CS 2429 Propositional Proof Complexity

ASSIGNMENT # 1

Due: October 18, 2002

1. Prove that NP equals coNP if and only if there exists a polynomially bounded propositional proof system. You can assume that SAT is NP-complete, but do not assume that UNSAT is coNP-complete.

2. Recall that a CNF formula is Horn if each clause contains at most one positive literal. Prove that any unsatisfiable Horn CNF formula has a polynomial-size Resolution refutation. Hint: Notice that if every clause has size at least two, then the formula is satisfiable by the all zero assignment. Construct a specific DPLL tree for an unsatisfiable Horn formula using this hint, and prove that the size of the DPLL tree produced is linear in the number of underlying variables.

3. The Tseitin tautologies, T S_n on the complete graph with n vertices are as follows. The underlying variables are e_{i,j} for all i, j ≤ n, i ≠ j. Note that the variable e_{i,j} has unordered subscripts– that is, it is the same variable as e_{j,i}. Corresponding to each vertex i is a set of clauses that states that the sum of the variables e_{i,j}, j ≤ n, is odd. Note that whenever n is odd, this set of clauses is unsatisfiable since we have n equations, each expressing that the mod 2 sum of a group of variables is odd, and such that each variable occurs exactly twice in the n equations. We express T S_n in CNF form as follows. For each i ≤ n, there are 2^{n−2} clauses of the form ∨_{j≠i}e^{bj}_{i,j} where e^0_{i,j} = e_{i,j} and e^1_{i,j} = ¬e_{i,j} and b_1 + . . . + b_n = 0 mod 2. Note that the number of variables is O(n^2) and the size of T S_n is O(n2^n).

For example, for n = 3, we have variables e_{1,2}, e_{1,3}, e_{2,3} and the clauses are as follows: (e_{1,2} ∨e_{1,3})(¬e_{1,2} ∨¬e_{1,3})(e_{2,3} ∨e_{2,1})(¬e_{2,3} ∨¬e_{2,1})(e_{1,3} ∨e_{1,2})(¬e_{1,3} ∨¬e_{1,2})

• Call a clause ϵ-wide if it contains ϵn^2 variables. Prove that there exists an ϵ such that for sufficiently large odd n, any Resolution refutation of T S_n has an ϵ-wide clause.

• Prove using the your wide clause lemma, and the size-width theorem for Resolution, a lower bound of the form 2^{δn2} , which is quasipolynomial in the size of T S_n.