
 A beanMTSand �

�

� � 
 bea setof observ-

ableactions. 0 with theactionsof � hidden,denoted0 �2� , isanMTS =�� ��� �2� ���

�

�

�����

�

�	��
 A ,

where �

�

�

and ���

�

are the smallestrelationsthat satisfythe rules in Figure 2.2, where �  

������� � . Weuse 0 @� to denote0 �'= �	��
%�2�"A .

Let � ��� B �

� � �

����� bea wordover � � 
 � . 0

-

���

�.0�� meansthatthereexist 0 
 �

� � �

� 0��

suchthat 0 
 � 0 , 0�� � 0�� , and 0��

-! #"%$�)�

� 0��'&�B for �)(+*-,/. . 0

-

���$#

0�� meansthat

thereexist 0 
&�

� � �

� 0�� suchthat 0 
 � 0 , 0�� � 0�� , 0��

-! 0"1$
���

�

0��2&�B for �3(4*5,6. , and

,17�- ��(879(:. -
09;

-=<
"1$

���$#

09;>&�B , i.e., thereis at leastonemaybetransitionon someletterof

� . For �  �����
?*� , we write 0 @� �BA 0�� to denote0 =

�

� �

A�ADC 0�� , and 0 @� �

#

0�� to denote

0 =E@ � �

�

A6=

�

�)�$#

A =F@ � �

�

A40�� , i.e., thereis at leastonemaybetransitionon � . For �

.

�

� and

�  �����
?*� , we write 0
�

� �BA 0�� to denote0 =
@

� �BA
A =
�

���

A2A6=
@

� �BA2A40�� , and 0
�

� �

#

0�� for

0 =
@

� �

#

A =
�

���

�

A =
@

� �

�

A40�� or 0 =
@

� �

�

A =
�

���$#

A6=
@

� �

�

A�0�� , i.e., themaybetransitionprecedes

or is on � alongthepathfrom 0 to 0 � . For �" ������� �
?�� , weextend � �GA towordsin thesame

way asfor ���

A . For �+ � � 
 � , let H� � � if �

.

�

� and H� �+I if � �

� . For �  ������� �
?�� and

�  �� � 
 � , we oftenwrite � �

���

A
�&� to mean0KJ �

���

A 0�J

� andsimilarly for � �GA . Transitions

on thethin arrow ���

A arereferredto assimpletransitions,andtransitionson thethick arrow
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� �BA arereferredto asobservabletransitions.

To compareamodelwith anotheronewith anaugmentedalphabet,wemusthidetheaddi-

tional actionsin thesecondmodelandthenuseobservationalre�nement– effectively, re�ne-

mentthatignoresdifferencesin thepreciseamountof � transitions.

De�nition 5. (Observational Re�nement) 1 is an observationalre�nementof 0 , written

0 ��� 1 , if � 0 � � 1 and = 0 � 1 A is containedin somere�nementrelation �

�

� � �

for which thefollowing holdsfor all �  ��	��

� andall = 0 �(1 A  �� :

���

= 0 �

���

� 0�� A�� =�,
1 � -�1

�

�� � � 1 � � = 0�� �(1 � A  �� A

���

=?1
�

�)�

�

1 � A�� =�,'0�� -�0

�

�
� �

�

0�� � = 0�� �(1 � A( �� A

ConsideragaintheMTSsshown in Figure2.1(a). For model
�

, if a processacquiresthe

write lock, thenthe readlock cannotbe acquireduntil the write lock is released.Note that

this modeldoesnot indicatethat processesareactuallyallowed to acquirethe write lock, as

thesetransitionsare maybe. Hiding the actions ����	�#��%$&	
���
����� and ������#��%$�	����
����� results

in an MTS just like
�

, but with labels ���
	�#��%$&	����'������� and ������#��%$&	����'������� changedto � ?.

Furthermore,theresultingmodelis observationallyre�ned by theMTS � :

�

�

�

�

� �����
	�#��%$&	����
�������(������#��%$&	����'�����*� ��� � �

wherethere�nementrelationis:

� � ��=

�

�




���

 A ��=

�

�

B

���+B4A �&=

�

�

�

��� � A ��=

�

�

�

���

 A �

�

In fact,
�

� is alsoare�nementof � via theinverseof � . Wesaythat
�

� and � areobservation-

ally equivalent, written
�

���	��� .

Figures2.1(b) and 2.1(c) depict observational re�nementsthat hold betweenmodelsin

Figure2.1(a).Eachgraphrelatesmodelswith thesamealphabet:

� � �����
	��
�������
�����������������������
�����*�

in Figure2.1(b),and




� �! "�����
	�#��)$&	����
��������������#��%$�	����
�������
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in Figure2.1(c). Nodeswith multiple labelsindicatemodelsthatareobservationallyequiva-

lent. Note that models
�

, � , ; , and � have the alphabet� . Consequently, they cannotbe

relatedthroughobservationalre�nementto modelswith anaugmentedalphabet



, i.e.
�

, � ,
�

, � , and � � . For this reason,
�

through � do not appearin Figure2.1(c). However, these

modelscanberelatedthroughobservationalre�nementto
�

, � ,
�

, � , and � � if thelatterhave

their alphabetsrestrictedto � , andaredepictedin Figure2.1(b).

It is oftendesirabletoabstractamodelfromtransitionsresultingfrom internalcomputation.

Oneway of doingthis for MTSsis to useobservationgraphs[38], asis traditionallydonefor

LTSs[9]. Intuitively, observationgraphsabsorbthe � transitionsof a model into observable

actions,sothattheexactamountof internalbehavior is obscured.

De�nition 6. (ObservationGraph)Let � � 


@

� �	��

 � I � . For anMTS 0 � =�� ���.���

�

����������
 A ,

theobservationgraphof 0 is thederivedMTS 0

@

� =�� , �  "� I � , �

�

@

, ���

@

, ��
 A , where �

�

@

and

���

@

arede�nedasfollowsfor all �� ��	��


@

:

���

0

@

�

���

� 0��

@

�

0 �� � � 0��

���

0

@

�

���$#

0��

@

�

0 �� �

#

0��

In particular, absorptionof � transitionsinto visible actionsis doneby de�ning the relation

@

���

� in 0

@

asthe re�exive andtransitive closureof
�

���

� in 0 , and @

���$# asthe transitive

closureof
�

���$# in 0 . Transitionson �

.

� I arede�ned by therelationalproductsof @

� � and

�

��� in 0 . In fact, it follows that 0 � � 1 if andonly if 0

@

� 1

@

. That is, observational

re�nement is intuitively aboutgainingsomeknowledgeover the maybebehaviour in theob-

servationgraphof theoriginal system,i.e.,maybetransitionseitherstaymaybe,or arere�ned

to trueor falsein themorere�ned model.

LarsenandThomsen[37] de�ne a parallelcompositionoperatorover MTSs, intendedto

describehow modelsof two differentsystemswork together.

De�nition 7. (ParallelComposition)Let 0 � =��

� , �

� , �

�

� , �

�

� , ��


�

A and 1 � =���� , ��� ,

�

�

�

, �

�

�

, ��
�� A beMTSs.Parallelcomposition( � ) is a symmetricoperator such that 0	��
 is
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TD
�

�

� ���

�

�

���

�

�

� ���

�

�

�

�

�

.

 � 1 MT
� �

� ���

�����

�

�

�����

�

�

���

�

�

� ���

�

�

�

�

�

�

.

�

�

MD
�

�

�����

�

�

���

�

�

�����

�

�

�

�

�

.

 � 1

TT
� �

�����

� � �

�

�

�����

�

�

���

�

�

�����

�

�

�

�

�

�

.

�

�

MM
� �

� ���

� � �

�

�

� ���

�

�

���

�

�

�����

�

�

�

�

�

�

.

�

�

Figure2.3: Rulesfor parallelcomposition.

theMTS =��

�

����� , �

�

 ��� , �

� , ��� , =���


�

�	��
�� A4A , where �

� and ��� arethesmallestrelations

that satisfytherulesgivenin Figure2.3.

For example,in Figure2.1(a),
�

�

�

�

�

, assumingthat �����
	�#��)$&	����
����� , ������#��%$�	����
��������F

�

�

��� . Note that in therulesin Figure2.3, “T” standsfor “true”, “M” standsfor “maybe”,

and“D” standsfor “don't care”. In particular, rule TT capturesthecasewhenthereis a true

(required)transitionin bothmodels,MT capturesthecasewhenthereis a maybetransitionin

onemodelanda true(required)transitionin theother, andTD capturesthecasewhenthereis

a requiredtransitionin onemodelonanon-sharedaction(i.e.,onanactiontheothersystemis

notconcernedwith).

Proposition 1. (Propertiesof � [37]) Parallel compositionsatis�esthefollowingproperties:

1. (Commutativity) 0	� 1 � 1 � 0 .

2. (Associativity) = 0	� 1 A ��
 � 0	�2=?1 ��
 A .

3. (Monotonicity) 0 ��� 1 � 0	��
 ��� 1 ��
 .

2.3 Temporal Logics

In this section,we review the Kleenelogic, anduseit to de�ne + -valuedcounterpartsto the

temporallogicsweak � -calculusandFluentLinearTemporalLogic (FLTL), usedfor reasoning

aboutMTSs.

2.3.1 KleeneLogic

Thetruth values	 (true), 
 (false), and � (maybe) form theKleenelogic [32], which we refer

to as � . Thevalues	 and 
 behaveclassicallywith respectto � (and), 
 (or), and � (negation).
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Thefollowing identitieshold for � :

� � 	 � � � � 
 � 
 � 
 	 � 	 � 
 
 � � � � � �

�

This logic hastwo usefulorderings,( (truth)and ( inf (information),whichsatisfy 
5( �/( 	 ,

and � ( inf 	 and � ( inf 
 . That is, maybegivesthe leastamountof information: it couldbe

eithertrueor false.

2.3.2 Weak � -calculus

While shown in [29] to characterizestrongre�nement,the + -valuedcounterpartto � -calculus

( ,

/ ) [33] is not well-suitedfor describingtheobservablebehaviour of anMTS anddoesnot

characterizeobservationalre�nement,becauseit makesno distinctionbetweenanobservable

actionand � . Instead,we de�ne a + -valuedextensionof weak � -calculus( ,

-/

), which does

makesuchadistinction.The
�

-valuedversionof this logic hasbeenshown to beausefullogic

for expressingpropertiesof LTSsin [48].

+ -valued ,

-
/

enablesa formula to evaluateto an elementof � . For a set of �x ed point

variablesVar, �  �� � 
 � and �  Var, an , -
/

formula � hasthegrammar:

��� 	�� 
	� �
����� �
����� ������� 
���������� ����������� ����� ���

�

�������

�

� �

where ����� � and ��� � � arethenext operatorswith intendedmeanings“existsanext statereachable

via anobservabletransitionon � ” and“for all next statesreachablevia anobservabletransition

on � ”, respectively. We write � =!� A to denotea formulathatmight containfreeoccurrencesof

thevariable� . � and � representtheleastandgreatest�x edpoints,respectively, andwewrite

�%-"� �#� and � -$� ��� asabbreviationsfor ,��  �� � 
 -%�!�&� ��� and '(�  �	��
D-%��� � ��� .

Let � bea formula in ,

-/

, 0 � =��

� , �

� , �

�

� , �

�

� , ��
 A beanMTS, and ) B ��) �

�

Var �

*

=��

�

A beenvironmentsmapping�x edpoint variablesto setsof states. � �+�,� �.- /

$

( � �+�,� �10 /!2 ) denotes

the set of statesin 0 where � is true (false). The set of stateswhere � is maybeis then

�

�

�'=3� �+�,� �4- /

$

 �� �+�,� �10 /!2(A (i.e., � is not trueor false).
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Figure2.4: + -valuedsemanticsof ,

-/
.

De�nition 8. ( + -valuedSemanticsof ,

-/

) For anMTS 0 , a formula � in ,

-/

, andenvironments

) B and ) � , � �$� � �4-
/

$

�

�

� and � �+�,� �10
/

2

�

�

� are de�nedasshownin Figure 2.4,where �  Act
@

,

and ) � �+�

�

� � is thesameenvironmentas ) � exceptit maps� to � .

� B 
 � � , ��� � ��� and � �

�

� =!� A arede�ned throughnegation: � B 
 � � � � � B � � � � , �+� � ��� �

� �!�&� � � � , and ���

�

� =�� A � � ���

�

� = � � A . Thevalueof � in 0 is its valuein theinitial state.We

omit theenvironmentsfrom � �+�,� �1- and � �+�,� � 0 to meanthat ) B and ) � mapevery � in Var to � and

�

� , respectively. Finally, if 0 is anLTS,thesemanticsin De�nition 8 reducesto thestandard
�

-valuedsemanticsin [40].

For example, the property �!�&� � 	 (which expressesthe ability to perform an observable

transitionon � ) evaluatesto true in both G and H in Figure2.5,eventhoughthetransitionon �

in H is precededby a � . In particular, �!�&� � and �+� � � allow zeroor more � transitionsbeforeand

after theobservableaction � , but the preciseamountof internalcomputationis unimportant.

Additionally, the property �+� � � �JI � � 	 is maybein G becauseG 


�

���

�(G B is the only transitionon

� from the initial stateand G B K

���$#

G B is the only transitionon 3 from G B . Finally, � I3� � �!�&� � 


is false in L becauseL 

@

� � �ML 
 and �� � � �!�&� � 
 � �10 . That is, ,

-
/ propertiesthat explicitly

involveinternalactivity alwaysallow for thepossibilityof stayingin thesamestate,evenif no

self-loopson � arepresent.
�

-valued ,

-/

is a fragmentof ,

/ [40]. For the + -valuedcounterpartsof theselogics, this

meansthat for every formula �

-

in ,

-/

thereis a formula � J in ,

/ suchthat � �+�

-

� � - � � �+� J � � -
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G :
� �

�

��� �

:
� � �

� � � � :
+ * ?

	 
 �

��


Figure2.5: MTSsfor illustratingtemporalproperties.

and � ������� ��� j�� ������� ��� . The translationprocedurefollows from the fact that internalactivity can

beexpressedthroughextra �x edpoint computationsin ��� .

Additionally, �

�

�

subsumesthe expressive power of temporallogics CTL � � andLTL � �

(i.e., CTL and LTL [7] without the next operators),and theserelationshipshold for the ! -

valuedversionsof thelogicsaswell.

2.3.3 FLTL

Although �

�

�

is veryexpressiveandin factcharacterizesmergingMTSs(seeChapter4), it can

bequitesubtleanddif�cult to use.Wethereforede�ne a ! -valuedversionof FLTL [16], which

is asimpleyetexpressivelogic for capturingpropertiesthatcombinestateandaction,intended

for useasourprimaryspeci�cationlanguage.

A �uent Fl is de�ned by a pair of sets" Fl , thesetof initiating actions,and # Fl, thesetof

terminatingactions:

Fl j%$&" Fl |'# Fl (

where" Fl |'# Fl ¨ Act and " Fl )

# Fl j+*-,

A �uent maybe initially true or falseasindicatedby the Initially Fl attribute,wherea lack of

this attribute indicatesthat the �uent is initially false. Every action .®± Act inducesa �uent,

namely. j/$0.Œ| Act ¶ k1.t„

(

.

Given the setof �uents 2 , a well-de�ned FLTL formula is de�ned inductively usingthe

standardbooleanconnectives, 3 (next), 4 (stronguntil), 5 (eventually),and 6 (always),as

follows:

Fl 798:�;79�=<?>@7A�=BC>D7E3F�G7H��4I>+715J�;7K6F� |

whereFl ±L2 . For anin�nite traceM j@.s¥ , .-N , . O , ,P,P, , overAct andsomeQ—±SR , wewrite MUT for

thesuf�x of M startingat .

T

. Let V bethesetof in�nite tracesoverAct. An MTS W inducesa



CHAPTER 2. BACKGROUND 17

�

� � Fl �

�




� � Fl �

� � � �

�

� =

�

� � ��A � =

�

� �

�

A

�

� � �
��� � =

�

� � ��A

�

� ��� � �

�

B

� � �

�

� � � 


�

� =

�

� � �5A 
 =

�

� �

�

A

�

� � ���

�

� , *�� ��-

�

�

� �

�

� ' � ( 7 , * -

�

;

� � �

Figure2.6: Semanticsfor thesatisfactionoperator.

function 0

�	�

�

� thatassignsvaluesto traces.

De�nition 9. (Valueof a Trace)A trace � in
�

is a true tracein 0 (i.e., 0 =

�

A � 	 ) if there

existsan in�nite sequence�20K� � such that 0 
 � 0 and 0��

�

 

� � �.0��'&�B for all *  �
 . A trace

� is a maybetracein 0 (i.e., 0 =

�

A � � ) if � is not a true trace, but there existsan in�nite

sequence�20�� � such that 0 
 � 0 , 0��

�

 

� �

�

0 �'&�B for all *  �
 , and 0�;

�

<

� �

#

0);>&�B for at

leastone 7" 

 . A trace � is a possibletracein 0 (i.e., 0 =

�

A���� ) if � is a maybeor true

tracein 0 . Finally, a trace � is a falsetracein 0 (i.e., 0 =

�

A � 
 ) if it is nota possibletrace.

Givena trace �

 

�

, a suf�x �

� satis�esa �uent Fl, denoted�

� � Fl, if andonly if oneof

thefollowing conditionsholds:

�

= InitiallyFl �>=.' 7  �
 - � ( 7 ( * � ��;��  �� Fl A�A

�

=�,17  �
 -�= 7 ( * � ��;  �����A � =.' .  �
 - 7 , .�( * � �%���  �� Fl A

In otherwords,a �uent holdsata time instantif andonly if it holdsinitially or someinitiating

actionhasoccurred,andin bothcases,no terminatingactionhasyet occurred.Note that the

interval overwhicha�uent holdsis closedontheleft andopenon theright, sinceactionshave

animmediateeffect on thevalueof �uents.

The + -valuedsemanticsof FLTL over anMTS 0 is givenby thefunction �!- �

�

that,for

eachformula �  FLTL, returnsthevalueof � in 0 .

De�nition 10. ( + -valuedSemanticsof FLTL) For anMTS 0 , thefunction � - �

�

�

FLTL ���

�

is de�nedasfollows:
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� � �

�

���

�����

= 0 =

�

A � =

�

� � ��A4A �

where thesemanticsfor �

� � � is givenin Figure2.6.

Theoperators� and � arede�ned as � � � 	 � � and � � �	� � � .

Hence, 0 satis�es � (i.e., � � �

�

� 	 ) if every possibletrace � in 0 satis�es � , since

0 =

�

A � � and �

� � � for any such � , makingthe implication = 0 =

�

A � =

�

� � �5A�A true.

0 refutes� (i.e., � � �

�

��
 ) if thereis at leastonetrue trace � thatdoesnot satisfy � , since

0 =

�

A � 	 and �

.

� � � for any such � , makingthe implication = 0 =

�

A � =

�

� � ��A4A false.

Otherwise,thevalueof � in 0 is maybe(i.e., � ���

�

� � ). Notethatif � is a falsetracein 0 ,

then = 0 =

�

A � =

�

� � �5A�A is necessarilytrue, regardlessof whether� satis�es � . Hence,we

canignorefalsetracesin 0 whendeterminingthevalueof � ���

�

, aswe would expect.Also,

only in�nite tracesareconsideredwhendeterminingthevalueof anFLTL formula. If 0 is an

LTS,the + -valuedsemanticsin De�nition 10 reducesto thestandard
�

-valuedsemanticsgiven

in [16].

For examplesof FLTL properties,referto modelsG , H , and L in Figure2.5andconsiderthe

FLTL property� B �
� I (eventuallythe�uent inducedby action 3 is true). � B is true in G and H

(i.e, � � B �����	� � B ��
 � 	 ) becausetheonly possibletracein bothmodelsis �

B � � ,3 ,3 ,3 ,
� � �

, and

clearly �

B � � � B . � B is maybein L (i.e., � � B ��� � � ) becauseL admitstheadditionalmaybe

trace �

� � � , � , � ,
� � �

, and �

�

.

� � � B . The property � � ��� I is falsein G because� ,3 ,3 ,3 ,
� � �

,

is a true tracein G that doesnot satisfy � � . Finally, the property � I � � � , which saysthat a

transitionon 3 cannotbeperformeduntil a transitionon � is not possible,is true in all three

models.Notethattheequivalent ,

-
/

propertyis ���

�

= �!�&� � 
 
 =3� I � � 
 � �%-"� � 	 � � -$� ��� A4A , which is

muchlessintuitive.

2.3.4 Model-Checking

In thepreviousexample,�

B is a maybetracein G anda truetracein H , yet bothmodelssatisfy

� I . If themaybetransition G B
K

�)�$#

G B is re�ned to false,thereareno possibletracesin G , and



CHAPTER 2. BACKGROUND 19

thereforeG satis�esevery FLTL formula. On theotherhand,if it is re�ned to true,then �

B is a

truetracethatsatis�es � . Hence,G satis�es � , regardlessof thevalueof G B K

���$#

G B .

We can usethe above intuition to implementmodel-checkingof our + -valuedtemporal

logics. For anMTS 0 , de�ne 0

& to be theLTS obtainedfrom 0 by convertingall maybe

transitionsinto requiredtransitions,and 0

� to betheLTSobtainedfrom 0 by convertingall

maybetransitionsinto falsetransitions.Thefollowing theoremis adaptedfrom [4].

Theorem 1. ( + -valuedModel-Checkingvia 0

& and 0

� ) For an MTS 0 and �  �,

-/
or

�  FLTL:
���

If � is true in 0

& and 0

� , it is true in 0 ,
���

if � is falsein 0

& and 0

� , it is falsein 0 ;

+

�

otherwise, � is maybein 0

Hence,model-checkingof theselogics can be doneby two calls to a classicalmodel-

checker, e.g, + -valuedFLTL model-checkingcanbesupportedby theLTSA tool [41].

For example,consider�>� ��� � � �JI � � 	 . If � is falsein 0

� , thenthereexists 0

�

� suchthat

0

�

�

� � � 0��

� and 0��

�

K

.

� � . Sincetrue transitionsin 0

� correspondto true transitionsin

0 , � is alsofalsein 0 . Now supposethat � is true in 0

� . Theremay exist 0 � suchthat

0

�

� �

#

0�� and 0��

K

.

� � , whichwould not betakeninto accountin 0

� . Therefore,wemust

alsocheckif � is true in 0

& to concludethat � is true in 0 . Note thatonly checkingif � is

true in 0

& is insuf�cient aswell. It maybe that casethatwhenever 0

�

� �

�

0�� , it is only

truethat 0
�

K� �

# , making � maybein 0 . Hence,thevalueof � mustbecheckedin both 0

&

and 0

� in orderto concludeits valuein 0 .

If � is an FLTL formula, it is suf�cient for � to be true (false) in 0

& ( 0

� ) in order

to concludethat � is true (false) in 0 , sincetrue tracesin 0

& and possibletracesin 0

correspond,andtrue tracesin 0

� andtrue tracesin 0 correspond.If � is falsein 0

& and

true in 0

� , then � is maybein 0 .



Chapter 3

Merging Models

In this chapter, we review merging modaltransitionsystems.Section3.1 de�nes the notion

of a commonobservational re�nement as the basisfor merge. Section3.2 de�nes the least

commonre�nementasthe merge, if it exists, anda minimal commonre�nementotherwise.

Finally, Section3.3 discussestherole of thegreatestcommonabstractionin thecasethat the

leastcommonre�nementdoesnotexist, andweendwith asummaryin Section3.4.

Figure3.1providesanabstractsummaryof theconceptsdiscussedin this chapter. In this

�gure, arrowsdepictobservationalre�nements(i.e.,anedgefrom 
 to � indicatesthat � is a

re�nementof 
 ). All modelsareassumedto bede�ned over thesamealphabet,andtransitive

relationsarenotdepicted.

3.1 CommonObservational Re�nement

The intuition we wish to captureby merging is that of augmentingthe knowledgewe have

of the behaviour of a systemby taking what we know from the two partial descriptionsof

thesystem.Clearly, thenotionof re�nementunderliesthis intuition asit capturesthe “more

de�ned than” relationbetweentwo partial models. Hence,merging two modelsof the same

systemis about�nding a commonre�nement for thesemodels,i.e., �nding a model that is

morede�ned thanboth.

20
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It is possiblethatthemodelsbeingmergedhavedifferentalphabets,andthereforemerging

thesemodelsresultsin a modelwhosealphabetis asupersetof theoriginalones:bothmodels

areextendedwith the informationthat the otherhas. Whencomparingsucha merge to one

of the original systems,transitionson actionsthat areout of the scopeof this systemareef-

fectively the sameasinternalactivity (i.e., transitionson � ). In addition,thepreciseamount

of suchactivity arisingfrom hiding actionsthat areout of the scopeof onesystemis irrele-

vant,asthis behaviour is unobservableto thesystemin question.Therefore,whencomparing

a merge to oneof the original systems,differencesin internalactivity occurringbeforeand

afterobservablebehaviour should,in essence,beignored.Hence,themergeof two partialbe-

havioural modelsshouldbeanobservationalre�nementof eachof theoriginal systems,with

theappropriatealphabetrestrictions.

De�nition 11. (CommonObservationalRe�nement)AnMTS 
 is a commonre�nement(CR)

of MTSs0 and 1 if � 
���=�� 0  � 1 A , 0 � � 
 @� 0 and 1 ��� 
 @� 1 .

We write ;*<>= 0 � 1 A to denotethesetof commonre�nementsof models0 and 1 . From

thispointon,whenwereferto commonre�nement,wealwaysmeanobservationalre�nement.

Refer to Figure 2.1 for the following example. MTS � speci�es the writers policy for

acquiringa read-writelock: i) readersexcludewriters,ii) writersexcludereaders,iii) at most

onewriter canhave the lock at any giventime, iv) thenumberof concurrentreadersallowed

is not known. We can merge � with the MTS � that statesthat therecan be at leasttwo

concurrentreaders.Model � is a commonre�nementof thesemodels.Notethat � � � � ���

���
	�#��%$&	����
��������������#��%$�	����
������� holdsvia therelation

� � ��= � 
 � � 
 A ��= � B � � B4A �&= � � � � � A ��= � 
 � �

�

A ���

and � ��� � holdsvia therelation

� ����= � 
 � � 
 A ��= � B � �

�

A �&= � �6� � � A ��= � �6� � B�A �

�

� is a re�nementof � and � andthuscansimulatetherequiredbehavior of bothmodels.For

example,like � , � allowsup to two readersto accessthelock concurrently, e.g.,it admitsthe
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(a)

refinementsrefinement
commonLeast Common

M N

ofof andM N andM N

(b) of M and N

of M and N
Common refinements

andMof N

gca of all minimal
common refinements

common
Minimal

N

refinements

M

Figure3.1: Commonre�nementsfor consistentmodels0 and 1 : (a) 0 and 1 have theleast

commonre�nement;(b) 0 and 1 haveno leastcommonre�nement.

trace

���
	����������
�������(���
	����������'�������(���������������
�����*�(���������������
�����*�

� � �

As in model � , � allowsonewriter to accessthelock (e.g.,it admitsthetrace���
	�#��%$&	����
����� ,

������#��%$&	����
����� ,
� � �

). On theotherhand, � and � cansimulatethepossiblebehaviour of � ,

i.e., � cannotintroducebehaviour thatis proscribedin � or � . If � hadpossibletracesallow-

ing concurrentaccessto thelock by readersandwriters,(e.g., ���
	�#��%$&	����'�������&���
	��
�������
����� ),

then � wouldnot bea re�nementof � or � , assuchtracesarenotpossiblein eithermodel.

3.2 Mergeasa Minimal CommonRe�nement

Notethatcommonre�nementallowsmodel � to proscribetracesthatwerepossiblein models

� or � . In otherwords, � may not be ableto simulatethe possiblebehaviour of � and � .

For example,the trace ���
	����������
����� , ���
	��
�������
����� , ���
	����������
����� ,
� � �

, which allows three

or moreconcurrentreaders,is a possibletraceof � and � , but is proscribedin � . Conse-

quently, the mergedmodel � introducesknowledgethat neitherof the original modelshas,

e.g.,proscribingthreeor moreconcurrentreaders.Instead,we prefera leastre�ned common

re�nementof theoriginalmodels.For example,model� � is acommonre�nementof models�

and � that,unlike � , doesnot restrictthetrace ���
	����������
����� , ���
	����������
����� , ���
	����������
����� .
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Model � � is calledtheleastcommonre�nementof � and � .

De�nition 12. (LeastCommonRe�nement)AnMTS 
 is theleastcommonre�nement(LCR)

of modal transitionsystems0 and 1 if 
  ;�<"= 0 �(1 A , � 
 � � 0  � 1 , and for any

�  ;�<>= 0 � 1 A , 
 ��� � @� 
 .

Notethatleastcommonre�nementsareuniqueup to observationalequivalence,andhence

wereferto theleastcommonre�nement,denoted, ;*<

� �

� for models0 and 1

An LCR of the original systemsmaynot exist for two reasons.Firstly, it is possiblethat

nocommonre�nementexists.Secondly, acommonre�nementmayexist, but theremaybeno

leastone.Wediscussthesepossibilitiesbelow.

Considerthemodelsin Figure2.1(a).Models
�

and � do not haveacommonre�nement:

supposesomemodel 
 is a commonre�nementof
�

and � , with � 
 �H�

�

� � � , andlet

� � ���
	��
�������
����� , ���
	����������
����� . We know that �

-

� � � ��� , andbecause� ��� 
 , there

exists 


� suchthat 


-

� � � 


� . Since
�

��� 
 , trace � shouldbe possiblein
�

, which is a

contradiction.In fact,model
�

is inconsistentwith all modelsthatgiveconcurrentreadaccess

to morethanoneprocess,namely� , � ,
�

, � and � � . Mergecanthereforeonly bede�ned for

consistentmodels.

De�nition 13. (Consistency) MTSs0 and 1 areconsistentif thereexistsanMTS 
 such that


 is a commonre�nementof 0 and 1 .

Now refer to the modelsshown in Figure3.2(a). Models � and � do have commonre-

�nements,e.g., � , , and � , but no LCR. Intuitively, to �nd , ;*<��

� � , we mustre�ne � into

�4� so that =�� � � �2�
�43)�2A

?

� � � . Hence,we musttransformthemaybetransitionon � in � to a

requiredtransition,andalsotransformoneof themaybetransitionson � or 3 . If we transform

all threetransitions,we obtainthemodel � . However, if we choosenot to transformthetran-

sition eitheron � or on 3 , thenwe obtainthemodels� and , , which arebothre�ned by, but

not equivalentto � . Thesecommonre�nementsarenot comparable(neitheris a re�nement
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Figure3.2: (a)ExampleMTSs;Relationshipsbetweenmodels:(b) with respectto thealphabet

k‚zs„
; (c) with respectto thealphabet

k°uŒ|&%…| zƒ„
.

of the other)becauseof the differentchoicesmadeon which non-sharedmaybetransitionto

make required.

It is not possibleto �nd commonre�nementsof ' and ( which are lessre�ned than )

and
�

. For example,� is lessre�ned thanbothbut is not a re�nementof ( . Hence,we refer

to ) and � as the minimal commonre�nementsof ' and ( . Note that models
�

and

�

are incorrectattemptsof building minimal commonre�nementsof ' and ( . Thesearenot

re�nementsof ' becausethey canboth transiton z from the initial statethrough(a sequence

of) requiredtransitions,whereas' cannotdo sofrom its initial state.

De�nition 14. (Minimal CommonRe�nement)An MTS š is a minimal commonre�nement

(MCR)of MTSsW and * if š ±,+.-®œ&W |
*

¦ , ´ šµjª´ W † ´
* , andthere is noMTS /10

243

š

such that /
±5+.-®œ0Wª|

*
¦ and / @́ š76

3

š .

Remark 1.
�8+.-:9<; =

is alsoanMCRof
W

and * . In addition,if
š

is theonlyMCRof
W

and

* (up to equivalence),thenit is �8+.-,9<; = . Finally, if W and * are consistent,thenthey have

an MCR.

Wewrite
�

+.-®œ&W |
*

¦ to denotethesetof MCRsof modelsW and * . Wearenow ready

to formally de�ne merge.
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De�nition 15. (Merge)Themergeof twoconsistentMTSs0 and 1 , written 0 � 1 , is either

, ;�<

� �

� , it if exists,or oneof themodelsin ��;�<"= 0 � 1 A .

In Chapter4, wegivesuf�cient conditionsfor theuniquenessof merge(i.e.,for theLCR to

exist), andin Section3.3,we discussa modelthatcanbeusedasa startingpoint for thecase

whenmergeis notunique.

3.3 Handling Multiple Merges

By de�nition of merge,if two modelsareconsistentbut havenoLCR, theirmergecouldresult

in anyof theirMCRs.However, any choiceof MCR rulesout theothers.Hence,it is helpful to

�nd amodelthatcharacterizesthepointatwhichincompatibledecisionsmustbemadein order

to mergethetwo modelsandproduceanMCR. Thismodelis thegreatestcommonabstraction

(GCA) of all MCRs: themostre�ned modelfrom which we canarrive throughre�nementto

any oneof theMCRs.

De�nition 16. (GreatestCommonAbstraction)Let 0 and 1 be consistentMTSs. An MTS

� is a commonabstractionof all MCRsof 0 and 1 if � � � � 0  � 1 and for all 
  

��;*< = 0 � 1 A , it holdsthat � ��� 
 . A commonabstraction(CA) � of all MCRsof 0 and

1 is thegreatestcommonabstraction(GCA)if for anyothercommonabstraction �
� , it holds

that ��� ��� � .

Remark 2. ByRemark1, , ;*<

� �

� is alsotheGCAof all MCRsof 0 and 1 .

We denotetheGCA of all MCRSof 0 and 1 by
�

;

�

� �

� .

Proposition2. (ExistenceandUniquenessof GCA) TheGCAbetweentwoMTSsalwaysexists

andis uniqueup to observationalequivalence.

Note that the GCA itself may not be a commonre�nementof the modelsbeingmerged

(see3.1).For example,
�

;

�

�

� � (seeFigure3.2(a))is model
*

. Thismodelis notare�nement
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of � , but couldbere�ned to becomeone.Further, any re�nementof this modelrulesout the

possibilityof arriving atoneof theMCRs � or , .

Therelationshipbetweenmodels� through� of Figure3.2(a)is shown in Figures3.2(b)

and3.2(c).As in Figures2.1(b)and2.1(c),eachgraphrelatesmodelswith thesamealphabets.

Since � doesnothave � or 3 in its alphabet,it cannotbecomparedto theothermodelsunless

thesehave their alphabetsrestrictedto � � . Hence,� doesnot appearin Figure3.2(c),where

arrows depictobservationalre�nementbetweenmodelsover thealphabet�2�'�@3�� ��� . However,

� doesappearin Figure3.2(b),wherethecomparedmodelshave thealphabet����� .

3.4 Discussion

In conclusion,whatshouldbe theresultof merging two consistentmodaltransitionsystems,

0 and 1 ? If , ;*<

� �

� exists,thenthis is thedesiredresultof themerge.However, if 0 and 1

areconsistentbut their LCR doesnot exist, thenthemergeprocessshouldresultin oneof the

MCRsof 0 and 1 . Model merging shouldsupportthemodellerin choosingwhich MCR is

themostappropriate.This canbedoneby producing
�

;

�

� �

� andsupportingits elaboration

to producea particularMCR (see[49]). This would allow the modellerto choose,possibly

after validatingwith stakeholders,which is the appropriateway of combiningtwo different

descriptionsof thebehaviour of thesamesystem.



Chapter 4

Characterizing Merge

In this chapter, we addressseveral questionsrelatedto merge: how can the consistentbe-

haviours from two consistentmodelsbe described?Whenis themerge of consistentmodels

unique?Whattemporalpropertiesarepreservedin merge?How canwe usetemporalproper-

tiesto determineif two systemscanbemerged?

Section4.1 de�nes consistency relationsbetweentwo modelsthat capturesthe notion of

a commonre�nement, anddiscussesthe role of the largestsuchrelation. Section4.2 gives

suf�cient conditionsfor the uniquenessof merge. Section4.3 provesthat re�nement is logi-

cally characterizedby ,
-
/

andpreservesFLTL, anddiscussesthepracticalimplicationsof these

resultsfor modellers.Finally, Section4.4uses,
-
/

propertiesto characterizeconsistency.

4.1 ConsistencyRelations

In this section,we de�ne anddiscussissuesrelatedto consistency relations.Theserelations

areusedthroughoutthethesis:in Section4.2to describewhenmergeis unique,in Section4.4

to characterizeconsistency in termsof ,

-/

properties,andin Chapter6 to de�ne two merge

algorithms.

In orderto merge two consistentmodels,it is necessaryto understandpreciselywhich of

their behaviours can be integrated. In particular, a statein any commonre�nement of two

27



CHAPTER 4. CHARACTERIZING MERGE 28

�

:
� � �

�

� �

�

�

:
� �

�

��� �

:
* + ?

� 


���

:
* + ?

�




�


 	 :
* +?



 


��





:
* +?





��



 K

:
* +


 � :
+ * ?


 


�




�



��� �

:
+ * ?


 


��


�

����
 �

:
+ * ?


 


�

� �

�

:
+ * ?


 


�

���

:
* +

� � :
* +

� � :
* + ?

�

� � :
* + ?

�

�

�

:
* + ?

A

�

�

�

� �

: :

* + ?

	

�

�

�

:
* + ?

A


 	

�

�

�

:

* + ?

A


 	

�

�

� �




�

Figure4.1: ExampleMTSs.

modelsis intuitively a combinationof two consistentstates:one from eachof the original

models. In W j œRž.9 , ¡ 9 , £��

9

, £��

9

, ¤Š¥ 9 ¦ and *
j œRž.= , ¡ = , £��

=

, £ �

=

, ¤ ¥ = ¦ , states

¤)± ž.9 and ‘L± ž.= areconsistentif andonly if thereis a commonre�nementof W � and

*"! . Therefore,*#! @́ W shouldbe ableto simulaterequiredbehaviour at W � with possible

behaviour, andvice-versa. A consistencyrelation, which is similar to a two-way re�nement

relation,is usedto describesuchpairsof reachableconsistentstatesof two models.

De�nition 17. (Consistency Relation)A consistency relationbetweenMTSs
W

and * is a

binary relation $
9 = ¨&%a­'%

such that
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4. 1

�

� � � 1

�

� � � � 0  "�

�

� � ,'0

�

-�0

@

� �

�

0

�

� = 0

�

� 1

�

A  ��

�

�

Hence,thereis a consistency relationbetween0 and 1 if whenever 0 cantransiton a

sharedaction � througha requiredtransitionto 0 � ( 0

�

�� � � 0�� ), then 1 @� 0 cantransiton

a possibletransitionto 1 � ( 1 @� 0

�

�� �

�

) suchthat 0�� and 1 � areconsistent.However, this

meansthat 1 cantransiton � , possiblyprecededandsucceededby zeroor moreobservable

transitionson actionsnot in � 0  >�

�

� . In orderfor 0

�

�� � � 0�� and 1 @� 0

�

�� �

�

1 � to be

consistent,thesuccessorsof 1 preceding� mustbeconsistentwith 0 , andthesuccessorsof

1 succeeding� mustbeconsistentwith 0 � (Condition(1)). Thecasewhen 1 cantransiton

a sharedactionthrougha requiredtransitionis analogousto Condition(1). If 0 cantransit

on a non-sharedaction � througha requiredtransition,then 1 caninternally transit through

possibletransitionsto some1 � thatis consistentwith 0 � (Condition(3)), since,asdiscussed,

transitionsout of the scopeof onesystemarein essencethe sameasinternalactivity to that

system.Finally, thecasewhen 1 transitsonarequiredtransitionis analogous(Condition(4)).

For example,considerthemodelsin Figure4.1 andassumethat �

�

�!�2�
�43)� and � < �

��� � �2�
�435�6��� . ����� � ��=

�


 �4< 
 A , =

�

�&�4< B4A � is a consistency relationbetween
�

and < .

The transition < 


�

���

� < B is matchedin
�

with
�




�

� �

#

�

� , andcannotbematchedwith
�




�

���$#

�

B because
�

B and< 
 areinconsistenton 3 , violatingCondition(1) in De�nition 17.

Thismatchingmakessensebecausenocommonre�nementof
�

and< includesatransitionon

3 (e.g., <  >;�<>=

�

��< A ). On theotherhand,thereis no consistency relationbetweenmodels
�

and � . Suppose���
	 wassucha relation. Since � 


�

���

���DB and � � ��

�

 �

�

� , thepair

=

�


&���DB@A mustbe in ����	 (Condition(4)). � B

�

�)�

��� � mustbe identi�ed with
�




�

���$#

�

B

because� � requires3 and
�

� proscribesit, andhence=

�

B �
� � A is in ���
	 (Condition(2)). The

only internalbehaviour at � � is a self-loopon I , which forces
�

B

�

���

�

�

� to be matched

with � � @� �

�

� � (Condition(1)), i.e., =

�

�6��� � A mustbein ���
	 . However, since � � requires3

and
�

� proscribesall actions,Condition(2) is violated,andthereforethereis no consistency

relationbetween
�

and � . Notethatthereis alsono commonre�nementof thesemodels.

Conditions(1) and(2) in De�nition 17 requirethattheintermediatestatesareidenti�ed in
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theconsistency relation,e.g., = 0 � 1��

 

A  �

�

� and = 0 � � 1��

 

A  �

�

� in Condition(1). For

example,refer to models < and
�

in Figure4.1 with � < � �2�
�435�6��� and � � � �2�
�435�(�'� .

Thereis noconsistency relationbetweenthesemodelsbecausetheonly possiblematchfor the

transition< 


�

���

� < B is thesequence
�




�

���$#

�

B

�

���

�

�

� , where���  � < . However, <"B and
�

B areinconsistenton 3 , violatingCondition(1),andresultingin inconsistenciesbetweenthese

models.In particular, Conditions(1) and(2) guaranteethatwhenasingleobservabletransition

in onemodelis identi�ed with asequenceof observabletransitionsin theothermodel,possibly

on non-sharedactions,thenthe statescorrespondingto the transitionson non-sharedactions

arenotsourcesof inconsistencies.

Wenow provethatournotionof theconsistency relationis complete,i.e.,consistentmodels

arepreciselythosethathaveaconsistency relationbetweenthem.

Theorem2. (Consistency RelationsCharacterizeConsistency) TwoMTSsareconsistentif and

only if there is a consistencyrelationbetweenthem.

Proof:

We illustratethecasefor equalvocabularies;thecasefor differentvocabulariesis similar. Let � and
�

beMTSssuchthat �	�

-

�

�

.

+�


/

Assume� and
�

areconsistentand let �

!�
��

+

���

�

/

. � �
�

� with re�nement relation
�

� , and
�

�
�

� with re�nementrelation
�

� . De�ne �

�

� asfollows:

�

�

�

-

�

+

���

�

/

$'&

�
�

) +

�����
�

/

!

�

�

�

+

�

���
�

/

!

�

�

0 9

(4.1)

Weshow that �

�

� is aconsistency relationbetween� and
�

by showing thatConditions(1) and(2)

in De�nition 17 hold. Clearly +

���

�

/

!

�

�

� . Let �

!

+

���

�

�

�

/

�

���

0

.

�

�

�

-
.

�

�

�

.

&

�

�

)

�

�

�

-
.

�

�

�

�

+

�

�

�

�

�

/

!

�

�

�

(Equation(4.1))
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� � � )
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� �
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.
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�

�

)

�

�
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� �

�

�
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�
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���

�

/

!

�

�

( � � � � )

-

� 9

Condition(2) is provenin a similar fashion.

+

.

/

This partof theproof is constructive, utilizing the �

��� operatorpresentedin Section6.4for build-

ing a commonre�nement. In particular, if thereis a consistency relationbetween� and
�

, thenby

Theorem11, ���

���

�

! 
 �

+

���

�

/

.

Thereis anotionof thelargestconsistency relationbetweentwo consistentmodels,which

is de�ned astheunionof all consistency relationsbetweenthem. Intuitively, the largestcon-

sistency relationdescribesall reachableconsistentbehavioursbetweentwo consistentmodels.

For example,consider< and � in Figure4.1 over thevocabulary �2�
�6��� . � ��� �!��= < 
&��� 
 A ,

= < B ���!B@A , = < B ��� � A�A � is the largestconsistency relation betweenthem, but �
�

���

� � ��� �

��= < B ��� � A � is alsoa consistency relation. Thesetwo relationsgive rise to differentcommon

re�nementsof < and� , namely� and �
� . Unlike �

� , model � doesnot ruleout thepossibility

of action � occurringafteraction � . We discussthis issuein moredepthin Section6.2,where

wegiveanalgorithmfor building thelargestconsistency relationbetweentwo models.

4.2 Uniqueness

Wenow givesuf�cient conditionsfor themergeof two consistentsystemsto beunique.

Recall that models � and � in Figure 3.2 do not have an LCR due to the fact that in

any LCR, at leastonenon-sharedmaybetransitionin � mustbe transformedinto a required

transition,yet multiple incompatiblechoicesof which transitionto transformare available.
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Thefollowing conditionrestrictstheexistenceof suchchoices.

De�nition 18. (Multiple-MaybeCondition)Let 0 and 1 beMTSsandlet �

�

� bethelargest

consistencyrelationbetweenthem. 0 and 1 satisfythemultiple-maybeconditionif it is not

thecasethat for all = 0 � 1 A  �

�

� , Conditions(1) – (3) or Conditions(4) – (6) simultane-

ouslyhold,where �� 0� 0 F � 1 :

1. 1 �� � � � 0

�

.

� � ,

2. '*0�� - , �  =A� 0 �I� 1 A C -�0

-

� �BA 0�� �� �

�

� = 0�� � 1 A( �

�

� � = � � � A ,

3. ,'0
�

� 0
� �

- , � B ��� �G =A� 0 �I� 1 A
C

-�= � B

.

� � � A � = 0

-

$

� �

#

0
� �

� �

�

A

� = 0

-

2

� �

#

0�� � �� �

�

A � = 0�� � 1 A  ��

�

���>= 0�� � � 1 A( ��

�

�

�

Conditions(4) – (6) areanalogousto (1) – (3) with therolesof 0 and 1 reversed.

In Condition(1), 0 proscribesthe sharedaction � , whereas1 requiresit. Condition(2)

saysthat if 0�� is reachablefrom 0 throughoneor more non-sharedactions,and 0 � can

transitionon � , then 0 � is only reachablevia non-sharedmaybebehaviour. Condition (3)

guaranteesthatthereareat leasttwo different �
�

� and 0
� 's in Condition(2), i.e., two different

non-sharedmaybepathsto statesin 0 thatcantransitionon � . If thesethreeconditionshold,

thenfor any 
 in ��;�<"= 0 � 1 A , somenon-sharedmaybebehaviours in 0 mustbe required

behaviours in 
 in order to guaranteethat 
 @� 1

�

� � � (i.e, that 
 re�nes 1 ). However,

multiple choicesof which maybebehavioursto convert to requiredbehavioursin 
 exist, and

thereforemultiple non-equivalentMCRs exist. Finally, Conditions(4) – (6) arethe sameas

Conditions(1) – (3), exceptthechoicesaremadein 1 insteadof 0 .

Considermodels� and � in Figure4.1overthevocabulary �2�
�435�6��� . Both � and � have

two non-equivalentsuccessorson � from the initial state,i.e., �

�

�*�

����B and �

�

�)�

��� �

suchthat ��B

.

�	��� � , andsimilarly for � . However, both � B and � � areconsistentwith � B

and � � . In particular, � is anMCR of � and � thatcorrespondsto combining � B with � B ,

and � � with � � , whereas� correspondsto combining� B with � � , and � � with � B . �

.

� ��� ,
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andtherefore, ;*<��

� � doesnot exist. This exampleillustratesthatdifferentMCRsmayarise

whentherearemultiplewaysof combiningnon-deterministicbehaviour on asharedaction.

De�nition 19. (Determinacy Condition)Let 0 and 1 beMTSs,�

�

� be the largestconsis-

tencyrelationbetweenthem,and ��� � 0 F � 1 . 0 and 1 satisfythedeterminacy condition

if for all = 0 �(1 A  ��

�

� , it is not thecasethat for some�  �! "�

�

� :

1. 0 @�

�

�� �

�

0 � � 0 @�

�

�� �

�

0 � � @� � 0 �

.

�	� 0 � � ,

2. 1 @�

�

�� �

�

1 � @� � 1 @�

�

�� �

�

1 � � @� � 1 �

.

�	� 1 � � ,

3. ��= 0�� � 1 � A �&= 0�� � � 1 � � A �

�

�

�

��� =�= 0�� � 1 � � A  ��

�

� 
 = 0�� � � 1 � A  ��

�

� A .

Intuitively, if thedeterminacy conditionis violatedat = 0 � 1 A , thenwithout lossof gener-

ality, thereis a successor0 � of 0 via a sharedaction � that is consistentwith at leasttwo

non-equivalentsuccessorsof 1 via � , say 1 � and 1 � � . In addition,oneof thesesuccessors,say

1 � � , is consistentwith a successor0 � � of 0 via � that is not equivalentto 0 � . Hence,if 0��

is combinedwith 1

� , then 0

� may or may not be combinedwith 1

� � , because1

� � could be

combinedwith 0
� � instead.Since 0

�

.

� � 0
� � and 1

�

.

� � 1
� � , thedifferentcombinationsof

non-determinismmayleadto non-equivalentbehavioursin 0
�

� 1
� and 0

�
� 1

� � , andhence

to theexistenceof multiple incomparableMCRs.

Finally, considermodels
�

and � in Figure4.1andassumethat �

�

� ����� and ��� � � 3)� .

Models � , � , and � over the vocabulary � 35�6��� are in ��;*< =

�

�	� A , yet noneof them are

equivalent. Intuitively, , ;*<�


� � doesnot exist becausebothmodelscantransiton non-shared

actions:
�

�

���

� and �
K

�)�

� , where �  ��

�

����� and 3$ ��� ���

�

. Hence,choicesexist

on theorderin which theseactionsappearin anMCR: theMCR � correspondsto puttingthe

transitionon 3 �rst, theMCR � correspondsto puttingthetransitionon � �rst, andtheMCR

� correspondsto allowing bothorders.Thefollowing conditionrestrictstheexistenceof such

choices.
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De�nition 20. (Non-SharedCondition)Let 0 and 1 beMTSsandlet �

�

� bethelargestcon-

sistencyrelationbetweenthem. 0 and 1 satisfythenon-sharedconditionif for all = 0 �(1 A! 

�

�

� , it is not thecasethat 0

�

$

� �

�

and 1

�

2

� �

�

, where � B  "� 0 �I� 1 and � �I � 1 �G� 0 .

Thethreeconditionsde�ned in thissectionaresuf�cient to provetheexistenceof theLCR

betweentwo consistentmodels.

Theorem 3. (Suf�cient conditionsfor theexistenceof LCR) If 0 and 1 areconsistentMTSs

that satisfythemultiple-maybecondition,thedeterminacycondition,andthenon-sharedcon-

dition, then , ;�<

� �

� exists.

Proof:

Let � and
�

be consistentMTSs with ���

-

�

�

, andlet �

�

� be the largestconsistency relation

betweenthem.Assumethereexist � and � in �
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+

���

�

/

suchthat ���

�

�
� . Since ���

�
� , there

aretwo possiblecases:

1. &
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���
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),+
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/
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�

/

(De�nitions 5 and14)

.

&

�

�

�

�

�

)

�

�

�

-
.

�

�

�

�

�

�

�

-
.

�

�

�

�

�

�

�
�

�

�

�

�

�

�
�

�

�

�

�

�

-

�

�

�

�

�

( �

�

! 
��

+

�

�

�

�

�

/

)

.

&

�

�

�

�

�

)

�

�

�

-
.

�

�

�

�

�

�

�

-
.

�

�

�

�

+

�

�

�

�

�

/

!

�

�

�

�

�

�

-

�

�

�

�

�

9

Without lossof generality, assume�

�

�

-
.

�
�

�

, otherwise� wouldnot require� .
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(De�nitions 5 and14)
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-

�

�

�

�

� �
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We canassume�


��

�

�

�

�

� and �


 �

�

� �

�

�

� bothexist; otherwise,we repeattheproof for �

-

�

�

and
�

-

�

�

or �

-

�

�

and
�

-

�

� �

until they do. Hence:

� � �

�

�

-

� �

�

� �

-

� � �

�

� �

(By (1))

.

�
�

�

�

�

-

�
�

�
�

�
�

-

�
�

�

�

� �

(Proposition4 in Section5.1,since�

�

and �

�

areLCRs)

.

�

�

�

�

�

�

� �

9

In addition,thereis no �

� �

suchthat �

�

�

-
.

�

�

� �

and �

� �

-

�

�

�

�

�

, otherwise�

�

�

�

�

� �

, con-

tradicting( �

/

. Since +

�

�

�

�

�

/

!

�

�

� , thereexists �

� �

suchthat �

�

�

-
.

�

�

� �

and +

�

� �

�

�

�

/

!

�

�

� (i.e., in � ,
�

�

is combinedwith �

� �

insteadof �

�

). Hence, �

�

�

�

�

�

� �

; otherwise,

�

�

-

�

�

�

�

�

�

�
�

� �

�

�

�

-

�

�

, contradicting( � ). Puttingtheabove together:

�

�

�

-
.

�

�

�

�

�

�

�

-
.

�

�

� �

�

�

�

�

�

�

�

� �

�

�

�

�

-
.

�

�

�

�

�

�

�

-
.

�

�

� �

�

�

�

�

�

�

�

� �

�

�

+

�

�

�

�

�

/

�

+

�

�

�

�

� �

/

�

+

�

� �

�

�

�

/10

<

�

�

�
�

whichviolatesthedeterminacy condition.

2. &

�

!

�	�

�

�

�

�

���

0

) &

�

�

)

�

�

� �

�

�

�

�

6

�

�

),+

�

�

�

-
.

�

�

�

.

�

�

�

�

�

�

/

:

Analogousto Case1.

When �	� �

-

�

�

, theproof is similar, but with additionalsubcasesin Cases� and � above, depend-

ing on whether� is a sharedor non-sharedaction. In Case � above, if � is a sharedaction,eitherthe

determinacy conditionor themultiple-maybeconditionis violated,andif � is a non-sharedaction,the

non-sharedconditionis violated.Case� is analogous.
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Note that the conditionsin Theorem3 arereasonablebecausethey areconsequencesof the

modellingformalism. Speci�cally, themultiple-maybeconditionis simply a consequenceof

allowing multiple non-equivalentpathsto thesamestate.Thenon-sharedconditionis a con-

sequenceof the interleaving natureof MTSs, i.e., it is impossibleto expresssimultaneous

transitionsin anMTS, suchas“ 0 transitson � and I ”, without specifyingtheorderin which

theactionsoccur. Finally, non-determinismin MTSsis intuitively dueto differentchoicesof

how to abstractpartof thesystemaway. As thesechoicescannotbeguaranteedto beequiva-

lent,non-determinismin bothmodelsonthesameactionmayleadto multipleMCRs,asin the

determinacy condition.

It shouldalsobenotedthatthemultiple-maybeconditionandthenon-sharedconditionare

necessaryconditions:if eitheroneis violated,thentheLCR doesnotexist. Ontheotherhand,

thedeterminacy conditionis suf�cient but notnecessary. This is dueto thefactthat 1
�

.

� � 1
� �

doesnot imply that 0

�

� 1

�

.

� � 0

�

� 1

� � . Therefore,differentchoicesof how to combine

non-deterministicbehaviour mayleadto equivalentbehaviours,evenif thesuccessorsarenot

equivalent.Weleavefor futurework strengtheningthedeterminacy conditionto beanecessary

conditionaswell.

4.3 Property Preservation

The logic ,
-
/

characterizesobservational re�nement and thereforemerge. In the + -valued

world, this meansthatanMTS 0 is re�ned by anMTS 1 if andonly if all true andfalse ,
-
/

propertiesin 0 arepreservedin 1 .

Theorem 4. ( ,

-/

CharacterizesRe�nement)If 0 and 1 are MTSsover thesamevocabulary

with initial states��


� and ��
�� , then:

0 ��� 1

�

' �" ,

-

/ -�=���


�

 � �+�,� �

-

� ��
��  � �$� � �

-

A � =���


�

 � �+�,� �

0

� ��
��  � �$� � �

0

A

Proof:

Follows from thefactthat �

/ characterizesstrongre�nement[29], � �
�

�

if andonly if �

@

�
�

�

@

,



CHAPTER 4. CHARACTERIZING MERGE 37

and �

!

�

-

/ is true(false) in anMTS � if andonly if �

�

!

�

/ is true(false) in �

@

, where�

�

is obtained

from � by replacingeveryoccurrenceof aweaknext operatorwith its strongcounterpart.

Remark 3. Theorem4 doesnot give insight into preservationof maybeproperties: they can

becometrue, false, or remainmaybein themore re�ned model.

To illustrateTheorem4, referto themodelsin Figure4.1. � �	� � with re�nementrelation

� � ��= � 
&� � 
(A , = ��B � �!B4A , = � �&� � � A � . It canbeveri�ed thatall true andfalsepropertiesin �

arepreservedin � andvice-versa(e.g., �!�&� � � � � � 	 and �+� � � �!�&� � 
 ). On theotherhand,��� � �

since� canstill performatransitionon 3 afterevery transitionon � , whereas�!


�

���

� �GB and

�!B

K

.

� � . In particular, �!�&� � � I � � 
 is true in � andonly maybein � .

Thelogic FLTL is alsopreservedunderre�nement.Webegin with thefollowing lemma.

Lemma 1. (Preservationof TraceValues)If 0 and 1 areMTS's over thesamevocabulary:

0 ��� 1 � '

�

 

�

-�0 =

�

A ( � 1 � 1 =

�

A

Theabovelemmastatesthattheinformationorderingonthevaluesof tracesis preservedunder

re�nement,which is fundamentalfor proving preservationof any lineartime logic.

Theorem 5. (Preservationof FLTL) If 0 and 1 areMTSsover thesamevocabulary:

0 ��� 1 � ' �" FLTL - � ���

�

( � 1 � � ���

�

�

Proof:

Suppose� �
�

�

andlet �

!

FLTL.

+��

�

�

�

-

�;/
�

+��

�

�

���

� /

(De�nition 10)

-

+��

�

�

�

-

�;/
�

+ &��

!	�

)

�

+
�

/��>� �

�

�

$

-

�

/
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(De�nition 10and
�

+
�

/��>�

.

�

+
�

/��E�

by Lemma1)

.

+ 6 �

! �

)

�

+
�

/��>�

.

� $

-

�

/ �

+ &��

! �

)

�

+
�

/��>� �

�

�

$

-

�

/

(Law of Contradiction)

-

�

9

�

�

�

�

-

�

(De�nition 10)

-

&��

! �

)

�

+
�

/

-

� �

�

�

$

-

�

( �

+
�

/

-

�

.

�

+
�

/

-

�

by Lemma1)

.

&��

! �

)

�

+
�

/

-

� �

�

�

$

-

�

(De�nition 10)

-

�

�

�

�

-

�

9

Although FLTL is preserved by re�nement, it doesnot characterizeit (adaptedfrom [19]).

For example,refer to models� , � , � , and � in Figure4.1 all over thevocabulary �2�'�@3�� ��� .

SupposethatFLTL characterizesre�nement,i.e., if 0 � � 1 , thereis anFLTL propertythat

is true in 0 andfalsein 1 . Since� � ��� , thereexists � in FLTL thatis true in � andfalsein

� . By thefactthat ��� � � and � B ��� , theproperty� � is true in � andfalsein � . However,

� �	�	� , contradictingTheorem5. Hence,FLTL doesnotcharacterizere�nement.

Theorems4 and5 arefundamentalto understandingthepropertiesof mergefrom a stake-

holder's point of view. In particular, propertiesthat are invariant understuttering[1] (i.e.,

eventualities,invariants,andso forth) areguaranteedto be preserved, regardlessof the un-

derlyingsemanticsof the logic in which they areexpressed.However, propertiesthat rely on

preciseamountsof internalactivity, i.e., immediatenexts or countingproperties,cannotbe

guaranteedto be preserved by a merge. The casestudyin Chapter7 illustratesthe utility of
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theseresultsona realisticexample.

4.4 Characterizing Consistencywith Temporal Properties

In this section,we useTheorem4 to characterizethe casewhentwo modelscanbe merged

usingpropertiesthatdistinguishbetweentwo systems,i.e., thatevaluateto true in onesystem

andfalsein theother.

As twomodelsareconsistentif andonly if they haveacommonre�nement,modelsoverthe

samevocabularymustagreeon all concretebehaviours,i.e., thereshouldbeno distinguishing

,

-
/

propertybetweenthem.

Theorem 6. (Consistency Characterization:SameVocabularies)Two MTSsover the same

vocabulary areconsistentif andonly if no ,

-/

propertydistinguishesthem.

Proof:

+

.

/

If � and
�

areconsistentwith MCR � , andthereis �

!

�

-

/ thatdistinguishesthem,then � would

betrueandfalsein � by Theorem4.

+�


/

If � and
�

are inconsistent,then by Theorem10 of Section6.3, Algorithm � in Figure 6.4

returns�

!

�

-

/ thatdistinguishesthem.

For example, � and � in Figure4.1 are inconsistentbecauseafter every transitionon � in

� , a transitionon either 3 or � is possible,whereas� 


�

���

���!B and �!B proscribesboth 3 and

� . Theproperty ����� ��=3� I � � 	 
�� � � � 	�A is falsein � andtrue in � .

Beforeadistinguishingpropertyis meaningfulfor modelsoverdifferentvocabularies,both

modelsmust�rst berestrictedto their sharedvocabulary, becausethepresenceof non-shared

actionsmaycauseapropertyto distinguishbetweenconsistentsystems.For example,consider

models� and � in Figure4.1 andassumethat ��� ��� 3)� and � �!� � 3�� ��� . Thesemodels

areconsistentbecause� is a commonre�nement,but theproperty � I � � 	 is true in � andfalse
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7 :
� �

�

� �

:
� �

�

� � :
* +

�

� �

���

� � :
* + ?

�
�

�

Figure4.2: InconsistentMTSs � and � ; 	 and � thatarenot in +.-®œ
�w|��•¦ .

in � . Additionally, it doesnot make senseto formulatea distinguishingpropertyinvolving

a non-sharedaction, as one systemhasno knowledgeof the action (e.g., $R•

(

3
� cannotbe

evaluatedin � ). Therefore,to characterizeconsistency over differentvocabularies,we must

establishthat W and * areconsistentif andonly if W @ œ ´ W

)

´ * ¦ and * @ œŸ´ W

)

´ * ¦

areconsistent.By Theorem6, it follows that W and * areconsistentif andonly if no �

�

�

propertydistinguishesW @ œŸ´ W

)

´
*

¦ and * @ œŸ´ W

)

´
*

¦ . We separatethe soundness

andcompletenessof this characterizationinto Theorems7 and8.

Theorem 7. (Consistency Characterization(Soundness):Dif ferentVocabularies)If W and *

areconsistentMTSs,then W @œŸ´ W

)

´
*

¦ and * @ œ ´ W

)

´
*

¦ areconsistent.

Proof:

If ����������������� , then ��� �!�"��� @#$��� @#�� by Lemma2 in Section5.1,where#&%(')�+*,'-� .

Hence,� @# and � @# areconsistent.

The otherdirectionof Theorem7 doesnot hold in general. For example,considermodels

� and � in Figure4.2 with z
J

±ª´.� and v
J

±ª´/� . Thereis no commonre�nementof � and � .

Intuitively, any š in +.-®œ
�w|��•¦ mustsatisfy š 0j,+

�

š

K

for someš

K

thatproscribes% ; otherwise,

it would not re�ne � . Therefore,š @́.�
K

j,+

�

š

K

for someš

K

thatproscribes% , whereas� can

still transitionon % after every transitionon 1 . This violatesthe conditionsfor re�nement in

De�nition 5,andthereforenocommonre�nementexists.Ontheotherhand,� @œŸ´/�

)

´2�‰¦ and

� @œŸ´3�

)

´2� ¦ areequal,andthereforeconsistent.

In thepreviousexample,theinconsistency betweenmodels� and� is causedby thefactthat

transitionson % in � areonly proscribedafter following a transitionon z (unobservableto � ),

whereastransitionson % in � areonly proscribedafterfollowing atransitionon v (unobservable
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to 7 ). Since �

.

� � , theseareclearly inconsistentpolicies. Furthermore,if 7 transitson � , the

resultingsystem 7 B is inconsistentwith 8 , and if 8 transitson � , the resultingsystem8 B is

inconsistentwith 7 . Note that models 9 and : areincorrectattemptsat building a common

re�nementof models7 and 8 , sinceuponrestrictingto thevocabulary � 35�6��� , both 9 and : can

internallytransitto a statethatproscribes3 , andhenceneitherre�nes 7 (andsimilarly, neither

re�nes 8 ).

It is alsopossiblethatasinglenon-sharedactionis thesourceof aninconsistency between

two models.For example,considermodels< and
�

in Figure4.1 with � < � �2�
�435�6��� and

�

�

� �2�
�435�(�'� . Thereis no commonre�nementof thesemodelssincethereis no consistency

relationbetweenthem.Ontheotherhand,
�

@=�� < F �

�

A is re�ned by < @=�� < F �

�

A with

there�nementrelation ��=

�


&��< 
 A ��=

�

� ��< B�A � , andthereforethey areconsistent.Intuitively, the

inconsistency between< and
�

is causedby the fact thataction � (unobservableto < ) must

occurbefore
�

cantransitionon � , yetall successorson � in
�

areinconsistentwith thestarting

pointof therequiredtransitionon � in < . Hence,nocommonre�nementof thesemodelsexists.

On theotherhand,thesourceof theinconsistency is removedwhenthealphabetis restricted,

since� is replacedby � .

Theorem 8. (Consistency Characterization(Completeness):Dif ferentVocabularies)Let 0

and 1 beMTSsandlet � � � 0 F � 1 . Supposethat 0 @� and 1 @� are consistentand

let �

� @�

� @� bethe largestconsistencyrelationbetweenthem.If thefollowing conditions

hold for all = 0

# @� � 1 1 @� A( ��

� @�

� @� , then 0 and 1 areconsistent:

1. 0

#

�
� �

�

0

#

�

� �  � 0 �G� 1 � = 0

#

� @� � 1�1 @�"A( ��

� @�

� @� ,

2. 1�1 �� �

�

1�1

�

� �� � 1 �I� 0 � = 0

# @� � 1�1

� @� A! �

� @�

� @� .

Proof:

De�ne theset �

�

� asfollows:

�

�

�

-

�

+

�

#

�

�

1

/

$�+

�

# @� �

�

1 @�

/

!

�

� @�

� @�

0 9
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We show that �

�

� is a consistency relation between� and
�

. Clearly +

���

�

/

!

�

�

� . Let

+

�

#

�

�

1

/

!

�

�

� .

�

#

�

�

-
.

� �

# �

�

�

!

�

�

���

0 �

+

�

#

�

�

1

/

!

�

�

�

( �

!

�

�

���

0

andDe�nition of �

�

� )

.

�

# @�

�

�

- .

� �

# � @�

�

�

!

�

�

���

03�

+

�

# @� �

�

1 @�

/

!

�

� @�

� @�

(De�nition 17)

.

&

�

1

�

)

�

1 @�

�

�

-
.

�

�

1

� @�

�

+

�

# � @� �

�

1

� @�

/

!

�

� @�

� @�

(Propertiesof @,Condition(2), andDe�nition of �

�

� )

.

&

�

1

�

) &��

B

�

9�9�9

�

�

�

���

B

�

9�9�9

���

;

!

Act���

�	�

)

�

1

�

�

$

-
.

�

�

�

$

�

�

2

-
.

�

)�)�)

�

�

 

-
.

�

�

�

 

�

�

�

 

�

�

-
.

�

�

�

$

�

�

$

-
.

�

)�)�)

�

�

<

-
.

�

�

1

�

�

6�� ),+

�

#

�

�

�	�

/

!

�

�

�

�

6�� ),+

�

#
�

�

�

�
�

/

!

�

�

�

�

+

�

#
�

�

�

1

�

/

!

�

�

�

�

#

�

-
.

�
�

#
�

�

�

!

���

�

�

�

�

+

�

#

�

�

1

/

!

�

�

�

(De�nition of �

�

� )

.

�

#

�

-
.

�
�

#

�

�

�

!

���

�

�

�

�

+

�

# @� �

�

1 @�

/

!

�

� @�

� @�

(Condition(2))

.

+

�

#

� @� �

�

1 @�

/

!

�

� @�

� @�

(Let
�

1

�

-

�

1 andDe�nition of �

�

� )

.

&

�

1

�

)

�

1

@

-
.

�

�

1

�

�

+

�

#

�

�

�

1

�

/

!

�

�

�
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Hence,Conditions(1) and(3) in De�nition 17 hold for �

�

� , andConditions(2) and(4) areshown

similarly. Therefore,� and
�

areconsistentby Theorem2.

We have seenthat for modelsover thesamevocabulary, consistency characterizationwith

respectto ,

-/

is asexpected:thetwo systemscannotdisagreeon a property. For modelsover

differentvocabularies,however, many subtleissuesarisewith respectto non-sharedactions.In

particular, distinguishingpropertiesareonly meaningfulfor equalvocabularies,andtherefore
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thesystemsmustberestrictedto their sharedalphabet.In addition,we have seenthat incon-

sistenciescanbeultimatelycausedby non-sharedactions,which areremoveduponreducing

to thesharedalphabet.Therefore,someof theallowablebehaviourson theseactionsmustbe

restrictedin orderto characterizeconsistency in this context.

BecauseFLTL is preserved by, but doesnot characterizere�nement(seediscussionafter

Theorem5), it doesnot characterizeconsistency. In particular, if two MTSsover thesamevo-

cabulary areconsistent,no FLTL propertydistinguishesthem(i.e., � of Theorem6 holdsfor

FLTL), but thereis not necessarilyanFLTL propertythatdistinguishesbetweeninconsistent

systems(i.e., � of Theorem6 doesnotholdfor FLTL). In addition,if anFLTL propertydistin-

guishestwo MTSsrestrictedto theirsharedalphabet,thentheoriginalsystemsareinconsistent,

but theotherdirectiondoesnothold (i.e.,Theorem8 doesnothold for FLTL).



Chapter 5

Algebraic Properties

In practicalapplications,theremaybe severalsystemcomponentsandrelationshipsbetween

them(e.g., throughre�nementor othercompositionaloperators).In order for merge to ap-

plied in suchcases,the merge operationmustsatisfycertainproperties.For example,if we

elaboratethemerge operands,will the merge of the elaboratedviews preserve the properties

of the original merge? Doesthe orderof merge matter? What is the relationshipto parallel

composition?In this chapter, we studysuchalgebraic propertiesof the � operator, de�ned in

Section3.2, both for the casewhenthe LCR of theoperandsexists,andwhenmultiple non-

equivalentMCRsexist. In the formercase,we show thatmostof thedesiredpropertieshold

(Section5.1). In the latter case,the existenceof multiple non-equivalentMCRs impactsthe

desiredproperties,but we show that theright choicesof mergecanbemadein orderto guar-

anteea particularalgebraicproperty(Section5.2). Theseresultsareappliedto thecasestudy

describedin Chapter7.

5.1 Propertiesof LeastCommonRe�nements

Throughoutthissection,wheneverwewrite 0 � 1 , it is assumedthat 0 and 1 areconsistent

MTSs and � resultsin , ;*<

� �

� . Note that by Theorem3, the propertiesin this sectionare

guaranteedto hold whenall merge operandssatisfy the non-sharedcondition, the multiple-

44



CHAPTER 5. ALGEBRAIC PROPERTIES 45

maybecondition,andthedeterminacy condition.Webegin with ausefullemma.

Lemma 2. �

�

� � = 0 @� ��� 1 @� � 0 @� ��� 1 @� A .

Thatis, re�nementis preservedby alphabetreduction.

Proposition 3. For MTSs0 , 1 , and 
 , the � operator hasthefollowingproperties:

1. (Idempotency) 0 � 0 � � 0 .

2. (Commutativity) 0 � 1 � � 1 � 0 .

3. (Associativity) = 0 � 1 A � 
 � � 0 � =?1 � 
 A .

Proof:

(1) and(2) follow from De�nition 12. (3) Let � be �
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�

& �

� � .

�

� � �
�
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(De�nition 12)
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(De�nition 15 andDe�nition 12)
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Since, � �

�

+

� �

�

/

@��� �

�

� @��� by Lemma2, it follows that � �

+

�

� �

/

�

�

� by

De�nition 12. Theotherdirectionis provensimilarly.

A usefulpropertyof � is monotonicitywith respectto observationalre�nement:

= 0 ��� 
 A � =?1 ��� � A � 0 � 1 ��� 
 � �

�

(5.1)
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Figure5.1: ExampleMTSsfor algebraicproperties.

This allows for elaboratingdifferentviewpointsindependentlywhile ensuringthattheproper-

tiesof theoriginal viewpointsput togetherstill hold.

Proposition 4. (Monotonicity) The operator � is monotonicwith respectto observational

re�nement,i.e., Equation(5.1)holds.

Proof:

��� 


3��

����� ��


3

� ��� ��� ��


3��

� �

(De�nition 12)

�
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3��
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� ���

�

� � � ������� �����

(Propertiesof � and � , andDe�nition 11)

�

��� 


3��

� � 


3

�

�

� � � @')� ����� ��


3

��� ��


3

�

�

� � � @'-� �

(Since�




3

�

�

� � � @'

� , ��


3

�

�

� � � @')� , '

�

%(')� , and ')� %('-� )

% ���

We now look at distributing a parallelcompositionover merging. Assumethat two stake-

holdershave developedpartial models W and * of the intendedbehaviour of a component

W . Eachstakeholderwill have veri�ed thatsomerequiredpropertieshold in a givencontext

(othercomponentsandassumptionson theenvironment š N , , ,P, , š�� ). It would bedesirableif

merging viewpoints W and * preserved the propertiesof both stakeholdersunderthe same

assumptionson theenvironment,i.e., in œ0W �
*

¦! š N" �6;6;6! ¢š�� . This reasoningwould be

supportedif:

œ0W# §š N� I6;6;6� §š��w¦$� œ
*

 §š N� 6;6;6� §š��q¦ 6

3

œ0W �
*

¦� §š N� I6;6;6� §š�� , (5.2)
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Unfortunately, Equation(5.2) doesnot hold in general,unlesssomerestrictionsareimposed

on themodelvocabularies.

Example 1. Considermodels� , 
 , and � in Figure 5.1andassumethat ��� � � . 
 ��� is

alwaysequivalentto 
 , andby rule MT in Figure 2.3,so is = 
 ��� A � � . On theotherhand,


 � � is equalto 
 and � � � is equalto � , by rulesMT andTD, respectively. It followsthat

=�� � � A � = 
 � � A isequivalentto � , andhence: =�� � � A � = 
 � � A�� � � ��� 
 �	� =�����
 A � � .

The desiredpropertyfails dueto the parallelcompositionof � and � . Since � doesnot

belongto ��� , parallelcompositiondoesnot restrictthe occurrenceof � whencomposing�

with � . However, this is methodologicallywrongif we assumethat � and 
 modelthesame

component(which is reasonablebecause� and 
 arebeingmerged). From 
 , we know that

the systemmodelledby � can communicateover � . Hence, � shouldbe includedin ��� ;

otherwise,the communicatinginterfacebetweenthe componentsmodelledby � and � is

under-speci�ed. Therefore,whencomposingtwo partial modelsin parallel,the stakeholders

must includethe full alphabetof the componentthey aremodelling in the alphabetof their

partialdescriptions,i.e., we mustassumethat � 


�

� 0 F � 1 , where 
 � 
 B � -�-�- ��
 1 , for

thedesiredpropertyto hold.

Proposition 5. (Distributivity) If 0 , 1 , and 
 are MTSssuch that � 


�

� 0 F � 0 , then

= 0 ��
 A � = 1 ��
 A ��� = 0 � 1 A ��
 .

Proof:

+

�
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/
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+
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/
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(De�nition 12)
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(Proposition1)
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(De�nition 15)

-

�,9

Remark 4. If 0 and 1 areconsistent,then 0 ��
 and 1 ��
 areconsistentbymonotonicityof

parallel composition(Proposition1) andthefact that � 


�

� 0 F � 1 .

Theotherdirectionof Proposition5 doesnot hold:

= 0 � 1 A ��
 ��� = 0	��
 A � =?1 ��
 A

�

Intuitively, the compositionof 0 with 
 may restrict the behaviours of 0 , for instance,

making certainstatesof 0 unreachable.It is possiblethat 0	��
 �!1 ��
 doesnot re�ne

= 0 � 1 A ��
 becauseinconsistenciesarecausedby thosestatesof 0 thatareunreachablein

0	��
 .

Example 2. Assumethat models
 , � , and � in Figure 5.1 are over the vocabulary �2�
�6��� .

Models 
 and � are consistentand their LCR is � . So, = 
 ��� A � 
 � � � by the rules in

Figure 2.3. On the other hand, 
 � 
 � 
 and � � 
 � 
 , and therefore by Idempotency,


 � 
 ��� � 
 �	��
 . Since� ��� 
 , theresultfollows.

In Example2, 
 and � have a disagreementon � afterfollowing themaybetransitionson

� , which resultsin themerge � . Thesourceof this disagreementis removeduponcomposing

both 
 and � with 
 , because
 restrictsthebehaviour of � on � . Themergeof 
 � 
 and � � 


thereforeallowsmorebehaviours,anddoesnot re�ne = 
 ��� A � 
 .

5.2 Propertiesof Minimal CommonRe�nements

In this section,we presentalgebraicpropertiesof � without assumingthe existenceof the

LCR. The algebraicpropertiesarethereforestatedin termsof setsandthe differentchoices
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thatcanbemadewhenpicking anMCR. Idempotenceis theonly propertyin Section5.1 that

still holds,sinceanLCR alwaysexistsbetweena systemanditself. Therestof theproperties

discussedin Section5.1requiresomeform of weakening.

Commutativity doesnot hold in general:if 0 and 1 areany two MTSsthathave at least

two differentMCRs, thencertainlynot every 0 � 1 is equivalentto every 1 � 0 . On the

otherhand,��;*<"= 0 � 1 A is alwaysequalto ��;*<"=?1 � 0 A , andthereforethesameMCR can

bechosen.

Proposition 6. (Commutativity) ��;*<>= 0 � 1 A � ��;�<>= 1 � 0 A .

Associativity fails for the samereasonthat commutativity fails. The strongestform of

associativity in termsof setsis:

' �  ��;*<>= 0 � 1 A - ' �  ��;*<>=?1 � 
 A - ��;�<"= � � 
 A � ��;*<>= 0 � � A

�

(5.3)

Thefollowing exampleshowsthatEquation(5.3)doesnot hold in general.

Example 3. Considermodels� , � , and � in Figure 5.1andassumethat � � � ����� , ��� �

� 3)� , and ��� � � �
� . Model � is in ��;*< = � ��� A , andthere is no �  ��;�<"=�� � � A such that

��;*< =�� ��� A � ��;*<"=�� ��� A .

In Example3, � requiresthat action � precedesaction 3 in every trace,andthereforeso

doesevery MCR of � and � , sinceneither 3 nor � is in ��� . However, because3 is not in

��� , � � , or ��� , for every � in ��;�<>=�� � � A , thereis anMCR of � and � suchthataction

� follows action 3 . Hence,��;�<>=�� ��� A

.

� ��;*<"=�� ��� A for any � in ��;�<"=�� � � A . In fact,

Example3 showsthatthereexists 0 , 1 , and 
 suchthat:

, �  ��;�<>= 0 � 1 A - ' �H ��;*<>= 1 � 
 A - ��;*<"= � � 
 A

.

� ��;�<>= 0 � � A

�

Therefore,setequalityof ��;*< = � � 
 A and ��;�<"= 0 � � A for associativity is not possible.

A weaker form of associativity in termsof setsis:

' �  ��;*<"= 0 � 1 AD- ' �H ��;*< = 1 � 
 A -�= ;*<>= � � 
 A

.

� � � ;*< = 0 � � A

.

� ��A (5.4)

� ��;*<>= � � 
 A F ��;�<"= 0 � � A

.

� �

�
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This form doesnot requirethat ��;*<>= � � 
 A and ��;*< = 0 � � A beequal,but ratherthat they

shareanMCR (up to equivalence)if themodelsareconsistent.Unfortunately, Equation(5.4)

doesnotholdeither, illustratedby thefollowing example.

Example4. Considermodels
 and � in Figure5.1with � 
 ������� and ��� ��� 3)� . Weshow

that 
 � =�� � 
 A

.

� � = 
 � � A ��
 for � and
�

in ��;*< = 
 ��� A . , ;*<��

� � is � , and , ;*<

� � � is
�

. Because�

.

� �

�

, everyMCRof � and 
 is incomparablewith everyMCRof 
 and
�

, and

sothedesiredformof associativityfails.

Examples3 and4 show that neithersetequalitynor �xing both � in ��;*<>= 0 � 1 A and

� in ��;*<>=?1 � 
 A arepossiblefor associativity. Instead,the following propositionoutlines

two formsof associativity, withoutsetequality, that�x some� in ��;�<"= 0 � 1 A or some� in

��;*< = 1 � 
 A , but not both.

Proposition 7. (Associativity) If 0 , 1 , and 
 areMTSs,then:

1. ' �  ��;�<"= 0 � 1 AD- , �  ��;*<"=?1 � 
 A -�= ��;�<"= � � 
 A F ��;*< = 0 � � A

.

� ��A , and

2. ' �  ��;�<"= 1 � 
 A - , �  ��;�<"= 1 � 
 A -�= ��;�<"= � � 
 A F ��;*<>= 0 � � A

.

� ��A ,

where ;�<"= � � 
 A

.

� � and ;�<>= 0 � � A

.

� � .

Proof:

(Sketch) (1) Let �

!

�


 �

+

���

�

/

and �

!

�


��

+

� � �

/

. By De�nition 14,
�

�
�

� @�

�

and

� �
�

� @���

-

� @+

���

�

�

�

/

. Hence,by Lemma2,
�

�
�

� @�

�

�
�

� @�

�

, andsimilarly

it follows that � �
�

� @� � . Since � @+

�

�

�

� �

/

is in

��

+

� @�

�

��� @� �

/

by Lemma2, there

exists � in �


��

+

�

� �

/

suchthat � �
�

� @+

�

�

�

� �

/

(every CR re�nes someMCR). Hence, �

is in

��

+

���	�

/

. Therefore,

��

+

� � �

/

�


 �

+

���	�

/

is non-empty, which impliesthat �


��

+

� � �

/

�

�


 �

+

���	�

/

is non-empty. (2) is provensimilarly.

Condition(
�

) in Proposition7 saysthatfor any 0 �>1 , thereexistssome1 � 
 suchthatthe

sameMCR for = 0 � 1 A � 
 and 0 � =?1 � 
 A canbeselected.Condition(
�

) is analogous
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to condition(
�

) with therolesof 0 � 1 and 1 � 
 reversed.NotethatProposition7 reduces

to Proposition3 if all setsof MCRsaresingletons(up to equivalence).

Monotonicityis alsodisruptedby multipleMCRs.It is notexpectedthatany choiceof 0 �

1 is re�ned by any choiceof 
 � 1 when 0 is re�ned by 
 , becauseincompatibledecisions

may be madein the two merges. Rather, therearetwo desirableforms of monotonicity: (
�

)

whenever 0 � 1 is chosen,some 
 � 1 canbe chosensuchthat 
 � 1 re�nes 0 � 1 ;

and(
�

) whenever 
 � 1 is chosen,thensome0 � 1 canbechosensuchthat 
 � 1 re�nes

0 � 1 . Form (
�

) doesnothold,asthefollowing exampleshows.

Example 5. Models 
 and � in Figure 5.1 with � 
 � ����� and � � � � 3)� are consistent,

andtheir merge 
 � � mayresultin model � . Also, 
 � � � (assumingthat ��� � ����� ) and

models� and � are consistent.However, , ;�<��

� � is equivalentto � over � 35�6��� , andsince

� ��� � , no MCRof � and � that re�nes � canbechosen.

Form (
�

) fails becausethereare two choicesof re�nement being made. On the one hand,

by picking a minimal commonre�nement for 0 and 1 over others,we are decidingover

incompatiblere�nementchoices.On the otherhand,we arechoosinghow to re�ne 0 into


 . Thesetwo choicesneednot beconsistent,leadingto failureof monotonicity. This tells us

thatchoosinganMCR addsinformationto themergedmodel,whichmaybeinconsistentwith

evolutionsof thedifferentviewpointsthatarerepresentedby themodelsbeingmerged.Form

(
�

) alwaysholds,asstatedbelow.

Proposition 8. (Monotonicity)If M, N, P, andQ areMTSs,then:

0 ��� 
 � 1 ��� � � ' �  ��;*< = 
.� � A - , �  ��;*<>= 0 � 1 A - � ��� �

Proof:

� � � is alwaysin

��

+

���

�

/

, andthusre�nes someMCR of � and
�

.

Thus, once 
 � � is chosen,therealways exists some 0 � 1 that it re�nes, and so the
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propertiesof 0 and 1 arepreservedin 
 � � . Note that if ��;�<"= 0 �(1 A is a singletonset,

Proposition8 reducesto Proposition4, asexpected.In practicalterms,this meansthat if the

variousviewpointsarestill to beelaborated,theresultsof reasoningaboutoneof theirpossible

merges(pickedarbitrarily) arenot guaranteedto carrythroughoncetheviewpointshave been

furtherre�ned.

We now addressdistributivity in thecontext of multiple MCRs. Similar to monotonicity,

therearetwo desirableformsof thisproperty:(1) givenany � in ��;�<"= 0 ��
 �(1 ��
 A , thereis

some� in ��;�<>= 0 �(1 A suchthat � is re�ned by � ��
 ; and(2) givenany � in ��;*<>= 0 � 1 A ,

thereis some� in ��;�<"= 0	��
.� 1 ��
 A suchthat � is re�ned by � ��
 . Form(2) doesnothold,

asthefollowing exampleshows.

Example 6. Considermodels� , � , � , and � in Figure 5.1 and assumethat ��� � ���
� ,

and � ��� ��� �!� �'��I&�������'� . Additionally, considermodels� , � , � , and � in Figure

3.2 over the vocabulary � �'��I&�������
� . By the rules in Figure 2.3, � � � � � and � � � � � .

Furthermore, recall fromSection4.2 that �H ��;*<"= � � � A . On theotherhand, , ;�<
	

� � is

� , and � � � � � , which is not a re�nementof � .

In thepreviousexample,, ;*<�	

� � existsby Theorem3 becausetherequiredtransitionson

� in thesemodelsrestrict the choicesthat canbe madewith respectto combiningthe non-

determinismon action � : ( �IB and � B ) and( � � and � � ) areconsistent,but neither( �IB and � � )

nor ( � � and �IB ) areconsistent.Upon composingwith � , the sourceof the inconsistencies

between( �GB and � � ) and( � � and �IB ) is removed,andconsequently, , ;*<
	

�

�

� � �

�
doesnot

exist. In particular, similar to Example2 in Section5.1, parallel compositionmay remove

inconsistenciesbetween0 and 1 , allowing for morecommonre�nementsof 0	��
 and 1 ��
 .

On the otherhand,Form (
�

) holds,and is of particularutility whenelaboratingmodels

from differentviewpoints,aswe show in thecasestudyin Chapter7.

Proposition 9. (Distributivity) If 0 , 1 , and 
 aresuch that � 


�

� 0 F � 1 , then:

' �  ��;*< = 0 � 1 AD- , �  ��;*<"= 0	��
.� 1 ��
 A - � ��� � ��


�
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Proof:

Analogousto Proposition8.

In this section,we have shown that when � doesnot necessarilyproducean LCR, most

propertiesstudiedin Section5.1 fail to hold. Intuitively, theexistenceof inequivalentMCRs

impliesthatmerginginvolvesachoicethatrequiressomeform of humanintervention:achoice

whichis loadedwith domainknowledge.This impactstheresultsonalgebraicpropertieswhen

moving from LCRs to MCRs. However, we have shown that the right choicesof MCRs can

usuallybemadein orderto guaranteea particularalgebraicproperty, if desired.



Chapter 6

Algorithms

In this chapter, we describealgorithmsrelatedto constructingmergethatareintendedto sup-

port theprocessoutlinedin Figure6.1. We begin by motivatingtheuseof observationgraphs

for constructingmerge(Section6.1). In thesubsequentsections,we describefour algorithms:

Algorithm 1 for checkingconsistency andcomputingthelargestconsistency relation(Section

6.2),Algorithm 2 for building an ,

-/

propertythatdistinguishesbetweeninconsistentsystems

(Section6.3), the � ��� operatorfor building a commonre�nement(Section6.4), andthe � ���

operatorfor building a commonabstractionof all MCRs (Section6.5). Finally, Section6.6

discussestheresultsobtainedin thissectionandtheir relationshipto thedesiredmergeprocess

in Figure6.1.

6.1 UsingObservation Graphs to Construct Merge

MTSsareequippedwith two transitionrelationsthatdescribesimpletransitions(i.e.,on ��� ).

On the otherhand,we areinterestedin building a commonobservationalre�nement,which

preservesobservabletransitions(i.e., on � � ). In particular, to build a mergeof two MTSs,it

maybenecessaryto combineobservabletransitionsthatpassthroughstatesthatmustbeomit-

tedfrom themergebecausethey arethesourceof aninconsistency. For example,models� and
�

in Figure6.3 areconsistentwith consistency relation ����� � ��=��D
&�

�


 A , =�� �&�

�

B@A , =��

�

�

�

� A �

54
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MERGE. (TheMerge Process)

Input: MTSs � and
�

Output:If � and
�

areconsistent,returnthedesiredmerge;
Otherwise,returnadistinguishingproperty.

1: If ( � and
�

areconsistent(Algorithm 1))
2: If (stakeholdersdo not requireminimality)
3: return elementof


��

+

���

�

/

( � ��� operator);
4: Else
5: If (LCR exists(Theorem3)) return �


 �

� �

� ( � ��� operator);
6: Elsereturn �


��

� �

� ( � ��� operator);
7: Elsereturn distinguishingproperty(Algorithm 2);

Figure6.1: An algorithmfor themergeprocess.

and
�

is in ;*<>=�� �

�

A . The transition
�




�

���

�

�

B is matchedin � � � with �D


�

� �

#

� � , and

cannotbe matchedwith �4


�

���$#

� B because� B and
�

B are inconsistent.Thus, in orderto

merge � and
�

, wemustcombine�4


�

� �

#

� � and
�




�

���

�

�

B without includingintermediate

statesin � . Thus,merging thesetwo transitionscannotbedoneby combiningmultiplesimple

transitions,assomeleadto inconsistencies.Instead,we mustbuild thetransitionrelationsfor

themergedmodelfrom theobservabletransitionrelations,whicharenaturallycomputedusing

theobservationgraphsof theoriginal systems.In particular, thetransition �

�

���$#

�

in �

@

can

beconsistentlycombinedwith �

�

���

�

�

in
�

@

(seeFigure6.3).

In addition,consistency relationsanddistinguishingpropertiesin ,

-/

alsoutilize observ-

abletransitions.Hence,throughthis chapter, our algorithmsarestatedin termsof observable

transitions,which canbeobtainedby �rst computingtheobservationgraphs.Doing sofor an

MTS 0 � =��

� , �

� , �

�

� , �

�

� , ��


�

A usingstandardtechniquesfor computingproductsand

transitiveclosuresof relationstakestime � =�� �

�

� � � �

�

�

�

A [9].

6.2 Building the Lar gestConsistencyRelation

Ideally, informationfrom the stakeholdersshouldbeusedto computea consistency relation.

Behavioursthatcanbecombinedvia aconsistency relation �

�

� , but thatdonotaffectwhether
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�

�

� is a consistency relationmaynot bedesirablebehavioursof themerge,andmayoverly

complicateit. Instead,we show how to computethelargestconsistency relationbetweentwo

systems,which capturesall possibleareasof agreement.This consistency relationcaneither

beusedto constructthemergedirectly (seeSections6.4and6.5),or can�rst bemodi�ed and

subsequentlyusedto constructthemerge. For example, ����� �!��=

�


 ,� 
 A , =

�

B ,� B A , =

�

B ,� � A ,

=

�

� ,�

�

A , =

�

� ,� ��A , =

�

� ,���&A � is thelargestconsistency relationbetween
�

and � in Figure6.3.

However, if it is known that =

�

B���� �&A shouldnot becombined,then ���	� � ��=

�

B���� ��A � , which

is still a consistency relationby De�nition 17,canbeusedinstead.

Algorithm 1 (or 
�����
�$�
�	����)��� ) in Figure 6.2 computesthe largestconsistency relation

betweentwo MTSs. The algorithmtakes threearguments:two MTSs 0 and 1 , anda set

�

�

� that is initially empty. We assumethat pairs = 0 � 1 A have a 
�	��
	���
 variablethat is

initially setto �����5$�
�$&	���� . A possibletransitionin onemodelis �x ed(Lines5, 17,24,and26)

andrecursively matchedwith (asequenceof) consistentpossibletransitionsin theothermodel

(Lines6 – 13, 18 – 20, 25 and27), accordingto theconditionsin De�nition 17. This process

continuesuntil all reachablestatesthatcanbecombinedareidenti�ed or until a disagreement

thatmakesthemodelsinconsistentis found (Lines14 – 16 and21 – 23). Upon termination,

if 0 and 1 areconsistent,�

�

� is the largestconsistency relationbetween0 and 1 and

Algorithm 1 returns	����
� ; otherwise,it returns������

� .

For example,considermodels
�

and � in Figure6.3, andsuppose
�����
�$�
�	����)��� (
�

, � ,

���	� ) is called, where ���	� is initially the empty set. The pair =

�



��� 
4A is not in ���	� , is

not 3
�
$����� ��
	
����!�$"�'��� , andhasnot been ���
	
����!�$"�'��� . Hence,Line 5 is reached.Because
�




�

���

�

�

B , theFor loop on Line 5 considers
�

B . Line 7 �nds � B suchthat � 


�

� �

�

� B , and

therefore
�����
�$�
�	
���)��� (
�

B , � B , ���	� ) is calledonLine 10. In 
�����
�$�
�	����)��� (
�

B , � B , ����� ), the

For loop on Line 5 considers
�

� , since
�

B
K

�)�$#

�

� . Line 7 searchesfor matchingtransitions

in � , but because� B cannottransitionon 3 , Line 14 is reached.The set #
�
	%��$'�%
 is empty,

but the transition
�

B
K

���$#

�

� is not required(i.e., not the sourceof an inconsistency), and

so the algorithmcontinues.Since � B hasno outgoingtransitions,the pair =

�

B����IB A is added
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ALGORITHM 1. (ConsistencyAlgorithm)

Input: MTSs � and
�

, andaset �

�

� (initially empty).
Output:if � and

�

areconsistent,returns������� and �

�

� is thethelargestconsistency
relationbetween� and

�

; otherwise,returns�	��
	��� .

1: 
������������	������� ( � ,
�

, �

�

� )
2: If ( +

���

�

/

!

�

�

� or +

���

�

/

. �����������

-��

������������������ !������" ) return ������� ;
3: ElseIf ( +

���

�

/

. �����������

-

"��������� !������" ) return �	��
���� ;
4: +

���

�

/

. �����������

-��

������������������ !������" ;

5: For ( �

�

suchthat �

�

�

-
.

�

�

�

for some�

!

+

���

�

�

�

/

�

���

0

)
6: #�������$����

-

�

; // thesetof matchesin
�

for �

�

7: For (
�

�

�

$

-
.

�

�

�

$

)�)�)

�

�

 

- .

�

�

�

 

�

�

- .

�

�

�

$

�

�

$

-
.

�

�

�

2

)�)�)

�

�

<

-
.

�

�

�

,
where�

B �

�

� �

9�9�9

�

�

� ��� B ��� � �

9�9�9

��� ;

!

+ Act� �

���

/

) // �nd matchesfor �

�

8:  �������$

-

������� ; // keepstrackof whetherthepathsin � and
�

canbematched
9: For ( +

�
�

�

�

�

/

-

+

�

�

�

�

�

/

�

+

���

�

�

$

/

�

9�9�9

�

+

���

�

�

 

/

�

+

�

�

�

�

�

$

/

�

9�9�9

�

+

�

�

�

�

�

<

/

)
10: If (

F

Consistency( �
� ,

�

� , �

�

� )) // thepathscannotbematched
11:  %���&��$

-

�	��
���� ;
12: break; // exit For loopon Line 9
13: If ( %���&��$ ) #����&��$����

-

#����&��$����

�

�

�

�

0

; // thepathsmatch

14: If ( #�������$����

-

�

and �

�

�

- .

�
�

�

) // a requiredtransitioncouldnotbematched
15: +

���

�

/

. �'�	�����%�

-

"����	���� !������" ;
16: return �	��
	��� ;

17: For ( �

�

suchthat �

�

-
.

�

�

�

for some�

!

���

�

�

�

)
18: #����&��$����

-

�

;
19: For (

�

�

suchthat
�

@

-
.

�

�

�

) // �nd matchesfor �

�

20: // analogousto Lines8 – 13

21: If ( #�������$����

-

�

and �

�

- .

�
�

�

) // a requiredtransitioncouldnotbematched
22: +

���

�

/

. �'�	�����%�

-

"����	���� !������" ;
23: return �	��
	��� ;

24: For (
�

�

suchthat
�

�

�

-
.

�

�

�

for some�

!

+

���

�

�

�

/

�

���

0

)
25: // analogousto Lines6 – 16

26: For (
�

�

suchthat
�

�

-
.

�

�

�

for some�

!

�

�

�

�	� )
27: // analogousto Lines18– 23
28: +

���

�

/

. �����������

-

"��������� !������" ;
29: �

�

� = �

�

�
�

�

+

���

�

/10

;
30: return ������� ;

Figure6.2: An algorithmfor computingthelargestconsistency relation.

to ���	� on Line 29, and 

����
�$�
�	����)��� (
�

B , � B , ���%� ) returns	�� �
� on Line 30. Hence,backin


�����
�$�
�	����)��� (
�

, � , ���	� ), � B is addedto #'�
	%��$
��
 on Line 13. Next, theFor loop on Line 7

considers� � , since � 


�

� �

�

� � , andtherefore
�����
�$�
�	����)��� (
�

B , � � , ����� ) is calledon Line

10. Similarly, thetransition
�

B
K

���$#

�

� is consideredon Line 5, but no matchin � � is found
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(Lines6 – 13). Again, sincethe transitionon 3 in
�

is maybe,thealgorithmcontinues.The

requiredtransition � �

�

�)�

���

� consideredon Line 24 cannotbematchedin
�

B , andtherefore

=

�

B���� �(A is not a consistentpair and 

����
�$�
�	����)��� (
�

B , � � , ����� ) returns������

� (analogousto

Lines14 – 16). Theset #
��	%��$
�%
 in 
�����
�$�
�	����)��� (
�

, � , ���	� ) is alreadynon-emptysinceit

contains� B , andso the fact that
�

B and � � areinconsistentdoesnot imply that
�

and � are

inconsistent(i.e., theIf conditionon Line 14 is not satis�ed). Continuingin thisway, thecon-

sistency relationconstructedby Algorithm 1 is ���	� � ��=

�


����(
�A , =

�

B���� B A , =

�

�

��� �4A , =

�

�����

�

A � ,

which is indeedthelargestconsistency relationbetween
�

and � .

Asmentionedabove,thereis noconsistency relationbetweenmodels� and� in Figure6.3.

In particular, therequiredtransition�G


�

���

� � B cannotbeconsistentlymatchedby �G


�

���

� � B

or � 


�

���

��� � because� B

K

.

� � and � �

K

.

� � . UponreachingLine 14, theset #
��	%��$
�%
 is empty

and �(


�

���

� , andthusAlgorithm 1 returns������

� on Line 16,asexpected.

Theorem 9. (Correctnessof Algorithm 1) Algorithm 1 called with parameters 0 , 1 , and

�

�

� � � returns	�� �
� andsets�

�

� to bethelargestconsistencyrelationbetween0 and 1

if andonly if 0 and 1 areconsistent.

Proof:

+

.

/

Suppose�

�

� is initially emptyand � are
�

areconsistent.Uponterminationof Algorithm 1,

�

�

� is a consistency relationbetween� and
�

: Condition(1) in De�nition 17 is satis�ed dueto

Lines5 – 16,Condition(2) is satis�eddueto Lines24– 25,Condition(3) is satis�eddueto Lines17 –

23,andCondition(4) is satis�eddueto Lines26 – 27. �

�

� is thelargestconsistency relationbecause

Lines5, 17,24,and26 considerpossibletransitions,andtheFor loopson Lines7 and19 searchfor all

possiblematches.

+�


/

If � and
�

areinconsistent,thereis no consistency relationbetweenthemby Theorem2, and

henceat leastone of the conditionsin De�nition 17 is violated: a requiredtransitionin one model

cannotbematchedin theother. Theset #����&��$���� will remainemptyandthereforeAlgorithm 1 returns

�	��
���� (e.g.,Lines16 and23).
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�

:

� � �

� �

�

���

�

�

�

:

� � � �

� �

� �

�

� �

���

�

:

* +

?

A







�

�

:
* + ?

A


 
 	 �

�

�

:
* + ?



�

�

K

:
* + ?

A


 
 	 �

�

�

�
	

�
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Figure6.3: ExampleMTSsfor illustratingmerge.

We now addresscomplexity issues.Algorithm � containsbacktracking,andthereforethe

naive implementationof thisalgorithmhasrunningtimeexponentialin 7 # 7 , where W j•œRž 9 ,

¡ 9 , £
�

9

, £ �

9

, ¤Š¥ 9 ¦ , *
j•œŸž = , ¡ = , £

�

=

, £��

=

, ¤ ¥ 9 ¦ , 7 # 7 = 7 #.9F7 + 7 #.= 7 , and 7 #

T

7 j 7 ¡

T

7°­;7Dž

T

7

O

for Q ± k9W |
*

„ . However, we believe thatit is possibleto applytechniquesthataresimilar to

thoseusedto ef�ciently computebisimulationrelations[42] to computethelargestconsistency

relationbetweentwo observationgraphs,which takestime � œ 7Dž 7ƒ­���� �Œœ 7 # 7 ¦[¦ [44, 13], where

7Dž 7•j 7Dž.9?7 � 7 ž.= 7 . We leave for futurework improving thecomplexity of Algorithm 1 using

thesetechniques.

6.3 Finding a Distinguishing Property

If two systemsare inconsistent,it is desirableto have a propertythat givesinsight into the

speci�c areasof disagreement.In thissection,wegiveanalgorithmfor �nding suchaproperty

for inconsistentsystemsover thesamevocabulary, andshow that it canbeappliedto certain

modelswith differentvocabularies.

By Theorem2, thereis no consistency relationbetweentwo inconsistentsystems.There-

fore, if W and * areinconsistent,at leastoneof theconditionsin De�nition 17 is violatedfor

thepair œ0W |
*

¦ . This givesriseto Algorithm 2 in Figure6.4 for �nding an �

�

�

propertythat

distinguishesbetweeninconsistentsystemsover the samevocabulary. Intuitively, Algorithm

2 traversessimultaneouslyreachableinconsistentpathsuntil adisagreementis foundalongall
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branches,while building a , -/ propertythat keepstrack of the pathsthat aretraversed.Be-

causethereis noconsistency relation,following suchpathswill alwaysleadto adisagreement.

Speci�cally, 0 and 1 overthesamevocabularyareinconsistentif (without lossof generality)

0

�

�� � � 0�� andeither 1

�

�

.

� � , or for every 1 � suchthat 1

�

�� �

�

1 � , theMTSs 0�� and 1 � are

inconsistent.If 1

�

�

.

� � , then �=H � � ��� distinguishesbetween0 and 1 ; otherwise,�%H � � �&=

� � �

A (in

somecases� H� � � =

� � �

A ) is addedinto the formula,andtheprocesscontinuesby visiting thepair

= 0

�

� 1

�

A , for everysuch1

� .

For example,supposethatAlgorithm 2 is calledfor inconsistentmodels� and
�

(bothwith

alphabet�2�
�6��� ) in Figure6.3. Initially, � � �!��= � �

�

A � (Line 3) and � � ���

�

� (Line 4). The

For loop on Line 6 considersthe pair = � �

�

A . Since �G


�

���

� � B and
�




�

���

�

�

B (which is

theonly transitionon � in
�

), and � B and
�

B areinconsistenton � andare �����5$�
�$&	���� , theIf

conditionon Line 14 is satis�ed. Therefore,���

�

� is replacedby �!�&� ��� �

$

�

�

$

(Line 16), and � �

is setto ��= � B4�

�

B4A � (Lines17 and22). TheFor loop on Line 6 thenconsiders= ��B��

�

B4A . Since
�

B

�

���

�

�

� and � B

�

.

� � , theIf statementon Line 11 is satis�ed. Therefore,� �

$

�

�

$

is replaced

by � � � � � (Line 12)and ��� becomesempty(Lines13 and22). Therefore,Algorithm 2 returns

� ���!�&� � � � � � � , which is true in � andfalsein
�

.

Theorem 10. (Correctnessof Algorithm 2) If 0 and 1 are inconsistentMTSsover thesame

vocabulary, Algorithm2 calledwith 0 and 1 returnsan ,

-/

propertythat distinguishesbe-

tweenthem.

Proof:

Lines 8 – 13 handledisagreements(i.e., onesystemrequiresa transitionandthe otherproscribesit),

Lines14 – 17 handlerequiredbehaviour in � thatcannotbesimulatedin
�

, andLines18 – 21 handle

requiredbehaviour in
�

thatcannotbesimulatedin � . TheWhile loop (Lines5 – 22)only exits when

all inconsistentpathshavebeenfollowedto adisagreement.Thepropertyreturnedcorrespondsto atree

(sinceLines14and18consider�������������	��" pairs)of inconsistentpathsbetweenthetwo models,where

theleafsrepresentdisagreements.
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ALGORITHM 2. (Findinga distinguishingproperty)

Input: MTSs �

-

+

�

� , �

� , �

�

� , �

�

� ,
�




�

/

and
�

-

+

�

� , �

� , �

�

�

, �

�

�

,
�


��

/

.
Output:if � and

�

areinconsistent,return �

!

�

-

/ thatis true in � andfalsein
�

;
otherwise,return ���&
�
 .

1: For (
� ! �

� and �

!#�

� ) +

� J �

���

/

. �'�	�����%�

-

�����&�����'�	��" ;
2: If ( � and

�

areinconsistent)
3: �

�

-

�

+

���

�

/10

;
4: �

-

�

� �

� ; // a placeholderfor thesubformuladistinguishing� and
�

5: While +

�

�

�

-

�

/

// therearemoreinconsistentpairsto traverse
6: For ( +

���

�

/

!

�

�

)
7: +

���

�

/

. �'�	�������

-

�������'�	��" ;

8: If ( �

�

-
.

� �

�

and
�

�

�

-
. ) //
�

�

�

��� is true in � andfalsein
�

9: �

-

� [ �

� �

�

�

�

�

�

��� ]; // substitute
�

�

�

��� for �

� �

�

10: �

�

�

-

�

�

�

�

+

���

�

/10

;

11: ElseIf (
�

�

-
.

�

�

�

and �

�

�

-
. ) //
�

�

�

�

�

is true in � andfalsein
�

12: �

-

� [ �

� �

�

�

�

�

�

�

�

]; // substitute
�

�

�

�

�

for �

� �

�

13: �

�

�

-

�

�

�

�

+

���

�

/10

;

14: ElseIf (( �

�

-
.

�
�

�

) and(6

�

�

)

�

�

�

-
.

�

�

�

implies �

�

and
�

�

inconsistent
and +

�

�

�

�

�

/

. �����������

-

��� �&����������" ))
// �

�

is inconsistentwith each
�

�

; thereforeadd +

�

�

�

 

�
	

�

�

�

�

�

�

 

/

to �

15: Let �

-

�

�

�

$

�

�

�

-
.

�

�

�

0

;
16: �

-

� [ �

� �

�

�

�
�

�

�

�

+

�

�

�

 

�
	

�

�

�

�

�

�

 

/

];
17: �

�

�

-

+

�

�

�

�

+

�

�

�

�

�

�

/

$

�

�

�

!

�

0;/

�

�

+

���

�

/10

;

18: ElseIf ((
�

�

-
.

�

�

�

) and 6

�

�

)

�

�

�

-
.

�

�

�

implies �

�

and
�

�

inconsistent
and +

�

�

�

�

�

/

. �����������

-

��� �&����������" ))
//

�

�

is inconsistentwith each�

�

; therefore,add +�


�
�

 

�

B

�

�
�

 

�

�

�

/

to �

19: Let
�

-

�

�

�

$

�

�

�

-
.

�

�

�

0

;
20: �

-

� [ �

� �

�

�

�
�

�

�

�

+�


�
�

 

�

B

�

�
�

 

�

�

�

/

];
21: �

�

�

-

+

�

�

�

�

+

�

�

�

�

�

�

/

$

�

�

�

!(�

0;/

�

�

+

���

�

/10

;
22: �

�

-

�

�

�

;
23: return � ;
24: Elsereturn ���&
�
 ;

Figure6.4: An algorithmfor �nding a distinguishingproperty.

Algorithm 2 canalsobeusedfor modelsover differentvocabularies.Recallfrom Section

4.4 that distinguishingpropertiesarede�ned for modelsover the sharedvocabulary, and,in

addition,themodelsneedto satisfytheconditionsin Theorem8. Thus,we begin by checking

theseconditions,and then call Algorithm 2 with the modelsrestrictedto the sharedalpha-

bet. For example,considermodels� and � in Figure6.3 andassumethat � ��� �2�
�6��� and



CHAPTER 6. ALGORITHMS 62

� ��� �2�
�435�6��� . Thesesystemsareinconsistent,because�G


�

���

� � B and � B

�

.

� � , whereas

� canstill performa transitionon � after every transitionon � . They alsosatisfythe condi-

tions of Theorem8, and thereforethereis an ,

-/

propertythat distinguishes� @�2�'� ��� and

� @�2�
�6��� . Similar to thepreviousexample,it canveri�ed thatAlgorithm 2 calledwith param-

eters� @�2�'� ��� and � @�2�
�6��� returns� �
�!�&� � � � � � � , which is true in � @�2�
�6��� andfalsein

� @�2�
�6��� .

Observe that Lines 2, 14 and18 in Figure6.4 mustdeterminewhethertwo systemsare

inconsistent.Insteadof calling Algorithm 1 eachtime, it is possibleto modify Algorithm 1 to

computea list of reachableinconsistentpairsof MTSs(i.e., an“inconsistency relation”) with

respectto the original systems,which makesthe consistency checkin Algorithm 2 an � =

�

A

operation.For example,��= �G
 � � 
 A , = � B�� � B�A , = � B(� � � A�A � is sucha list for � and � in theprevious

example.Furthermore,eachiterationof theFor loop on Line 6 is � =�� ���

�

A , andtheworst-case

complexity occurswhenall pairsare �5$�
�$&	���� , makingthealgorithm � =�� �

�

� � � ��� � � � �	�

�

A .

6.4 Building a CommonRe�nement

In thissection,we introducethe � ��� operatorandshow thatif 0 and 1 areconsistent,0 � ���

1 builds an elementof � � = 0 �(1 A , which preservesthe propertiesof the original systems.

Although ����� doesnot build anMCR in general,we give suf�cient conditionsfor it to build

theLCR, if it exists.

De�nition 21. (The ����� operator)Let 0 � =��

� , �

� , �

�

� , �

�

� , ��


�

A and 1 � =�� � , ��� , �

�

�

,

�

�

�

, ��
�� A beMTSsandlet �

�

� bethelargestconsistencyrelationbetweenthem. 0 � ���)1 is

theMTS =��

�

� ��� ���

�

 ���> >� I �����

�

��������=���


�

�	��
�� A4A , where �

� and ��� are thesmallest

relationsthat satisfytherulesgivenin Figure6.5,assumingthat ��= 0 � 1 A , = 0
�

� 1
�

A

�

�

�

� .

Remark 5. In De�nition 21,rulesTM, MT, TT, andMM mayintroduceself-loopson � , but we

assumethey aresubsequentlyremovedbecausethey donotaffectobservablebehaviour.
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Figure6.5: Rulesfor the :<;>= operator.

Intuitively, theareasof agreement(describedby theconsistency relation)of themodelsbeing

mergedarerun in parallel,synchronizingon sharedactionsandproducingtransitionsin the

mergedmodelthatamountto merging knowledgefrom bothmodels.Thus,maybetransitions

in onemodelcanbeoverriddenby transitionsthatarerequiredor proscribedin theother. For

example,if � can transiton
%

througha requiredtransitionand
0

cando so via a maybe

transition,then � :!;>=

0

cantransiton
%

througha requiredtransition,capturedby rulesTM

andMT in Figure6.5.Also, if � cantransitonasharedaction
%

througha requiredtransition

and
0

cannottransiton
%

, then � :<;>=

0

cannoteither.

The casesin which the modelsagreeon a transitionarehandledby rulesTT andMM in

Figure6.5. If both � and
0

cantransiton
%

throughrequiredtransitions,then � :?;>=

0

can

transiton
%

througha requiredtransition,andsimilarly for maybetransitions.

Therulesdiscussedsofar constructa mergethat is a CR of theoriginal models.Required

transitionsarepreservedin thecomposition,andpossibletransitionsareintroducedonly if one

of the original modelshasa possibletransition. We now addressstatesin which the models

disagreeon whetherthe action is requiredor proscribed,i.e., for some @

&BAC.

� D

.�0FE

�


���


, either ( G ) � H

I1J

= and
0

H

,

I1J or ( K ) �

H

,

I�J and
0

H

I1J

= . Supposethat � H

ILJ

=

and
0

H

,

I1J , yet � and
0

areconsistent.If we allow � :<;>=

0

to transiton @ , i.e., � :!;M=

0

H

I1JON , then
A

� :P;M=

0QE

@
.�0

is not a re�nement of
0

. However, we must ensurethat
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A

� :P;>=

0FE

@
.

� is a re�nementof � . Since � H

I1J

= , by Condition(1) in De�nition 17,we

areguaranteedthat
0

@
.

� �H

���

N , andtherefore
A

� :!;>=

0QE

@
.

� shouldbe ableto transit

throughrequiredtransitionson
�

to a statein which it canperforma requiredtransitionon @ :
A

� :P;>=

0QE

@
.

� �H

���

= .

Therulesmentionedsofar do not apply to non-sharedactions.If
% ,

�

�

is not in a model

alphabet,thenthat model is not concernedwith
%

. Therefore,if onemodelcan transiton a

non-sharedaction
%

througha requiredtransition,themergecanaswell, andtheothermodel

may move internally on zeroor more
�

transitions.This is capturedby rulesTD andDT in

Figure6.5. For example,considermodels� and � in Figure6.3andassumethat
.

�

�


��	��
L


and
.

�

�


��	


. The consistency relationcomputedby Algorithm 1 in Figure6.2 is ��
��

�




A

���

�

���

E

�

A

���

�

���

E




. �

H

I1J

=���� , but
A

���

�

���

E<, &

��
�� , andtherefore����:P;M=����

H

,

I1J

���+:P;M=���� .

However, ���

(

I1J

=���� , and
A

���

�

���

E�&

��
�� . By ruleTD, � :!;>=�� hasarequiredtransitionon
�

,

i.e., ����:P;>=����

H

I1J

=����+:P;>=���� . In fact, �Q:P;M=�� is precisely� , which is in  "!

A

� , �

E

.

Similar reasoningexplainsrulesMD andDM, exceptif onemodelcantransiton
%

through

a maybetransition,thenthe merge constructedwith : ;>= cantransiton a required transition.

Thatis, :!;>= is conservativewith respectto rulesDM andMD.

Specialcaremustbetakenin orderto combineonly consistentbehavioursof thetwo sys-

tems(i.e.,elementsin theconsistency relation).For example,supposethat # :?;>=$# (seeFigure

6.3) is built without this restriction. Thereare two transitionson
�

from the initial stateof

# , andthereforefour waysof combiningthemwith the rules in Figure6.5. This composi-

tion resultsin model % , which is not a re�nementof # . On theotherhand,thepairs
A

#��

�

#'&

E

and
A

#(&

�

#)�

E

arenot in any consistency relationbetween# anditself, andso abidingby the

restriction,# :!;>=�# is equivalentto # , asdesired.

Theoperator:!;>= builds aCR of any two consistentmodels.

Theorem 11. ( :!;>= builds commonre�nements)If � and
0

are consistent,then � : ;>=

0

is

in  �!

A

�

�

0QE

.

Proof:
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Assume� and � areconsistentandlet �

�!�

be the largestconsistency relationbetweenthem. We

show that � �������
	 ;>= ��� @
�� and ���������
	 ;>= ��� @
�� .

� �

���

= ������������
��
 !
����#"%$'&)(������+*,���-�.�

�!�

(Condition(1) in De�nition 17)
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*87 � *87 & *4343435*87'9:��� Act(-; 
��<��=

�

�

>@?

A

/

N

�

>@?

=4=4=
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�Q�.�
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����� � *,� � �Q�R�

�!�

(RulesDM, DT, TM, TT in Figure6.5and $T����*,�

> P

� , ���

�

*,�ED

P

� , ���

�

*,�

�

�H(EUV�

�!�

)

/

���
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���

>@?

���

=
=4=4=
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���

=
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;>=
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;>=
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(De�nition 4)

/

���
	
;M=

��� @
��

�

�

A

/

=
���
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;M=
�

�
� @
��Z������*,�

�
�Q�R�

�!�
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� �

���

=
�

�
��������
��

;

����#������*,���-�R�

�!�

(Condition(3) in De�nition 17)

/ 0

�

�

='� [

A

/

N

�

�

�����

�

*,�

�

�Q�%�

�!�

(RuleTD in Figure6.5and ���+*,�

�

�\�R�

�!�

)

/

���
	
;M=

��� �

���

=
���+�O	

;M=
�R�]�#�^���+�_*,�%�`�Q�%�

�!�

(De�nition 4)

/

���
	
;M=

��� @
�� �

A

/

=
���+�O	

;M=
�R�a� @
��Z�������b*,�R�a�\�.�

�!�

3

In a similar fashion,it canbeshown that:

���W	
;>=

��� @
��
�

�X�

N

���

�

	
;>=

�

�

� @
��
������*,���Q�.�

�!�

/

�

�

�

A

/

N

�

�

�����

�

*,�

�

�Q�R�

�!�

3

Thus, � ���c��� 	
;>=

��� @
�� . The proof that � �d����� 	
;>=

��� @
�� is analogous,andhence

�W	
;>=

�e�gfMh.����*,��� .
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Supposeweareinterestedin computing# :�� , where# and � arein Figure6.3,and
.

#

�

.

�

���

�	��
 ��� 


. Thelargestconsistency relationis ���	�

�
�

A

#(�

�

���

E

,
A

#(&

�

� �

E

,
A

#��

�

��&

E




, and

#

[

and �

[

arein Figure6.3,whichweuseto computethemergedmodelvia simpletransitions.

Since 
 H

I1J��

K in #

[

, 
 H

I1J

=/G in �

[

, and
A

#(&

�

� �

E)&

���	� , it follows that
A




�




E

H

I�J

=

A

K

�

G

E

in

#F:!;>=�� by ruleMT. Since K

;

I1J

=�� in #

[

, G

;

I1J

=�K in �

[

, and
A

#��

�

��&

E�&

���	� , it follows that
A

K

�

G

E

;

I1J

=

A

�

�

K

E

in # :P;>=�� by rule TT. Additionally, theself-loopson � in bothmodelsare

matchedby rule TT, but aresubsequentlyremoved(seeRemark5). Hence,# :?;>=��

�

� , as

desired.

Refer to the modelsshown in Figure3.2 of Chapter3. � : ;>=��

��� , but asdiscussed

in Chapter3, MCRs of � and � are � and � . Therefore,the : ;>= operatoris imprecise: it

computesa CR that is not necessarilyminimal, becauserulesDM andMD convert all non-

sharedmaybetransitionsto requiredtransitionsin thecomposition.We addressthis problem

by introducinganotheroperatorin Section6.5. On theotherhand,if theLCR exists,then :?;M=

builds it whenthedeterminacy conditionholds(De�nition 19).

Theorem 12. (Suf�cient Conditionsfor :<;>= to build theLCR) If �) "!

��� �

existsand � and
0

satisfythedeterminacycondition,then � : ;>=

0

is �  �!

��� �

.

Proof:

If � fMh

�P� �

exists,thenon-sharedcondition(De�nition 20) andthemultiple-maybecondition(De�ni-

tion 18) aresatis�ed: no choicewith respectto the orderof non-sharedactionscanbe made,andno

non-sharedmaybetransitionsmustbeconvertedto requiredtransitions.Sincethedeterminacy condition

holds,all choiceswith respectto non-determinismareequivalent,andtherefore	
;>= builds theLCR.

To seewhy the determinacy condition is in Theorem12, considermodel � in Figure 6.3.

Clearly, �) "!��

�

� exists,but
A

�'� :!;>=��'�

E

H

I1J

=

A

��� :P;>=�� �

E �

I1J

=

A

� �':��'�

E

, whereas� cannot

transiton a required
�

followedby a required



, so � : ;>= �

,

!

�
� .

Finally, assumingthe largestconsistency relation and the observation graphshave been

computed,thenumberof transitionsin ��: ;>=

0

is "

A$# %

�

#'&(# %

�

# E

, where
# %

6

#

�

#*)

6

#'&(#,+

6

#

& ,
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Figure6.6: Rulesfor the :<;

H

operator.

andthereforetherulesin Figure6.5areappliedatmost "

A # %

�

# & # %

�

# E E

times.Furthermore,

removing subsequentself-loopson � is an "

A # %

�

# & # %

�

# E

operation,and thus computing

� :P;M=

0

is "

A # %

�

# & # %

�

# E

. Theoperator:!;

H

de�ned Section6.5alsosharesthiscomplexity.

6.5 Building a Common Abstraction of Minimal Common

Re�nements

The operator :!;>= introducesimprecisionthroughrulesDM andMD by converting all non-

sharedmaybetransitionsinto requiredtransitionsin the composition.Consequently, it does

not build a minimal commonre�nement in all cases.Theoperator: ;

H

, de�ned below, takes

theoppositeapproachof leaving all non-sharedmaybetransitionsasmaybein thecomposition.

De�nition 22. (The :!;

H

operator)The :!;

H

operator is de�nedin samewayas : ;>= in De�nition

21,exceptrulesMD andDM of Figure6.5are replacedby thosein Figure6.6.

Theoperator:!;

H

doesnot build CRs.For example,refer to models
�

and � in Figure6.3

andassumethat
.

�

���

� 


and
.

�

���

�	��� 


.
�

:<;

H

� is � , and � @�

� 


is notare�nementof
�

because
�

;

I1J

= and � @�

� 


;

���

� . Instead,it is reasonableto expectthat :<;

H

buildsacommon

abstractionof all MCRs(seeDe�nition 16 in Chapter3) of themodelsbeingmerged,dueto

rulesDM andMD in Figure6.6. However, it may not be the casein general.For example,

recall from Section4.2 that � is an MCR of models� and � (seeFigure4.1). By rulesTD

andDT andthefact that ��� and ��� areconsistent,�)� :P;

H

�'�

�

I1J

=	� � :P;

H

��� . Since �

�

,

��� ,

model � doesnot re�ne � :<;

H

� , andtherefore� :!;

H

� is not a CA of all MCRsof � and � .

Intuitively, to �nd anMCR of � and � , achoicemustbemadewith respectto theorderof the

transitionon
�

in � andthetransitionon



in � . Model � correspondsto puttingthetransition
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on
�

�rst, but theoperator:!;

H

alwaysmakesbothchoices,resultingin model� thatis notaCA

of all MCRs.Hence,wemustlimit non-sharedbehaviour of themodelsbeingmergedin order

to restrict the existenceof suchchoices,i.e., we mustassumethat the non-sharedcondition

(De�nition 20)holds.Similarly, wealsorequirethatthedeterminacy condition(De�nition 19)

holds(e.g.,for themodelsin Figure3.2, � : ;

H

���

���
, where

�

&��

 "!

A

�

�

�

E

).

Theorem 13. ( :!;

H

is a commonabstractionof all MCRs) If � and
0

are consistentMTSs

that satisfythedeterminacyconditionandthenon-sharedcondition,then:

	�
 &��

 "!

A

�

�

0FE
�

� :P;

H

0��

�




@
A

� :P;

H

0QE��

Proof:

Let � ��� fMh�����*,��� . The given conditionsguaranteethat � and � 	
;

H

� differ (up to observa-

tionalequivalence)only in theapplicationof rulesDM andMD: somenon-sharedmaybetransitionsin

�W	
;

H

� mayberequiredtransitionsin � .

Hence, � :!;

H

0

approximates�  ��

��� �

from below: � :!;

H

0 �

�
�  ��

��� �

. Unfor-

tunately, :!;

H

doesnot computetheactualGCA. For example,considermodels � ,
�

, and � in

Figure6.3with
.

�

� �

���

and
.

�

�

.

�

� �

�	�����

. �) "!��

� �

is � , andtherefore,by Remark2,

�  ����

� �

is also � . Since
�

:P;

H

�

�

� , :P;

H

producesamodelthatis re�ned by, but is notequiv-

alentto theGCA. On theotherhand,if rulesDM andMD areneverapplied,then � : ;

H

0

�

� :P;>=

0

. Therefore,by Theorem12 andRemark2, if theLCR exists, � and
0

satisfythe

determinacy condition,andrulesDM andMD arenotapplied,then : ;

H

buildstheLCR, which

is equivalentto theGCA.

In summary, it is not always clear which non-maybetransitionsshouldbe convertedto

requiredandwhich shouldbe left asmaybe. If all areconverted,asis thecasefor :?;>= , then

minimality is lost. In fact,thecorrectrulesfor computingtheGCA of all MCRsaresomewhere

betweenrulesMD andDM of :<;>= and :P;

H

(i.e.,someshouldbeconvertedto requiredandsome

shouldstaymaybein thecomposition).Preliminarywork on this problemhasbeenaddressed
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in [49] in theform of analgorithmthatsupportstheelaborationof a CA into a desiredMCR.

In particular, thealgorithmhelpsthemodellerchoosewhich non-sharedmaybetransitionsto

convert to requiredtransitionsin themerge. We leave for futurework exploring this problem

in moredetail.

6.6 Discussion

Throughoutthischapter, wehavedevelopedalgorithmsto supportthemergeprocessin Figure

6.1. Below, wesummarizeour resultswith respectto thisprocess,anddiscusshow they relate

to automatingmerge.

Given MTSs � and
0

, consistency canbe decidedby Algorithm 1 (Line 1). If � and
0

are inconsistent,after checkingthe suf�cient conditionsin Theorem8, Algorithm 2 can

be usedto returna propertythat distinguishesbetweenthem(Line 8). If the conditionsfail,

thenAlgorithm 1 canbeeasilymodi�ed to returntheinconsistentstatesasanalternative form

of feedback.If � and
0

areconsistent,Algorithm 1 builds the largestconsistency relation

betweenthem,which,in somecases,maybemodi�ed dueto unwantedmatches.If minimality

is not required(Line 2), :!;M= constructsa CR thatpreservesthedesiredpropertiesandcanbe

returned(Line 3). Otherwise,a minimal merge is required. If �) "!

�P� �

exists (which can

decidedin most casesusing Theorem3) and � and
0

satisfy the determinacy condition,

� :P;>=

0

is their LCR andcanbe returned(Line 5). On the otherhand,if �) �!

��� �

does

not exist and � and
0

satisfythenon-sharedconditionandthedeterminacy condition,then

a CA to all MCRsof � and
0

canbeconstructedwith :<;

H

(Line 6). Notethat :!;

H

doesnot

constructtheGCA, asdesired,but canstill beelaboratedinto anMCR, or usedto constructthe

setof MCRs[49] (Line 6). We leave for futurework improving : ;

H

to constructtheGCA.

In theaboveprocess,someassumptionsontheMTSsmustholdin orderto ensurecomplete

automation,e.g., the non-sharedconditionanddeterminacy conditionmust hold for : ;

H

to

producea CA. However, thesescasesnaturally correspondto the casesthat requirehuman
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intervention. For example,we have notedthat : ;

H

cannotmake decisionswith respectto

theorderof non-sharedactions,andthereforethesedecisionsmustbemadeby appropriately

modifying the consistency relation. The only casethat requiresan assumptionthat is not a

consequenceof humaninteractionis thatthedeterminacy conditionmustholdonLine 5,which

weplanonweakeningin futurework. Hence,ouralgorithmsfully supporttheprocessoutlined

in Figure6.1,employing automationwhenpossible.



Chapter 7

A CaseStudy: the Mine Pump

In this chapter, we applyour resultsto a casestudyknown astheminepump[34]. In Section

7.1,wegiveahighlevel overview andintroducesomecomponentsof thecasestudy. In Section

7.2,we show thatby usingour algorithmsfor detectinginconsistenciesbetweenstakeholders'

models,we can gain insight into whetherthe desiredpropertiesof the stakeholdersare in

fact reasonable.Finally, Section7.3 shows that by relaxingthe requiredpropertiesfrom the

stakeholders(basedon the insight gainedin Section7.2), we canmerge updatedconsistent

modelsfrom thestakeholdersto createanoverallmodelthatsatis�esthedesiredbehaviours.

7.1 Description

A pumpcontrolleris usedto prevent thewaterin a minesumpfrom passingsomethreshold,

andhence�ooding the mine. To avoid the risk of explosion, the pumpmay only be active

whenthereis nomethanegaspresentin themine.Thepumpcontrollermonitorsthewaterand

methanelevelsby communicatingwith two sensors.

Wemodeltheminepumpwith fourcomponents:WaterLevelSensor, MethaneSensor, Pump-

Control, andPump. The completesystem,MinePump, is the parallel compositionof these

components.WaterLevelSensormodelsthe water sensorand includesassumptionson how

the waterlevel is expectedto changebetweenlow, medium,andhigh. Methanekeepstrack

71
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(a) � � �

medWater highWater

medWaterlowWater

(b) � �

methAppears

methLeaves

(c) � �

switchOn

switchOff

Figure7.1: TheMTSsfor: (a)WaterLevelSensor, (b) MethaneSensor, and(c) Pump.

of whethermethaneis presentin the mine,andPumpmodelsthe physicalpumpthat canbe

switchedonandoff. TheLTSsfor thesecomponentsareshown in Figure7.1,whereweassume

initially thatthewateris low, thepumpis off, andnomethaneis present.

PumpControl describesthecontrollerthatmonitorswaterandmethanelevels,andcontrols

thepumpin orderto guaranteethesafetypropertiesof thepumpsystem.Notethattheinformal

descriptiongivenaboveleavesopentheexactwaterlevel atwhichto turnthepumponandoff.

For example,thepumpcouldbeturnedonwhenthereis highwateror possiblywhenthewater

is not low, (e.g.,at a mediumlevel). The pumpcouldbe turnedoff whenthereis low water

or possiblywhenthewateris not high. In what follows, we investigatemodelsfor thepump

controllerfrom differentstakeholders,which areintendedto be mergedto createa modelof

theentiresystem,namelyMinePump.

7.2 On and Off Policies: A First Attempt

In this section,we assumethat therearetwo stakeholdersfor the pumpcontroller: onewith

theknowledgeof whenthepumpshouldbeon (referredto astheon policy) andanotherwith

knowledgeof whenthepumpshouldbeoff (referredto astheoff policy). Thestakeholders'

propertiesareshown in Table7.1,andareexpressedin FLTL usingthefollowing �uents:

AtHighWater �

�

highWater	�
 lowWater	 medWater��
�	

AtLowWater �

�

lowWater	�
 medWater	 highWater��
 Initially true	

PumpOn �

�

switchOn	 switchOff 
�	

MethanePresent �

�

methAppears	 methLeaves
���
 switchOn��
�	
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�

��� � � PumpOn/

��� switchOn ��� PumpOn�8�

� thepumpcanonly beturnedon if it is currentlyoff �

�

&�� � ��� PumpOn/

��� switchOff � PumpOn�8�

� thepumpcanonly beturnedoff if it is currentlyon�

�

��� � � AtHighWater �	� MethanePresent/�
 PumpOn�

� theonpolicy: thepumpis turnedonwhenthereis highwaterandno methane�

�
�

� � � AtLowWater � MethanePresent/�


� PumpOn�

� theoff policy: thepumpis turnedoff whenthereis low wateror methanepresent�

Table7.1: Desiredpropertiesof MinePump.

Both stakeholderswish to satisfyproperties� � and ��& , which expressthat the pumpshould

only be turnedon if it is alreadyoff, and shouldonly be turnedoff if it is alreadyon, re-

spectively. In addition,thestakeholderfor theon policy desiresto satisfyproperty � � , which

expressesthat when thereis high water and no methane,the pump shouldbe immediately

turnedon if it is not already. Thestakeholderfor theoff policy desiresto satisfyproperty �

�

,

whichexpressesthatif thereis low wateror methanepresent,thepumpshouldbeimmediately

turnedoff if it is not already.

Thestakeholders'modelsareOnPolicy andOffPolicy, shown in Figure7.2,which usethe

abbreviation WATER= � lowWater,medWater,highWater
�

. OnPolicy turnsthepumpon when

thereis high waterandno methanepresent,and leaves the possibility openfor turning the

pumpon whenthereis mediumwater. OffPolicy turnsthepumpoff whenthereis low water

or methaneappears.In addition,OffPolicy modelsa dangerlight with actionsdangerLightOn

anddangerLightOff (unobservableto OnPolicy), which is turnedon whenmethaneis present

in themine.

Both OnPolicy andOffPolicy canbe composedwith PumpControl, MethaneSensor, and

WaterLevelSensorto obtaintwo partialmodelsof theentiresystem,referredto asMinePump�

andMinePump& (seeAppendixA). Properties� � to ��� aretruein MinePump� , and ��� , ��& , and

�

�

aretruein MinePump& , asdesired.Notethatto specifytheOnPolicy, it is necessaryto refer

to theeventswitchOff in orderto ensurethat � � and ��& aresatis�ed.However, OnPolicy leaves
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�
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 �
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�

WATER�
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switchOff

�

WATER�
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Figure7.2: TheMTSsfor: (a) OnPolicy, and(b) OffPolicy.

theoff policy openby modellingpossibilitiesfor turningthepumpoff with maybebehaviour,

andsimilarly, OffPolicy leavesthe on policy open. Hence,properties��� and ��� evaluateto

maybein MinePump� andMinePump� , respectively.

Our goal is to build MinePumpusing the knowledgecontainedin OnPolicy andOffPol-

icy, while preservingthe propertiesof the individual stakeholders'modelsMinePump� and

MinePump� . In other words, we wish to constructMinePump � (OnPolicy � OffPolicy)
�

WaterLevelSensor
�

MethaneSensor
�

Pumpandensurethatit satis�esproperties��� – ��� .

Unfortunately, by Algorithm 1 in Section6.2,OnPolicy andOffPolicy areinconsistent,and

thuscannotbemerged.To understandthesourcesof inconsistencies,we notethatthesemod-

els satisfyConditions(1) and(2) in Theorem8. Therefore,thereexists an ���  propertythat

distinguishesOnPolicy andOffPolicy whenrestrictedto thesharedalphabet!"�$# lowWater,

medWater, highWater, methLeaves, methAppears, switchOn, switchOff % , andwe canuseAl-
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gorithm2 in Section6.3to �nd one.In particular, onesuchpropertyis:

�

highWater� �

�

switchOn� �

�

methAppears� �

�

methAppears� ���

�

This property is true in OnPolicy@� since 


highWater
I1J

= G

switchOn
I1J

= K

methAppears
I�J

= �

methAppears
I1J

= � ,

andfalsein OffPolicy@� sinceafterfollowing theobservabletracehighWater, switchOn, and

methAppears, eitherstate � or � is reached,bothof which proscribetheactionmethAppears.

This propertyhighlightsthe fact that in OffPolicy, whenever thepumpis on andmethaneap-

pears,the dangerlight is immediatelyturnedon and the pumpis immediatelyswitchedoff:

states� and � in OffPolicy proscribeall actionsotherthandangerLightOnandswitchOff. An-

otherdistinguishingpropertyis:

�

methLeaves�
�

�

highWater�
�

�

medWater�
���

�

which expressesthe fact thatwhenmethaneis absentandthewateris high, it mayno longer

be possiblefor the waterto move to a mediumlevel. This propertyis true in OnPolicy@�

since 


methLeaves
I1J

= 


highWater
I1J

= G and G

medWater
,

��� , andfalsein OffPolicy@� sinceevery transitionon

methLeavesandhighWater from state
 is a self-loop,and 


medWater
ILJ

= . Uponinspection,we see

thatthis inconsistency is dueto thefactthatOnPolicy immediatelyturnsthepumponwhenever

thereis highwaterandno methaneis present.

Onepossibleresolutionto theabove inconsistenciesis to modelsomeof thetheself-loops

in OnPolicy andOffPolicy with maybebehaviour (e.g., in state � of OnPolicy andstate 
 of

OffPolicy), but this unnecessarilyreducesthede�nite behaviour of bothmodelsanddoesnot

addressthe sourceof the inconsistencies:properties� � and �

�

in Table7.1 are too strong,

becausethey utilize thenext operator, which is not closedunderstuttering[1]. In particular,

thisforcesthepresenceof immediacy in theonandoff policies,whichwasshown to ultimately

causeinconsistencies.Wediscussthiscasein Section7.3,whereweweakenproperties� � and

�

�

to obtainconsistentpumpcontrolpolicies.
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�

�

�

� � �8� AtHighWater �	� MethanePresent� � tick /

� tick � PumpOn�

� theon policy: if thereis high waterandno methanefor agivenamountof time, thepumpis on�

�

�

�

� � �8� AtLowWater � MethanePresent� � tick /

� tick � � PumpOn�

� theoff policy: if thereis low wateror methanefor agivenamountof time, thepumpis off �

Table7.2: DesiredPropertiesof MinePumpNoIm.

7.3 On and Off Policies: A SecondAttempt

In the previous section,we saw that explicit immediacy causedinconsistenciesin the pump

controllermodels.Wethereforedesireaweaker form of immediacy: onethatstill enforcesthe

pumpcontrol policies,but doesnot require,for example,that thepumpis turnedon assoon

astheproperconditionsaretrue. Rather, if theconditionsfor turningthepumpon hold, then

otheractionsmayoccur, but beforea certainamountof time passes,thepumpmustbeturned

on if theconditionsfor turningthepumpon still hold. Hence,we mustexplicitly modeltime

eventsin thepumpcontrollermodels.

In particular, weweakenproperties��� and �

�

in Table7.1to properties�

�

�

and �

�

� in Table

7.2. Thesepropertiesinvolve thespecialtick eventof asynchronousFLTL [39], which is used

to indicatethepassageof time. In particular, �

�

�

saysthat if it is thecasethatno methaneis

presentandthe wateris high for a givenamountof time, thenthe pumpis turnedon before

thenext tick event,and �

�

� saysthatwhenmethaneis presentor thewateris low for a given

amountof time, the pumpis turnedoff beforethe next tick event. That is, theseproperties

do not enforceimmediacy in the senseof the previous section,but ratherif the respective

conditionsfor the on andoff policieshold until the next unit of time hasoccurred,thenthe

statusof thepumpis changedbeforethis.

As in the previous section,therearetwo stakeholdersfor the pumpcontroller, which are

composedwith thecomponentsin Figure7.1to obtaintwo partialmodelsof theentiresystem.

The on andoff policies remainthe same,except that immediacy is no longerenforcedand

the specialtick event is used. OnPolicyNoIm modelsthe on policy, OffPolicyNoImmodels
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Figure7.3: TheMTS for OnPolicyNoIm.

the off policy (including the dangerlight), andMinePumpNoIm� andMinePumpNoIm� (see

AppendixA) arethe stakeholders'respective partial modelsof the entiresystem.The MTS

for OnPolicyNoImis shown in Figure7.3,andtheFSPcode[41] for OffPolicyNoImis givenin

Figure7.4.BothMinePumpNoIm� andMinePumpNoIm� satisfyproperties
�

� and
�

� in Table

7.1,andadditionallyMinePumpNoIm� satis�es
��� �

andMinePumpNoIm� satis�es
��� �

. Similar

to theprevioussection,
���

�

evaluatesto maybein MinePumpNoIm� and
���
�

evaluatesto maybe

in MinePumpNoIm� .

Recallthatwe wish to build MinePumpNoImusingthe informationin OnPolicyNoImand

OffPolicyNoIm, while ensuringthat MinePumpNoIm	 (OnPolicyNoIm 
 OffPolicyNoIm) �

WaterLevelSensor� MethaneSensor� Pumpsatis�es
�

� ,
�

� ,
��� �

, and
��� �

. By Algorithm 1 in

Section6.2, OnPolicyNoImandOffPolicyNoImareconsistent,andhencethe full pumpcon-

troller canbe de�ned asPumpControl = OnPolicyNoIm+ OffPolicyNoIm. Additionally, the

alphabetrestrictionsin Proposition9 aresatis�edby MinePumpNoIm� andMinePumpNoIm� ,

andthereforethereexistsamergeof MinePumpNoIm� andMinePumpNoIm� thatis re�ned by

MinePumpNoIm. Hence,by De�nition 15 andTheorem4, properties
�

� ,
�

� ,
��� �

, and
��� �

hold

in MinePumpNoIm. In particular, the maybeproperties
��� �

and
��� �

of MinePumpNoIm� and

MinePumpNoIm� becometrue propertiesof MinePump, which correspondsto theon andoff

policiesbeingre�ned into concretebehavioursin themerge.
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Figure7.4: TheFSPcodefor OffPolicyNoIm.

Sincetherearenonon-sharedmaybetransitionsbetweenOnPolicyNoImandOffPolicyNoIm,

the :P;>= and :P;

H

operatorsbuild the samesystem,sayPumpControl ;M=

� OnPolicyNoIm :!;M=

OffPolicyNoIm. By Theorem12, we know thatboth merge operatorsbuild the LCR of these

models,i.e., PumpControl ;>=

!

�
PumpControl. PumpControl ;>= can then be composedwith

thecomponentsin Figure7.1to obtainMinePumpNoIm;>=

� PumpControl ;>=�� WaterLevelSen-

sor � MethaneSensor� Pump, which is equivalent to MinePumpNoIm. The FSPcodefor

MinePumpNoIm(andthereforefor MinePumpNoIm;>= ) is shown in Figure7.5.

Now considerthe casewhenthe LCR of OnPolicyNoImandOffPolicyNoImdoesnot ex-

ist. By Theorem11, PumpControl ;>= is a commonre�nement of OnPolicyNoIm and Off-

PolicyNoIm. By Proposition9, the fact that PumpControl ;M= re�nes someMCR of OnPoli-
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Figure7.5: TheFSPcodefor MinePumpNoImandMinePumpNoIm;>= .

cyNoImandOffPolicyNoIm, andProposition1, we know that the propertiesof MinePump-

NoIm� andMinePumpNoIm& arepreserved in MinePumpNoIm;>= . That is, we obtainanover-

approximationof MinePumpNoImthat satis�es the desiredproperties. Alternatively, if the

assumptionsin Theorem13hold,the : ;

H

operatorcanbeusedto obtainacommonabstraction

of all MCRsof OnPolicyNoImandOffPolicyNoIm, which canthenbeelaboratedinto a given

MCR [49].

In conclusion,wehaveshown thatby usingmergeastheunderlyingnotion,wecanutilize

partialmodelsfrom differentstakeholdersandcombinethemto obtainan overall modelthat

satis�esthedesiredproperties.In general,it is usefulthat thepropertiesof MinePumpNoIm�

andMinePumpNoIm& arepreservedratherthanthoseof OnPolicyNoImandOffPolicyNoIm, as

theenvironmentof thepumpcontroller(for instance,theassumptionson thebehaviour of the
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waterlevel) maybenecessaryfor proving certainproperties.In fact,OnPolicyNoImcouldbe

modi�ed to beunder-speci�edenoughsoasnot to satisfy � � unlesstheassumptionsmodelled

in WaterLevelSensorhold.



Chapter 8

Conclusion

In this chapter, we summarizethethesis,compareour work with relatedapproaches,anddis-

cussdirectionsfor futureresearch.

8.1 Summary

Themotivationfor thework presentedin this thesiscomesfrom theneedto supporttheelab-

orationof partialbehavioural models.In particular, our work hasbeenmotivatedby existing

limitationsof scenario-basedmodelsynthesistechniques,andhencewe have focusedon ob-

servablebehaviour, ratherthanonmodelstructure.However, ourwork couldalsobeapplicable

in thecontext of composingmodelsthatcoverdifferentviewpoints[26] or aspects[6].

In this thesis,we have instantiatedandstudieda generalmerging framework for merge

basedonMTSs[49]. For suchmodels,ChechikandUchitelhavearguedthatobservationalre-

�nement is theformalunderlyingprincipleof modelmergingandthatmergingis aprocessthat

shouldproducea minimal commonobservationalre�nementof two consistentmodels[49].

We have characterizedseveralaspectsof this merge. Speci�cally, themergeof two consistent

systemspreserves � -valuedweak � -calculusandFLTL properties,giving riseto asoundspec-

i�cation languagefor our framework. On theotherhand,if two systemsareinconsistent,we

have seenthat distinguishingpropertiescanbe usedasa form of feedback:suchproperties

81
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give insight into areasof disagreement.Furthermore,to ensurethat our framework supports

component-wisemerging of complex systems(commonin practicalapplications),we have

proven several positive andnegative resultswith respectto algebraicproperties,andrelated

theseresultsto modellingdecisions.Most desiredpropertieshold whenmerge is unique,but

whenmultiple incomparablemergesexist, theright choiceof mergemustbemadein orderto

guaranteeaparticularproperty, i.e.,humaninvolvementmayberequired.Finally, wehavede-

scribedalgorithmsfor supportingthemergeprocess,andshown thatsuchalgorithmsfacilitate

automation,whenpossible,andenablehumanintervention,whenrequired.

The above resultsgive rise a framework for partial modelelaboration,basedon merging

MTSs,suitablefor usein practice,thatis fully supportedalgorithmically.

8.2 RelatedWork

Below, wesurvey relatedwork alongtwo directions:( G ) merging,and( K ) abstractionandprop-

ertypreservationwith respectto partialmodels.

Merging. Larsenet. al. [38] introducean operatorwith a behaviour similar to our merge

(called conjunction), but de�ned only for MTSs over the samevocabulary with no � tran-

sitions, and for which thereis an independencerelation (at which point the leastcommon

re�nement exists). Their goal is to decomposea completespeci�cation into several partial

onesto enablecompositionalproofs. Although not studiedin depth,the operatorin [38] is

basedon strongre�nement.We haveshown thattheexistenceof multiple MCRsintroducesa

numberof subtleissuesfor a similar operatorbasedon observationalre�nement. In addition,

our suf�cient conditionfor building a commonre�nement(i.e., theexistenceof a consistency

relation)is moregeneralthantheir notionof an independencerelation,even for modelsover

the samevocabulary. In particular, MTSs for which thereis an independencerelation also

satisfythe determinacy condition,which is not a necessaryconditionfor constructingmerge
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in our framework. In [36], LarsenandXinxin de�ne a conjunctionoperatorfor Disjunctive

MTSs(DMTSs),for which theleastcommonre�nementalsoexists,similar to theonein [38].

DMTSs arean extensionof MTSs wherethe setof requiredtransitionsis a setof required

hyper-transitions(i.e., a disjunctionof multiple transitionson differentactions). Larsenand

Xinxin useanotionof aconsistency relation,similar to ours,but de�ned overasingleDMTS.

Two DMTSsarethenconsistentif thereis aconsistency relationin theconjunction.However,

the goal in [36] is to characterizeequationsolving in processalgebra,ratherthanto support

modelelaboration.In particular, consistency is usedto provesatis�ability of agivenspeci�ca-

tion.

HussainandHuth [27] alsostudythe problemof �nding a commonre�nementbetween

multiple MTSs,but they focuson thecomplexity of therelevantmodel-checkingprocedures:

consistency, satis�ability, andvalidity. Instead,ourmergeaddressesthemoregeneralproblem

of supportingengineeringactivitiesin modelelaboration(i.e.,weseemergingastheprocessof

selectingthemostappropriatecommonre�nement).Finally, ourmodelsaremoregeneralthan

the modelsof HussainandHuth in that we merge modelswith differentvocabulariesand �

transitions,but lessgeneralin thatHussianandHuthhandlehybridconstraints(e.g.,restricting

thenumberof statesa givenpropositionis evaluatedin) andcomputethesetof all consistent

pairs.

NejatiandChechik[43] presentaframework for merging � -valuedKripkestructures,where

the fourth valueindicatesdisagreement.Their merge is de�ned asa commonstrongre�ne-

ment,andis thereforecharacterizedby � -valued � -calculus.Like [38, 36], the leastcommon

re�nement is guaranteedto exist betweenconsistentmodels,but it is shown that it may not

beexpressiblein a � -valuedmodel. In our framework, a uniquemerge is not guaranteed,but

we maintaina high level of readabilityby expressingmerge in a � -valuedmodel,makingit

suitablefor usein practice.Nejati andChechikalsoallow themodelsbeingmergedto have

differentvocabularies,but unify thembeforemerging by assumingthata propositionoutside

of the scopeof a givenmodelevaluatesto maybein eachstateof that model. This interpre-
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Figure8.1: ExampleMTSsfor illustratingvocabularyuni�cation.

tation doesnot preserve the fact that a symboloutsideof the vocabulary of a systemin our

framework cannotcausea changeof statein that system,andhencedoesnot ensurethat a

commonobservationalre�nement is constructed.For example,considermodels � and � in

Figure4.1with ��� � 
�� � and ��� � 
�� � , andrecall that � , � and � arepossiblemergesfor

thesemodelsin our framework. We canusethetranslationin [18] to obtainthecorresponding

Kripke Structuresfor thesemodelsandperformvocabulary uni�cation asin [43]. Translating

backto MTSsyieldsmodels� � and ��� in Figure8.1. Clearly, thesemanticsof thesemodels

is not equivalentto models � and � , for example,becauseaction � may causea changeof

statein model � � . In particular, themergeof thesetwo modelsis � � , which is not a common

re�nementof � and � , since �!� @
�� � caninternally transitto a statethatproscribes� , but �

cannot.Finally, thegoalof Nejati andChechik's work is to providea framework thatsupports

anegotiationprocessfor inconsistency resolution,intendedto helpusersidentify andprioritize

disagreementsthroughvisualization.In particular, " -valuedKripkestructuresareintendedfor

expressinginconsistencies,whereas# -valuedmodelsarenot.

MTSs arede�ned over �at statespaces:$&% and $(' give a partial descriptionof the be-

havioursovera �nite setof states.Huth et al. [28] usethemixedpowerdomainof Gunter[20]

to generalizeMTSsto non-�at statespaces,modelledasdomains.Elementsof themixedpow-

erdomainare(roughly)pairs )+* 	-,/. , where* and , are“special”setsthatsatisfyaconsistency

condition,which is ageneralizationof *102, . Theanalogyto MTSsis thatastatein anMTS

shouldbecharacterizedby thesetof propertiesthataretrue in thatstate(i.e., * ), andtheset

of propertiesthatarepossiblein thatstate(i.e., , ), andthesesetsshouldbeconsistentin some

way (i.e., *304, ). Furthermore,thereis a naturalordering 5 over the mixed powerdomain

thatgeneralizesthenotionof re�nementof MTSs: )�* 	-,/.657)+* � 	8,9�:. if andonly if *;0<*�� and

,=�>0?, . Intuitively, all true propertiesin state )�* 	-,/. aretrue in state )�* � 	-,=�@. (i.e., *A0B*�� ),
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andall possiblepropertiesin state
A )

�

���

�

E

arepossiblein state
A )

���

E

(i.e.,
�

���

�

). In ad-

dition, anembeddingof standard�at MTSs(anda subsetof MixedTransitionSystems[11])

into this domain-theoreticframework is given. Hence,it is conceivablethat someresultsin

this thesiscanbeexpressedquitesuccinctlyin termsof theorderstructureof themixedpow-

erdomain(e.g.,Theorem3). However, asour resultsareintendedto beexplicitly understood

by modellers,we have so far refrainedfrom the analogyto mixedpowerdomainsin orderto

maintainpracticality, andmayexplorethisconnectionfurtherin futurework.

In this thesis,thestatesthatcanbemergedarethosethatsatisfyconsistentsetsof temporal

properties.However, theseassumptionsarenot universalto all merge frameworks. Finkel-

steinetal. [15] use�rst-order logic to expressconsistency rules,andthemodelsbeingmerged

mustbe consistentprior to merging. Otherapproachessupportmerging inconsistentandin-

completeviews, i.e., enablereasoningin the presenceof inconsistencies[14, 45]. Chechik

andEasterbrook[14] assumethatonly stateswith thesamelabelcanbemerged,andasimilar

consistency assumptionis madein [54] in thecontext of UML differencing.Easterbrookand

Sabetzadeh[45], on theotherhand,givea moregeneralcategory-theoreticapproachbasedon

theobservationthatit is not alwaysclearhow to relatetwo views. They usegraphmorphisms

to expresssuchrelationships,enablingthe userto provide this asa third argumentto merge.

However, their emphasisis on preservingmodel structure(e.g., statesand the accessibility

relationbetweenthem),ratherthanon behavioural properties.

Theoperationof merging alsoarisesin severalotherrelatedareas,includingsynthesisof

StateChartmodelsfrom scenarios[53, 22], programintegration[25], andcombiningprogram

summariesfor softwaremodel-checking[2].

Abstraction and Property Preservation. Explicit partiality correspondsnaturallyto thelack

of informationat modellingtime. Our work hasfocusedon �nding a moreelaboratemodel,

basedon re�nement, that preservesthe propertiesof two consistentpartial models. The re-

verseof thisprocessis abstraction,in whicha lessre�ned modelis constructed.Unlikemerge,
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abstractmodelsareusuallyhiddenfrom theuserfor usein automaticprocedures,e.g.,for ef-

�cient model-checkingof largeor in�nite statesystems.In addition,thenotionof consistency

is irrelevant in abstraction,asthereis alwaysa modelthat re�nes an abstraction,namelythe

original model itself. However, like merge, soundnessof abstractionswith respectto prop-

erty preservationis of fundamentalimportancein orderfor abstractionsto beof any usewhen

checkingproperties.

Theapproachof extendingtransitionsystemswith a secondtransitionrelationdescribing

unknown behaviour wasoriginally proposedby [37], andindependentlyby [11]. Larsenand

ThomsenintroducedMTSs asa solutionto the completenesslimitation of LTSs,andproved

thatHennessy-Milnerlogic [23] characterizesstrongre�nement.Dams'MixedTransitionSys-

tems[11,10], whichareMTSsthatdonotassumethatall requiredtransitionsarepossibletran-

sitions,areusedfor abstractingKripke structures.It is shown that � -valuedCTL* properties

arepreservedby there�nementpreorderbetweenthesemodels[11]. BrunsandGodefroidin-

troducedpartialKripkeStructures(PKs)[4], whichhaveasingleunlabelledtransitionrelation

and � -valuedstatepropositions.They show that � -valuedCTL de�ned overPKscharacterizes

their completenesspreorder. Huth et al. [28] introducedKripke MTSs(KMTSs), which area

state-basedversionof MTSs. KMTSs have two transitionrelations,asin anMTS, but rather

thanlabelledtransitions,eachstateis labelledwith a setof � -valuedpropositions.It is shown

that � -valued � -calculuscharacterizesre�nementde�ned over KMTSs, which is usedasthe

basisfor a � -valuedframework for programanalysis.

Whena propertyevaluatesto maybein an abstractmodel,this modelmustbe further re-

�ned (wherere�nementcorrespondsto splitting abstractstates).ShohamandGrumberg [47]

show that even standardmethodsof re�ning abstractmodels(e.g. [17]) are not monotonic

with respectto propertypreservation. They de�ne GeneralizedKMTSs (GKMTSs),anexten-

sionof KMTSs with hyper-transitions,asa solutionto this problem,andobtaina monotonic

abstraction-re�nementframework with respectto � -valuedCTL.

Finally, MTSs,KMTSs,andPKshave thesameexpressivepower [18], andin addition, � -
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valuedKripkestructuresandMixedTransitionSystemssharethesameexpressivepower [21].

8.3 Futur eWork

In the nearfuture, we plan to work on the ef�ciency of the algorithmspresentedhere,and

implementthem in the LTSA tool [41]. We also intend to conductlarger casestudiesthat

illustratemodelelaboration(i.e., whenthe leastcommonre�nementdoesnot exist). Finally,

we planto work on strengtheningthedeterminacy conditionto bea necessaryconditionwith

respectto uniquenessof merge, improve : ;

H

to build the GCA, andfurther studyalgebraic

properties.

Our long-termgoalis to provideasoundengineeringapproachto thedevelopmentof soft-

waresystemsvia automatedsupportfor constructingpartialbehaviouralmodelsfrom scenario-

basedspeci�cations,merging andelaboratingthesepartialbehavioural models,aswell asen-

ablinguserstochoosethedesiredmergefrom thesetof possibleminimalcommonre�nements.

In particular, we plan to develop a synthesisalgorithmfor constructingbehavioural models

from scenariosandintegratethis into ourapproachto mergingpartialbehaviouralmodels.
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Appendix A

Additional CaseStudy Code

Herewe provide additionalFSPcodefor the componentsin the mine pumpcasestudyde-

scribedin Chapter7.

A.1 FSPCodefor GeneratingModels

Thefollowing FSPcodeis usedto generatetheMTSsandexplicit stateFSPcode.

/* The Mine Pump Case Study */

const False = 0
const True = 1
range Bool = False..True

WaterSensor = LOW,
LOW= (medWater -> MIDDLE),
MIDDLE = (lowWater
-> LOW| highWater -> HIGH),
HIGH = (medWater -> MIDDLE).

MethaneSensor = NOTPRESENT,
NOTPRESENT= (methAppears -> PRESENT),
PRESENT= (methLeaves -> NOTPRESENT).

Pump = OFF,
OFF = (switchOn -> ON),
ON = (switchOff -> OFF).

/******************************************* ***
* Inconsistent Policies that enforce immediacy
******************************************** **/

/* without danger light */
OffPolicy = PUMP[True][False][False],
PUMP[lowWater:Bool][methane:Bool][pumpOn:Boo l] = (

// maybes: leave on policy open
when (!pumpOn) switchOn -> PUMP[lowWater][methane][True] |

95
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medWater -> PUMP[False][methane][pumpOn] |
when (pumpOn) lowWater -> switchOff -> PUMP[True][methane][False] |
when (!pumpOn) lowWater -> PUMP[True][methane][pumpOn] |
when (pumpOn) methAppears -> switchOff -> PUMP[lowWater][True][False] |
when (!pumpOn) methAppears -> PUMP[lowWater][True][pumpOn] |
methLeaves -> PUMP[lowWater][False][pumpOn]

).

/* with danger light */
OffPolicyDL =
PUMP[True][False][False][False],
PUMP[lowWater:Bool][methane:Bool][pumpOn:Boo l][dang erLigh t:Bool] =
(

lowWater -> PUMP[True][methane][pumpOn][dangerLight] |
{medWater,highWater} -> PUMP[False][methane][pumpOn][dangerLight] |
methAppears -> PUMP[lowWater][True][pumpOn][dangerLight] |
methLeaves -> PUMP[lowWater][False][pumpOn][dangerLight] |
// off policy: switch off at lowWater
when (pumpOn) lowWater -> switchOff -> PUMP[lowWater][methane][False][dangerLigh t] |
// maybes: leave on policy open
when (!pumpOn) switchOn -> PUMP[lowWater][methane][True][dangerLight] |
when (!dangerLight && pumpOn) methAppears -> dangerLightOn
-> switchOff -> PUMP[lowWater][True][False][True] |
when (!dangerLight && !pumpOn) methAppears -> dangerLightOn
-> PUMP[lowWater][True][False][True] |
when (dangerLight) methLeaves -> dangerLightOff -> PUMP[lowWater][False][pumpOn][False]

).

OnPolicy = PUMP[False][False][False],
PUMP[highWater:Bool][methane:Bool][pumpOn:Bo ol] = (

medWater -> PUMP[False][methane][pumpOn] |
// maybes: might turn it on at medWater (we do not enforce immediacy here)
when (!pumpOn && !methane && !highWater) switchOn -> PUMP[highWater][methane][True] |
// on policy: enforces immediacy
when (!pumpOn && !methane) highWater -> switchOn -> PUMP[True][methane][True] |
when (pumpOn || methane) highWater -> PUMP[True][methane][pumpOn] |
// maybes: leave off policy open
when (pumpOn) switchOff -> PUMP[highWater][methane][False] |
methAppears -> PUMP[highWater][True][pumpOn] |
when (highWater && !pumpOn) methLeaves -> switchOn -> PUMP[highWater][False][True] |
when (!highWater || pumpOn) methLeaves -> PUMP[highWater][False][pumpOn]

).

||MinePump1 = (OnPolicy || WaterLevelSensor || MethaneSensor || Pump).
||MinePump2 = (OffPolicyDL || WaterLevelSensor || MethaneSensor || Pump). ).

/******************************************* ******* ****** *******
* Consistent timed policies that do not enforce strict immediacy
******************************************** ******* ****** ******* /

/* without danger light */
OffPolicyNoIm = PUMP[True][False][False],
PUMP[lowWater:Bool][methane:Bool][pumpOn:Boo l] = (

lowWater -> PUMP[True][methane][pumpOn] |
{medWater,highWater} -> PUMP[False][methane][pumpOn] |
methAppears -> PUMP[lowWater][True][pumpOn] |
methLeaves -> PUMP[lowWater][False][pumpOn] |
// off policy: switch off at lowWater
when (pumpOn && lowWater) switchOff -> PUMP[lowWater][methane][False] |
// off policy: switch off if methAppears
when (pumpOn && methane) switchOff -> PUMP[lowWater][methane][False] |
// maybes: leave on policy open
when (!pumpOn) switchOn -> PUMP[lowWater][methane][True] |
// maybe ticks
when (!(methane || lowWater) || !pumpOn) tick -> PUMP[lowWater][methane][pumpOn]

).
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/* with danger light */
OffPolicyNoImDL = PUMP[True][False][False][False],
PUMP[lowWater:Bool][methane:Bool][pumpOn:Boo l][dang erLigh t:Bool] = (

lowWater -> PUMP[True][methane][pumpOn][dangerLight] |
{medWater,highWater} -> PUMP[False][methane][pumpOn][dangerLight] |
methAppears -> PUMP[lowWater][True][pumpOn][dangerLight] |
methLeaves -> PUMP[lowWater][False][pumpOn][dangerLight] |
// off policy: switch off at lowWater
when (pumpOn && lowWater) switchOff -> PUMP[lowWater][methane][False][dangerLigh t] |
// off policy: switch off if methAppears
when (pumpOn && methane) switchOff -> PUMP[lowWater][methane][False][dangerLight ] |
// maybes: leave on policy open
when (!pumpOn) switchOn -> PUMP[lowWater][methane][True][dangerLight] |
when (!dangerLight && methane) dangerLightOn -> PUMP[lowWater][True][pumpOn][True] |
when (dangerLight && !methane) dangerLightOff -> PUMP[lowWater][False][pumpOn][False] |
// maybe ticks
when (!(methane || lowWater) || !pumpOn) tick
-> PUMP[lowWater][methane][pumpOn][dangerLight]

).

OnPolicyNoIm = PUMP[False][False][False],
PUMP[highWater:Bool][methane:Bool][pumpOn:Bo ol] = (

{lowWater,medWater} -> PUMP[False][methane][pumpOn] |
highWater -> PUMP[True][methane][pumpOn] |
methAppears -> PUMP[highWater][True][pumpOn] |
methLeaves -> PUMP[highWater][False][pumpOn] |
// maybes: might turn it on at low or medium water
when (!pumpOn && !methane && !highWater) switchOn -> PUMP[highWater][methane][True] |
// on policy: turn on when highWater, pump off, and no methane
when (!pumpOn && !methane && highWater) switchOn -> PUMP[highWater][methane][True] |
// maybes: leave off policy open
when (pumpOn) switchOff -> PUMP[highWater][methane][False] |

// maybe ticks
when (!(highWater && !methane) || pumpOn) tick -> PUMP[highWater][methane][pumpOn]

).

||MinePumpNoIm1 = (OnPolicyNoIm || WaterLevelSensor || MethaneSensor || Pump).
||MinePumpNoIm2 = (OffPolicyNoImDL || WaterLevelSensor || MethaneSensor || Pump).

A.2 FSPCodefor GeneratedModels

Hereweprovideexplicit stateFSPcodefor thecomponentsomittedfrom Chapter7, generated
by thecodefoundin SectionA.1 above. BecauseFSPcannotexplicitly handlemaybetransi-
tions,they mustbeaddedin manually.

MinePump1 = Q0,
Q0 = (methAppears -> Q1 |methAppears -> Q7 |medWater -> Q8

|switchOn? -> Q11 |medWater -> Q10), |methLeaves -> Q11),
|medWater -> Q12), Q6 = (methAppears -> Q3 Q10 = (highWater -> Q5

Q1 = (methLeaves -> Q0 |medWater -> Q12), |methAppears -> Q8
|medWater -> Q2), Q7 = (switchOff? -> Q3 |lowWater -> Q11

Q2 = (lowWater -> Q1 |methLeaves -> Q5 |switchOff? -> Q12),
|highWater -> Q3 |medWater -> Q8), Q11 = (switchOff? -> Q0
|methLeaves -> Q12), Q8 = (switchOff? -> Q2 |methAppears -> Q9

Q3 = (medWater -> Q2 |highWater -> Q7 |medWater -> Q10),
|methLeaves -> Q4), |lowWater -> Q9 Q12 = (lowWater -> Q0

Q4 = (switchOn -> Q5), |methLeaves -> Q10), |methAppears -> Q2
Q5 = (switchOff? -> Q6 Q9 = (switchOff? -> Q1 |highWater -> Q4

|switchOn? -> Q10).
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MinePump2 = Q0
Q0 = (switchOn? -> Q1 Q11 = (methLeaves -> Q0

|methAppears -> Q11 |switchOn? -> Q8
|methAppears -> Q12 |medWater -> Q13),
|medWater -> Q20), Q12 = (dangerLightOn -> Q4),

Q1 = (methAppears -> Q2 Q13 = (switchOn? -> Q9
|methAppears -> Q8 |{highWater, lowWater} -> Q11
|medWater -> Q16), |methLeaves -> Q20),

Q2 = (dangerLightOn -> Q3), Q14 = ({highWater, lowWater} -> Q4
Q3 = (switchOff -> Q4), |methLeaves -> Q7
Q4 = (methLeaves -> Q5 |methLeaves -> Q15),

|methLeaves -> Q6 Q15 = (dangerLightOff -> Q20),
|medWater -> Q14), Q16 = ({highWater, lowWater} -> Q1

Q5 = (dangerLightOff -> Q0), |methAppears -> Q9
Q6 = (methAppears -> Q4 |methAppears -> Q17

|medWater -> Q7), |lowWater -> Q19),
Q7 = ({highWater, lowWater} -> Q6 Q17 = (dangerLightOn -> Q18),

|methAppears -> Q14), Q18 = (switchOff -> Q14),
Q8 = (methLeaves -> Q1 Q19 = (switchOff -> Q0),

|medWater -> Q9), Q20 = ({highWater, lowWater} -> Q0
Q9 = ({highWater, lowWater} -> Q8 |methAppears -> Q13

|lowWater -> Q10 |switchOn? -> Q16
|methLeaves -> Q16), |methAppears -> Q21),

Q10 = (switchOff -> Q11), Q21 = (dangerLightOn -> Q14).

MinePumpNoIm1 = Q0,
Q0 = (tick? -> Q0 Q4 = (tick? -> Q4 |tick? -> Q8),

|switchOn? -> Q1 |highWater -> Q5 Q9 = (lowWater -> Q1
|methAppears -> Q10 |lowWater -> Q10 |methAppears -> Q3
|medWater -> Q11), |methLeaves -> Q11), |highWater -> Q7

Q1 = (switchOff? -> Q0 Q5 = (medWater -> Q4 |tick? -> Q9
|tick? -> Q1 |tick? -> Q5 |switchOff? -> Q11),
|methAppears -> Q2 |methLeaves -> Q6), Q10 = (methLeaves -> Q0
|medWater -> Q9), Q6 = (methAppears -> Q5 |medWater -> Q4

Q2 = (methLeaves -> Q1 |switchOn -> Q7 |tick? -> Q10),
|tick? -> Q2 |medWater -> Q11), Q11 = (lowWater -> Q0
|medWater -> Q3 Q7 = (switchOff? -> Q6 |methAppears -> Q4
|switchOff? -> Q10), |tick? -> Q7 |highWater -> Q6

Q3 = (lowWater -> Q2 |methAppears -> Q8 |switchOn? -> Q9
|tick? -> Q3 |medWater -> Q9), |tick? -> Q11).
|switchOff? -> Q4 Q8 = (medWater -> Q3
|highWater -> Q8 |switchOff? -> Q5
|methLeaves -> Q9), |methLeaves -> Q7

MinePumpNoIm2 = Q0,
Q0 = (tick? -> Q0 Q8 = (medWater -> Q7 |switchOn? -> Q8

|switchOn? -> Q1 |tick? -> Q8 |methAppears -> Q12
|methAppears -> Q22 |dangerLightOff -> Q9 |dangerLightOff -> Q13
|medWater -> Q23), |methAppears -> Q15), |tick? -> Q16),

Q1 = (switchOff -> Q0 Q9 = (tick? -> Q9 Q17 = (lowWater -> Q4
|methAppears -> Q2 |methAppears -> Q10 |methLeaves -> Q6
|medWater -> Q21), |medWater -> Q21), |highWater -> Q12

Q2 = (methLeaves -> Q1 Q10 = (methLeaves -> Q9 |tick? -> Q17
|dangerLightOn -> Q3 |switchOff -> Q11 |switchOn? -> Q19),
|medWater -> Q20 |dangerLightOn -> Q15 Q18 = (dangerLightOff -> Q1
|switchOff -> Q22), |medWater -> Q20), |methAppears -> Q3

Q3 = (switchOff -> Q4 Q11 = (switchOn? -> Q10 |switchOff -> Q5
|methLeaves -> Q18 |tick? -> Q11 |medWater -> Q7),
|medWater -> Q19), |dangerLightOn -> Q12 Q19 = (lowWater -> Q3

Q4 = (switchOn? -> Q3 |methLeaves -> Q13 |methLeaves -> Q7
|tick? -> Q4 |medWater -> Q14), |highWater -> Q15
|methLeaves -> Q5 Q12 = (tick? -> Q12 |switchOff -> Q17),
|medWater -> Q17), |switchOn? -> Q15 Q20 = (lowWater -> Q2

Q5 = (dangerLightOff -> Q0 |methLeaves -> Q16 |highWater -> Q10
|methAppears -> Q4 |medWater -> Q17), |switchOff -> Q14
|tick? -> Q5 Q13 = (switchOn? -> Q9 |dangerLightOn -> Q19
|medWater -> Q6 |methAppears -> Q11 |methLeaves -> Q21),
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|switchOn? -> Q18), |tick? -> Q13 Q21 = (lowWater -> Q1
Q6 = (lowWater -> Q5 |medWater -> Q23), |highWater -> Q9

|tick? -> Q6 Q14 = (highWater -> Q11 |methAppears -> Q20
|switchOn? -> Q7 |tick? -> Q14 |tick? -> Q21),
|highWater -> Q16 |dangerLightOn -> Q17 Q22 = (methLeaves -> Q0
|methAppears -> Q17 |switchOn? -> Q20 |switchOn? -> Q2
|dangerLightOff -> Q23), |lowWater -> Q22 |dangerLightOn -> Q4

Q7 = (tick? -> Q7 |methLeaves -> Q23), |medWater -> Q14
|highWater -> Q8 Q15 = (methLeaves -> Q8 |tick? -> Q22),
|lowWater -> Q18 |switchOff -> Q12 Q23 = (lowWater -> Q0
|methAppears -> Q19 |medWater -> Q19), |highWater -> Q13
|dangerLightOff -> Q21), Q16 = (medWater -> Q6 |methAppears -> Q14

|switchOn? -> Q21
|tick? -> Q23).


