
CanonicalSkeletonsfor ShapeMatching �

M. vanEede
Universityof Toronto

D. Macrini
Universityof Toronto

A. Telea
TechnicalUniversityEindhoven

C. Sminchisescu
Universityof Toronto

S.Dickinson
Universityof Toronto

Abstract

Skeletal representationsof 2-D shape, including shock
graphs,havebecomeincreasinglypopularfor shapematch-
ing andobjectrecognition. However, it is well knownthat
skeletal structure can be unstableunder minor boundary
deformation,part articulation, and minor shapedeforma-
tion (dueto, for example, smallchangesin viewpoint).Asa
result,two very similar shapesmayyield two signi�cantly
differentskeletalrepresentationswhich, in turn, will induce
a large matching distance. Such instability occurs both at
externalbranchesaswell asinternalbranchesof theskele-
ton. We presenta framework for the structural simpli�ca-
tion of a shape's skeletonwhich balances,in an optimiza-
tion framework, thedesire to reducea skeleton's complex-
ity byminimizingthenumberof branches,with thedesire to
maximizetheskeleton'sability to accuratelyreconstructthe
original shape. Thisoptimizationyieldsa canonicalskele-
ton whoseincreasedstability yieldssigni�cantly improved
recognitionperformance.

1. Intr oduction

Theskeletonof ashapeaimsto captureits partstructure.
Oneof the �rst formal skeletonde�nitions is thatof Blum
[3], who de�ned the medialaxis of a shapeasthe loci of
centersof themaximalcirclesinscribedin theshape.Me-
dial axesarecreatedfrom a shapeusing the Medial Axis
Transform(MAT), while a relatedskeletonde�nition uses
thelocalmaxima,alsocalledcreasesor ridges,of ashape's
distancetransform(DT) [3]. Theoriginal shapecanbere-
constructedfrom theskeletonpointss 2 S usingtheMAT's
radiusfunction,R(s), or distancetransformvalueDT(s),
which labelsevery skeletonpoint s with the radiusof the
maximalinscribedcirclecenteredats, i.e.,theminimaldis-
tancefrom s to theboundary.

� Theauthorswould like to thankKaleemSiddiqi for hisvaluablefeed-
backonanearlierdraft of this paper.

Early algorithmsusedto computethe discrete,pixel-
sampledMAT tendedto createskeletonsthat were ex-
tremelysensitive to boundarynoise,spatialsamplingrate,
andsmallperturbationsof theshapeboundary. Severalre-
searchers,including Blum himself, proposedsolutionsto
robustly computingthe MAT. The generalizedMAT [3]
considersonly skeletonpoints s with radiusR(s) > r 0

greaterthan somethresholdr 0; however, this may result
in a disconnectedskeleton. Other approachesusebranch
pruningandmultiscalerepresentations[8, 10, 12, 11, 5,20].
Branchescreatedby spatiallysmallboundarydetailscanbe
prunedusinga collapsedboundarylengthmetric [12, 11,
5, 20]. However, this worksonly for theso-calledexternal
branches.A branchis externalif it hasexactlyoneterminal
endpointin theskeletontree,andinternalotherwise.Over-
all, mostmethodsencounterproblemsin eliminatingspu-
rious internalbrancheswhile retainingimportantdescrip-
tive branches,as illustratedin Fig. 1(a,b),whererandom
“bumps”and“notches”areaddedto a handshape.

A secondsourceof skeletalinstability hasbeenstudied
by August et al. [1], who have shown that shapebound-
ary concavitiesproduceso-calledligaturebranchsegments
whose points are related only to the concave boundary
points;whena ligaturesegmentspanstheentirebranch,it
is calleda ligaturebranch[3, 1]. Smallpositionalchanges
of such concavities can causesigni�cant ligature branch
structuralchanges(seeFig. 1(c,d)),which ultimately give
rise to signi�cant differencesin their correspondingshock
graphs[16]. Augustet al. [2] show that the internalskele-
ton instabilitiescannotberemovedby boundarysmoothing
alone.Augustetal. [1] attemptto dealwith thisproblemby
eliminatingthoseshockgraphnodesthatrepresentligature
branches,in orderto producemorestablegraphs.However,
this requirestherobustdetectionof concavecorners,which
is a challengingproblemfor discreteimages.

Giblin and Kimia [7] have cataloguedall the generic
transitionsof themedialaxisandshowedthattheabovetwo
typesof MAT instabilitiesare the only caseswheresmall
boundarychangesproducelarge representation(skeleton)
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Figure 1. The Instability of a Shape' s Skele-
ton. Considering onl y skeleton points with
radius greater than some threshold r does
not eliminate all spurious branc hes in the
presence of bumps (a) or notc hes (b). Mi-
nor deformations in shape due to viewpoint
chang e or articulation (c) and (d) may result
in major chang es in the topology of ligature
segments (darkened) whic h, if spanning an
entire branc h, are called ligature branc hes.
Chang es in branc h color re�ect qualitative
chang es in the branc h's radius function.

changes.1 Such instability posesa major obstacleto ef-
fective object recognition,in general,and genericobject
recognition,in particular, whererepresentationalinvariance
to part articulation,minor shapedeformation,and minor
changesin viewpoint is essential.If suchchangesin anob-
ject's shapeinducemajorchangesin its underlyingskeletal
(or shock)graphstructure,thedistancebetweentwo graphs
(ascomputedby askeletalgraphmatcher, suchas[17, 13])
will not re�ect the distancebetweenthe two shapes.Our
challengeis to eliminatethesetwo typesof instability by
structurally simplifying a shape's skeleton, so that non-
salientbranches,both internalandexternal, are removed,
leaving a canonicalskeletonthat capturesonly the salient
partstructureof theshape.

In this paper, we introducean optimizationframework

1In fact, thesetwo formsof instability arecharacterizedby transitions
of thesymmetryset[7]. Anotherform of instability addressesthemove-
mentof a branchpoint as a function of boundarydeformation(see,for
example,Bouix etal. [4]). Wedonotaddressthis form of instabilitysince
its affect onskeletalstructureis minimal.

for structuralsimpli�cation thatbalances,on onehand,our
desireto abstractor simplify a shape's skeletalrepresenta-
tion (for fewer nodesin its underlyinggraphwill lead to
lesscomplex graphmatching)with, on theotherhand,our
desireto yield a representationthat is true to the original
shape,i.e., a skeletonwhosereconstructionerror is mini-
mized.This trade-off betweenabstraction(complexity) and
faithfulness(reconstructionerror) is task dependent,and
differentrecognitiondomainsmay weight thesetwo goals
differently. Still, they provide a pair of opposingforces
which will help us converge on a canonicalskeleton for
shapematching. We describeour framework anddemon-
strateits ef�cacy on the domainof shockgraph-basedob-
ject recognition,showing how our structuralsimpli�cation
appliedto bothdatabaseandqueryshapescanyield a sig-
ni�cant improvementin recognitionperformance.

2. Structural Simpli�cation

Our structuralsimpli�cation procedureis divided into
two stages,bothof whichbalancereconstructionerrorwith
branchcomplexity. The �rst stageremovesunstableexter-
nalbranches,while thesecondstageremovesunstableinter-
nalbranches.Removing externalbranches�rst is motivated
by the fact thatanexternalbranchmayseparatetwo inter-
nal branchesthat will merge naturally after removing the
externalbranch,therebysimplifying internalstructure.Re-
moving internalbranchesinvolves�rst identifying theliga-
turebranches,which representcandidatesfor removal. Re-
moving a candidateligaturebranchrequiresthe modi�ca-
tion of neighboringbranchessubjectto all of themobeying
thepropertiesof a MAT aswell asminimizing reconstruc-
tion error. This latter problemwasconsideredby Teleaet
al. [19], who proposeda principledframework thatgener-
atesasimpli�ed, abstractedskeletonhierarchyby analyzing
thequasi-stablepointsof a Bayesian-inspiredenergy func-
tion. However, their methoddoesnot generatea true axis
of symmetry, in the senseof the MAT de�nition, andthus
cannotbedirectly usedwith existing skeleton-basedshape
matchingtechniques,suchas[17, 13].

2.1. Candidate Branc hes for Pruning

Before applying our two-stageoptimizationprocedure
for branchpruning, we must identify candidateexternal
andinternalbranchesfor pruning,andrank-orderthemby
increasingsaliency. The saliency of a branch,both inter-
nal andexternal,is relatedto the reconstructionerror (de-
tailed later in this section)inducedby the skeletonminus
the branch;branchesthat contribute lessto the shape,and
whoseremoval yields small reconstructionerror, will be
ranked beforebranchesthat contribute moreto the shape,
andwhoseremoval yieldslargereconstructionerror. In the



caseof externalbranches,all externalbranchesareconsid-
eredascandidatesfor pruning. However, in thecaseof in-
ternal branches,only ligaturebranchesare candidatesfor
pruningandmusttherefore�rst beidenti�ed.

To identify the ligature branches,we will analyzethe
radius function of eachinternal branch. Speci�cally, let
a skeletonS be a discrete,connectedsetof points in N2,
andlet the local neighborhoodof a discretepoint be its 8-
neighborhood.We will approximatetheradii of a branch's
skeletonpoints as a function of the cumulative piecewise
lineardistance,di , alongthebranchf si g with endpointss0

andsn , wheresi = [x i ; yi ], for 0 � i � n. This distanceis
givenby di =

P i � 1
k=0 jj sk+1 � sk jj2, andthe radiusR̂(di )

of the skeletonpoint si at distancedi from s0 is equalto
R(si ).

Weconsideraleast-squares�tting errorfor eachlineseg-
ment.Sincewedonotexpectoutliers,anunweightedleast-
squaresmethodprovidesa goodapproximation.To com-
putethen + 1 indicesof endpointsfor n line segmentsthat
minimizethe�tting error, wede�ne thefollowing function:

Ê (n; i; k) =
�

LSF( i; k ) if n = 1;

min
i<j <k

�

Ê (bn= 2c; i; j ) + Ê (dn= 2e; j; k ) � otherwise;

(1)
where LSF(i; k) is the line and its associatederror that
best�ts, in the least-squaressense,the databetweenend-
pointsindexedby i andk, i.e.,LSF(i; k) = e(m ik ; bik ), for
e(m; b) =

P k
j = i (R(dj ) � (mdj + b))2 and(m ik ; bik ) =

argmin
m;b 2 R

f e(m; b)g. In turn, Ê (n; i; k) is theminimumerror

thatcanbe achievedwhen�tting pointsi to k with n seg-
ments.Notethatthesegmentsareconstrainedto becontin-
uousons but notonR(s).

We implement the function Ê (n; i; k) using dynamic
programmingand use it to �nd the smallestvalue of n
whoseminimum error is smallerthan half the numberof
skeletonpoints in a branch. This piecewise linear repre-
sentationof the radius function of a skeleton branchal-
lows us to identify the ligaturesegmentswithin a branch.
Sinceligaturesegmentsareassociatedwith concavebound-
ary corners,we know thatthey muststartat a branchjunc-
tion point,have decreasingradii, andendat the�rst abrupt
changein theslopeof R(s) (seeFig. 2).

The identi�cation of ligaturesegmentswill allow us to
reconnectaskeletonwhenremoving internalbrancheswith-
out signi�cantly affectingtheoriginal shapeboundary. We
locatethe endpointsof a ligaturesegmentwithin a branch
by detectingsigni�cant “accelerations”in the branch's ra-
diusfunction,i.e.,differencesbetweentheslopesof two ad-
jacentlinesegmentsthatexceedathreshold.Letm0 andm1

betheslopesof adjacentline segmentswith equalsign.We

Figure 2. Appr oximating a Branc h's Radius
Function for Ligature Segment Identi�cation.
(a) The radii of maximall y inscribed cir cles
rapidl y decrease as we move toward the con-
cave corner between the �ng ers. (b) We com-
pute a piece wise linear appr oximation to the
radius function.

grouptogetherthepointsassociatedwith thesesegmentsif

jm0 � m1j
max(jm0j; jm1j)

� � l ;

where � l is the ligature segment threshold. Note that
max(jm0 j; jm1j) > 0 becausein thisstepwehaveonly de-
creasingbranches.Hence,our ligaturedetectiondoesnot
dependon the precisedetectionof local concave bound-
ary corners,but ratheron a more robust, global measure
of relative slopechange. We do not simply remove liga-
ture branches,as in [1], but rathermark themaspotential
removals during our optimizationprocedurethat balances
reconstructionerrorwith branchcomplexity.

Whenremovingaligaturebranch,were-attachtheskele-
ton branchesthatwereconnectedto it in orderto preserve
skeletonconnectedness,as illustratedin Fig. 3. Consider
the removal of thesmall ligaturebranchin Fig. 3(left) be-
low thejunctionof theindex andmiddle�ngers. If wewere
to deepentheconcavity betweenthe index andmiddle �n-
ger, as shown in Fig. 3(middle), the small target ligature
branchwouldeffectively disappear. Ourstrategy, therefore,
will be to approximatethis deepeningof the concavity by
modifying thebranchesadjacentto the ligaturebranch.To
do this, we will alter only thosebranchesattachedto the
smaller(in termsof radius)endof the ligaturebranch;in
Fig.3, thiscorrespondsto theendpointthatleadsto thering
�nger. Thetarget ligaturebranchwill beremoved,andthe
adjoiningbrancheswill bemodi�ed to connectto thelarger
endof theremovedligaturebranch.

The branchesto be modi�ed may consistof both non-
ligature and ligature segments,as shown in Fig. 3(left),
wherethe index �nger consistsof a non-ligaturesegment
(red) at its extremity and a ligature segment (brown) at-
tachedto theligaturebranchto beremoved.The�rst stepin



Figure 3. Removing ligature branc hes: (left)
original skeleton in preparation for remo val
of target ligature branc h belo w inde x and
mid dle �ng ers; (mid dle) if we deepen the
conca vity between the two �ng ers slightl y,
we effectivel y end up with a skeleton without
the target ligature branc h; (right) overlay of
the left and mid dle �gures, motiv ating our ap-
proximation method that replaces the adjoin-
ing ligature segments and the target ligature
branc h with straight-line appr oximations.

the adjoiningbranchmodi�cation is to replacethe adjoin-
ing ligaturesegmentswith linearapproximationsfrom their
smallerendpointsto thelargerendpointof theremovedlig-
aturebranch.2 This effectively bridgesthe gapleft by the
removedligaturebranch.However, wemuststill assigncor-
rectradiusvaluesto ourskeletonapproximation.

Our new approximationsto the two adjoining ligature
segments of our target ligature branch may effectively
deepentheconcavity betweenthe two �ngers, andasa re-
sult, part of the ligatureapproximationmay becomenon-
ligature.For this portionof theligatureapproximation,the
radiusvalueswill be assignedbasedon a linearextrapola-
tion of theadjoiningnon-ligaturesegment'sradiusfunction.
For theportionthatremainsa ligaturesegment,a linearin-
terpolationbetweenthetwo endpointsis usedto assignthe
remainingradiusvalues.

2.2. Pruning as Optimization

As mentionedearlier, our simpli�ed skeletonbalances
reconstructionerrorwith shape(branch)complexity, andin
our branchselectionprocess,both candidateinternal and
externalbranchesfor pruningarerank-orderedby increas-

2Ligaturesegmentscorrespondto maximalcircles that sharetwo (in
the caseof full ligature)boundaryconcavity points) or one (in the case
of semi-ligature)boundarypoint [1]. Theseconstraintslead to ligature
segmentswith low curvature,facilitatingour straight-lineapproximation.
Thisapproximationcanbeimprovedby consideringtheconstraintson the
gradientof radiusvaluesof skeletonpoints,asde�ned by Damon[6].

ing reconstructionerror. The reconstructionerror is area-
based,andthereforere�ects theareadifferencebetweenthe
reconstructedshapefrom theskeletonwith thebranchand
thereconstructedshapeminusthebranch.However, a sim-
ple areadifferencewill fail to capturesalientshapediffer-
encesdue,for example,to the removal of a long, thin part
(e.g.,the leg of a giraffe) whosearearelative to the entire
objectis small,but whosecontribution to salientpartstruc-
tureis large.

To accountfor partstructure,similarto Styneretal. [18],
we weight eachpixel's contribution to the areaby its nor-
malizeddistancetransform,in which theskeletonreceives
value 1 and the boundaryreceives value 0. In this man-
ner, the skeletonof a long, thin part is weightedthe same
asthat of a long, thick part, asaretheir respective bound-
aries. However, the largerareaof the thick partwill result
in a largerintegrationof normalizeddistancetransformval-
ues,andhencea largerreconstructionerror. In thisway, we
canbalancesalientpart structurewith part mass,yielding
aneffectivereconstructionerror.

Speci�cally, for eachshapepoint p, we associatethe
closestskeletonpoint sp 2 S:

sp = min
s2 S

jj s � pjj (2)

The reconstructionerror of a point p, E(p), is now given
by:

E(p) = 1 �
jjsp � pjj � R(sp)

R(sp)
(3)

whereR(sp) is the radiusof sp. The reconstructionerror
R(S) for ashapeS with respectto theoriginalshapeSO is:

R(S) =

P
p2 SO � S E(p)

P
p2 SO

(4)

ThecostfunctionC(S) for a skeletonS with branchcom-
plexity B (S) andreconstructionerrorR(S) hastheform:

C(S) = B (S) + ! R(S); (5)

whereB (S) is simply the numberof branches(nodes)of
skeleton(graph)S. The ! we usedrangesfrom 10,000to
350. A high ! stronglypenalizesthe reconstructionerror
which, in practice,yieldsno simpli�cation at all. Decreas-
ing ! puts lessemphasison exact reconstructionand fa-
vors skeletonswith lower branchcomplexity, obtainedby
removing lesssalientexternalbranchesandinternalligature
branches.

Ouroptimizationis two-pass.First,weoptimizeourcost
functionby consideringonly candidateexternalbranchre-
moval. Next, we �x the remainingexternalbranches,and
optimizein asecondpassby consideringonly candidatein-
ternalbranches.Fig. 4 shows theresultsof simplifying the
four skeletonsshown in Fig. 1, with ! = 600. Notethatthe
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Figure 4. Structural simpli�cation applied to
the objects in Figure 1. Whereas articulation
and noise led to four diff erent skeletal topolo-
gies in Figure 1, their structural simpli�ca-
tions are almost identical.

four divergentskeletonsin Fig. 1 have converged toward
a canonicalskeletonstructurethat is invariantto noiseand
articulation.

3. Experiments

Weevaluateourframework for thetasksof objectrecog-
nition andposeestimation.Sincewe areinterestedin ob-
tainingstableskeletonsfor improvedobjectrecognition,we
will adopt the shockgraphas an abstractedskeletal rep-
resentation,allowing us to utilize a powerful shockgraph
matcher[9]. A shockgraph[16] is basedon a coloringof
theskeletonpoints(shocks)accordingto their radiusfunc-
tion. The taxonomyconsistsof four distinct types: the ra-
diusfunctionalongthemedialaxisvariesmonotonicallyat
a 1, achievesa strict local minimumat a 2, is constantat a
3 andachievesa strict localmaximumat a 4. Oncea skele-
ton'spointsarelabeledaccordingto this taxonomy, a parti-
tioning of thepointsis performed.Eachresultingsegment
becomesa nodein the shape's shockgraph,with directed
edgesjoining adjacentskeletonsegmentsanddirectedfrom
larger to smaller(in termsof radii) nodes.Detailsandex-
amplescanbefoundin [15].

Our view-based3-D object databaseconsistsof 120
views(8 objectsat 15 viewseach).A recognitiontrial con-
sistsof removingaview from thedatabase(withoutreplace-
ment),indexing into thedatabaseto retrieve a smallsubset
of candidates(using the indexing framework describedin
[14]), matchingthequeryto eachcandidateto yield a dis-
tance,rank-orderingthe candidatesby increasingdistance
(decreasingsimilarity), andchoosingtheclosestcandidate.
If the parentobjectof the closestcandidateis the sameas
theparentof thequery, recognitionis successful.If recog-
nition is successfulandoneof theneighboringviewsof the
query(ontheviewsphereof theobject)hashighrank(in the
rank-orderedlist of candidates),thenposeestimationis also
successful.The small changesin viewpoint betweensam-

pleson theviewspherecanintroducesigni�cant changesin
shockgraphstructure.Hence,weexpectourstructuralsim-
pli�cation to reducethestructuralchangesbetweenneigh-
boringviews, leadingto improvedrecognitionandposees-
timationperformance.We expectsimilar improvementfor
the caseof articulatedobjects,but leave suchexperiments
asfuturework.

Theresultsfor bothobjectrecognitionandposeestima-
tion areshown in Figure5. Each�gure shows recognition
performance(%trialscorrect)asafunctionof theweighting
parameter! , which variesfrom 10,000(no smoothing)to
350(maximumsmoothing).Theoptimumrecognitionper-
formancewasachievedwith ! = 600. As canbeseenfrom
the two plots, structuralsimpli�cation resultsin a 4% im-
provementin recognitionperformanceanda12%improve-
mentin poseestimationperformance.Notethatoverly large
valuesof ! (verymild smoothing)canleadto structuralin-
consistenciesacrossthe views of an object, resultingin a
dip in recognitionperformance.

A moredramaticimprovementis found with perturbed
(noisy)queries,in whichbetween3 and40smallcircularor
triangularbumpsand/ornotchesarerandomlyaddedto the
boundaryof the queryshape,resultingin the introduction
of structuralinstabilities. Figure 6 illustratesboth recog-
nition andposeestimationresultswith (blue) andwithout
(red)structuralsimpli�cation; in eachcase,wehavechosen
! = 600, theoptimumvaluefor unperturbedqueries.The
performancevariesasa function of the natureof the per-
turbation, i.e., whetherthe perturbationcontainsnotches,
bumps,or both, aswell asthe magnitudeof the perturba-
tion givenby theradiusof thebumpor notch(whichvaries
from 3 to 6 pixels).Ascanbeseenfrom thetwo plots,struc-
tural simpli�cation resultsin up to 16% improvementfor
recognitionandup to 20% improvementfor poseestima-
tion. Theseresultsclearlyindicatetheability of our frame-
work to simplify a noisy, unstableskeletonrepresentation
to yield aninvariant,canonicalskeletalrepresentation.

4. Conclusions

Skeletaldescriptionsof a shapeoffer a powerful shape
representationfor objectrecognition,yet theirstructuralin-
stability haslong beenanobstacleto their widespreaduse.
Our structuralsimpli�cation framework isolatesthis insta-
bility at both externalandinternalbranches,andremoves
non-salientbranches.Theremoval of internalbranchesre-
quiresa propersmoothingof neighboringbranchesso that
the resultingskeletonis a MAT andreconstructionerror is
minimized.Thepruningof branchesis formulatedasanop-
timizationprocesswhich balancesbranchcomplexity with
reconstructionerror. Resultson a shockgraphrecognition
experimentindicatea signi�cant improvementin recogni-
tion andposeestimationperformancewhenbothqueryand



Figure 5. Results on unper turbed queries
sho wing impr oved perf ormance due to struc-
tural simpli�cation for object recognition
(top) and for pose estimation (bottom). The
far left of each plot represents no structural
smoothing (cost function re�ects onl y recon-
struction error), while the far right represents
large structural smoothing (cost function is
dominated by branc h reduction). See text for
discussion.

databasearestructurallysimpli�ed prior to recognition.
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