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Abstract. We study community structures that emerge in an informa-
tion network using the game-theoretic model proposed in [I]. In par-
ticular, we consider a particular family of community structures, and
provide conditions under which there exists a Nash equilibrium within
this family.
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1 Introduction

In this paper we consider a particular type of social network, which we refer to as
an information network, where agents (individuals) share/exchange information.
Sharing/exchanging of information is an important aspect of social networks,
both for social networks that we form in our everyday lives, as well as for online
social networks such as Twitter.

The work in [I] presents a model to study communities in information net-
works where agents produce (generate) content, and consume (obtain) con-
tent. Furthermore, the model allows agents to form communities in order to
share/exchange content more efficiently, where agents obtain a certain utility for
joining a given community. Using a game-theoretic framework, [I] characterizes
the community structures that emerge in information networks as Nash equi-
libria. More precisely, [I] considers a particular family of community structures,
and shows that (under suitable assumptions) there always exists a community
structure that is a Nash equilibrium. One open question from [I] is whether
the family of community structures considered includes all Nash equilibria, or
whether there exist Nash equilibria that are not covered by the analysis in [IJ.

In this paper we address this question, and show that there do indeed exist
Nash equilibria that are not covered by the analysis in [I]. One interesting, and
important, characteristic is that the Nash equilibria that we derive in this paper
have the property that some agents (individuals) are “excluded” from the com-
munity structure, i.e. do not participate in any of the information communities.
If such Nash equilibria are to emerge in real-life (social) information networks,
it would mean that some individuals are “marginalized”. This is definitely an
undesirable outcome that could come at great cost for the individuals that are
“marginalized”. As such, understanding when the Nash equilibria obtained in
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this paper do emerge in (social) information networks is an important question.
We discuss this in more detail in Section

The rest of the paper is organized as follows. In Section [2] we summarize the
model presented in [I] that we use for our analysis. In Section [3| we define the
family of community structures that we consider in this paper, and in Section [4]
we present our results. Due to space constraints we refer to [I] for a review of
related literature.

2 Background

In this section we review the model and results of [I]. Due to space constraints
we keep the presentation of the model brief, and refer to [I] for a more detailed
discussion of the model, and the results that were obtained in [IJ.

For our analysis we assume that each content item that is being produced in
the information community is of a particular type. One might think of a content
type as a topic, or an interest, that agents might have. Furthermore we assume
that there exists a structure that relates different content types to each other.
In particular, we assume there exists a measure of “closeness” between content
types that characterizes how strongly related two content types are. For example,
as “basketball” and “baseball” are both sports one would assume that the two
topics are more closely related than “basketball” and “mathematics”. To model
this situation we assume that the type of a content item is given by a point z in
a metric space, and the closeness between two content types x,z’ € M is then
given by the distance measure d(z, '), x,2’ € M, for the metric space M.

Having defined the set of content that can be produced in an information
network, we next describe agents’ interests in content as well as the agents’
ability to produce content. To do this, we assume that there is a set Ay of agents
that consume content, and a set A of agents that produce content, where the
subscripts stand for “demand” and “supply”. Furthermore, we associate with
each agent that consumes content a center of interest y € M, i.e. the center of
interest y of the agent is the content type (topic) that an agent is most interested
in. The interest in content of type x of an agent with center of interest y is given
by

p(zly) = fld(z,y)),  zyeM, (1)
where d(x,y) is the distance between the center of interest y and the content
type z, and f : [0,00) — [0,1] is a non-increasing function. The interpretation
of the function p(x|y) is as follows: when an agent with center of interest y
consumes (reads) a content item of type z, then it finds it interesting with
probability p(z]y) as given by Eq. . As the function f is non-increasing, this
model captures the intuition that the agent is more interested in content that is
close to its center of interest y.

Similarly, given an agent that produces content, the center of interest y of
the agent is the content type (topic) that the agent is most adept at producing.
The ability of the agent to produce content of type x € M is then given by

q(zly) = g(d(z,y)), (2)



Community Structures in Information Networks, Technical Report 3

where g : [0,00) — [0,1] is a non-increasing function.

In the following we identify an agent by its center of interest y € M, i.e.
agent y is the agent with center of interest y. As a result we have that A; C M
and A, C M.

2.1 Information Community

We model an information community as follows. An information community
C = (Cq4, Cs) consists of a set of agents that consume content Cy C A, and a set
of agents that produce content Cs C Ay. Let S¢(z|y) be the rate at which agent
y € Cs generates content items of type x in community C. Let ac(y) be the
fraction of content produced in community C' that agent y € Cy consumes. To
define the utility for content consumption and production, we assume that when
an agent consumes a single content item, it receives a reward equal to 1 if the
content item is of interest and relevant, and pays a cost of ¢ > 0 for consuming
the item. The cost ¢ captures the cost in time (energy) to read/consume a
content item. Using this reward and cost structure, the utility rate (“reward
minus cost”) for content consumption of agent y € Cy is given by (see [I] for a
detailed derivation)

U W) =ac) [ [Qe@plaly) - eloelds,
reM
where
Qc(r) = / _ Belalataly)dy, and fo(r) = / __ Belalydy.

Similarly, the utility rate for content production of agent y € Cy is given by

0w = [ felalately)Pe() - acdr
where
Po(x) :/ec ac(y)p(zly)dy, and aC:/GC ac(z)dz.

As discussed in [I], the utility rate for content production captures how “valu-
able” the content produced by agent y is for the set of content consuming agents
Cyq in the community C.

2.2 Community Structure and Nash Equilibrium

Using the above definition of a community, a community structure that de-
scribes how agents organize themselves into communities is then given by a
triplet (C, {ac(y)}yeays {8c(-|y)}yea,), where the set of communities C in this
structure consists of communities C' as defined in the previous section, and

ac(y) ={ac(y)}tcec,y € Aq, and Be(-|ly) = {Bc(-|y)}cec,y € As,
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are the consumption fractions and production rates, respectively, that agents
allocate to the different communities C' € C. We assume that the total consump-
tion fractions and production rates of each agent are bounded by E, > 0, and
E4 > 0, respectively, i.e. we have that

lac(y)| = Z ac(y) < Ep <1, y € Ag,

cecC
and
1Bl =D 1Bl < Eyy  ye A,
CcecC
where

1BeClu)l = / _ Belely)da.

We assume that agents form communities in order to maximize their utility
rates, i.e. agents join communities, and choose allocations a¢(y), and B¢ (+|y) to
maximize their total consumption, and production utility rates, respectively.

A Nash equilibrium is then given by a community structure
(C*, {ag(y) tyeay {BE(-ly) tyea.) such that for all agents y € Ay we have that

at(y) = arg max Z Uéd) (y),
ac):llacWI<E, e

and for all agents y € A, we have that

BeCly) =  argmax Y UL (y).
Be Cly):lIBeWI<Eq cee
We call a Nash equilibrium a covering Nash equilibrium if for all agents y € Ay,
we have that there exists at least one community C' € C such that ac(y) > 0,

and for all agents y € Ay, we have that there exists at least one community
C € C such that ||B¢(-|y)]| > 0.

2.3 Results

The above has been analyzed in [I] for the case of a specific metric space, and
a specific family of information communities. In particular, the analysis in [I]
was carried out for a one-dimensional metric space with the torus metric, and
for discrete interval communities. Below we formally define the metric space and
the family of interval communities that was considered in [IJ.

The analysis in [I] considered the following one-dimensional metric space.
The metric space is given by an interval R = [-L, L) C R, L > 0, with the torus
metric, i.e. the distance between two points x,y € R is given by

d(z,y) = ||z = y|| = min{[z — y|, 2L — |z — y[},

where |z| is the absolute value of x € R. Furthermore, the analysis in [I] assumes
that
-Ad = As = Ra
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i.e. for each content type & € R there exists an agent in 44 who is most interested
in content of type x, and there exists an agent in A; who is most adept at
producing content of type x.

In addition, the analysis in [I] considers a particular family C(L¢), Lo > 0,
of community structures, given as follows. Let N > 2 be a a given integer, and
let

L

Lo =—

C Na
where L is the half-length of the metric space R = [—L, L). Furthermore, let
{my}N_, be a set of N evenly spaced points on the metric space R = [—~L, L)

given by

mk+1:m1+2Lck, k:].,...,N—l.
The set C = {C* = (C¥,CF)}Y_| of communities in the community structure
C(L¢) is then given by N communities C* = (C%, C¥), and for each community
C* the set of content consuming agents C(’j , and the set of content producing
agents CF, are given by the intervals

Cli = [my — Le,mi + Le)
and
Cf = [mk — Lo, mi + LC).

Furthermore, the allocations {ac¢(y)}yer and {Bc(:|y)}yer are given by

E, ye C’§
; = , k=1,..,N,
ack(y) {0 otherwise

and
E(x—x}) yeCk
0 otherwise ’

Beor(ly) = {
where

, = argmax q(z|y) Pox ().
T€ER

T

The analysis in [I] shows that (under certain assumptions about the functions
f and g that are used in Eq. and Eq. ) there always exists a covering Nash
equilibrium within the family C(L¢), Lo > 0, of community structures.

3 Community Structure C(Lc¢,l4)

In this section we consider a family of community structures that is more general
than the family C(L¢), Le > 0, of the previous section, and study whether there
exists a Nash equilibrium within this family.

More precisely, we consider the following family C(L¢,lq) of community
structures. Let IV > 2 be a a given integer. Furthermore, let

Lo =

==
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my
mip + ld
ms m
my =l
my

Fig. 1. The communities C for the case where N = 4 are illustrated. The metric space
R = [—L, L) is shown as a ring to represent the torus (ring) meric. More precsiely ther
are two rings: the outer ring represents the set of the content consumers 44, and the
inner ring represents the set of content producers As. The brackets on the outer ring
bound the four consumption intervals C%,, k =1, ...,4, and the lines on the inner ring
bound the four production intervals C¥, k =1, ..., 4.

where L is the half-length of the metric space R = [—L, L), and let I4 be such
that
0<ily < Le.

Finally, let {mk}i\’:l be a set of N evenly spaced points on the metric space
R =[-L,L) given by

mp+1 = m1 + 2Lk, k=1,...N—1.

Given L¢ and I, as defined above, the set of communities C = {C* = (Ck, CF)}N_,
of the structure C(L¢,lg) is then given by the intervals

Ck = [mp —lgymp +1la),  k=1,..,N.

and
Cf:[mk—Lc,mk—FLc), k=1,...,N.

Fig. [1] provides an illustration of these communities for the case of N = 4 com-
munities.
Furthermore, the allocations {a¢(y)}yer and {Bc(:|y)}yer are given by

E, yeCk
ack = , k=1,...,.N,
cx(y) {0 otherwise
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and
E,0(x — k
Bor(fy) = { 0@ —m) weCs F— 1.,
0 otherwise
where
r, = argmax q(x|y) Por (z).

TER

Note that when l; = L¢, then the community structure C(L¢, lg) = C(L¢e, Le)
is identical to the community structure C(L¢) of the previous section that was
analyzed in [I]. In particular, in this case the community structure C(L¢, L¢)
is again a covering community structure, i.e. all agents belong to at least one
community in C(L¢, Le). As a result, we will focus on community structures
C(L¢,lg) where

0<ly< Le.

In this case the community structure C(L¢,lq), 0 < lg < L¢, is no longer a
covering community structure. In particular, the content consuming agents in
the sets

DF = [mk—kld,mkﬂ —Zd), k=1,.,N -1,

and
DY =[my +lg,m; — 1)

do not belong to any communities in C(L¢,l4). On the other hand, note that all
content producing agents y € R do belong to at least one community C* in the
community structure C(L¢,ls). In this sense, studying the existence of a Nash
equilibrium within the family of community structures C(L¢,l4) is studying
whether there exists a Nash equilibrium from which some content consuming
agents are excluded. We discuss the implications of such a Nash equilibrium in
more detail in Section [l

To study whether there exists a Nash equilibrium within the family C(L¢, l4)
of community structures as defined above, we use the following definitions. Let

lq
ry(ls) = argmaxq(aly) [ plalds yeR.
TER —lg

Furthermore, let the functions G(y|L¢,lq) and H(y|L¢,lq) be given by

C

L
G(ylLc,la) = Equ/ p(@Z(la)ly)q(zZ(la)|z)dz — 2E,EqLee,  y € R,
z=—Lc

and

la
HlLe.l) = EyEaa0ly) [ pla()l:)ds - 2B, Eylac, g <R,
szld
where ¢ > 0 is the cost for consuming a single content item.
In addition, we make the following assumptions about the functions f and g
that are used in Eq. and Eq. .
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Assumption 1. The function f :[0,00) — [0,1] is given by

f(z) = max{0, fo — ax},
where fo € (0,1] and a > 0. The function g : [0,00) +— [0,1] is given by

g(x) = go,

where go € (0,1]. Furthermore, we have that

Jogo > c. (3)

We note that the condition given by Eq. is a necessary condition for a
Nash equilibrium to exist, i.e. it is shown in [I] that if this condition is not true,
then there does not exist a Nash equilibrium.

4 Main Results

In this section we present the main results of our analysis. We first provide
necessary and sufficient conditions for a community structure C(L¢,1y) to be a
Nash equilibrium.

Proposition 1. Let the functions f and g be as given in Assumption[1. Fur-
thermore, let L{, and l}; be such that

L

N,

where L is the half-length of the metric space R = [—L,L) and N > 2 is an

integer. Then the community structure C(L%,15) is a Nash equilibrium if, and
only if, we have that

G(G|LE,15) =0, and H(LE|LE,L) > 0.

O0<ly<Lg, and Li =

We provide a proof for Proposition [I] in Appendix [C]
Our next result shows that there always exists a Nash equilibrium given that
the half-length L of the metric space R = [—L, L) is large enough.

Proposition 2. Let the functions f and g be as given in Assumption [1] If we

have that
L>2 {fo _ C} ,
a  ago

then there always exists a community structure C(Lc,lq), 0 < lg < L¢, that is
a Nash equilibrium.

We provide a proof for Proposition [2] in Appendix

Proposition [2 states that for functions f and g as given in Assumption
there always exists a Nash equilibrium in the family of community structures
ﬁ .

The next result provides a complete characterization of the values of Lo and
lg, 0 < lq < L¢, for which there exists a Nash equilibrium.

C(L¢,lg) given that L is large enough, i.e. if we have that L > 2 [% —
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Proposition 3. Let the functions f and g be as given in Assumption[1. Then
the community structure C(L§,1%) with

L

0<ly<Ly, and LE:N

where N > 2 is an integer, is a Nash equilibrium if, and only if,

a ago

We provide a proof for Proposition [3]in Appendix [E]

Note that the above result provides a complete characterization of the Nash
equilibria within the family of community structures C(L¢,lq). We discuss the
interpretation of this result in more detail in the next section.

5 Conclusions

In this paper we show that there exists an additional family of Nash equilibria to
the one identified in [I]. This result shows that there are more types of community
structures that can emerge as Nash equilibria in (social) information networks
than it may first appear. Studying whether the are additional Nash equilibria to
the ones identified in [I] and in this paper, is interesting future research.

The Nash equilibria that we obtained have the property that some agents are
excluded from the community structure, i.e. they do not belong to any of the
communities. The reason for this is that these agents would have a negative util-
ity in all of the communities that exist in the Nash equilibrium (see Appendix
for a formal derivation of this result). This means that these agents have the
choice to either join a community where their utility would be negative, or not
join any community at all (and obtain a utility of zero). Since in this situation
agents are better off not joining any community, they are “marginalized”. This
outcome may come at a significant “social” cost to these agents. Studying this
issue in depth is outside of the scope of this paper, but this is important and
interesting future research. In particular, a natural question to ask in this con-
text is whether, and how likely it is that the Nash equilibria that “marginalize”
agents will indeed arise in information networks. This question can be studied
formally by using the model in [I] to analyze the dynamics of community for-
mation in information networks, and how the resulting dynamics can lead to the
Nash equilibria that “marginalize” some agents. In addition, this question can be
studied empirically to find out whether community structures that “marginalize”
some individuals indeed occur in real-life information networks.
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Appendices

In Appendix [A] we derive the utility rate functions for agents in a community
which is part of a community structure C(L¢, l4). In Appendix we explain how
these utility rate functions relate to the G and H functions defined in Section

We prove Propositions and [3]in Appendices [C} [D} and [E] respectively.

A Utility Rate Functions in C(L¢,lz) Under
Assumption

In this section we derive the utility rate functions for agents in a community
which is part of a community structure C(L¢,lq), using the functions f and g
given in Assumption [T}

Let C* = (C¥, C*) be a community in a community structure C(L¢, l4), with

Ch = [my, — L, my, + 1)

and
Cf = [my — Le,mi + Lo).

Using the expressions for the utility rates given in Section[2.1] we obtain that
the utility rate for content consumption of agent y € C' 5 is given by

U (y) = aen () / Qo (@lplaly) = for()elds, (4)
where
Qoe@) = [ BoGaluatein)iy
and

ota) = | Boulaly)ay
yely

and that the utility rate for content production of agent y € C¥ is given by

US) (y) = / __ Posal)la(aly) Pos (@) — acaclds (5)
where
Pen () = / __, - Wplrly)dy
and

ack = / ack(z)dz.
zeCk

Now since C* is a community in C(L¢,l4), we have that the consumption
and production allocations are given by

O‘C’“(y):Epa yecga
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and
Ber(ly) = Egb(x —x}),  yeCk,

respectively, where

r, = argmax q(z|y) Pox (z).
TER

11

Therefore, substituting these allocations into Equations [4] and [B] the functions

simplify to

mg+Lc

d * *

U (y) = E,E, p(z%|y)q(zi|2)dz — 2E,E,Lee,  y e CF,
z=my—Lc
and
(s) mi+lq .
US)(y) = E,Eqq(aly) / plajladz ~ 2B Bilae, y e Ch.
z=my—lqg

Lemma characterizes z;, for y € R.

(6)

Lemma 1. Let f and g be given by Assumption . Let CF = (Cg,Cf) be a

community in C(Lc,lq), with
Clh = [mx — la,my, + 1g)

and
Cf = [mk — Lo, my + LC).

COnSideT the Optzmlzatwn pTOblem
P R~
Izneaqu(x|y) Ck (.17), ye

For the case where

we have that

is the unique solution to the optimization problem. For the case where

Jo

7<ld§L05
a

we have that x;, is a solution to the optimization problem if, and only if,

CEZE mk—l—@—ld,mk—&-ld—@
a a
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Proof. In Assumption [If we assume that g(z) = go € (0, 1], therefore the given
optimization problem is equivalent to

max P (2), (8)

*

and any solution zj, is independent of y.
Without loss of generality, let mj = 0. We begin by characterizing the func-
tion Pgr (z). By definition, we have

la
Per(z) = B, /74 max {0, fo — allz — a||} dz. )

Setting s = z — x, we get that

lg—x

Pos(w) =B, [ max{0.fo — alls} ds.

:—ld —XT
Therefore

d
%Pc(x) = —E,max {0, fo — alllqg — z||} + E, max {0, fo — al|lq + =]/} .

There are four cases to consider. The case where

a4+ z|| < @ and ||lg—z| < @,
a a
the case where
la+zl]>20 and  la—af > 22,
a a
the case where F F
a4zl <2 and  |lg—zf > 2,
a a
and the case where
g + || > @ and ||lg—z| < @.
a a
In the first case,
d
o For(@) = Epallla — z]| — llta + =l

which is negative when z € (0, L) and positive when = € [-L,0). In the second
case,

d

In the third case,
d

%Pck (.Z‘) = Ep(fo — (l||ld + 1‘”) > 0.
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In the fourth case,

d
T For(@) = —Ey(fo — allla — [l) <0.
X
Note that we have the third case only when z < 0 and the fourth only when
x> 0.

Therefore, for x = 0 we have
@Pck (13) = 07
for z € (0, L) we have

= Pox a

dxr

d () =0 ||ld+x||2@and||ldfx||zf—{f
T
< 0 otherwise

and for x € [-L,0) we have

d =0 |[lg+z| > %’ and ||lg — x| > %
—Per(z) . .
>0 otherwise

Therefore, we have that Por (z) is non-decreasing on [—L, 0) and non-increasing
on (0, L). If
Ji

22 <1y < Le,
a
Pcr () is constant on
[f“ gy la - f“} .
a a
strictly decreasing on
|:ld - @7 ld:| )
a
and strictly increasing on
[—ld, lg— fo} .
a
If
0< ld S @7
a
Per(x) is strictly decreasing on
[0, 2a]
and strictly increasing on
[—14,0].
Therefore, for the case where
0< ld < @7

a
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we have that
T, =0
is the unique solution to the optimization problem
max Por (), (10)

TER

and for the case where

fo <lqg < L¢,
a
we have that z7 is a solution to the said optimization problem if, and only if,

fo Jfo

W= ARy STl

Let us consider the case where

@ <lg < L¢.

a

Substituting in the f and g functions given in Assumption[I] and using the result
from Lemma [I] that

fo

T, € mk-l-@—ld,mk-l-ld—* , y R,
b a a

we get that Equations [6] and [7] simplify to

d * *
Uék)(y|xy) = EqugomaX {07 fO - a’Hy - xy”} (2LC) - 2EquLccv y e C(lica

(11)
and
5) mg+la
Ugr (y|mj‘/) = Equgo/ max {O, fo—allz— xZH} dz—2E,E,l4c, y € C’f.
z:mk—ld
(12)
Figure [2| illustrates CC’l“.
k
Cd
e >
| | | | | | |
| | | | | | |
-l —J;E fo -1l 0 I _f % la

Fig. 2. The case where my =0 and Iz > %0 is illustrated.



Community Structures in Information Networks, Technical Report

Note that when [y — 2| > fo e

a’

(TS [mk—ld,xz—{f] U [xZ—FJ;O,mk—Fld],

we have that .
U (y) = —2E,E,Lee.

And note that when [ly — 27| < 22, i.e.

Y

ye |:J“j;_f07x*+f0:|7
: a a
we have that

U (ylzt) = 2B, B Le [g0(fo — aly — a]) — ¢] -

Note that this consumption utility rate depends on zj.
We now work out the integral in Equation Note that

max {0, fo —allz — 2} ||} #0

only when
fo
e = oyl =12 —zpl < L2
i.e. when
—&+x;<z< @—&-x;.
a a
Since
0 0
JJZE mk+%_ldamk+ld_% ,

we have that

E + 1‘; <mi+lg
a
and that
—@—I—xz > my — lg.
a
Therefore,

my+lg %‘“r-"ﬂi
/ max {O,fo—a||z—x?j|\}d25=/ (fo —alz —z3|)dz
z z:—%—&-x?y‘

:mk—ld
fao

_ /Zz“_m(fo — a|2))d=

a

2
J0

o .

15

(13)
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Therefore, we have that

2
Uésk) (y) = E,E, [gOJ:S — 2ldc} , ye k.
Now let us turn to the case where
0<liy < @
a

Substituting in the f and g functions given in Assumption[I] and using the result
from Lemma [ that

*

y
we get that Equations [6] and [7] simplify to

T my, Yy €R,

U (y) = EpEqgomax {0, fo — ally — my||} (2Le) — 2E,EgLoe,  y € CF,

(15)
and
s) my+la
Ui (y) = Equgo/ l max {0, fo — a|lz — my||} dz—2E, E lac, y € C’f.
z=my—lg
(16)
For
y € Ck = [my, — la, mu. + 1),
we have

ly —mil = |y — mx| < la.

And since we are assuming that

ld S @7
a
we have r
ly — m| < =

a

Therefore, Equation [15| can be written as
d
USMy) = 2B, EyLe [g0(fo — aly —mul) =], y € .

Now we work out the integral in Equation [I6] We have

my+lq la
/ max{O,fO—aHz—mkH}dz:/ (fo — alz|)dz
z=mp—lg z=—lgq
= 2folq — al.
Therefore, we have that

USHy) = ByByla(2fogo — agola — 2¢),  y e CF.
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Note that for the case where

fo <lqg < Lg,
a
we have that

Ll?y,

yER,

the solution to the optimization problem
P R
maxq(zy)FPor(z),  yER,

is not unique. Therefore, in Equation [I3] the consumption utility rate depends
on z. However, the production utility rate does not depend on zj, which is not
surprising since by definition, z}, is such that it maximizes the production utility
rate.

For agents y € C¥, the function Ué’i (y) given in Equation |§| gives the con-
sumption utility rate of y. For agents y ¢ Cg, that function gives the utility
rate y would obtain if it allocated its entire consumption budget to C* (i.e. if
ack(y) = Ep).

Similarly, for agents y € C¥, the function Uésk) (y) given in Equation EI gives
the production utility rate of 3. For agents y ¢ C¥, that function gives the
utility rate y would obtain if it allocated its entire production budget to C* (i.e.
18ex Cln)ll = E)-

Therefore, we have that the utility rate functions, now defined on R, are as
follows.

For the case where

f

20 <y < Le,
a
for
y ¢ [a:;:—{i],x;—i-];oy
we have
US(y) = —2E,E,Lec. (17)
And for
Y€ {m;{?,x;+];o},
we have
U (y|zt) = 2B, B Le [g0(fo — aly — a3]) — ¢] - (18)
And we have )
USly) = BB, [goﬁ) - 2ldc} ., yeR.
For the case where
Jo

0<ld§77
a
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we have
U () = 2B, Byl [aolfo —ally —mil) —cl, Jy—mil <2 (19)
and
VD) = 2By EyLoe,  lly—mil > 2 (20)

And we have

US (y) = EpEgla(2fogo — agola — 2¢),  y € R.

B G(y|Lc,ls) and H(y|Lc,ls) as Utility Functions

In the following lemma we show that G(l4|L¢,lq) represents the consumption
utility of agents at the ends of consumption intervals in the community structure
C(L¢,lg). Similarly, H(l4|Lc,lq) represents the production utility of agents at
the ends of production intervals in the community structure C(L¢,lg).

Lemma 2. Let C(Lc¢,lq) be a community structure with
0<lily< Lc,
and let C* = (C%, C*) be a community in C(Lc,lq), with
Cs = [mk — ld,mk + ld)
and
Cf = [mk — Lo, mi + Lc).
We have that
G(la|Lc,la) =0

if, and only if

Ug? (mk + ld) =0.
We also have that

H(L¢|Le,lg) >0
if, and only if,

Uésk) (mg +14) > 0.

Proof. Recall that the the functions G(y|L¢,lq) and H(y|Lc,lq) (defined in
Section are given by

C

L

G(y|Lc,la) = Equ/ p(zz(la)ly)q(zi(la)|2)dz — 2E, EqLcc, y€R,
z=—L¢

and

la
H(y|Lc,la) = EpEqq(xy(la)ly) / p(xy,(la)|2)dz — 2E, Eglac, yER.

—lg
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Without loss of generality, let m; = 0.
Then G(y|Lc,lq) corresponds exactly to the utility rate function Ugi)(y)
given in Equation @ Similarly, H(y|L¢,lq) corresponds exactly to the utility

rate function U ((;) (y) given in Equation
Therefore,
G(lalLc,la) =0

if, and only if,
Ul (1a) =0,

and
H(L¢|Le,lg) >0

if, and only if,
Ul (1a) > 0.

O

In Lemmal[3] we characterize the utility rates at the ends of the consumption
and production intervals in a community structure C(L¢, lg).

Lemma 3. Let f and g be given by Assumption . Let CF = (Cg,Cf) be a
community in C(Lc,lq), with

Ch = [my, — lg,my, + 1)

and
Cf = [mg — Le,my + Lo).
Let
rofo_ ¢
a  ago

We have that
>0 0<lg<T<L¢

UDmy+1)=0 l,=T<Lc . (21)
<0 T<l;<Le

Also, for 0 < ly < 2T, we have that

U((/f,f (mk + ld) > 0.

Proof. Without loss of generality, let my = 0.
Let us consider the case where

Recall that when
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we have that

U (y) = —2E,E,Lce.

Therefore,
U (14) = —2E,E,Loe.

Also recall that
Usi(y) = EyE, gOZ —2l4c| , yER,
and therefore
(s) f3
UC’“ (ld) = Equ go; — 2ldc .

Now let us turn to the case where

0<lilg < &
a
Recall that

USH () = 2B,BqLc [go(fo — aly —mal) =, yeCh
Therefore, for my = 0 and y = 5 we get
UG (la) = 2B, ByLe [go(fo — ala) = .
Also recall that
US (y) = EpBEla(2fogo — agola — 2¢),  y€R.

Therefore,
UG 1a) = ByEyla(2fog0 — agola — 2¢).

In summary, we have that

U(CQ (1g) = —2E,EqLcc % <lqg < L¢
‘ 2E,E,Lc [go(fo —ala) —c] 0<ly< L
and that
EypBq (90 - 2Luc] bool<r
USMa) =37 7 9% d o <tasbo
E,Eqla(2fogo — agola —2¢) 0<1q < %
Let

r_fo_ ¢

a ago

(22)

(23)
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Note that Uéi?(ld) is non-increasing in /4 and that Ugik)(ld) =0only whenly; =T.
Therefore,
>0 0<lg<T<L¢
USlla){=0 la=T<Le . (24)
<0 T<lg< L¢c

Ug;k) (l4) is a continuous function, quadratic in Iy on 0 < [, < %‘J and linear
on % < lq < Lco. We have that

2fogo — agola —2¢ =0
if, and only if, 4 = 27" So if 2T < L2 then US(1a) > 0 for
0<ly<2T.

If 2T > %, we have ng)(ld) > 0 for

2
0<lig< M.
2ac
But we always have that
2
90fo >9T =2 {foc] :
2ac a ago

since we get
(fogo —2¢)* > 0

after rearranging. Therefore, for 0 < Iy < 2T, we have that
US (1) > 0.

In particular, U((;k (lg) > 0 whenever Uéi)(ld) > 0.
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C Proof of Proposition

We prove the “if” and “only if” parts of the proof in the following two Subsec-
tions.

C.1 GU3ILE,I5) = 0 and H(LE|LE, L) > 0.
Suppose that the community structure C(Lg, ) with

L

0<lj<Li, and ngﬁ’

where N > 2 is an integer, is a Nash equilibrium. We need to show that
GglLe,13) =0, and H(Lg|Lg,lg) = 0.

Let C* = (C*,C¥) be a community in C(L%, ;). Without loss of generality,
let
Cq = [-13:1)
and
Oy = [=Lg, Lg).

First we show that H(L}|LE, ;) > 0. In Appendix [A] we show that the
production utility rate is the same for all producing agents in C*. Since the
community structure is a Nash equilibrium, this utility rate must be nonnegative.
In particular, by Lemma |2} we must have

H(LE|LE 1) > 0.

Now we want to show that G(I}|LE, 1) = 0. We show this by contradiction.
Suppose that G(I%|LE, %) > 0. By Lemma [2] this means that Ugi)(ld) > 0.

Since, U, éci) (y) is a continuous function of y, there must exist an agent
yo € D* = [la,2Lc — la)

such that Uédk) (yo) > 0. Agent yo has a consumption utility rate of zero, but if

U g? (yo) > 0, agent y could have a positive consumption utility rate if it decided
to consume the content in C*. Therefore the community structure is not a Nash
equilibrium.

Now suppose that G(I}| L, ;) < 0. By Lemma this means that Ug?(ld) <

0. Since, U é‘? (y) is a continuous function of y, there must exist an agent
Yo € 05

such that U ((;i) (y0) < 0. This agent therefore has a negative utility rate, therefore,

the community structure cannot be a Nash equilibrium.
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C.2 C(Lg,Iy) is a Nash Equilibrium
Now we prove the other direction. Suppose that
GglLe,1q) =0
and
H(L¢|Lgslg) = 0.

In order to show that C(L%,[}) is a Nash equilibrium, we must show that no
content producer can increase its utility rate by changing communities and no
content consumer can increase its utility rate by changing communities.

First consider the content producers. In Appendix [A] we show that the pro-
duction utility rate is the same for all producing agents in a community in

C(LE,1%). By symmetry, the production utility rate is the same for all agents in
the N communities in C(L§, ). And since we have

H(Lg|Le,lg) 2 0,

by Lemma [2] that production utility rate is nonnegative. Therefore, the content
producers have maximized their utility.

Now consider the content consumers. Let C* = (C%, C¥) be a community in
C(L§,1%). Without loss of generality, let

and
CY = [-Lg, Lg).
For any Il € (0, L¢), according to Equations |17] to we have that Ug? (y) is

non-decreasing on the interval
*
[_L ) xy]
and non-increasing on the interval

[, L].

ys
Since

G(lalLe,1g) =0,
by Lemma [2] we have that

U (—15) = UL (1) = 0.

Therefore, agents consuming content from a community have a nonnegative con-
sumption utility rate and can only get a nonpositive consumption utility rate
in other communities (or a utility rate of 0 if they do not consume from any
community). Also, agents that are not part of any community, i.e. agents in

N
U o
k=1

cannot increase their utility rate by consuming the content in any of the com-
munities.
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D Proof of Proposition

Let

lg="2— —.
a  ago

Note that in Assumption [T] we assume that fogo > c. Therefore

lg > 0.
Let
L > 2y,
N =2,
and I
Lo =—.
CTN
Then we have that
0<ly<Le.

Therefore, by Proposition |3} C(L¢,l4) is a Nash equilibrium.

E Proof of Proposition

We make use of the following result in the proof.

Lemma 4. For a community structure C(LE, ) with

L
0<l<Lf d L =—
< d < C> al C N
where N > 2 is an integer, we have that
G(glLe,1q) =0
and
H(Le|Le, 1) =2 0
if and only if
Jo c
U=—=—-—. 25
=2 (25)

Proof. Combining the results of Lemma [2] and Lemma [3| we get that
GlalLe,la) =0

if and only if

U= @ — L, (26)
a  ago
and we also get that H(I*|L%,1%) > 0 when Equation [26] holds. O

Now we prove Proposition [3] We prove the “if” and “only if” parts of the
proof in the following two Subsections.
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E.1 C(Lg,1}) is a Nash Equilibrium

First we prove that if

a ago’

then the community structure C(Lg, I}}) with

0<ly<Lg, and ngﬁ,
N
where N > 2 is an integer, is a Nash equilibrium.
Note that 0 < [; since we assume in Assumption [I| that fogo > c.
Now, by Proposition in order to show that this community structure
C(L§,1%) is a Nash equilibrium, it is sufficient to show that

GalLesla) =0

H(I|Lg, 1g) = 0.
If = %0 — —% then Lemma (4| gives us that result.

ago

Now we prove the other direction, i.e. we prove that if the community structure
C(Lg, %) with

L
0<li< Ly, and L =—,
d c CT N
where N > 2 is an integer, is a Nash equilibrium, then we must have
I fO c
d=— — — -
a  ago

By Proposition [1} if the community structure C(Lg, 1) with

L
I < L¢ d Li=—
0<ly<Lg, an N

where N > 2 is an integer, is a Nash equilibrium, then
G(glLe,1q) =0

and
H(Z|LE, ) > 0.

Then by Lemma [4 we have that [} = T
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