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ABSTRACT
We study the problem of economical representation of sub-
sets of structured sets, that is, sets equipped with a set cover.
Given a structured set U , and a language L whose expres-
sions define subsets of U , the problem of Minimum Descrip-
tion Length in L (L-MDL) is: “given a subset V of U , find
a shortest string in L that defines V ”.

We show that the simple set cover is enough to model a
number of realistic database structures. We focus on two
important families: hierarchical and multidimensional orga-
nizations. The former is found in the context of semistruc-
tured data such as XML, the latter in the context of sta-
tistical and OLAP databases. In the case of general OLAP
databases, data organization is a mixture of multidimen-
sionality and hierarchy, which can also be viewed naturally
as a structured set. We study the complexity of the L-MDL
problem in several settings, and provide an efficient algo-
rithm for the hierarchical case.

Finally, we illustrate the application of the theory to sum-
marization of large result sets, (multi) query optimization
for ROLAP queries, and XML queries.

1. INTRODUCTION
Consider an OLAP or multidimensional database setting [5],

where a user has requested to view a certain set of cells of
the datacube, say in the form of a 100 x 20 matrix. Typ-
ically, the user interacts with a front-end query tool that
ships SQL queries to a back end dbms. After perusing the
output, the user clicks on some of the rows of the matrix,
say 20 of them, and requests further details on these rows.
Suppose each row represents data on a certain city. A typi-
cal query tool will translate the user request to a long SQL
query with a WHERE clause of the form city = city1 OR

city = city2 ... OR city = city20. However, if the set
of cities happens to include every city in Ontario except
Toronto, an equivalent but much shorter formulation would
be province = ’Ontario’ AND city <> ’Toronto’. Min-
imizing the length of the query that goes to the back end
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is advantageous for two reasons. First, many systems have
difficulty dealing with long queries, or even hard limits on
query length. Second, the shorter query can often be pro-
cessed much faster than the longer one (even though an extra
join may be required, e.g. if there is no Province attribute
stored in the cube.)

With this problem as motivation, we study the concise
representations of subsets of a structured set. By “struc-
tured” we simply mean that we are given a (finite) set, called
the universe, and a (finite) set of symbols, called the alpha-
bet, each of which represents some subset of the universe.
We are also given a language L of expressions on the alpha-
bet, and a semantics that maps expressions to subsets of the
universe. Given a subset V of the universe, we want to find
a shortest expression in the given language that describes
V . We call this the L-MDL (Minimum Description Length)
problem. In the example above, the universe is the set of city
names, the alphabet includes at least the city name Toronto
plus a set of province names, and the semantics provides a
mapping from province names to sets of cities. This is the
simplest case, where the symbols in the alphabet induce a
partition of the universe.

The most general language we consider, called L, is the
language of arbitrary Boolean set expressions on symbols
from the alphabet. In Section 3 we show that the L-MDL
problem is solvable in polynomial time when the alphabet
forms a partition of the universe. In particular, when the
partition is granular, that is, every element of the universe is
represented as one of the symbols in the alphabet, we obtain
a normal form for minimum-length expressions, leading to
a polynomial time algorithm.

Of course, in addition to cities grouped into provinces,
we could have provinces grouped into regions, regions into
countries, etc. That is, the subsets of the universe may form
a hierarchy. We consider this case in Section 4 and show that
the normal forms of the previous section can be generalized,
leading again to a polynomial time L-MDL problem.

In the full OLAP context, elements of the universe can be
grouped according to multiple independent criteria. If we
think of a row in our initial example as a tuple
<city,product,date,sales>, and the universe is the set
of such tuples, then these tuples can be grouped by city
into provinces, or by product into brands, or by date into
years, etc. In Section 5 we consider the multidimensional
case. In particular, we focus on the common situation in
which each of the groupings is a hierarchy. We consider
three increasingly powerful sublanguages of L, including L
itself, and show that the MDL problem is NP-complete for



each of them.
In Section 6 we discuss in more detail the application of

our formal results to the OLAP setting, both when opti-
mizing a single query and a set of related queries. We also
present another application, to the problem of minimizing
query length for queries on structured documents such as
those written in XML.

2. STRUCTURED SETS, LANGUAGES AND
THE MDL PROBLEM

In this section we introduce our model of structured sets
and descriptive languages for subsets of them, and state the
Minimum Description Length problem.

Definition 1 (Structured Set). A structured set is
a pair of finite sets (U, Σ) together with an interpretation
function [·] : Σ → Pwr(U) : u 7→ [u] which is injective. The
set U is referred as the universe, and Σ the alphabet.

Intuitively the structure of the set U is modeled by the
grouping of its elements; each group is labeled by a symbol
in the alphabet Σ. The interpretation of a symbol σ is the
elements in U belonging to the group labeled by σ.

Elements of the alphabet can be combined in expressions
that describe other subsets of the universe. The most gen-
eral language we will consider for these expressions is the
propositional language, that consists of all expressions com-
posed of symbols from the alphabet and operators that stand
for the usual set operations of union, intersection and dif-
ference.

Definition 2 (Propositional Language). Given a
structured set (U, Σ), its propositional language L(U,Σ) is
defined as: ε ∈ L(U,Σ), σ ∈ L(U,Σ) for all σ ∈ Σ, and if
α, β ∈ L(U, Σ), then (α + β), (α− β) and (α · β) are all in
L(U, Σ).

Definition 3 (Semantics and Length). The evalua-
tion of L(U,Σ) is a function [·]∗ : L(U, Σ) → Pwr(U), de-
fined as: [ε]∗ = ∅, [σ]∗ = [σ] for any σ ∈ Σ, and
[α + β]∗ = [α]∗ ∪ [β]∗, [α− β]∗ = [α]∗ − [β]∗,
[α · β]∗ = [α]∗ ∩ [β]∗.

The string length of L(U,Σ) is a function ||·|| : L(U,Σ) →
N, given by: ||ε|| = 0, ||σ|| = 1 for any σ ∈ Σ, and
||α + β|| = ||α− β|| = ||α · β|| = ||α|| + ||β||.

Remark: We abuse the definitions in a number of harm-
less ways. For instance, we may refer to U as a structured
set, implying that it is equipped with an alphabet Σ and an
interpretation function [·]. The language L(U, Σ) is some-
times written simply as L when the structured set (U, Σ) is
understood from the context. The evaluation function [·]∗
supersedes the single-symbol interpretation function [·], so
the latter is omitted from discussions and the simpler form
[·] is used in place of [·]∗.

Two expressions s and t in L are equivalent if they eval-
uate to the same set: i.e. [s] = [t]. (Note that this means
equivalence with respect to a particular structured set (U, Σ)
and thus does not coincide with propositional equivalence).
In case they are equivalent, we say that s is reducible to t if
||s|| ≥ ||t||. The expression s is strictly reducible to t if they
are equivalent and ||s|| > ||t||. An expression is compact
if it is not strictly reducible to any other expression in the
language.

Given a sub-language K ⊆ L, an expression is K-compact
if it is not strictly reducible to any other expression in K.

A language K ⊆ L(U,Σ) is granular if it can express every
subset, or equivalently, every singleton, i.e.

∀a ∈ U.∃s ∈ K.[s] = {a}.
We say that a structure Σ is granular if the propositional
language L(U, Σ) is granular.

If L(U, Σ) is not granular, then certain subsets (specifi-
cally singletons) of U cannot be expressed by any expres-
sion. The solution is then to augment the alphabet Σ to
include sufficiently more symbols until it becomes granular.

Definition 4 (K-Descriptive Length). Given a struc-
tured set (U, Σ), consider a sub-language K ⊂ L(U,Σ). The
K-descriptive length of a subset V ⊆ U , written ||V ||K is
defined as,

||V ||K =

�
min{||α|| : α ∈ K(V )} if K(V ) 6= ∅, and
∞ otherwise.

In case K = L(U,Σ), we write ||V ||K simply as ||V ||.
The K-descriptive length of a subset V is just the minimal

length needed to express it in the language K.
Here is a simple example illustrating the definitions.
Example: Consider a structured set depicted in Figure

1. The universe U = {1, 2, 3, 4, 5}. The alphabet Σ =

1

2

3

5

4
A C

B

Figure 1: A structured set.

{A, B, C}. The interpretation function is [A] = {1, 2}, [B] =
{2, 3, 5}, and [C] = {4, 5}. The language L(U,Σ) includes
expressions like: s1 = (A − B) − C, s2 = A − B and s3 =
(B−A)−C, with [s1] = [A−B]− [C] = ([A]− [B])− [C] =
{1} = [s2] and [s1] = [B−A]− [C] = ([B]− [A])− [C] = {3}.
The first two strings s1 and s2 are equivalent, but s2 is
shorter in length, therefore s1 is strictly reducible to s2.
It’s not difficult to check that s2 is L(U, Σ)-compact, so
||{1}|| = 2. �

Our first algorithmic problem is: what is the complexity of
determining the minimum length of a subset in the language
K. We pose it as a decision problem.

Definition 5 (The K-MDL Decision Problem).

• INSTANCE: A structured set (U,Σ), a subset V ⊆
U , and a positive integer k > 0.

• QUESTION: ||V ||K ≤ k?

Proposition 1. The L-MDL decision problem is NP-complete.

The proof of Proposition 1 requires the simple observa-
tion that for any structured set (U, Σ), there is a naturally
induced set cover, written U/Σ, on U given by U/Σ = {[σ] :
σ ∈ Σ}. The general minimum set-cover problem [2] easily
reduces to the general L-MDL problem.

The next few sections will focus on some specific struc-
tures that are relevant to realistic databases.



3. PARTITION IS IN P
In this section we focus our attention on the simple case

where the symbols in Σ form a a partition of U .

Definition 6 (Partition). A structured set (U, Σ) is
a partition if the induced set cover U/Σ partitions U .

Example: Consider these streets: Grand, Canal, Broad-
way in the city NewYork, VanNess, Market, Mission in San-
Francisco and Victoria, DeRivoli in Paris. The street names
form the universe, which is partitioned by the alphabet con-
sisting of the three city names, as shown in Figure 2. �

Grand Canal Broadway VanNess Market Mission Victoria DeRivoli

NewYork SanFrancisco Paris

Figure 2: A partition

Proposition 2. The L-MDL decision problem for a par-
tition (U, Σ) can be solved in O(|U | · log |U |).
The L-MDL decision problem is particularly easy because
given a subset V , ||V ||L is simply the number of cosets
that cover V exactly. Given the partition and V , comput-
ing the number of cosets that cover V exactly can be done
in O(|U | log |V |), and can in fact be further optimized to
O(|V |) if special data structures are used.

Of course, in general not all subsets of street names can
be expressed only by using city names – that is, the propo-
sitional language L(U,Σ) for a partition is not, in general,
granular. We therefore extend the alphabet Σ to be granu-
lar; since Σ is a partition, this requires having a symbol in
Σ for each element of U .

Definition 7 (Granular Partition). A structured
set (U,Σ) is a granular partition if Σ = Σ0∪̇U where (U, Σ0)
is a partition. The interpretation function [·] : Σ → Pwr(U)
is extended such that [u] = {u} for any u ∈ U .

The L-MDL decision problem for granular partitions is
also solvable in polynomial time. We first define a sub-
language Npar ⊆ L consisting of expressions which we refer
to as normal, and show that all expressions in L are reducible
to ones in Npar, and use this to constructively show that the
Npar-MDL decision problem is solvable in polynomial time.

Let A = {a1, a2, . . . , an} ⊆ Σ be a set of symbols. We

write
−→
A = a1 + a2 + · · ·+ an. The ordering of the symbols

ai does not change the semantic evaluation nor its length,

so
−→
A can be any of the strings that are equivalent to a1 +

a2 + · · ·+ an up to the permutations of {ai}. Furthermore,

we write [A] to mean [
−→
A ]. For a set of expressions {si},L

i si is the expression formed by concatenating si by the
+ operator.

Definition 8 (Normal Form for Granular Partitions).

Let (U, Σ0∪̇U) be a granular partition, and its propositional
language be L. An expression s ∈ L is in normal form if it is

of the form
�−→

Ω +
−→
A+
�
−−→A− where Ω ⊆ Σ0 and A+ and A−

are elements in U interpreted as symbols in Σ. The normal
expression s is trim if A+ = [s]− [Ω] and A− = [Ω]− [s].

Let Npar(U, Σ) be all the normal expressions in L(U, Σ)
that are trim.

Intuitively, a normal form expression consists of taking the
union of some set of symbols Ω from the alphabet, adding
to it some elements from the universe, and subtracting some
others. The expression is trim if we only add and subtract
exactly those symbols that we need to express a particular
subset.

Remark: Note that all normal and trim expressions s ∈
Npar are uniquely determined by their semantics [s] and the
high-level symbols Ω used. Therefore we can write π(V/Ω)

to mean the normal and trim expression of the form
−→
Ω +−→

A+ −−→A− where A+ = V − [Ω] and A− = [Ω]− V .

Proposition 3. A normal expression for a granular par-
tition is L-compact only if it is trim.

Lemma 1 (Normalization). Every expression in L is
reducible to one in normal form.

Lemma 1 immediately implies the following.

Theorem 1. For all V ⊆ U , we have ||V ||Npar = ||V ||L.

By Theorem 1, one only needs to focus on the Npar-MDL
problem for granular partitions. The necessary and sufficient
condition forNpar-compactness can be easily stated in terms
of the symbols used.

Suppose V ⊆ U , let us denote

Σ+(V ) = {σ ∈ Σ : |[σ] ∩ V | > |[σ]− V |+ 1},
and very similarly

Σ#(V ) = {σ ∈ Σ : |[σ] ∩ V | ≥ |[σ]− V |+ 1}.
Intuitively, the interpretation of a symbol in Σ+(V ) includes
more elements in V than elements not in V – by a differ-
ence of at least two. Similarly for a symbol in Σ#(V ), the
difference is at least one.

We say that symbols in Σ#(V ) are efficient with respect
to V and ones in Σ+(V ) are strictly efficient. Symbols that
are not in Σ#(V ) are inefficient with respect to V .

Example: Consider the partition in Figure 2. Let V1 =
{Victoria,DeRivoli}, and V2 = {Grand, Canal}. Σ#(V1) =
Σ+(V1) = {Paris}, and Σ#(V2) = {NewYork}, and Σ+(V2) =
∅. �

Lemma 2. Let s =
�−→

Ω +
−→
A+
�
− −→

A− be an expression

in Npar representing V . It is Npar-compact if and only if
Σ+(V ) ⊆ Ω ⊆ Σ#(V ).

Intuitively Lemma 2 tells us that an expression is Npar-
compact if and only if it uses all strictly efficient symbols,
and never uses any inefficient ones.

Corollary 1. Let (U,Σ) be a granular partition. Given
any V ⊆ U , π(V/Σ#(V )) is L-compact.

Computing π(V/Σ#(V )) is certainly in polynomial time.

Theorem 2. The L-MDL problem for granular partitions
can be solved in polynomial time.

Example: Consider V1 and V2 as defined in the previous
example. By Lemma 2, both of the following expressions of
V1 ∪ V2 are compact.
s1 = (NewYork + Paris) - Broadway, and
s2 = Paris + (Grand + Canal).

Note π(V/Σ#(V )) is s1. �



4. HIERARCHY IS IN P
Partition has the nice property that its MDL problem is

simple. However it does not adequately express many real-
istic structures. We shall generalize the notion of (granular)
partitions to (granular) multi-level hierarchies.

Definition 9 (Hierarchy). A structured set (U,Σ) is
a hierarchy if Σ = Σ1∪̇Σ2∪̇Σ3 . . . ∪̇ΣN , such that for any
i ≤ N , (U, Σi) is a partition; furthermore, for any i, j ≤ N ,
we have i < j =⇒ U/Σi refines U/Σj . The integer N is
referred as the number of levels or the height of the hierarchy,
and (U, Σi) the i-th level.

Example: We extend the partition in Figure 2 to form
a hierarchy with three levels (N = 3) shown in Figure 3.
The first level has Σ1 being the street names, the second
has Σ2 being the city names, and finally the third level has
Σ3 having only one symbol STORE. �

Grand Canal Broadway VanNess Market Mission Victoria DeRivoli

NewYork SanFrancisco Paris

STORE

Figure 3: The STORE dimension as a tree

Consider a hierarchy (U, Σ1∪̇Σ2 · · · ∪̇ΣN ). First note that
it is granular if and only if in the first level Σ1 = U , i.e.
(U, Σ1∪̇Σ2) is a granular partition. For i < N , we define

∆i =
SN

k=i+1 Σk. The alphabet ∆i contains all symbols
in levels higher than the i-th level of the hierarchy. We
may view Σi as a universe, and consider (Σi, ∆i) as a new
hierarchy, with the interpretation function given by,

[·]i : ∆i → Pwr(Σi) : λ 7→ {σ ∈ Σi : [σ] ⊆ [λ]}.
Let Li denote the propositional language L(Σi, ∆i).

Much of the discussion regarding partitions naturally ap-
plies to hierarchies with some appropriate generalization.

Definition 10 (Normal Forms). An expression s ∈
Li is in normal form for the hierarchy if it is of the form

s = ŝ+
−→
Ω+

i −
−→
Ω−i , where ŝ ∈ Li+1 is the leading sub-expression

of s, and Ω+
i , Ω−i ⊆ Σi.

It is trim if ŝ is Li+1-compact and Ω+
i = [s]i − [ŝ]i and

Ω−i = [ŝ]i − [s]i.
We denote (Nhie)i = Nhie(Σ, ∆i) to be the set of all nor-

mal and trim expressions of the hierarchy (Σi, ∆i), and let
Nhie ≡ (Nhie)1.

Here are some familiar results.

Proposition 4. A normal expression in Li is Li-compact
only if it is trim.

Lemma 3 (Normalization). Every expression in Li

can be reduced to one in (Nhie)i.

Theorem 3. Let (U, Σ) be a hierarchy, then for any V ⊆
U , ||V ||L = ||V ||Nhie .

Theorem 3 follows immediately from Lemma 3.
As in the case for partitions, one only needs to focus on

the expressions in Nhie since Nhie-compactness implies L-
compactness.

Lemma 4 (Necessary Condition). Let s ∈ (Nhie)i,
and V = [s]. It is (Nhie)i-compact only if Σ+

i+1(V ) ⊆ [ŝ]i+1 ⊆
Σ#

i+1(V ), where Σ+
i+1(V ) and Σ#

i+1(V ) are respectively the
strictly efficient and efficient alphabets in Σi+1 with respect
to V .

Note that Lemma 4 mirrors Lemma 2. It states that the
expression s is compact only when ŝ expresses all the ef-
ficient symbols in Σi+1 with respect to V , and never any
inefficient ones. It is also worth noting that this condition
is not sufficient, unlike the case in Lemma 2.

For any i ≤ N , define a partial order � over (Nhie)i, such
that for any two expressions s, t ∈ (Nhie)i,

s � t ⇐⇒ [s]i = [t]i and [ŝ]i+1 ⊇ [t̂]i+1.

Proposition 5. Let s, t be two equivalent expressions in
Nhie who satisfy the necessary condition of Lemma 4. Then
s � t =⇒ ||s|| ≤ ||t||. In other words, || · || : (Nhie,�) →
(N, ≤) is order preserving.

Therefore by minimizing with respect to �, we are ef-
fectively minimizing the length. It is immediate from the
definition of � that minimization over � in (Nhie)i yields

maximization of [ŝ]i+1 which is bounded by Σ#
i+1([s]).

We are now ready to present a decomposition procedure
to compute minimal expressions in Nhie for a given subset
V ⊆ U .

Definition 11 (Decomposition Operators). Define
the following mappings for each i ≤ N :

• Φi : Pwr(Σi) → Pwr(Σi+1) : V 7→ Σ#
i+1(V ).

• Ψ+
i : Pwr(Σi) → Pwr(Σi) : V 7→ V − [Φi(V )]i, and

• Ψ−
i : Pwr(Σi) → Pwr(Σi) : V 7→ [Φi(V )]i − V .

Theorem 4. Suppose V ⊆ U . Let,

• V1 = V ,

• Vi+1 = Φi(Vi), W +
i = Ψ+

i (Vi) and W−
i = Ψ−

i (Vi), for
1 < i ≤ N .

Define the expressions,

• sN =
−→
VN ,

• si−1 =
�
si +

−−−→
W +

i−1

�
−
−−−→
W−

i−1 for 1 ≤ i < N .

Then s1 is a Nhie-compact expression expressing V .

Clearly the complexity of construction of s1 is in polyno-
mial time, in fact can be done in O(|Σ| · |V | · log |V |). The
algorithm is paraphrased in Figure 4.

Example: Consider the hierarchy in Figure 3. Let V1 =
{Victoria,DeRivoli, Grand,Broadway,Market}. The algorithm
produces:
V2 = {Paris,NewYork}, and W +

1 = {Market}, W−
1 = {Canal}.

V3 = {STORE}, W +
2 = ∅, W−

2 = {SanFrancisco}.
The expressions produced by the algorithm are:

s3 = STORE.
s2 = STORE-SanFrancisco.
s1 = (STORE-SanFrancisco)+Market-Canal.
Since s1 is guaranteed compact, ||V1|| = ||s1|| = 4. Note s1 is
not the only compact expression, (NewYork-Canal)+Market+Paris
for instance is another expression with length 4. �



V1

Φ1 //

(Ψ+
1 ,Ψ−

1 )

��

V2

Φ2 //

(Ψ+
2 ,Ψ−

2 )

��

V3

Φ3 //

(Ψ+
3 ,Ψ−

3 )

��

· · · ΦN−2 // VN−1

ΦN−1 //

(Ψ
+
N−1,Ψ

−
N−1)

��

VN

⊕

��

(W +
1 , W−

1 )

��

(W +
2 , W−

2 )

��

(W +
3 , W−

3 )

��

· · · (W +
N−1, W

−
N−1)

��
s1 s2oo s3oo · · ·oo sN−1oo sNoo

Figure 4: The decomposition algorithm for hierarchy

5. MULTIDIMENSIONAL PARTITION AND
HIERARCHY ARE NP-COMPLETE

An important family of structures is the multidimensional
structures. The simplest is the multidimensional partition.

Definition 12 (Multidimensional Partition). A
structure (U, Σ) is a multidimensional partition if the al-
phabet Σ = Σ1∪̇Σ2 · · · ∪̇ΣN where for every i, (U,Σi) is a
partition as defined in Definition 6. The integer N is the
dimensionality of the structure. The hierarchy (U, Σi) is the
i-th dimension.

Note the subtle difference between a multidimensional
partition and a hierarchy. A hierarchy has the additional
constraint that U/Σi are ordered, and is in fact a special
case of the multidimensional partition, but as one might
expect and we shall show that the relaxed definition of mul-
tidimensional partition leads to a NP-hard MDL-problem.

A simple extension of the multidimensional partition is
the multidimensional hierarchy.

Definition 13 (Multidimensional Hierarchy). A
structure (U,Σ) is a multidimensional hierarchy if the al-
phabet Σ = Σ1∪̇Σ2 · · · ∪̇ΣN where for every i, (U,Σi) is a
hierarchy as defined in Definition 9. The integer N is the
dimensionality of the structure.

In this section, we will consider three languages which ex-
press subsets of the universe, with successively more gram-
matic freedom. It will be shown that the MDL decision
problem is NP-complete for all three languages. In fact, we
will show this on a specific kind of structures Σ that we call
product structures. Intuitively, multidimensional partitions
and multidimensional hierarchies make sense when the ele-
ments of the universe can be thought of as N-dimensional
points, and each of the partitions or hierarchies operates
along one dimension. Most of our discussion will focus on
the 2-dimensional case (N = 2), which is enough to yield the
NP-completeness results. We next define product structures
for the 2D case.

Definition 14 (2-D Product Structure). We say that
(U, Σ) is a 2-D product structure if universe U is the carte-
sian product of two disjoint sets X and Y : U = X ×Y , and
the alphabet Σ is the union of X and Y : Σ = X∪̇Y . The
interpretation function is defined as, for any z ∈ Σ,

[z] =

� {z} × Y if z ∈ X,
X × {z} if z ∈ Y .

Note that the 2-D product structure is granular, since the
language L(X×Y, Σ) can express every singleton {(x, y)} ∈
Pwr(U) by the expression (x · y).

The 2-D product structure admits two natural expression
languages, both requiring the notion of product expressions.

Definition 15 (Product Expressions). An expression
s ∈ L is a product expression if it is of the form

s =
�−→

A · −→B
�

where A ⊆ X and B ⊆ Y .

We build up two languages using product expressions.

Definition 16 (Disjunctive Product Language).

The disjunctive product language L+
P is defined as,

• ε ∈ L+
P ,

• any product expression s belongs to L+
P ,

• if s, t ∈ L+
P , then (s + t) ∈ L+

P .

It is immediate that any expression s ∈ L+
P can be writ-

ten in the form
L

i∈I si where for any i, si is a product
expression.

A generalization of the disjunctive product language is to
allow other operators to connect the product expressions.

Definition 17 (Propositional Product Language).

The propositional product language LP is defined as,

• ε ∈ LP ,

• any product expression s belongs to LP ,

• if s, t ∈ L+
P , then (s + t), (s− t), (s · t) ∈ LP .

Obviously L+
P ( LP ( L.

Example:
Consider a 2-D product structure with
CITY = {New York, San Francisco, Paris}, and
PRODUCT = {Clothing, Beverage, Automobile}. The uni-
verse U = CITY · PRODUCT consists of the 9 pairs of city

name and product family: U =

NewYork, Clothing
NewYork, Beverage
NewYork, Automobile

SanFrancisco, Clothing
SanFrancisco, Beverage
SanFrancisco, Automobile

Paris, Clothing
Paris, Beverage
Paris, Automobile

The alphabet Σ consists of 6 symbols
Σ = CITY∪̇PRODUCT={ NewYork, SanFrancisco, Paris,
Clothing, Beverage, Automobile}.

The interpretation of a symbol are the pairs in U which
the symbol occurs in.



Figure 5: A set cover with three cosets.

For instance, [Beverage] =

8<
:

(NewYork, Beverage)
(SanFrancisco, Beverage)

(Paris, Beverage)

9=
;.

Consider the following expressions in L(U, Σ):
s1 = ((NewYork+Paris) · Clothing) + (NewYork · Beverage),
s2 = (NewYork+Paris·(Clothing+Beverage))−(NewYork·Clothing),
s3 = NewYork-Beverage. The expression s1 ∈ L+

P , s2 ∈
LP − L+

P , and s3 ∈ L −LP . They are evaluated to
[s1] = {(NewYork,Clothing),(Paris,Clothing), (NewYork,Beverage)},
and [s2] =

�
(NewYork,Beverage), (NewYork,Automobile),
(Paris,Clothing), (Paris,Beverage)

�
.

The last expression s3 is a bit tricky – it contains all tuples
of NewYork that are not Beverage, so
[s3] = {(NewYork,Clothing),(NewYork,Automobile)}. �

we will see that the MDL decision problem for each of
these languages is NP-complete.

5.1 Complexity of the 2-D MDL decision prob-
lems

In this section, we prove that each of the three languages
has a NP-hard MDL decision problem. It’s obvious that
they are all in NP.

The proof is by a reduction from the 3-eXact Set Cover
(3XSC) problem.

Recall that an instance of 3XSC problem consists of a set
cover C = {C1, C2, · · · , Cn} where (∀C ∈ C)|C| = 3 and an
integer k > 0. The question is if there exists a sub-cover
D ⊆ C such that

SD =
S C and |D| ≤ k. This is known to

be NP-complete [2].
From this point on, we fix the instance of the 3XSC (C, k).

Write C = {C1, C2, . . . , Cn}. Define X =
SC, and for each

i ≤ n, let Yi be a set such that |Yi| = m > 3. The family

{Yi}n is made disjoint. Let Y =
�Ṡ

i≤nYi

�
∪̇{y∗}, where y∗

does not belong to any Yi. The structure is the 2-D product
structure of X × Y . The subset to be represented is given
by V =

S
i≤n(Ci×Yi)∪ (X × {y∗}). It is not difficult to see

that this is a polynomial time reduction.
Example: Consider a set X = {A, B, C, D, E}, and a

cover C = {C1, C2, C3} where C1 = {A, B, C}, C2 = {C, D, E}
and C3 = {A, C, D}.

It is transformed by first constructing Y1, Y2 and Y3, all
disjoint and each with 4 elements.
Then let Y = Y1∪̇Y2∪̇Y3∪̇{y∗}. The structure is the 2-D
product structure of X and Y . The subset V = (C1 ×
Y1)∪̇(C2 × Y2)∪̇(C3 × Y3)∪̇(X × {y∗}). It is shown as the
shaded boxes in Figure 6. �

It turns out that for this very specific subset V , one can
characterize the form of the compact expressions that ex-
press V .

Proposition 6. All LP -compact expressions of V are in
the form of

s =
M
i∈I

�−→
Ci · −→Yi

�
+
M
j∈J

�−→
Cj ·

−→
Y ∗

j

�
,

{
{
{
{

Y2

Y3

{ }y
*

Y1

Figure 6: The transformed instance of the MDL
problem of 2-D product structure.

where Y ∗
j = Yj∪̇{y∗}, and I∩J = ∅, and I∪̇J = {1, 2, . . . , n}.

Note that, by Proposition 6, the LP -compact expressions
of V do not make use of the negation “−” and conjunc-
tion “·” operators between product expressions, hence they
belong to L+

P .
Example: For subset V in Figure 6, the expression

s = (
−→
C1 ·

−→
Y ∗

1 ) + (
−→
C2 · −→Y2) + (

−→
C3 ·

−→
Y ∗

3 )

is both LP and L+
P -compact. Therefore ||V ||LP = ||V ||L+

P
=

(3 + 5) + (3 + 4) + (3 + 5) = 23. �

Theorem 5. L+
P -MDL and LP -MDL’s are NP-complete.

Proof. This follows from Proposition 6. As we men-
tioned, ||V ||L+

P
= ||V ||LP . Let s be a LP -compact expres-

sion of V . Since

s =
M
i∈I

�−→
Ci · −→Yi

�
+
M
j∈J

�−→
Cj ·

−→
Y ∗

j

�
,

its length is ||s|| =Pi≤n |Ci|+ |Yi|+ |J | = (3 + m)n + |J |.
Since [s] = V , it is necessarily the case that X × {y∗} ⊆L

j∈J

�−→
Cj · −→Y ∗

j

�
, or that {Cj}j∈J covers X.

Minimizing ||s|| with s in the given form is equivalent to
minimization of |J |, or finding a minimal cover of X which
is of course the objective of the 3-XSC problem.

As for L, Proposition 6 does not hold.
Example: Consider once again the subset V in Figure 6,

and the expression in L but not in LP :

s =
�−→

A −−→Y2

�
+
�−→

B · −→Y ∗
1

�
+ C +

�−→
D −−→Y1

�
+
�−→

E · −→Y ∗
2

�
.

Note that [s] = V , but certainly s is not of the form of
Proposition 6. Its length is ||s|| = (1 + 4) + (1 + 5) + 1 +
(1 + 3) + (1 + 4) = 21. Therefore in this case we have that
||V ||L < ||V ||LP . �

The richness of L prevents us from using Proposition 6 to
arrive at the NP-hardness of the L-MDL decision problem.
We have to modify the reduction for the 3-XSC problem,
and deal with the expressions in greater detail.

Definition 18 (Domain Dependency). Let X0 = X
and Y0 = Y as defined in the reduction from a 3-XSC prob-
lem.



Define a sequence of sets X0, X1, X2, . . . , and Y0, Y1, Y2, . . . ,
such that for all k ≥ 0, Xk+1 = Xk∪̇{αk} and Yk+1 =
Yk∪̇{βk}, where αk and βk are two symbols that do not be-
long to Xk and Yk respectively.

We therefore have a family of 2-D product structures {Xk×
Yk} with the propositional languages L0 ( L1 ( L2 · · · .

Let s ∈ Lk, for k′ ≥ k, write [s]k′ to be the evaluation of
the expression s in the language Lk′ .

For any k ≥ 0, we say that s ∈ Lk is domain independent
if

∀k′ > k.[s]k′ = [s]k.

If s ∈ Lk is not domain independent, then it’s domain de-
pendent.

The notion of domain dependency naturally bi-partitions
the languages. Let LI

k = {s ∈ Lk : s is domain independent.},
and LD

k = {s ∈ Lk : s is domain dependent.}.
Given an expression s, whether it is domain dependent or

not depends on set of unbounded symbols, defined below.

Definition 19 (Bounded Expressions). Let s be an
expression in a propositional language. The set of unbounded
symbols of s, U(s) is a set of symbols that appear in s, defined
as: U(ε) = ∅, U(σ) = {σ}, and U(t + t′) = U(t) ∪ U(t′),
U(t− t′) = U(t)− U(t′), U(t · t′) = U(t) ∩ U(t′).

In case U(s) = ∅, we say that s is a bounded expression,
or that it is bounded, otherwise s is unbounded.

Proposition 7. An expression is domain independent if
and only if it is bounded, i.e.

∀k.s ∈ LI
k ⇐⇒ U(s) = ∅.

The importance of domain dependency of expressions is
demonstrated by the following results.

Proposition 8. Let V ⊆ X0 × Y0. We have

∀k ≥ 0. ||V ||LI
k

≥ ||V ||LI
k+1

, and

∀k ≥ 0. ||V ||LD
k

� ||V ||LD
k+1

.

Corollary 2. For any V ⊆ X0 × Y0,

∀k > (2|V |). ||V ||LI
k
� ||V ||LD

k
.

In other words, ∀k > (2|V |). ||V ||Lk = ||V ||LI
k
.

Therefore by enlarging the dimensions X and Y by adding
2|V | new symbols to each, we are guaranteed that all L-
compact expressions are domain independent, and hence are
bounded.

Note that every expression in LP is bounded, so LP ⊆ LI .
In fact we have the following strong result.

Proposition 9. For the V resulting from our reduction
from an 3-XSC problem, ||V ||LP = ||V ||LI .

Remark: It is worth noting that there are LI -compact
expressions that are not in the form given in Proposition 6.

Theorem 6. The L-MDL decision problem is NP-complete.

Since the 2-D product structure is a specific case of the
multidimensional partition and the multidimensional hier-
archy, the lower bound applies also to these structures:

Corollary 3. The L-MDL decision problems for the gen-
eral multidimensional partitions and multidimensional hier-
archies are NP-complete.

5.2 Related work
The L+

P -MDL (and the LP -MDL) decision problem for
2-D product structure closely resembles the rectangle cov-
ering problem of 2-D axis-aligned polygons (with holes), a
well-known problem [2] that has found application in com-
puter vision, computer aided design and recently in spatial
database ([7], [1]), and has been well studied in computa-
tional geometry ([6], [8], [9]).

However, our problem differs from this in two important
ways. First, we deal with discrete, categorical, unordered
data, instead of linearly ordered dense dimensions. Second,
the measure to be minimized in the work above is the num-
ber of rectangles, while our objective is to minimize the
length of the the expression. These two measures do not
always agree.

Example: Consider the 2-D product structure formed
by X = {1, 2, 3, 4, 5} and Y = {a, b}. The subset V to be
represented is shown in Figure 7. The solid line shows the

a

b

1 2 3 4 5

Figure 7: A subset in a 2-D product structure.

rectangles used to cover V , in this case a minimum of two
is needed. The corresponding expression in LP is (1 + 2 +
3 + 4) · a + (2 + 3 + 4 + 5) · b; its length is 10. But consider
covering V with three rectangles shown in the dashed lines.
The expression in LP for the three rectangles is (1 ·a)+(2+
3 + 4) · (a + b) + (5 · b), and its length is 9. In this case, by
using more rectangles, we end up using less symbols. �

In [1] and [7], the MDL-principle was used to summa-
rize answer sets resulting from mining of multidimensional
data. These answer sets are subsets of product structures.
These works treat them as multidimensional polygons, and
use heuristics to try to cover the polygons by rectangles.
The “description length” is defined to be the number of
rectangles used; this problem is NP-complete, as it falls into
the class of polygon covering problems As mentioned above,
we treat dimensions as unordered and use expression length
rather than number of rectangles as the measure to optimize.

Lakshmanan et. al. in [7] proposed an interesting algo-
rithm in polynomial time for computing optimal expressions
for hierarchical categorical structures. This can be done be-
cause their language is a subset of ours; in particular, it does
not allow product expressions, the feature that causes the
NP-hardness in our case.

5.3 Heuristics
It is natural to consider heuristic solutions. Despite the

differences noted above between the polygon covering prob-
lem and the multidimensional MDL problem, there are cer-
tainly strong similarities in the flavour of the formulation;
hence a good starting point for developing heuristics for our
problem would be to deploy some existing heuristics found
in the literature.

Due to the vast interest in the covering problem, a num-
ber of well studied heuristics are known. These heuristics
have very different properties. The ones from the database
community often are more scalable O(n2) [1], but have no



performance guarantees, and the ones from the computa-
tional geometry community can be very accurate–the best
known approximation bound on the heuristics of the rectan-
gle cover problem is O(

√
log n) [6]–but can be very expen-

sive, e.g. O(n6) [3].
Utilizing the existing algorithms is fairly straightforward.

We outline the steps as follows for the 2-D case for simplicity;
it can be readily generalized to higher dimensions.

1. Order X and Y arbitrarily, and treat the elements in
the universe X × Y as 2-D points.

2. Declare elements in V to be the interior points of an
axis aligned polynomial P .

3. Apply a heuristic to find the minimal rectangular cover
{R1, R2, . . . , RK} of the polynomial P .

4. Convert each rectangle Rk to a product expression

tk =
�−→
Ak · −→Bk

�
where Ak ⊆ X and Bk ⊆ Y .

5. If any two product expressions ti and tj agree on a
dimension, i.e. Ai = Aj or Bi = Bj , then merge
them into one: if Ai = Aj , then merge them into�−→
Ai · −−−−−→Bi ∪Bj

�
; similarly, if Bi = Bj ,

then form
�−−−−−→
Ai ∪ Aj · −→Bi

�
.

6. Form the final expression by concatenating the remain-
ing product expressions by disjunction (+).

The generalization to higher dimensions requires the heuris-
tics in step 3 to be able to handle higher dimension polygons.
Most of the accurate heuristics whose approximation bounds
are known are specifically for 2D polygons, but the maximal
growth algorithm found in [1] can certainly be used in high
dimensions. The merge rule in step 5 must check that ti and
tj agreeing on all but at most one dimension.

By no means does this preserve the approximation accu-
racy of the polygon cover heuristic.

6. APPLICATIONS OF COMPACT EXPRES-
SIONS

First, as we mentioned above, MDL has been proposed as
a guiding principle for summarization of large query results
([7], [1]). In fact in [7] the authors argue that in data mining
applications it may be worthwhile to present to the user a
less accurate answer set at the benefit of extra brevity. Our
theory of compact expressions clearly can be directly applied
to concise summarization of multidimensional query results.

Going beyond this application, we outline the use of our
results for OLAP query optimization and for efficient re-
trieval from XML documents.

6.1 Single and multi-OLAP query optimiza-
tion

In this subsection, we demonstrate that the MDL-principle
can be applied to OLAP query optimization. We show that
this problem is effectively an L-MDL problem for a multidi-
mensional structure. We keep the discussion informal, and
explain the ideas by an on-going example.

Let us formalize an OLAP data cube with N dimensions
as consisting of an N-dimensional hierarchy. The universe is
the cartesian product of N sets D1, D2, . . . , DN , with each

Di representing the leaf elements of dimension i. Recall that
a hierarchy is equipped with N alphabets Σ1, Σ2, . . . , ΣN ,
each representing a hierarchy for the corresponding dimen-
sion. As always, denote U =

QN
i=1 Di to be the universe.

A data cube also contains measures: one tuple of numbers
for each element in U . Denote by M the set of all possi-
ble measure values; for example, if there are k real-valued
measures, then M = Rk . Formally, a data cube is then a
function D : (U, Σ) → M mapping N-tuples of categorical
leaf elements to k-tuples of (usually numeric) values. This
function can be partial, corresponding to sparse data cubes,
or it can be made total by augmenting the range M by a
unique element NULL such that D (~v) = NULL whenever the
value for the tuple ~v is undefined.

Example: Consider a two-dimensional hierarchy. The
first dimension is a hierarchy with the alphabet PRODUCT =
PRODUCT1∪̇PRODUCT2 with PRODUCT1 containing Jacket,
Sweater, Suite, Shirt, Soda, Beer, Spirits, Sedan, SportsCar,
Motorcyle; and PRODUCT2 containing Clothing, Beverage,
Automobile.

The second dimension is a hierarchy with the alphabet
STORE = STORE1∪̇STORE2 as shown in Figure 3.

The two hierarchies are shown in Figure 8 in the form of
dimension tables.

PRODUCT STORE
Clothing Jacket NewYork Canal

Sweater Grand
Suite Broadway
Shirt SanFrancisco VanNess

Beverage Soda Market
Beer Mission
Spirits Paris Victoria

Automobile Sedan DeRivoli
MiniVan
MotorCycle

Figure 8: The OLAP dimensions

A data cube D formed by these two dimensions with two
measures is a function mapping the pairs of product name
and street name to pairs of numbers, and intuitively a two
dimensional matrix with entries being pairs of numbers. The
measures may be Total Sales and Sales Count, i.e. M =
R × N, in which case, the mapping is
D : PRODUCT1 × STORE1 → R × N. �

By a query q(V ) on a data cube D , we simply mean a
subset V of the universe U ; V is called the range of the
query. The answer to a query is the function D |V – the
function D restricted to the sub-domain V .

The language L (or L+
P , LP ) can be used to describe the

range of the query. Let s ∈ L be an expression, and q(s) be
the query with the range [s]. When a string s in L is used
in expressing the query range, we refer to ||s|| as the query
length. The answer to the query is written as [q(s)] = D |[s].

Example: Consider the OLAP data cube D of the previ-
ous example.

Let V = {(Grand, Jacket), (Canal, Jacket)}, the query q(V )
asks for the Sales and SalesCount for the product Jacket on
the streets of Grand and Canal (in NewYork).

The answer of the query is D |V , which is simply:

~v D (~v)
Grand Jacket – –
Canal Jacket – –



The query q(V ) can also be equivalently expressed in the
following forms:
q(s1) = q((Grand,Canal) · Jacket) and
q(s2) = q((NewYork-Broadway) · Jacket).

Both q(s1) and q(s2) produce the same answer as q(V )
because [s1] = [s1] = V . �

Single OLAP Query Optimization: Given a query q
with its range specified by a subset V , we want to find a
compact expression s for V such that query q(s) requires
minimal description length but produces the same answer.

A special of case of single OLAP query optimization that
is especially important and motivating is when the range V
is a cartesian product.

Let the universe U be D1 × D2 × · · · × DN where each
dimension Di is in turn a hierarchy. Normally solving for
the LP (U, Σ)-compact expression of an arbitrary range V is
NP-hard, but in the special case that V = A1×A2×· · ·×AN ,
the problem can be solved in polynomial time.

Recall that L(Di, Σi) is the propositional language of the
hierarchy (Di, Σi). Let si be a L(Di, Σi)-compact expres-
sion for Ai; it can be found using Theorem 4. The LP (U, Σ)-
compact expression of V is s1 · s2 · · · · sn.

In this case, one can argue that there is a distinct ad-
vantage to use a compact expression instead of the naive
specification of the range in the context of Relational OLAP
(ROLAP) applications.

We illustrate the performance gain by an example.
Example: Consider the OLAP cube D in the previous

example. In order to store it in a relational database, it is
mapped to a star schema with two dimension tables PROD-
UCT and STORE, one for each of the dimensions are as
shown in Figure 8, and a fact table FACT as shown in Fig-
ure 9.

Name Street Sales SalesCount
Jacket Grand $98.34 2
Sedan Market $23,034 1
...

...
...

...

Figure 9: A fact table.

The FACT’s Name column joins with PRODUCT’s Name
column, and the Street column in FACT joins with the Street
column in STORE. The star schema is shown in Figure 10.

PRODUCT

FACT

STORE

Name Street

Figure 10: The star schema for an OLAP cube

It is common practice to join all three tables and create
a view spanning all three tables. Assume that the view
OLAPView has been created by joining the dimension tables
PRODUCT, STORE with the fact table Fact.

Suppose a query has the range

V =

8<
:

(Jacket,Victoria) (Jacket,DeRivoli)
(Sweater,Victoria) (Sweater,DeRivoli)
(Suite,Victoria) (Suite,DeRivoli)

9=
;

= {Jacket,Sweater,Suite} × {Victoria,DeRivoli}.
A naive translation of q(V ) into the SQL would result in a
needlessly long statement:

SELECT * FROM OLAPView

WHERE

Name IN (’Jacket’, ’Sweater’, ’Suite’) AND

Street IN (’Victoria’, ’DeRivoli’);

The LP -expression of V is s = (Clothing-Shirt) · Paris.
It is not difficult to translate q(s) into a relational SQL

query:

SELECT * FROM OLAPView

WHERE

Family=’Clothing’ AND Name <> ’Shirt’ AND

City=’Paris’;

Note that q(s) is not only shorter than q(V ) as a result of
the MDL-principle, but for each dimension, it also makes use
of high level symbols (Paris and Clothing) instead of the low
level symbols (Victoria, DeRivoli and Jacket, Sweater, Suite).
The resulting SQL statement therefore has the predicate ap-
plied to higher levels in the dimensions (Family=’Clothing’
and City=’Paris’). This yields a significant opportunity for
performance gain. Since there are fewer symbols in the City
level, searching for rows with City=’Paris’ should be faster
than
Street in (’Victoria’, ’DeRivoli’) if the indexes are
built properly on the view OLAPView. Similar argument
applies to Family=’Clothing’ AND Name <> ’Shirt’ ver-
sus Name IN (’Jacket’, ’Sweater’, ’Suite’).

Multi-OLAP Query Optimization: Given a family of
queries {qi} with ranges {Vi} respectively, we wish to find a
shortest query q(s) producing the answer D |(Si Vi).

The motivation for multi-OLAP query is the following
identity:



S
i Vi



 ≤ Pi ||Vi||. A shortest expression for the
union of all the ranges is always shorter or at most equal to
the combined length of all the expressions of the individual
ranges.

We propose that when the workload is high, it is advan-
tageous to simultaneously consider multiple OLAP queries
{q(Vi)}, and find a compact expression s for the union of the
ranges

S
i Vi. The SQL statement resulting from s is more

likely to have better performance for the same reasons as in
the case of optimization of a single OLAP query.

The answer set of q(s) is sufficient to answer each query
q(Vi). Therefore in order to distribute the answers to each
individual query, one simply issues q(Vi) against the answer
set of q(s).

In realistic scenarios, the size of q(s) is much smaller than
the size of the fact table, so the process of distribution is
not costly.

The benefit of multi-OLAP query optimization is in ex-
ploiting the structure similarity of the query ranges, and
removal of redundancy among them. The same motivation
prompted much work in simultaneous query optimization in
[10] and [4], to name a few. In these works, multiple queries
are merged in a very explicit way. For instance, in [10], the



Grand Canal Broadway SanFrancisco*NewYork*

NewYork SanFrancisco Paris

DeRivoliVictoriaParis*MissionMarketVanNess

STORE

Figure 11: The augmented STORE∗ dimension which includes the aggregated symbols.

table plan of each query is analyzed, and common accesses
to the same table are merged into shared scans.

By merging query ranges into a common expression, we
enjoy much of the same benefits; only they are a side-effect
of the MDL-principle.

Retrieval of Aggregated Values: So far we assume
that the only values one can retrieve are the lowest level
values in an OLAP cube. However, quite often, the query
fetches values that are aggregates along possibly multiple
dimensions. For instance for the OLAP cube with the view
OLAPView, one may fetch the total Sales and SalesCount
of Jacket in the city of NewYork, so the range of the query
contains the point (Jacket,NewYork) which is not part of the
universe PRODUCT1 × STORE1. We therefore cannot di-
rectly apply the OLAP query optimization techniques when
aggregated values are involved in the query.

The solution is to enlarge the universe of the multidimen-
sional structure to encompass the aggregations. Consider
the STORE dimension shown in Figure 3 as a tree.

Suppose that the OLAP database rolls up the measures
from the street level to the city level along the STORE di-
mension.

We first add new aggregated symbols:
{NewYork∗, SanFrancisco∗, Paris∗} to STORE1 to form STORE∗1
and then redefine the structure as shown in Figure 11. Call
this new hierarchical dimension STORE∗

Now the new underlying structure is PRODUCT1×STORE∗1.
One may repeat the same process for the PRODUCT dimen-
sion as well if the measures are rolled up along the PROD-
UCT dimension.

Performance Considerations:
It is clear that our proposed optimization technique re-

quires additional and possibly intensive access to the di-
mensional structures. Often these structures are mapped
to dimension tables, which, along with the fact table, are
stored in a relational database. This may cause traversal in
the dimension hierarchies to be costly.

We foresee a storage scheme for OLAP databases in which
native data structures are used to index dimension tables.
For example, tree-based indexing is used in [7]. The di-
mensions are usually of manageable size and slow varying,
making it advantageous to index and distribute them among
client machines to improve accessibility and availability. The
fact table, however, is fast changing and can be potentially
enormous in size, spanning multiple remote storage servers.
With this in mind, it is reasonable to expend effort on op-
timizing OLAP queries by exploiting the dimensional struc-
ture.

6.2 Retrieval of text by keyword search in a
XML document

Semistructured documents are often organized hierarchi-

cally, as in XML. Consider an XML document as a tree,
where some nodes of the tree have lengthy text strings as-
sociated with them. For example, a “Chapter” node is as-
sociated with all the text in that chapter, a “Section” node
with all the text in that Section, etc. The document is stored
in such as form that given an identifier for a node, all the
text associated with that node can be retrieved; for exam-
ple, it might be stored by mapping the tree to a relational
database. Suppose we wish to retrieve all the components
of the document that contain a certain keyword. It is nat-
ural to assume that there is a full-text index that given a
keyword can quickly locate the nodes whose text contains
the keyword. We first retrieve from this index the–possibly
large–set of nodes containing the keyword of interest. We
then compute a L-compact expression describing this set of
nodes, using Theorem 4, and pose to the storage system the
query that requests these nodes. The same advantages that
we cited for the OLAP case, namely shorter queries that can
be executed faster, are likely to occur here.

7. CONCLUSION AND FUTURE RESEARCH
We formalized the MDL problem for representations of

subsets of structured sets. We studied the MDL problem
for simple hierarchies and multidimensional hierarchies, and
showed that the former can be solved in polynomial time
while the latter is NP-complete for several different descrip-
tion languages.

We demonstrated that the MDL principle can be applied
in query optimization for OLAP databases and XML docu-
ments. The resulting query is not only shorter, but can be
executed more efficiently.

There are a number of directions for future work. First,
experimental confirmation of the benefits to query optimiza-
tion will be required.

Second, the NP-hardness of the multidimensional MDL
problem calls for a detailed studied of heuristics for it. We
outlined a simple approach using the existing polygon-covering
heuristics, but it does not exploit the special features of the
problem: that the dimensions of a multidimensional struc-
ture are categorical, not geometric, and that our objective
is to minimize description length, not the number of hyper-
rectangles used. Finally, approximation bounds for the mul-
tidimensional MDL problem need to be studied.
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