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Bounds for Parity/Fanout

Prior Results

Depth* Size* Ancillae

U.B. ∼ log n O(n) O(n) [GHMP’02]
L.B. ∼ log(n/(a + 1)) ∞ a [FFGHZ’06]
L.B. 2 ∞ ∞ [PFGT’20]

Our Results

Depth* Size* Ancillae Approx.

U.B. d ≥ 7 en
O(1/d) log(n/ε) en

O(1/d) log(n/ε) 1− ε
L.B. ∼tight for a certain generalization of the U.B. circuit
L.B. d 0.2n/(d + 1) ∞ 1/2 + e−Ω(n/d)

L.B. 2 ∞ ∞ 1/2 + e−Ω(n)

∗counting multi-qubit gates only
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Parity/Fanout ∼ Nekomata

Cat State Nekomata
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Nekomata ⇒ Parity

I If C
∣∣0〉 is a nekomata ( 1√

2

∑1
b=0|b〉

n|ψb〉) then:

|x〉 |x〉

|0n〉

C C † C C †

|0n〉

∣∣0〉 ∣∣0〉

|b〉 ∨ |b ⊕
⊕

x〉



Upper Bounds for Approximate Parity/Fanout

Depth Size Ancillae Approx.

U.B. d ≥ 7 en
O(1/d) log(n/ε) en

O(1/d) log(n/ε) 1− ε

I Depth-2 exponential-size U.B. for approximate nekomata ⇒
depth-11 U.B.

I Further optimization ⇒ depth-7 U.B.

I Downward self-reducibility of parity ⇒ depth-d U.B.⊕
⊕

x1 x2 x3

⊕
x4 x5 x6

⊕
x7 x8 x9
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Bounds for Nekomata in “Mostly Classical” Circuits
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|0〉

|0〉

L 1 layer L†

Depth Size # Qubits Approx.

U.B. 2 eO(n log(n/ε)) eO(n log(n/ε)) ≥ 1− ε
L.B. o(log n) en

1−Ω(1) ∞ ≤ 1/2 + e−n
Ω(1)

I Approx. = max |〈ν|C
∣∣0〉|2 over all nekomata |ν〉.
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Bounds for Nekomata in M.C. Circuits – Proofs

Upper Bound:

I Goal: sample 0n and 1n each with probability ≈ 1/2.

n

exp(Θ(n))

1. In each column, independently sample 1n with probability
exp(−Θ(n)) and 0n otherwise.
I (I − 2

∣∣1̃n
〉〈

1̃n
∣∣)|0n〉 where

∣∣1̃〉 ≈ |1〉
2. Compute the OR of each row.

Lower Bound:

I Concentration inequality for Hamming weight, via [GLSS’15].
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Remaining Proof Summaries & Result Clarifications

Depth-d , Size-0.2n/(d + 1) Circuits C :

I Normal form (see next slide) & triangle inequality ⇒ L.B. for
nekomata:

I |〈ν|C
∣∣0〉|2 ≤ 1/2 + e−Ω(n/d) for all nekomata |ν〉.

I Implies L.B. for parity/fanout.

Depth-2 Circuits C :

I Measure ancillae to kill off gates, apply (a generalization of)
the above theorem ⇒ L.B. for

∣∣ 〉:
I |
〈

, ψ
∣∣C ∣∣0〉|2 ≤ 1/2 + e−Ω(n) for all states |ψ〉.

I Implies L.B. for parity/fanout.
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