int indexOfLargest(Comparable[] theArray, int size);

// pre: 0 £ size £ theArray.length, theArray is non-null and every

// element of the array is non-null

// post: returns result such that 0 £ result £ size-1 and

// theArray[i] <= theArray[result] for all i such that 0 £ i £ size-1

void selectionSort(Comparable[] theArray, int n) {

// pre: 0 £ n £ theArray.length, theArray is non-null and every

// element of the array is non-null

// post: values in theArray[0..n-1] are in ascending order

for ( int last = n-1; // initialization

// for-inv: -1 £ last £ n-1 < theArray.length and

// theArray and all of its elements are non-null

// theArray[i] £ theArray[i+1] " last+1 £ i £ n-2 and

// theArray[i] £ theArray[j] " 0 £ i £ last, last+1 £ j £ n-1

last >= 1; last-- /* body */) {

int largest = indexOfLargest(theArray, last+1);

// found-largest: 1 £ last £ n-1 < theArray.length and

// theArray and all of its elements are non-null

// theArray[i] £ theArray[i+1] " last+1 £ i £ n-2 and

// theArray[i] £ theArray[j] " 0 £ i £ last, last+1 £ j £ n-1 and

// theArray[i] £ theArray[largest] where 0 £ largest £ last and

// " 0 £ i £ last,

Comparable temp = theArray[largest]; // body

theArray[largest] = theArray[last]; // body

theArray[last] = temp; // body

}

// term: theArray[i] £ theArray[i+1] " 0 £ i £ n-2

}

The for-loop invar iant, in English, essentially states that the portion ofthe arrayfrom index last+1

to index n-1 is in ascending order, and that ever yelement in the sorted portion is greater than (or

equal) to ever yelement fromthe unsorted portion. Pictorially, the arraylookslike:

0 n - 1 last

theArray

unsorted

sorted

Note that it also true that the portion ofthe array starting atindex last throughto n-1 is in sorted

order. We could adjustthe assertions to reflectthis butit does notgain usa nything in the proof of

correctness largely because we do not know anyrelat ionship between the object at index last and

the elements to the left ofthis object.

We now complete the steps ofa formal ver ificat ion that selectionSort is correct under the

assumpt ion that indexOflargest is correct.

1. precondition &initialization Þ for-inv

Fromthe precondit ion we know that 0 £ n £ theArray.length. Fromthe initialization we know that last = n-1. Together, this tells us that -1 £ last £ n-1 < theArray.length.

last = n-1 also implies that the remainder ofthe for loop invar iant is vacuously true. That is, since there is no known sorted section, we can say any thing we want about this nonexistent subarray. S ince theArray doesnot change,it and allits elements arestill non-null when we fir st encounter the for loop.

\ precondition & ini tializ a tion Þ for-inv

2. for-inv &loop entry Þ indexOfLargest precondition indexOfLargest is called with size = last + 1 . Therefore, the loop invar iant tells usboth that theArray and all its elements are non-null, and that 0 £ size £ theArray.length . That is, the precondit ion of indexOfLargest is true. We should also note that 1 £ last since we have entered the loop.

\ for-inv & loop entry Þ indexOfLargest precondit io n

3. indexOfLargest postcondition Þ found-largest largest is assigned the result of indexOfLargest and we still have that size = last + 1.

So direct subs titutioninto thepostcondition of indexOflargest gives us that 0 £ largest £ last and theArray[i] <= theArray[largest] for all i such that 0 £ i £ last. The postcondit ion implies that indexOfLargest does not change the elements of theArray . The method cannot change last or theArray itself. This implies that the remainder ofthe found - largest assertion must be true.

\ indexOfLargest postcondit ion Þ found- largest

4. found-largest + body Þ for-inv

S ince the bodyofthe loop does not alter the element s of theArray or theArray itself, we know that -1 £ last £ n-1 < theArray.length and theArray and all ofits elements are non- null.

From found-largest we also know that 1 £ last before £ n-1 and theArray[i] £ theArray[i+1] " last before +1 £ i £ n-2 and theArray[i] £ theArray[j] " 0 £ i £ last before and last before +1 £ j £ n-1 and theArray[i] £ theArray[largest] " 0 £ i £ last before and 0 £ largest £ last before

The bodyswaps theArray[last before ] with theArray[largest] and sets last after = last before ˘ 1. So 1 £ last before £ n-1 imp lies -1 £ last after £ n-2.

Therefore

0 n - 1 last

before

theArray

unsorted sorted largest

x y

is transfor med into

0 n - 1 last

before

theArray

unsorted sorted largest

last

after x y

The element we have swapped to the front ofthe sorted partmustbe smaller than or equal to all

elements in the sorted part, otherwiseit wouldhave been picked e a rlier. Simila rly, we already

know it was the largest element in the unsorted part,so all elements inthe unsorted part must

be less than or equalto it, so

theArray[i] £ theArray[last

after ] " 0 £ i £ last

after and

theArray[i] £ theArray[j] " 0 £ i £ last

after and last

after +1 £ j £ n-1

\ found- largest + body Þ for-inv

5. for-inv &loop exit Þ term

From for-inv we know that -1 £ last £ n- 1 and if the loop exits, we knowthat last < 1.

Hence either last = -1 or last = 0

. Substituting into for-inv therefore reveals that either

theArray[i] £ theArray[i+1] " 0 £ i £ n-2 and

theArray[i] £ theArray[j] " 0 £ i £ -1 and 1 £ j £ n-1.

or

theArray[i] £ theArray[i+1] " 1 £ i £ n-2 and

theArray[i] £ theArray[j] " 0 £ i £ 0 and 1 £ j £ n-1.

In either case, termis true.

\ for-inv & loop exit Þ term

6. term Þ selectionSort postcondition

This is trivially true.

7. Bounding functionfor for-inv

Let f(n) = last+1 be the bounding funct ion. Show that is non-negative, integer, and decreasing.

Since last is an integer init ially set to n-1 ( 0 £ n £ theArray.length) , and it is decremented by the integer 1for eachloopiteration, theboundingfunc tion is integer-valued.

Since we have now proved that the loop invar iant is true eve ry timeitis reached, we know that f(n) is non- negat ive dur ing execut ion ofthe loop.

Since f(n) starts at n and has one subtracted on ever yloop iteration, the funct ion is decreasing

(alternately, f(n) is represented by the graph f(x)=-x " 0 £ x £ n = theArray.length, x Î Â whose der ivate is negat ive implying f(n) is decreas ing).