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Motivation
• Assumption: sensory systems are adapted to 

the statistical properties of their inputs

• Our ability to extract statistical regularities 
of natural images help us perform complex 
visual tasks 

• Building a better statistical model of natural 
images will help us improve algorithms for 
image processing



Sparse Coding Model
The sparse coding model
• Generative model [Olshausen, Field 96].:

- x = As + ε, where A ∈ Rn×m

- ε ∼ N (0, σ2
εIn)

- p(si) = 1
2e
−|si|. The sources are sparse.

- F =
{
p(x) =

∫
Rm p(x|A, s)q(s)ds : A ∈ Rm×n

}

• The models allows A to be overcomplete, i.e. m > n.

• x = As =
∑m

i=1 siϕi, where A = [ϕ1 . . . ϕm].

• Any signal can be represented as the combination of a small number
of features⇒ compact representation.
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image patch



Independent 
Component Analysis

• Find a linear transform such that the outputs 
are independent and have sparse 
distributions [Bell & Sejnowski 97]

Independent component analysis

• Second order statistics are not sufficient to obtain a good model of
natural images.

• Edges, contours are non-stationarities that cannot be coded
efficiently with a Fourier basis.

• ICA [Bell, Sejnowski 97]: find a linear transform W such that the
ouptuts are independent and have sparse distributions, i.e.

F =




p(x) = |W |
n∏

i=1

q(wT
i x) : W =




wT

1...
wT

n



 ∈ Rn×n






where q(y) =

{
1
2e
−|y| Laplacian distribution
1

π(1+y2) Cauchy distribution .
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Learned transform
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The learned filters resemble wavelets



Caveats of these models

• The independence assumption is violated for 
natural images

• The coefficients associated with quadrature 
pair or colinear Gabor filters are not 
independent

• The visual system probably makes use of 
these dependencies (e.g. for contour 
extraction)



Modeling the remaining 
dependencies

• Existing work

• Gaussian Scale Mixtures [Wainwright & Simoncelli 01]

• Density Components Models [Karklin & Lewicki 03]

• Markov Random Fields [Hinton et al. 05]

• Our Model:

•  extends K&L to overcomplete setting

•  draws a connection with Sparse Bayesian Learning 
[Tipping 01]



Hierarchical Sparse 
Bayesian Learning

Hierarchical sparse Bayesian learning
• We want to discover structure in the γ pattern.

• Statistical model:

- x = As + n, where n ∼ N (0, σ2).

- si ∼ N (0, γi) for every i.

- γi = ψ([Bv]i).

- d < m.

- d ≥ m and sparse prior on v.
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Choice of the nonlinearity
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Intuition for B

• Our goal is to model the joint dependencies 
of the basis functions 

Bv =

d
∑

i=1

vi







B1i

.

.

.

Bmi







density component

• The relative signs within a density component 
model the excitation and inhibition



Inference of v
• As in SBL, we use the EM algorithm

• Expectation Step

• Maximization Step

Inference of the hyperparameters

• We infere v using the EM algorithm, where the latent variable is u.
v̂ = arg max

v
p(v|x) = arg max

v
p(x|v)p(v)

• Expectation step
q(u|x, v(k)) ∼ N (µ, Σ)

where

{
Σ = (σ−2ATA + Γ−1)−1, Γ = diag(ψ([Bv(k)]1), . . . ,ψ([Bv(k)]m))

µ = σ−2ΣATx

• Maximization step
v(k+1) = arg max

v
Eu∼q[log p(x, u|v) + log p(v)]

= arg min
v

m∑

i=1

(
1

2
log ψ([Bv]i) +

Eu∼q[u2
i ]

2ψ([Bv]i)
− log p(vi)

)
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Temporary for keynote

v(k+1) = arg max
v

Es∼q[log p(x, s|v) + log p(v)]

= arg min
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2
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Learning of B

• MAP estimate

• Approximation of the objective function

Density components matrix learning

• ML estimate: B̂ = arg minB

∑N
i=1− log p(x(i)|B)− log p(B).

• Approximation of the objective function:

p(x|B) =

∫
p(x, s, v|B)dsdv

=

∫
p(x|s)p(s|v, B)p(v)dsdv

" p(x|ŝ)p(ŝ|v̂, B)p(v̂)

where v̂ = arg max p(v|x) and ŝ = E[s|x, v̂].

• B̂ = arg minB

∑N
i=1− log p(ŝ(i)|v̂(i), B) = arg minB J(B).

• Learning rule: Bnew = Bold − η∇J(B).
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Learning rule

• New objective function:
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∂J(B)

∂Bij

=
1

2
v̂j

ψ′([v]i)

ψ([Bv]i)

(

1 −

ŝi
2

ψ([Bv]i)

)

+
1

2
Bij



Results

• Settings:

• n = m = d = 144

• about 1000 iterations

• The matrix A was 
learned using ICA
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Learned density components

They are hard to visualize!
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Needle plot



Visualization w.r.t. spatial 
position of the basis functions



Visualization w.r.t. position 
in the Fourier domain



Sparsity of the coefficients
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Sparsity index distribution
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equations that I need

• equation 1
q(s | x, γ(k)) ∼ N (µ, Σ)

where

{
Σ = (σ−2ATA + Γ−1)−1, Γ = diag(γ(k)

1 , . . . , γ(k)
m )

µ = σ−2ΣATx

• equation 2
γ(k+1) = arg max

γ
Es∼q[log p(x, s|γ)]

• tu vas bien
γ(k+1)

i = Es∼q[s
2
i ]

• sparsity index √
m− ‖s‖1

‖s‖2√
m− 1
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Conclusion

• We were able to reproduce similar results 
as K&L in the overcomplete setting

• Future work

• results preliminary, still issues

• denoising results

• texture classification

• MRF model



MRF model

A

...

...

...

u1 u2 um

s1 s2 sm

x1 x2 xn

Binary MRF 

si | ui = 1 ∼ N (0, σ
2

i )

si | ui = 0 ∼ δ(si)
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Apply similar algorithm as in [Hinton et al. 05] 



Variance and mean for HSBL 
with learned B
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