On the Connection b etween Context-Free Grammars and Lamb ek

Categorial Grammars

(Extended Abstract)

Gerald Penn �

Computational Linguistics Program,

Carnegie Mellon University

and

OTS Utrecht

gpenn+@cmu.edu

Overview

A method is describ ed for proving the weak

equivalence theorem b etween natural-deduction

style Lamb ek Categorial Grammmars (LCG) and

Context-Free Grammars (CFG). The method is

achieved using a simple representation for deriva-

tions from the associative, product-free Lamb ek

Calculus in the LF meta-language [10], which can

b e adapted to the representation of other substruc-

tural logics in LF. The representation achieves its

high level of abstraction, and thus its simplicity,

in two ways. First, it re�nes several attempts to

adapt chart parsing to Lamb ek grammars into a

data structure that allows LCG proof ob jects to b e

represented as simple LF ob jects at the meta-level

while preventing unwanted applications of weaken-

ing and exchange, to which the Lambek Calculus is

sensitive. Secondly, it exploits LF’s ability to rep-

resent parametric deductions either as higher-order

ob jects or as ob jects evaluated in the context of

meta-level variables representing their parameters.

One direction of this proof has b een implemented

in Elf [22], a logic programming language based on

the LF formalism, thus providing a means to trans-

form automatically between CFG derivations and

derivations in the LCG’s induced by those CFG’s.

Using this representation to implement a sp eci�ca-

tion for LCG deductions and one direction of the

weak equivalence theorem has revealed a formal

way to represent the distribution of phrase struc-

0 The author would like to thank Frank Pfenning for his

very helpful advice at every stage in this pro ject. This mate-

rial is based up on work supp orted under a National Science

Foundation Graduate Research Fellowship.

ture rule information that may lead to a more con-

strained proof of the other direction of the weak

equivalence theorem, and ultimately, to a solution

to the parsing complexity problem for Categorial

Grammar.

1 Intro duction

Substructural logics are b ecoming increasingly

more imp ortant in computational linguistics as

a means of formalising linguistic phenomena and

their interaction. The substructural logic which

will b e of primary concern here is called the as-

sociative, product-free Lambek Calculus. Given a

set of basic categories, BasCat, we de�ne a cate-

gory system, Cat to be the smallest set containing

BasCat, fx=y j x; y 2Catg, and fxny j x; y 2Catg.

The associative, product-free Lambek Calculus over

a category system, Cat, is then de�ned by the fol-

lowing deductive schemata 1 :

a=b b

=e

a b anb

ne

a

u

b

. . .

. . .

a

=i u

a=b u

b

. . .

. . .

a

ni u

anb

1 I shall use the so-called Steedman notation in this pap er.

So a category sentnnp=np takes a category np on its right to

form a category sentnnp, which then takes a category np on

its left to form a category sent.

where a; b2Cat. The rules of this calculus are

sensitive to the order of the premises, and all of

the premises provided to a derivation must b e

consumed. So in the rule for =i u , for example,

the hyp othetical deduction, u, must be consumed,

and must b e the right-most deduction used in the

derivation of a.

A Lambek Categorial Grammar, consists of a set

of basic categories, BasCat, which will b e treated

as understo od in this paper, and a triple hW; f ; di,

where W is a set of words, f : W !P (Cat) is an ini-

tial assignment function, and d is the distinguished

basic category. Given an LCG, G, the language of

G, L(G), is the set of all strings of words, w 1 . . . w n ,

such that, in the associative, product-free Lamb ek

Calculus:

u 1

x 1 � � � u n

x n

. . .

d

where x i 2f (w i ), and d is the distinguished basic

category of G.

Why should computational linguists be con-

cerned with such a logic? Just as Curry and

Howard were able to associate proofs of prop osi-

tions with the assignment of types to ob jects in

the realm of logic and programming languages, so

Pereira and others have associated proofs of propo-

sitions with parses that assign grammatical types of

constituency, such as noun phrase (np) or sentence

(sent), to strings in natural language. This was, in

fact, one of the guiding principles b ehind the cre-

ation of Prolog, which was originally designed for

natural language processing [21]. To �nd whether

John likes Mary is a grammatical sentence in En-

glish in a natural-deduction style, we can try to �nd

a proof that the sentence is in L(G), where G is the

putative LCG for English, with a distinguished cat-

egory, sent, corresp onding to sentence-ho od:

u 1

np u 2

sentnnp=np u 3

np

=e

sentnnp

ne

sent

This deduction is parametric in deductions, u 1 , u 2 ,

and u 3 , for the categories of John, likes, and Mary,

respectively. In other words, given any deductions

of these categories for u 1 , u 2 , and u 3 , this provides

a deduction of sent. Notice that the parametric deductions are for categories like np, not words like

John. Thus this pro of is valid given any np in that

p osition, whether it is John, The boy, or The tal l,

wel l-groomed gentleman with the umbrel la.

Historically, the category assignment of an LCG

has only had to weakly correspond to linguistic sen-

timents about such constituent types | as long

as the same strings are assigned the category sent

as the ones a linguist b elieves to be grammatical

sentences, it did not matter what categories var-

ious substrings were said to have. This led to

LCG’s which massively overgenerated strings, when

compared to the natural languages they were in-

tended to model. More recently, some linguists

have augmented this classical calculus with vari-

ous modalities to represent some of the more com-

plex linguistic processes in a more constrained fash-

ion [4, 11, 17, 18].

On the more formal side of computational lin-

guistics, the weak equivalence of LCG’s and CFG’s

has now b een properly established [7, 19], renewing

concern about e�cient parsing algorithms for the

Lambek calculus and about the theoretical com-

plexity of parsing for it and related substructural

logics [1, 14, 15]. Only recently, moreover, the

rami�cations of the Curry-Howard isomorphism for

LCG’s and linear logic have become clear, relating

Categorial Grammar proof ob jects, for example, to

a fragment of the simply typed lambda calculus.

Both of these p erspectives represent the growing

need for a programming language that can easily

represent and manipulate pro of ob jects in these cal-

culi, including higher-order ob jects (which Prolog

cannot do). Elf excels at just this sort of manipula-

tion; but its structural rules grant it an inferential

capacity that is too powerful to express deductions

in these calculi straightforwardly as deductions in

the meta-language. For example, if we want to �nd

a derivation of the sentence, John is eating the broc-

coli, we do not want a derivation of The broccoli is

eating John (by exchange), or of John is eating (by

weakening). One could use a logic programming

language based on linear logic, such as LOLLI [13],

to avoid weakening 2 ,but exchange would still be a

problem, and it would not b e possible to represent

higher-order proof ob jects as elegantly in LOLLI

2 Hodas & Miller [13], for example, uses linear logic in

a DCG for gapping constructions to handle sub ject-ob ject

assymetries and the constraint that gaps, once introduced,

must b e used.

as in Elf. There is a system under development,

LLF [6], a logical framework based on linear logic,

which would allow the same elegance of represen-

tation, but also enforce the proper consumption of

resources at the same time. The representation and

proof presented in this paper might possibly be im-

proved using LLF, once it is released.

This pap er will present a natural way to ex-

press deductions of a substructural logic, in par-

ticular the classical associative Lambek Calculus,

in the LF formalism, by means of generalizing the

data structure used in chart-parsing, a technique

for e�ciently parsing with ambiguous CFG’s. This

method will then b e used in a formal representation

of one direction of the proof of weak equivalence b e-

tween CFG’s, and LCG’s, which provides a way to

transform derivations in a CFG to derivations in its

induced LCG, and vice versa. In this paper, I will

simply provide the Elf co de for the LF types and

ob jects that are de�ned.

It should b e emphasized, however, that while

the representation b eing used draws its inspiration

from a data structure used in parsing, and while

the implementation of the aforementioned theorem

can transform proof ob jects that would be typical

outputs of a parser, the present work do es not in-

clude the implementation of a parsing strategy. In

fact, it remains an open question whether deriva-

tions in the classical associative Lambek Calculus

can b e found in p olynomial time with respect to

the length of the derived string.

2 Chart-Parsing

Chart-parsing refers to a collection of parsing

strategies that employ memoization to trim the

complexity of parsing with ambiguous CFG’s [8],

although I will not be concerned with complex-

ity issues here. For every string of length n that

is parsed, a graph, or chart, is constructed with

n + 1 nodes, usually numbered from 0 to n, and

represented in a line. Every pair of adjacent no des

(m � 1; m) is connected with an edge lab elled by

the mth terminal of the string. In general, an edge

in the chart is lab elled with either a terminal or

non-terminal from the CFG in question; and an

edge spanning from node m 0 to m 1 with lab el X

means that the substring consisting of the m 0 + 1st

through the m 1 th terminals can be rewritten from non-terminal or terminal X . The chart is �lled with

edges, using the rules of the CFG, by one of a num-

b er of control strategies that have b een proposed;

and the string can be said to b e recognized by the

CFG if there is an edge that spans from node 0 to

node n (a spanning edge) whose lab el is the distin-

guished non-terminal of the grammar (Figure 1).

q q q q

- - -

0 1 2 3

John likes Mary np v np ?

vp

?

sent

Figure 1. CFG Chart for John likes Mary

Each edge with a non-terminal lab el, which, thus,

corresponds to the left-hand-side of a CFG rule ap-

plication, can also be lab elled with pointers to the

edges corresponding to the elements of the right-

hand-side of that CFG rule. Then, once the chart

is �lled, a parse tree (or an equivalent sequence of

rewritings) can b e reconstructed from every distin-

guished spanning edge.

3 Representing LCG deductions

A similar representation can be given for LCG de-

ductions. If it were not for the introduction rules,

=i and ni, we could use exactly the same represen-

tation. For every lexical item, w i , an edge between

two adjacent nodes could be assigned, lab elled with

one of the categories from f (w i ). Deductions result-

ing from an elimination rule would b e represented

by an edge spanning its adjacent edge premises. In-

troduction rules, however, have deductions as their

premises which use hypothetical deductions. These

hypothetical deductions cannot be represented as

normal edges on the same chart like other deduc-

tions. From the standp oint of a parsing representa-

tion, there would b e nothing to prevent the parser

from using a deduction with the same nodes and

category rather than the hyp othetical one, or vice

versa. In CFG chart parsing, if one identically-

lab elled edge is used rather than another, there

is no di�erence. But edges corresp onding to hy-

p othetical deductions can only be used to form

other edges in the scope in which they are de�ned,

whereas their identical counterparts could have a

di�erent scope. What is required, therefore, is a

level of abstraction that allows the chart, rather than the representational ob jects, to manage the

scope.

Various modi�cations of chart-parsing have been

proposed for LCG’s. Koenig [16] augments the tra-

ditional chart-parser with meta-rules that \spawn"

an entirely new chart for every application of an

introduction rule. Hepple [12] proposed incor-

p orating these many charts into a single \multi-

dimensional chart" where each lexically motivated

edge and each hypothetical edge governs a \prim-

itive interval" which is related to other primitive

intervals by a partial ordering (as opposed to the

intervals of no de pairs on a CFG chart, which are

totally ordered). Edges resulting from elimination

govern the union of their premises’ intervals. Edges

resulting from introduction govern the interval of

their premise, minus the primitive interval of their

hypothetical deduction. These orderings can then

b e used to eliminate scoping problems, since edges

that were not supp osed to use the primitive inter-

val for hypothetical deductions will never be able

to produce edges that span all and only the lexical

primitive intervals.

The representation used here is essentially that

same multi-dimensional chart, only edges are still

referred to by a pair of nodes, as in CFG parsing,

not by orderings of primitive intervals. This has the

advantage that every edge, no matter how many

\intervals" it spans, can b e represented by three

pieces of data: a left node, a right node, and a cat-

egory. This representation will also b e faithful to

the multi-dimensional nature of the chart by repre-

senting hyp othetical deductions as edges which are

parametric in one of their nodes.

Let us consider, as an example, the represen-

tation of a deduction for the sentence, John likes

Mary (Figure 2):

q q q q

- - -

0 1 2 3

John likes Mary np sentnnp=np np q n

� � � � � 3

np

-

sentnnp

@ @ R sent

?

sent=np

?

sent

Figure 2. LCG Chart for John likes Mary

The node, n, which is drawn ab ove the base-

line where the others app ear is a hypothetical

node, and the edge which connects it, a hypo-

thetical deduction, representing the np necessary to apply a sentnnp=np category to its inner ar-

gument b efore its outer one. For this sentence,

this is not necessary, of course; but if the sen-

tence were John likes and Bil l hates Mary, then

it would be necessary in order to conjoin John likes

and Bil l hates (where and would b e of category,

(sent=np)n(sent=np)=(sent=np)).

Notice that one can simply use a hypothetical

node as a left no de or a right node without worry-

ing about overlapping sequences of intervals, as in

Hepple’s formulation, b ecause, in Lambek Catego-

rial Grammar, hypothetical deductions are always

the right-most or left-most deductions in the scop e

in which they are de�ned; and, as a result, the hy-

p othetical node will be either the left or right no de

of the premise to an introduction rule. Notice also

that the use of numb ered no des prevents exchange

or weakening, since elimination can only combine

two edges where the left node of one is less than

the right node of the other, and which agree on a

third, intermediate no de.

From the standpoint of representing these deduc-

tions in Elf, parametric deductions, such as the ones

in the premises of the introduction rules, will, of

course, b e represented by higher-order ob jects. The

variable over which those ob jects are abstracted

represents the hyp othetical deduction of an intro-

duction rule. I will also want to use beta-reduction

in the meta-language to apply these higher-order

ob jects to other proof ob jects to obtain the repre-

sentations of new proofs (the signi�cance of which

will be explained b elow). But the argument ob-

jects with which these variables must unify could

represent edges of any category, and spanning any

number of nodes. For this reason, representations

of hypothetical deductions must be parametric in

their category and in one of their nodes as well (the

left node for ni, and the right node for /i).

An LCG deduction in LF uses the aforemen-

tioned three pieces of information, just like an edge

in a parsing chart:

ded: nat -> nat -> syn -> type.

where nat is the declared typ e for natural numbers,

and syn is the declared type for a category system.

The associative, product-free Lambek Calculus

is represented by only functional proof ob jects, i.e.

there are no axioms. Instead, a derivation of a

string of words for an arbitrary LCG is represented by a deduction parametric in the categories of those

words. Since we are using LF, those parametric de-

ductions can be represented as parametric deduc-

tions in the meta-language. The representational

ob jects provided here, however, do not represent

those deductions as higher-order ob jects, but as-

sume that the variables corresponding to the hy-

p othetical deductions for the categories of words

occur in every context in which these ob jects will

b e evaluated. One can also de�ne an additional

layer of representation in which the LCG deriva-

tion judgement is generalized over the LCG being

used; and at this level, the categories for the words

of a string, and the ordering of their baseline no des

can b e introduced as hyp othetical deductions in a

manner similar to the hypothetical deductions of

introduction rules.

The ob jects for the introduction rules, as stated

above, will apply to ob jects that prove the category

B, given a hypothetical deduction of an introduced

category, A, to produce a deduction of BnA or B/A.

They must also apply, however, to an ob ject rep-

resenting a proof that a natural number L is less

than some R. Similarly, the ob jects for elimination

rules must apply to ob jects that prove that a num-

b er M occurs strictly b etween two numbers L and

R. The ob jects for /i and ni must also introduce a

hypothetical deduction of a now rather unnatural

natural numb er, n, along with a less-than deduc-

tion to link n to the regular nodes on the baseline

of an LCG chart. In Elf, this is represented as:

/e: ded L R A

<- between L R M

<- ded L M (A / B)

<- ded M R B.

\e: ded L R A

<- between L R M

<- ded L M B

<- ded M R (A \ B).

/i: ded L R (B / A)

<- less L R

<- ({n:nat} less R n -> ded R n A

-> ded L n B).

\i: ded L R (B \ A)

<- less L R

<- ({n:nat} less n L -> ded n L A

-> ded n R B).

This representation is adequate for deductions in

the associative, product-free Lamb ek calculus:

Theorem 1 (Adequacy of Representation) Given

categories, X; X 1 ; . . . ; X n , there is a compositional

bijection, p�q, between proofs of:

u 1

X 1 � � � u n

X n

D

X

and objects D = pD q, such that:

� ‘ ND + D +ded m 0 m n pX q

where:

� = m 0 : nat; . . . ; m n : nat; l 1 : less m 0 m 1 ; . . . ;

l n : less m n�1 m n ; u +

1 : ded m 0 m 1 pX 1 q; . . . ;

u + n : ded m n�1 m n pX n q

The bijection, p�q, is compositional in the sense that,

for proofs in such contexts, �, and � 0 :

u 1

X 1 � � � u n

X n

D

X and u 0 1

X 0 1 � � � u 0 j

X 0 j

D 0

X i

p[D 0 =u i ]Dq = [l 0 =l i ][pD 0 q=u +

i ][m 0 j =m i ][m 0 0 =m i�1 ]pDq,

where m 0 0 and m 0 j are in � 0 , and l 0 : less m 0 0 m 0 j is

constructed from the less objects in � 0 .

A similar deduction, edge, can be de�ned to

build an adequate representation of CFG rewrit-

ings from a terminal or non-terminal symb ol. One

ob ject, for example, is:

rule_app_unit: edge L R (n N)

<- less L R

<- rule N T nil

<- edge L R (t T).

This ob ject corresponds to a rewriting step that

uses a unit rule, N!T, for non-terminal N, and ter-

minal T.

4 Right-Atomicity

Before proceeding to the main equivalence theorem

of this pap er, it is necessary to make a few more

useful de�nitions. The �rst set makes statements

about the structure of categories; and the second,

about the structure of deductions in the Lamb ek

Calculus.

A category, C , is said to b e right-atomic if either:

1. C is basic (sometimes called atomic), or

2. C = B =A, where A is atomic, and B is right-

atomic.

If C is right-atomic by virtue of the second condi-

tion, C is said to be strictly right-atomic.

In Steedman notation, C is atomic if it has no

slashes, and right-atomic if it only has forward

slashes separating atomic arguments (since A=B =C

represents (A=B )=C , not A=(B =C )). The head of a

right-atomic category, in Steedman notation, is the

left-most atomic category (such as A in A=B =C ).

The head category is the category that a non-basic

category pro duces once it has combined with all of

its argument categories.

5 Normal Form for Lamb ek Cal-

culus Deductions

In Figure 2, an introduction rule was used for the

sake of illustration, although the derivation could

have been constructed entirely from applications of

elimination rules. In fact, there are an in�nite num-

b er of derivations for every string which has at least

one derivation in the Lambek Calculus, obtained

by using sup er uous instances of =i on the functor

(left) side of /e, and of ni on the functor (right)

side of ne, which \introduce" slashes that are al-

ready present.

Given the following normalization scheme (from

Carpenter [5]):

u 1 � � � u k u n+1

B

D 1

A

=i u n+1

A=B u k+1 � � � u n

D 2

B

=e

A

;

u 1 � � � u n

[D 2 =u n+1 ]D 1

A

and its counterpart for the n-rules, a proof, D , in

the Lamb ek Calculus, is said to b e normal, if no

sub derivation of D matches the left-hand side of

either normalization scheme. A normal proof has

the property that it uses introduction rules only

where necessary.

A proof ob ject for the judgement, \D is normal,"

can b e constructed in several ways, dep ending on

the last step of the proof of D. First, if the last

step of the proof of D is /e (resp. ne), then we

must make sure that the last step of the proof of

the left (resp. right) premise is not /i (resp. ni),

and that the proofs of b oth premises are normal

(since \normal" is a property that applies to all

sub derivations):

normal: ded L R B -> type.

norm_/e: normal (/e D2 D1 _)

<- non-/i D1

<- normal D1

<- normal D2.

norm_\e: normal (\e D2 D1 _)

<- non-\i D2

<- normal D1

<- normal D2.

In the signature, anonymous variables are used for

unimp ortant ob jects that can be reconstructed by

Elf. The typ es non-/i and non-ni correspond to

judgements that the last step of a deduction is not

/i or ni, respectively.

If the last step of the proof of D is an introduc-

tion rule, on the other hand, then the proof of D it-

self cannot match either normalisation scheme, but

we must still check the sub derivations. To do this,

we must introduce parameters for the hyp otheti-

cal node and deduction that its premise requires.

Since this hyp othetical deduction is also considered

a sub-derivation, it must have hyp othetical proofs

that its last step is not /i, or ni, and that it is a

normal sub derivation:

norm_/i: normal (/i D _)

<- ({n:nat} {l:less R n} {i:ded R n _}

non-/i i -> non-\i i -> normal i

-> normal (D n l i)).

norm_\i: normal (\i D _)

<- ({n:nat} {l:less n L} {i:ded n L _}

non-/i i -> non-\i i -> normal i

-> normal (D n l i)).

Notice that, since the deduction of the premise is

represented as a higher-order ob ject at the meta-

level, we can obtain the sub derivation to b e proven

normal, (D n l i), by b eta-reduction at the meta-

level. Since LCG derivations are represented by

parametric deductions in LF, the theorems proven

in the next section will also require such hyp otheti-

cal proofs for the hyp othetical deductions of deriva-

tions. In this way, we can assume that both the

parameters, and the cases of proofs that apply to

them, are provided by the context in which a proof

(or parse) ob ject is constructed, rather than carry

around explicitly abstracted ob jects with b ound

variables.

It is also possible to de�ne a judgement that

proves that every deduction is equivalent to a nor-

mal deduction. Since the parametric deductions of

premises to introduction rules are represented as

higher-order ob jects in the meta-level, this normal-

ization can b e achieved simply by beta-reduction

at the meta-level, i.e. having matched the left-hand

side of a normalization schema, the normalization

can b e achieved by making the proof substitution,

[D 2 =u n+1 ], indicated on the right-hand side, using

b eta-reduction.

The equivalence proof of the next section will also

exploit a quality that normal proofs of right-atomic

categories have, namely that they only use the

/e rule and hyp othetical deductions. This judge-

ment we call only /e. For the sake of brevity, the

signatures for the normal form theorem, only /e,

non-/i and non-ni are not given in this abstract.

6 One Direction of the Weak

Equivalence Theorem

Theorem 2 For any set of strings, S, there exists

a CFG, G, such that L(G) = S if and only if there

exists an LCG, L, such that L(L) = S.

The proof presented in this paper will prove the

\only if " direction only.

The weak equivalence of Ajdukiewicz Categorial

Grammar (ACG, basically, LCG without the intro-

duction rules) to CFG’s was �rst proven by Gaif-

man, and later, more elegantly, by Shamir [2], and

even later, even more elegantly by Gladkij [9]. The

\only if " direction of Shamir’s proof showed how

to reduce a Chomsky Normal Form CFG to a kind

of ACG, called a Restricted Categorial Grammar

(RCG) which restricted the forms of categories it

could assign in its initial assignment function.

The \only if " direction of the present theorem

was �rst proven by Cohen [7], by inducing an LCG from an RCG, and demonstrating its equivalence

by a series of very unintuitive cases, made all the

more unreadable by its reference to a few key lem-

mata from the context of another pro of which was

later found to be mistaken. Buszkowski [3], later

presented a much cleaner proof by introducing the

notion of order to categories (based on the depth of

occurence of slashes), and proving the weak equiv-

alence of LCG’s and ACG’s when only �rst-order

categories are used. Since Gladkij’s proof trans-

forms a Chomsky Normal Form CFG into an ACG

with �rst-order categories, this also established the

result.

The present proof does not utilize Gaifman’s the-

orem at all, but instead constructs an LCG directly

from a Greibach Normal Form CFG (i.e. one in

which every rule is of the form N 0 !T N 1 . . .N q ,

for T a terminal, and N i , non-terminals) which

uses only right-atomic categories, a stronger restric-

tion than to �rst-order categories, which allow n.

In fact, this proof can very easily be adapted to

prove Gaifman’s theorem in a much cleaner fash-

ion than even Gladkij’s proof. This proof also uses

the natural-deduction formulation of the Lamb ek

Calculus, whereas all previous proofs have used

the sequent formulation 3 . Without the b ene�t of

a framework such as the LF formalism, and the

implementation of it in which one may prototyp e

such proofs, it was very di�cult to conceive of any

natural-deduction style proof, let alone one this el-

egant. The present proof owes b oth its existence

and its correctness to Elf.

Given a CFG, G = hT ; N ; s; Ri, we de�ne

the induced Lamb ek Grammar of G to be � G =

hT ; � R; si, where, for every t 2 T , � R(t) =

fN=N q = . . . =N 1 jN ! tN 1 . . . N q 2 Rg. This LCG

operates over a category system generated from the

set of basic categories, N , the set of non-terminals.

Now it remains to show that L(G) = L( � G), which

follows from two more general theorems.

Theorem 3 Given a CFG, G, symbols X,X 1 ,. . .,

X n , category B, and non-terminals N 1 ; . . . ; N q , if

X ) � G X 1 . . . X n , then if B = � X, an induced cate-

3 The present pro of can also be conducted in the sequent

formulation [20].

gory of X , then there exist � X 1 ; . . . ; � X n such that:

u 1 � X 1 � � � u n � X n

D

� X

Proof: The inclusion, L(G ) � L( � G ), directly fol-

lows from this theorem. In this abstract, I will

present only a few cases, along with their imple-

mentations. The proof is by induction on the

length of the rewriting, k. This judgement must

b e implemented by a type that is dep endent on

the CFG derivation and LCG derivation given in

the theorem, and also on a third argument, called

symbol induce here, that ensures the correct cor-

respondence of ob jects to actual proof cases: a

would-b e proof ob ject in which B is not the cat-

egory corresponding to symbol X in the induced

LCG would not correspond to a case of the proof of

this theorem, which relates derivations of symb ols

to proofs of their induced categories only. While

this is trivial for non-terminals, which correspond

to themselves, a terminal in G corresponds to one

of any number of non-atomic categories, as given

by the assignment function, � R. Thus, to prove this

theorem, it su�ces to provide higher-order ob jects

that guarantee, given any �rst argument e:edge N

M X, that a well-typ ed ob ject, p:e=> e SymInd D

exists. This is implemented as:

e=>: edge N M X -> symbol_induce X B

-> ded N M B -> type.

Case 1: k = 0 Then X 1 = X , so

D = u 1 � X

In the representation of this proof, just as b efore,

parametric deductions are represented as paramet-

ric deductions in the meta-language by represent-

ing the hypothetical deductions of the categories of

words in the given string as variables in the con-

text. As a result, this case of the proof is also rep-

resented in the context. A variable for this case

of the theorem must occur in a context which con-

tains the variable to which this case applies, plus

variables for the other arguments on which it de-

p ends. Thus, at the additional layer of represen-

tation mentioned above, in which deductions are generalized over the grammar and the given string,

we must introduce four variables into the context

for each word: a hypothetical deduction of its CFG

symbol, e:edge N (s N) T (where s is the succes-

sor function for natural numb ers), a hypothetical

deduction of its induced LCG category, d:ded N

(s N) B, a hyp othetical deduction that its symb ol

induces its category, i:symbol induce T B, and a

hypothetical deduction of this theorem’s proof for

this case, p:e=> e i d, where N is the position of

the word in the string (i.e. the numb er of the no de

to the edge’s left).

Case 2: k > 0 So X is a nonterminal and X ) G

T N 1 . . . N q ) � G X 1 . . . X n . There are two sub-

cases here:

Case 2.1: q = 0 By the inductive hypothesis, if B is

an induced category of T , then its deduction ex-

ists; but the induced category of X is an induced

category of T since the rule X ! T 2 R.

The inductive step can be represented by a re-

cursive call. We also need an ob ject, which will

b e called sym t, that can create an ob ject of typ e

symbol induce X B, given the context-free rule, R,

used in the �rst step of the CFG derivation. R, thus,

uniquely determines the appropriate type instance

of the corresponding LCG derivation.

e=>_app_unit: e=> (rule_app_unit ET R _)

_ DT

<- e=> ET (sym_t R) DT.

Since the recursive call is on the derivation, ET,

from a terminal category, it must be satis�ed by one

of the hyp othetical cases from Case 1 that exists in

the context. This call thus links information about

rule application, which is distributed throughout a

CFG rewriting (or parse tree), to information about

category assignment in an LCG deduction, which

is lo cated entirely in the hypothetical deductions

(speci�cally, it determines which catgory is hypoth-

esized for each word, since a word can be assigned

more than one category). This di�erence in the

distribution of phrase structure information is vi-

tal to understanding the di�erence b etween CFG’s

and LCG’s; and b ecause we represent the induced

category of the deduction at the level of the proof

(using the intermediate symbol induce argument),

this proof representation is operationally capable of transforming a derivation in a CFG to a deduction

in an LCG, in spite of this di�erence. Lo oking at

the di�erence in this way may also lead to a better

understanding of some of the open parsing ques-

tions in the Categorial Grammar domain. 2

For the opposite inclusion, three lemmata are re-

quired, and the fact that every deduction in the

Lambek Calculus has a normal form deduction will

b e used. It should be understo od, when I mention

a normal parametric deduction, that the normal

proof for that deduction dep ends on hypothetical

normal proofs for its parameters.

Again, I assume that the contexts in which proofs

of these lemmata are evaluated have variables cor-

responding to the hypothetical CFG and LCG

derivations for each word in the given string, and

also variables for the corresponding cases of the

proofs themselves, thus making b oth the deriva-

tions, and the proofs of these lemmata, parametric

deductions. These hyp othetical cases are, there-

fore, omitted, since their proofs are simply those

variables.

Lemma 4 In the Lambek Calculus, a normal para-

metric deduction whose parametric categories are

al l right-atomic, and whose last step is not /i or

ni consists only of applications of /e, and proves a

right-atomic category as its conclusion.

Proof: The proof is by structural induction. This

judgement must be represented by a type that de-

p ends on the deduction at hand, D, one ob ject for

each of the three conditions stated, and one ob ject

each to prove that both conclusions hold. Op era-

tionally, the �rst four parameters of lemma4 can b e

regarded as \input," and the last two, as \output:"

lemma4: {D: ded L R B} normal D -> non-\i D

-> non-/i D -> only_/e D

-> right_atomic B -> type.

Case 2: last step is /e The last step of the deduc-

tion of the functor (right) category is not /i or ni;

so by the inductive hypothesis, the deduction of

the functor category, some A=B , consists only of

/e applications and A=B is right-atomic.

By the de�nition of right-atomicity, B is atomic,

so the last step of the deduction of the argument

(right) category cannot b e /i or ni, since they de-

rive slashed categories. So by the inductive hy-

pothesis, this deduction also consists of only /e

applications. Since, in this case, the last step is

/e, we have the �rst conclusion.

Also by de�nition of the right-atomicity of A=B ,

we know that A is right-atomic. This gives us the

second conclusion.

Because of the restrictions imp osed in the lemma,

this is the only (non-hypothesized) case that has a

well-typed ob ject, and consists simply of an appli-

cation of the inductive hyp othesis to each branch

of the deduction. Again, the inductive steps corre-

spond to recursive calls. The typ e of the resulting

ob ject is assembled from parameters of the typ es

for the inductive steps, using functor ob jects for

the judgements that have been introduced:

l4_/e: lemma4 (/e D2 D1 _)

(norm_/e N2 N1 NF1) _ _

(oe OE2 OE1) RightAtomic

<- lemma4 D1 N1 (n\i_/ Cat/) NF1 OE1

(strict Atomic2 RightAtomic Cat/)

<- lemma4 D2 N2 (n\i_at Atomic2)

(n/i_at Atomic2) OE2

(atomic Atomic2).

oe is a functor that constructs only /e ob jects

for a derivation from only /e ob jects for its sub-

structures. strict is a functor that constructs a

right atomic proof for a strictly right-atomic cate-

gory according to the de�nition. atomic constructs

a right atomic proof for an atomic category from

a proof that the category is indeed atomic. The

ob ject, Cat/, represents a proof that the category

derived by the subdeduction, D1 (namely, the left

premise of the /e rule) is a forward-slashed cate-

gory, which nni / uses to argue that the last step

of D1 could not have been ni. nni at uses the

proof, Atomic2, that the resultant category of D2 is

atomic, in the same way. Notice how the \output"

right-atomicity proof from the �rst inductive step contains the right-atomicity proof that we need,

and that the \output" only /e proof is built out

of the two only /e proofs from the inductive steps.

2

Lemma 5 Given symbols, X; X 1 ; . . . ; X n , and one

induced category for each of them, such that

� X 1 ; . . . ; � X n are right-atomic, and � X is atomic, and

given non-terminal symbols Z 1 ; . . . ; Z k for some

k � 0, and a derivation:

u 1 � X 1 � � � u n � X n

D

� X=Z k = . . . =Z 1

such that D is normal and consists only of /e ap-

plications, then X ) � G X 1 . . . X n Z 1 . . . Z k .

Proof: The proof is by structural induction.

Again, to represent this judgement, we need a typ e

that is dep endent on the derivations given in the

theorem, along with ob jects for each of the restric-

tions and an ob ject for the conclusion. Here, how-

ever, since we are building a CFG rewriting that b e-

gins with X from an LCG deduction that derives

a category whose head is X , we need a head of

judgement to ensure the proper correspondence of

proofs to ob jects (just as we used a symbol induce

ob ject in Theorem 3):

lemma5: {D:ded L R B} normal D

-> right_atomic B -> only_/e D

-> head_of B H NList

-> edge_tail L R H NList -> type.

head of represents a judgement that a category

H is the head of another category B, with ar-

guments in the list of categories, NList. The

typ e edge tail represents the judgement that non-

terminal N rewrites to some string ending in the

sequence of non-terminals represented by the list

NList. Ob jects of this typ e represent the rewrit-

ings we obtain as the consequence of this lemma.

For the sake of brevity, the constructors of this typ e

and the individual cases of the proof are omitted

from this abstract. 2

Theorem 6 Given symbols, X; X 1 ; . . . ; X n , and

one induced category for each of them, such that

� X 1 ; . . . ; � X n are right-atomic, and � X is atomic, and a derivation: u 1 � X 1 � � � u n � X n

D

� X

such that D is normal, then X ) � G X 1 . . . X n .

Proof: The inclusion, L(G ) � L( � G ) directly fol-

lows from this theorem. This is straightforwardly

represented by the judgement:

e<=: {D: ded L R B} normal D -> atomic B

-> symbol_induce N B

-> edge L R (n N) -> type.

and straightforwardly proven as follows:

Since � X is atomic, the last step of D cannot be /i or

ni. So by Lemma 4, D consists only of /e applications.

Thus, by Lemma 5, X ) � G X 1 . . . X n .

We can use an ob ject of type lemma4 to obtain

an only /e pro of, OE, which can then be used as

input to lemma5. Since � X is atomic, well-typing

requires the last parameter of lemma5 to be of

typ e, edge tail L R N nil, thus yielding the ob-

ject et nil applied to the desired rewriting proof,

E: 2

e<=*: e<= D N Atomic _ E

<- lemma4 D N (n\i_at Atomic)

(n/i_at Atomic) OE (atomic Atomic)

<- lemma5 D N (atomic Atomic)

OE (ho_at Atomic) _ (et_nil E).

7 Conclusion

I have improved up on an idea from chart parsing

to create an adequate representation for Lamb ek

Categorial Grammar deductions in the LF formal-

ism. Using this, I have found an elegant new proof

of one direction of the weak-equivalence theorem

for LCG’s and CFG’s that uses natural deduction,

and by-passes the various auxiliary grammars and

theorems to which past proofs have had to resort.

Using LF, I have found a way to lo ok at CFG and

LCG derivations in terms of distribution of rule

information, which I b elieve will yield a cleaner

proof of the other direction of this equivalence,

and, eventually, an insight into the complexity of parsing with Categorial Grammars. A similar rep-

resentation can b e used to represent sequent-style

derivations in LCG, an equivalence proof between

the sequent and natural-deduction style calculi for

LCG’s, and a proof of the cut-elimination theorem

for LCG’s [20]. LF and Elf have proven to b e valu-

able tools for reasoning about higher-order ob jects

and proofs in this domain; and have proven to b e

capable of bearing fruit for research not only in

Categorial Grammar, but in substructural logics in

general, to which the representation given here can

easily b e adapted. The promise for applications

in this domain is even greater for LLF [6], a log-

ical framework and implementation based on lin-

ear logic, and demands investigation into creating

a sub-linear framework in which inferences would

b e sensitive to the order of variables in context.

References

[1] Aarts, E., 1995. Investigations in Logic, Lan-

guage and Computation. ILLC Dissertation Se-

ries 1995-19, Amsterdam.

[2] Bar-Hillel, Y., Gaifman, C., and Shamir, E.,

1960. On Categorial and Phrase Structure

Grammars. In The Bul letin of the Research

Council of Israel.

[3] Buszkowski, W., 1988. Generative Power of

Categorial Grammars. In Oehrle et al., eds.,

Categorial Grammars and Natural Language

Structures. D. Reidel, Dordrecht.

[4] Carpenter, B., 1995. A Type-Logical Account

of Plurality. In Proceedings of the First In-

ternational Conference on Formal Grammar,

Barcelona.

[5] Carpenter, B., 1996. Lectures on Type-Logical

Semantics. MIT Press, Cambridge.

[6] Cervesato, I., and Pfenning, F., 1995. A Linear

Logical Framework. Submitted to LICS-96.

[7] Cohen, J.M., 1967. The Equivalence of Two

Concepts of Categorial Grammar. Information

and Control.

[8] Gazdar, G., and Mellish, C.S., 1989. Natural

Language Processing in PROLOG: An Intro-

duction to Computational Linguistics. Addison-

Wesley, Wokingham.

[9] Gladkij, A.V., 1973. Formal Grammars and

Languages (in Russian). Izdat. \Nauka,"

Moscow.

[10] Harp er, R., Honsell, F., and Plotkin, G., 1993.

A Framework for De�ning Logics. Journal of

the Association for Computing Machinery.

[11] Hendriks, H., 1993. Studied Flexibility: Cat-

egories and Types in Syntax and Semantics.

ILLC Dissertation Series 1993-5, Amsterdam.

[12] Hepple, M., 1992. Chart Parsing Lamb ek

Grammars: Modal Extensions and Incremen-

tality. In Proceedings of COLING-92, Nantes.

[13] Ho das, J.S. and Miller, D., 1994. Logic Pro-

gramming in a Fragment of Intuitionistic Linear

Logic. Information and Computation.

[14] Kanovich, M.I., 1991. The Multiplicative Frag-

ment of Linear Logic is NP-Complete. ITLI Pre-

publication Series X-91-13, Amsterdam.

[15] Kanovich, M.I., 1991. The Horn Gragment of

Linear Logic is NP-Complete. ITLI Prepublica-

tion Series X-91-14, Amsterdam.

[16] Ko enig, E., 1990. The Complexity of Parsing

with Extended Categorial Grammars. In Pro-

ceedings of the 13th International Conference

on Computational Linguistics, Helsinki.

[17] Moortgat, M., 1991. Generalized Quanti�ca-

tion and Discontinuous Typ e Constructors. To

appear in Sijtsma and van Horck, eds., Proceed-

ings of the Tilburg Symposium on Discontinu-

ous Constituency. De Gruyter, Berlin.

[18] Morrill, G., 1994. Type-Logical Grammar.

Kluwer, Dordrecht.

[19] Pentus, M., 1992. Lambek Grammars are

Context-Free. Technical Rep ort, Dept. of Math-

ematical Logic, Moscow University.

[20] Penn, G., 1996. An LF Implementation of

Gentzen’s Theorem for Lamb ek Categorial

Grammar. Technical Rep ort, School for Com-

puter Science, Carnegie Mellon University.

[21] Pereira, F.C.N. and Shieb er, S.M., 1987. Pro-

log and Natural-Language Analysis. CSLI Lec-

ture Notes, Stanford.

[22] Pfenning, F., 1991. Logic Programming in the

LF Logical Framework. In Huet and Plotkin,

eds., Logical Frameworks. Cambridge Univer-

sity Press.