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Supplementary Materials

A Proofs for the i.i.d. sampling setting

A.1 Proof of Theorem 1

We first fill in the details for the Rademacher bound in the case that p has uniform row- and column-
marginals. Define
Qt _ eitajt nxm

p" (ie) p© (jit)
We need to calculate R and p” such that [|Q¢[|,, < R (almost surely) and

p —max{HZE ored|_ . [XE@er], }

For each ¢, Q; is just a matrix with a single non-zero entry of magnitude \/%7 for some i, j,

P (1)pe(5)

and so [|Q; |, < max;; ——— =R

p"(1)p°(4)
The matrix Q;Q7 € R™ " is equal to m with probability p (4, j). Hence E [QT Q] is a
diagonal matrix with entries Z %. Similar arguments apply to Q7 Q;. Multiplying by s,

and recalling the spectral norm of a diagonal matrix is simply the maximal magnitude element, we
have:

p = §-max maxz p Zj maxz p Zj

This completes the proof for the case that p has uniform row- and column- marginals.

Next we turn to the case that p is a product distribution, p = p” X p¢ (with possibly non-uniform
marginals). For any X € W, [p], define

Z(X) = (szjl {p (5,7) 2 iﬁ})

Let Z ={Z(X): X € W, [p]}.




We can then follow the proof of the square-root bound in Theorem 1, with a modified definition of

Q1

Qt:Ut

Proceeding as in the proof for Theorem 1, we obtain R < fovg?:g and p? < sn, and thus

sy [Rs(2)] o( 1g<>> |

S

Therefore, by [1],

E| sup L,(Z(X))—Ls(Z(X))| <O <l~ ’mlog(”)> 7
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Next, let I = ( p(i,5)I {p (1,7) < M}) For any matrix M, define
ij

Sy/nm

1M e ey = |ding (072 Mdiag (5) 72|

Now take any M with [ M ||, ) < 1. Let M’ = diag (p")"/* Mdiag (p°)"/*, then || M'|| < 1.
We have

2. My =3 LM = (M < M 1

.. . 1
ip(i,) < 25

< ||IHF = Zp ) _] { ]) iii%} < — icii% _ \/ﬁiog(n) .

Since ||M|| < ||[M||,, for any matrix M, we then have, for any X € W, [p], ||X||F(pr o) S
X er(pr pey < \/r, and so
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Lp(X) = Lp(Z(X)| = | D p(i,4) (X5, Yij) — 0, Yi))| < 1> pli,§) [ Xi5] <
ij¢T ij¢T



And, fixing some X* € W, [p] such that L,,(X*) = inf x ey, [p) Lp(X),

El sup  Ls(Z(X)) — Ls(X)
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Then writing
L (Xs)~Ly(X*) = (Ly(Xs) - Ly(Z(Xs)) +(Ly(2(Xs))~Ls(Z(Xs))+(Es(Z(Xs))~ Ls(Xs))
+(Ls(Xs)=Ls(X™))+(Ls(X*)=Ls(Z(X*))+H(Ls(Z(X*) = Lp(Z(X ™)) H(Lyp(Z(X7)) = Lp(X7)) ,

we obtain

E L,,(XS)—L,,(X*)} < o< w) .

A.2 Proof of Theorem 2

Assume / is [-Lipschitz and b-bounded, and » > 1. We will show that (for any p)

E R s/ rnlog(n
S~p|: S(EoWr[p])}—O<(l+b). Sg()> .
Given a sample S, define
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Bounding the first term,
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In expectation over S,

ES{ ]TS@ b-Eijup H{p” (i) orp® (j) < y, l2221<;i(2n)H
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To bound the second term, we use the fact that [|abs(X)[|,, < || X||,, for any matrix X, where
abs(X) is the matrix defined via abs(X);; = |X;;|. We have

1

E, sup = o U Xy, Yig,) | S1-E, - Z o1 - | X, |
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proof of the first bound of this theorem. We have

Defining QQ; = oy , we can follow identical arguments as in the

e 12rlo
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and
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Then applying [2], we get
1
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s
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If s > rnlog(n), then this proves the bound. If not, then the result is trivial, since L,(X) < b for
any X.

IA

A.3 Proof of Theorem 4

Throughout this section, assume s > 24nlog(n). (If this is not the case, then we only need
to prove excess error < O(l4/r), which is trivial given the class W, [p].) We also assume
s < O (nmlog(nm)). (If this is not the case, then with high probability, we observe all entries
of the matrix and obtain optimal recovery.) The lemmas which are cited in this proof, are proved
below.

Define
* * (|2
X*=arg min L,(X), r*"=|X ||tr(pr’pc)§

XeW,[p]
X* — 1} .
tr(pT,p°)

(L= ()X erpr ey = 1=elS HX*

For any sample S, define

¢(S) = max {O,
Then, for a fixed S,

<Vr = (1—c(S)X*eW, [ .

tr(p”,5°)




Applying Lemma 1 and Theorem 3,

E [L;D(XS) - IA/S(XS)} <E

sup (L, (X) - @(X))]

XeWw.,[p]
- Vi2 2rnl 12
<E| sup (Lp(X) —LS(X)> 4 w <0 rnlog(n) } | 8V o
Xe2:W,.[p] n S n
2
§0< l rnlog(n)) .
s
And, similarly,
E[Ls((1 - e($)X") = Ly((1 = e(SNX)] < E | swp (Ls(X) - Lp(X))]
XeW,[p]
A 12 2rn 1 12
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2
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s
By definition, since (1 — ¢(S))X* € W, [p)],
E[Ls(Xs) = Ls((1 - c($)X")] <0.
Finally, by Lemma 3,
. . 202rn
E[Lp((1 - ¢(9))X7) = Lp(XT)] </ —
Combining all of the above, we get
B 12rnlog(n
E[L,(Xs) - L(X")] <0 ( g“) .
A3.1 Lemmas for Theorem 4
Lemma 1.
A A 8v/Ermm
E | sup (Lp(X) - LS(X))] <E [ sup  (Lp(X) — LS(X))] .
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Proof. By Lemma 2, with probability at least 1 — 2n~2, for all , 7
- 1., .0 .. 1. ..
56 2 55 60), 5 0) 2 55 () -
Let A be the event that these inequalities hold. If A occurs, then for any X € W, [p],

1 s ey = |ing 5 (00)'/° Xdiag (5° (3))"/2|
N 1/2 /N 1/2
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In this case, W,. [p] C 2 - W, [p], and therefore,

3 (0 = Ly Onen)) = (£5(X) = Ls(Onn))]

< (LX) = Lp(Onxm)) = (Ls(X) = Ls(Om))] -

Next we consider the case that A does not occur. For any X € W, [p],
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diag (2n1n> Xdiag <2mlm)
Therefore,
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t
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And so,
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where the last step is true because, since 0y, 5, € 2 - W, [p], for any S,

oS () = LyOnn)) = (Ls(X) = Ls(Onm) )| 20

And, Eg [L,,(Onxm) — ﬁs(OnXm)] = 0, so therefore,
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The second claim can be proved with identical arguments. O

Lemma 2. With probability at least 1 — 2n~2, for all i and all j,

p(i) > %ﬁr (i), p°(j) = ;p () -

Proof. Take any row 4. Suppose thatp (i) < L. Thenp" (i) < L, while p™ (i) = 5 (p" (i) + L) >
ﬁ. Therefore, in this case, p" (i) > 3 Lo () w1th probability 1.

Next, suppose that p” (i) > 1. Then, by the Chernoff inequality,
1 1 sp” (i
P (ﬁr (i) < ipf‘ (z‘)) P <B1n(s P (i) < sp” (i) <1 _ 2)) < -

< eii < 673log(n) — n73 )

Therefore, with probability at least 1 — n =3, p" (i) > %p’” (i), and so

ro-z(Fa+t) 2 (ot o,

D
Therefore, for any row 4, with probability at least 1 — n=3, " (i) > 25" (i). The same reasoning
applies to every column j. Therefore, with probability at least 1 — 2n‘2 the statement holds for all
i and all j. O

Lemma 3. Fix X* with HX*||fr(]5T 5oy = 1" <1, and define

c(S) = max{ 'X* 1}.
tr(p7,p°)
Then
2
E[L,((1 — e(S)X7) ~ L(X7)] < /2"
Proof.
Ly((1 = elSDX) = £y(07) = Tp(6) ({1 = el i) = X ¥5)
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Defini M = p(i,5)
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=1+ o(S) - (M, (diag (5" (i))"/* X*diag (5 (j))'/*) )

<1-e(8)- | M],, - H (dting (77 (0))"/* X*ding (57 (3))*)
< Wr-e(S)- | M|, -

Now we show that || M|, < 2. Take any unit vectors u € R™, v € R". Then

2
o= oo o < 5w (3 4

J
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So, by Lemma 4,

E[L,((1—¢c(8)X™) = Ly(X™)] < 21y/r - E[e(S)] < 20y/7 - \/Z _

Lemma 4. For any p, for any fixed X with ”X”tr(pr 5 =L

n
E [max{0, X ooy~ 1}] < /52

Proof. By properties of the trace-norm [3], we can write diag (ﬁr)l/ ? Xdiag (15“)1/ 2 = ABT,

2 2
where [ A% = | B2 = X[l e = 1 Define

D, = diag (p") diag (5") ", Dy = diag (5°) diag (5°) " .

Then, by properties of the trace-norm [3],

T
Xl = v g )] | (0124 (0275)

tr

1 2 1 2
%P“4\+%P¥ﬂ\

*Zp ()II ()Hz+ Zp 8; EE
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= 12 ol ] 2p8m2 LD DA VI RS DA |
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where N/ is the number of samples in row ¢, and N7 is the number of samples in column j. Clearly,

1 NT N7 1 1 1 1
4 Py ¢ — | Byll3 + = —_||AplI2 + = —_||Bij||3
12 AolE %¥MN“M24§wm”W24§¢m”m%

L sp° (J) 1 %
> B3 + 42 (Z Al + 3 Z =) 1B 3
J

1 sp"” (i) 2
1250 Aol 12 5

1 2 1 2
= LA+ LBz =1

And, we can compute

Var(N]') < sp" (i), Cov(N;, Nj;) <0, Var(N;) < sp°(j), Cov(Nj,Nj/) <O0.



Therefore,
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s 1 T T
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Since p" (i) > 1p” (i) and p" (i) > 5, and similarly for the columns,
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i
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B Proofs for the transductive setting

B.1 Proof of Theorem 5

Let S C [n] x [m] be a subset of size 2s. Let P denote the smoothed empirical marginals of .S.

Now choose any S C S, a training set of size s. Without loss of generality, write S =
{(ilaj1)7 DRI (Z.237.j2s)} and S = {(ilhjl)? DR (Z!ﬂjé)}

10



First, we bound transductive Rademacher complexity By Lemma 12 in [3], for any sample S,

RsOW, [p]) = Egoqi1ys | sup 01X, 5,
{1} Xew, p]S; 1y g

1
=Eofzys | sup = > X 2. o
Xew:[pl ° 75 t:(ie,5¢)=(4,5)
S Ego{zijnxm | sup ZXUUU #{t: (i, 1) = (i,4), 1 <t < s}
Xew.[p) S
= EO'N nxXm Sup X’L U’L e S
{£1} Xew | Z 3% 6J) '
Now define matrix ¥ via ) I {( ) S}
Z»J €

We have

Es., [7%5(1/\4 [@])} <Eg |Epoiryon s ZX”% (i,5) € S}
€

= ES EG-N{il}nXm, sup Z (\/ X” VP ) O'Z] ij
Xl XNy <V

Xew:[p 5
— Vr-Eg {ng{il}"xm [“U * ZHSPH ’

where o @ ¥ is the element-wise product of ¥ with the random sign matrix o = (0;;). By [4],

-

:ES EUN{il}'rtxer [ sup XijoijEij

Eqfs1ynxm {Ha D E||Sp] <0 (10g1/4(n + m)) - max {max [pE 5 > Nax HEU)
i J

We now bound || ||, and ||£)]|,.. Fix any 4. Then

Ui 7 S i T4z, S
=0l = %% =3 Gl ) < )

j=1 j=1 S2m

zm: #{t (i,ge) = (i,4), 1 St <25} #{tip=14,1<t<2s} _ 8m
(3#{t: zt—zl<t<25}) (5-50) ~ (3#{t:ir=0,1<t<2s}) (5 5) ~

Slmllarly, E(J)HQ < 82 Therefore,

Esep [RsOV, )] < V7 +Es [Boganyon [l 0 3l ]]

<+r-Eg {O (10g1/4(n)) - max {max HZ(,-

=0 ]
J 2

rnlog'/?(n)
s

<0

Applying Theorem 5 of [5] (using integration to obtain a bound in expectation from a bound in
probability),

12rnlog'/?(n) + b
s

Es l:f’S\S(XS) - o - ‘i’S\S(X):| <O \/

11



B.2 Transductive version of Theorem 1

Let p now denote the (unsmoothed) empirical marginals of S. If p" (i) > & and p° (j) > & for
all 4, j, defining

Xg = in Lg(X
s =arg min_ s(X),

we can then show that, for an [-Lipschitz loss £ bounded by b, in expectation over the split of S into
training set S and test set 7',

rnlog”?(n) + b2

Lp(Xg)< inf Lp(X)+0O cl/zz.\/
S

T XeWw.[p|

We prove this by following identical arguments as in the proof of Theorem 5. We define

g, UGges)
VI 07 0)

and obtain "E(i)|‘§ , HEU) ||§ < QCT" for all ¢, j, which yields

. . . . C2rnlog"?(n) + b2
Bs [Lso(Xs) — il Ls,o(X)] <O ¢ :

In fact, we can obtain the same result with a weaker requirement on p, namely

, 1 & ir{@, ) el 1< i1{@,5)e S
Zmax{m?x|Z(i)||§,mjax||2(j)||%} < max m?x—zw,maxﬁz%

me~ pr@prG) i ne P)p0)

For instance, this quantity is likely to be bounded if .S is a sample drawn from a product distribution
on the matrix.

B.3 Transductive version of Theorem 2

Let p now denote the (unsmoothed) empirical marginals of S. We define

Xg = in Lg(X
g argXénvgrlm s(X),

we can then show that, for an [-Lipschitz loss £ bounded by b, without any requirements on p, in
expectation over the split of S into training set .S' and test set 1,

A A en
Lr(Xs)< inf Lp(X)+0O ((l +b)- rnog(n)) '
Xew:r[p] s

We prove this by combining the proof techniques used in the proofs of Theorems 2 and 5. Define

21
T9 = {t C 1<t <2s,p" (ir) orp® (jie) < § Z2Og(2")} T ={1,...,2s)\T2.
sn

12



‘We then have

7QIS(E o W’I‘ [T)]) = EUN{:tl}S [ Sup Z O-tg gt tht)

< EUN{il}"Xm Xes)l/l\)p[ Zﬁ itJt ltjt Ul] ]I{(Zvj) € S}
rp ij

12r1
S g sup ZE itjto H]f UU H{(Z’]) € S’ andﬁr (i)vﬁc (J) Z \ Tog(n)}

2 2
Xew,[p] § b2sn

2rl
+E, | sup ZE ivies Yi i )Oij - ]I{(i,j) €S, andp" (i) or p° (j) < { rog(n)}

2 2
Xew,[p) $ b?sn

= (Term 1) + (Term 2); .

Now define matrix ¥ via

H{(i,j) €8, andp" (i) .7 (j) = \/lblg““}
s\/P (07 (J) '
Following the same arguments as in the proof of Theorem 5, we obtain for all ¢, j,

Eij =

4 b2sn?
s 205 < 3V Briogr
| (i) ||27 | ||2 ~ s 127 log(n)

Therefore, using the same arguments as in the proof of Theorem 2,

1 4 2sn2 2 1
(Term 1) < 1V7O | log4(n) | L 5[ 57| _ o [ ¢/Ebrmlos(m) )
s 127 log(n) s

Next we have

. . . 1?7 log(n)
Term 2) = E, (X5, 14 (4, S, and p" 7° Vet
(Term 2) XGS)I/lvp[p %: ivies Yini ) Tij - {(z j) €S, andp" (i) orp(j) < a2

2 2
XEWT b%sn

. N e 3/ 127 log(n
sup Zf ivjer Yiege) - {(%J)ES, and p" (i) or p° (j) < g()}

b2sn?

Zb H{ i,j) €S, and p" (i) orp° (j) < \ M’g(”)}

1 1
S SR ) EE S Sl
PP (i)< W j:(i,5)€S JPe()< W i:(1,5)€S

2 2
2n b.2s. 127 log(n) <ol 2rbnlog(n) .
s b2sn? s

Combining the two, we get Ry(£ o W, [p]) < O (3 12”’"10‘5(")), and therefore, in expectation

S

over the split of S into S and T,

Lr(Xs) < Xelgvf[p]ﬁT(X)+0<(l+b)- 3 W) .
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C Simulations

C.1 Excess error comparison in the noiseless and noisy settings: larger figure

The figure below is a larger version of Figure 1(b) in the paper, with standard error bars added:
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o
>
<
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