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Abstract

We consider classic social choice problems in an online setting. In the problems
we consider, a decision-maker must select a subset of candidates in accordance to
reported preferences, e.g. to maximize the value of a scoring rule. However, agent
preferences cannot be accessed directly; rather, agents arrive one at a time to report
their preferences, and each agent cares only about those candidates that have been
selected by the time she arrives. On each step, the decision maker must choose
whether to irrevocably add candidates to the final selection set given the preferences
observed so far, with the goal of maximizing the average score over all agents.
We show that when preferences are arbitrary but agents arrive in uniformly random
order, an online selection algorithm can approximate the optimal value of an arbi-
trary positional scoring function to within a factor of (1−1/e)−o(1) as the number of
agents grows large, nearly matching the performance of the best offline polynomial-
time algorithm. When agent preferences are drawn from a Mallow’s model distribu-
tion, a different selection algorithm achieves approximation factor that limits to 1 as
the number of agents grows large. Our methods are straightforward to implement,
and draw upon connections to online computation and secretary problems.

1 Introduction

Suppose that a manufacturer wishes to focus on a selected set of possible products to offer to
incoming consumers. On each day a new client arrives, selecting her favorite product among
those being offered. However, the client may also express preferences over potential products,
including those that are not currently being offered. The manufacturer must then decide
whether or not to add new production lines to make available to that consumer (as well as to
future consumers). While adding a new product would potentially increase customer welfare,
it carries with it some opportunity cost: it would be impractical to offer every possible
product, so choices are effectively limited and irrevocable (since new production lines incur
substantial overhead). Adding new products may be worthwhile if many future customers
would prefer the chosen product as well, though this is not known to the manufacturer in
advance. The problem is thus one of online decision-making, where uncertainty of future
preferences must be balanced with the necessity of making decisions to realize current gains.

Such a setting gives rise to obvious complications. On one hand, adding an item that is
highly ranked by the current user to the list of available items will satisfy the current client.
On the other hand, in such settings there is usually an underlying constraint that prohibits
the addition of arbitrarily many items. In our study of this problem, we will address settings
in which the underlying restriction is a cardinality constraint, which limits the number of
chosen alternatives. The main problem that we are facing is therefore an online social choice
problem: we are required to choose the most “favourable” set of candidates, while having
only a partial view of the objective function. For any given offline social choice problem,
such as selecting a candidate to maximize the value of a certain scoring function of the user
preferences, one might consider an online variant in which each agent receives value only
for those candidates that have been selected at or before the time that he arrives. In this
case, the objective function is the average of the agent scores, determined by a prescribed
positional scoring function or hidden utility function.

We consider various different models for the manner in which the agents preferences are



set. In the distributional model, the player preferences are drawn independently from a
distribution over permutations. For example, one might assume that the preferences are
sampled from a parametrized Mallows model, which defines a unimodal distribution over
permutations. An alternative approach that is common to online algorithm analysis is to
suppose that the set of agent preferences is set arbitrarily (i.e. adversarially), but that the
order of agent arrival is random1. Utilizing previous results in the area of online matching,
we show that our methods for this adversarial setting carry over to the case in which the
preferences are drawn independently from an unknown distribution.

As previously mentioned, our ultimate goal is to maximize the average score of the
agents when each agent is matched with his most preferred item available at the time of
arrival. Generally speaking, our finding is that if the number of agents is sufficiently large
compared to the number of candidates, it is possible to design online algorithms that perform
asymptotically as well as the best possible offline algorithms, with high probability. Our
approach is reminiscient of those used for well-studied secretary-type problems, in which
the candidates arrive online rather than the agents. Our results also suggest a number of
potential extensions for future research, which we discuss in our concluding remarks.

Results We first consider adversarial settings, where agent preferences are arbitrary
but arrive in uniformly random order. We show that one can approximate the optimal
choice of a single candidate, with respect to an arbitrary positional scoring function, with
approximation ratio (1−o(1)) where the asymptotic notation is with respect to the number
of agents. In other words, the regret exhibited by the online selection method vanishes as
n grows large. If more than one alternative can be chosen, say k > 1 in total, we show
that for any positional scoring function, combining our sample approach with a standard

greedy algorithm for submodular set-function maximization provides a (1−
(
k−1
k

)k − o(1))
approximation to the optimal choice. Thus, as n grows large, our online algorithm achieves
approximation factor 1− 1/e, matching a lower bound for offline algorithms [12].

Moving away from positional scoring functions to arbitrary utility functions, we apply
a recent result due to Boutilier et al. [3] who demonstrated that a social choice function
can approximate the choice of a candidate to maximize agent utilities to within a factor
of Õ(

√
m) (where m is the number of candidates), even if only preference lists are made

available. Using our results for arbitrary positional scoring functions, we obtain similar
bounds for the problem of maximizing average agent utility in an online fashion, with
vanishing additional errors due to sampling.

Finally, in the distributional setting where preferences are drawn from a parameterized
Mallows model, we show that for the selection of k ≥ 1 alternatives under an arbitrary
positional scoring rule, one can obtain an approximation ratio of (1− o(1)), suffering regret
that vanishes as n grows. In the particular case of Borda ranking, we show that sampling a
logarithmic number of agents is sufficient for approximating the optimal k-set.

2 Related Work

The problem of selecting a single candidate given a sequence of agent preference lists is the
traditional social choice problem. The budgeted form of this offline problem was introduced
by Chamberlin and Courant [5], and subsequently studied by Boutilier and Lu [12], in which
several natural constraints on the allocated set were considered. In particular, it is shown
that for the case where producing copies of the alternatives bears no cost, the problem of
selecting which candidates to make available is a straightforward case of non-decreasing and

1For the problems we consider, as with many others, no algorithm can guarantee reasonable performance
if the adversary is also allowed to set the order of the arrival of agents.



submodular set-function maximization, subject to a cardinality constraint, which admits a
simple greedy algorithm with approximation ratio 1 − 1/e. Our work differs in that the
agent preferences arrive online, complicating the choice of which alternatives to select, as
the complete set of agents preference is not fully known in advance.

In our online setting, we refer to the Mallows model ([14]), a well-studied model for
distributions over permutations (e.g. [8, 6]) which has been studied and extended in various
ways. In recent work, Braverman and Mossel have shown that the sample complexity
required to estimate the maximum-likelihood ordering of a given Mallows model distribution
is roughly linear [4]. We make use of some of their results in our analysis.

Adversarial and stochastic analysis in online computation have received considerable
attention (e.g. [7]). In our analysis, we make critical use of the assumption that agent
arrivals are randomly permuted. This is a common assumption in online algorithms (e.g.
[10, 11, 13]). Correspondingly, in our analysis of the adversarial model, we use techniques
that resemble methods used in secretary and multi-armed bandits problems (see [2] for a
survey), of partially observing some initial data, and bounding the total error.

A recent paper by Boutilier et al. [3] considered the social choice problem from a utilitar-
ian perspective, where agents have underlying utility functions that induce their reported
preferences. The authors introduce a measure of distortion to compare the performance of
their social choice functions to the social welfare of the optimal alternative. We make use
of their constructions in our results for the utilitarian model.

The online arrival of preferences has been previously studied by Tennenholtz [16]. This
work postulates a set of voting rule axioms that are compatible with online settings.

3 Preliminaries

Given is a ground set of alternatives (candidates) A = {a1, . . . , am}. An agent i ∈ N =
{1, . . . , n}, has a preference �i over the alternatives, represented by a permutation πi. For
a permutation π and an alternative a ∈ A, we will let π(a) denote the rank of a in π. A
positional scoring function (PSF) assigns a score vi to the alternative ranked ith, given a
prescribed vector v ∈ Rm≥0. Given an (implicit) set of agent preferences, we will denote the

average score of a single element a ∈ A by F (a) = 1
n

∑n
i=1 Fi(a), where Fi(a) = v(πi(a)).

Moreover, we will consider the score of a set S ⊆ A of candidates w.r.t. to a set of agents
as the average positional scores of each of the agents, assuming that each of them selected
their highest ranked candidate in the set: F (S) = 1

n

∑
i∈N maxa∈S Fi(a).

The online budgeted social choice problem. We consider the problem of choosing
a set of k ≥ 1 candidates from the set of potential alternatives. An algorithm for this
problem starts with an empty “slate” S0 = ∅ of alternatives, of prescribed capacity k ≤ m.
In each step t ∈ [n], an agent arrives and reveals her preference ranking. Given this, the
algorithm can either add new candidates I ⊆ A\St−1 to the slate (i.e. set St ← St−1∪I), if
|St−1|+ |I| ≤ k, or leave it unchanged. Agent i in turn takes a copy of one of the alternatives
currently on the slate, i.e. St. Any addition of alternatives to the slate is irrevocable: once
an alternative is added, it cannot be removed or replaced by another alternative. The offline
version of this problem is called the limited choice model in [12].

Some of our results will make use of algorithms for maximizing non-decreasing submodu-
lar set functions subject to a cardinality constraint. A submodular set function f : 2U → R≥
upholds f(S ∪ {x})− f(S) ≥ f(T ∪ {x})− f(T ) for all S ⊆ T ⊆ U and x ∈ U \ T .



4 The Adversarial Model

We begin by supposing that the set of agent preference profiles is arbitrary, as might be
chosen by an adversary. After the collection of all preference profiles has been fixed, we
assume that they are presented to an online algorithm in a uniformly random order. The
algorithm can irrevocably choose up to k candidates during any step of this process; each
arriving candidate will then receive value corresponding to his most-prefered candidate that
has already been chosen. The goal is to maximize the value obtained by the algorithm, with
respect to an arbitrary positional scoring function2.

In general, we cannot hope to achieve an arbitrarily close approximation factor to the
optimal (in hindsight) choice of k candidates, as it is NP-hard to obtain better than a
(1 − 1

e ) approximation to this problem even when all profiles are known in advance3. Our
goal, then, is to provide an algorithm for which the approximation factor approaches 1− 1

e as
n grows, matching the performance of the best-possible algorithm for the offline problem4.

Let F (·) be an arbitrary PSF; without loss of generality we can scale F so that F (1) = 1.
Note that this implies that F (a) ∈ [0, 1] for each outcome a. If agent i has preference
permutation πi, then we write Fi(·) = F (πi(·)) for the scoring function F applied to agent i’s
permutation of the choices. Also, we will write σ for the permutation of players representing
the order in which they are presented to an online algorithm. Thus, for example, Fσ(1)(a)
denotes the value that the first observed player has for object a.

Given a set S of objects and PSF F , we write F (S) = maxa∈S F (a) for the value of the
highest-ranked object in S. Given a set T of players, FT (S) =

∑
j∈T Fj(S) is the total score

held by the players in T for the objects in S. We also write FT (S) = FT (S)
|T | for the average

score assigned to set S. Let OPT = maxS⊆A,|S|≤k FN (S) be the optimal outcome value.
Let us first describe a greedy social choice rule for the offline problem that achieves

approximation factor (1−1/e), due to [12]. This algorithm proceeds by repeatedly selecting
the candidate that maximizes the marginal gain in the objective value, until a total of k
candidates have been chosen. As any PSF F (·) can be shown to be a (non-decreasing)
submodular set-function over the sets of candidates (see for example, [12]), such an algo-
rithm obtains approximation 1 − (k−1k )k, which is at most 1 − 1/e for all k. We will write
Greedy(N, k) for this algorithm applied to set of players N with cardinality bound k.

We now consider the online algorithm A, listed as Algorithm 1 below.

Algorithm 1: Online Candidate Selection Algorithm

Input: Candidate set A, parameters k and n, online sequence of preference profiles

1 Let t← n2/3(log n+ k logm);
2 Observe the first t agents, T = {σ(1), . . . , σ(t)};
3 S ← Greedy(T, k);
4 Choose all candidates in S and let the process run to completion;

We write V (A) for the value obtained by this algorithm. We claim that the expected
value obtained by A will approximate the optimal offline solution.

2A stronger adversary would not only be able to set the preferences of the voters, but also their order,
or even set preferences adaptively. However, it is not hard to see that in such cases no non-trivial bounds
can be obtained, as the adversary can strategically cause the algorithm to exhaust its budget and then set
the preferences to be the worst possible from that point onward.

3One can reduce Max-k-Coverage to the budgeted social choice problem for the special case of l-approval:
the PSF in which the first l positions receive score 1, and others receive score 0.

4For the special case of the Borda scoring rule, it can be shown that the algorithm that simply select a
random k-set obtains a 1−O(1/m)-approximation to the offline problem. Furthermore, this algorithm can be
derandomized using the method of conditional expectations. We omit the proof due to space considerations.



Theorem 1. If m < n1/3−ε for any ε > 0, then E[V (A)] ≥ (1− (k−1k )k − o(1))OPT .

The first step in the proof of Theorem 1 is the following technical lemma, which states
that the preferences of the first t players provide a good approximation to the (total) value
of every set of candidates, with high probability.

Lemma 2. Pr[∃S, |S| ≤ k : |FT (S) − F (S)| > n−1/3] < 2
n , where the probability is taken

over the order in which the agents arrive.

Proof. Choose any set S with |S| ≤ k. For each j ∈ [t], let Xj be a random variable denoting
the value Fσ(j)(S). Note that E[Xj ] = F (S) for all j, and that FT (S) = 1

t

∑
Xj . By the

Hoeffding inequality (without replacement), for any ε > 0, Pr[|FT (S)−F (S)| > ε] < 2e−ε
2t.

By the union bound over all S with |S| ≤ k,

Pr[∃S, |S| ≤ k : |FT (S)− F (S)| > ε] < 2

k∑
`=1

(
m

`

)
e−ε

2t ≤ 2mke−ε
2t.

Setting t = n2/3(log n+ k logm) and ε = n−1/3 then yields the desired result.

With Lemma 2 in hand, we can complete the proof of Theorem 1 as follows. Since FT (S)
approximates F (S) well for every S, our approach will be to sample T , choose the (offline)
optimal output set according to the preferences of T , then apply this choice to the remaining
bidders. This generates two sources of error: the sampling error bounded in Lemma 2, and
the loss due to not serving the agents in T . By setting the value of t judiciously, and noting
that OPT cannot be very small (it must be at least n

m ), one can show that the relative error
vanishes as n grows large. The details appear in the full version of the paper.

One special case of note occurs when k = 1; that is, there is only a single candidate to
be chosen. In this case, the regret experienced by our online algorithm vanishes as n grows.

Corollary 3. If k = 1 and m < n1/3−ε for any ε > 0, then E[V (A)] ≥ (1− o(1))OPT .

4.1 A Correspondence with the Unknown Distribution Model

We now note a correspondence between the random order model analyzed above and a
model in which rankings are drawn from an underlying distribution over preferences. This
observation was first made by Karande et al. ([9]) in the context of online bipartite matching.
Suppose there is an underlying distribution D over the set of rankings over the alternatives
A. For each player i ∈ N , suppose the ranking πi for player i is sampled independently
from D.

The following result due to Karande et al. states that our algorithm for the adversarial
model with random arrival order applies to this unknown-distribution setting as well.

Claim 4 ([9]). Let A be an algorithm for the online social problem under the random order
model that obtains a expected competitive ratio of α. Then A obtains an expected approxi-
mation ratio of at least α for the online social choice problem in the unknown distribution
model. Furthermore, hardness results in the unknown distribution model hold in the random
order model as well.

This result implies that algorithm A achieves approximation factor (1− (k−1k )k − o(1))
to the social choice problem when preferences are drawn from an unknown underlying dis-
tribution, and that it is NP-hard to achieve an approximation factor better than (1− 1/e).



5 A Utilitarian Approach

In the previous section we considered the problem of maximizing the social value of a
positional scoring function in an online setting. However, it may be more natural in some
circumstances to assume that each agent assigns a non-negative utility to each candidate,
even though these utilities are hidden and only the preference lists are revealed to a potential
social choice function. In such settings, one would wish to choose candidates that maximize
overall social welfare (i.e. sum of utilities), again in an online fashion. However, this goal is
hindered by the fact that the utilities themselves are never made available to the algorithm.
In this section we adapt a general technique due to Boutillier et al. [3] to show that our
result for online PSF maximization extends to approximate online utility maximization.

We assume that each agent i ∈ N has a latent utility function ui : A → R≥0. A utility
function ui induces a preference profile π(ui) = πi such that πi(a) > πi(a′) precisely5 when
ui(a) ≥ ui(a′). We let π(u) denote the induced preference profile given a utility profile u.

As in [3], we will assume that utilities can be normalized so that
∑
a∈A ui(a) = 1 for each

i. This assumption essentially states that each agent has the same total weight assigned
to her candidate utilities. Note that without this assumption it would be impossible to
approximate the optimal social welfare, since a single agent could have a single utility score
that dominates all others, but an algorithm with access only to the preference profiles would
have no awareness of this fact.

Intuitively, we would like to choose an alternative a ∈ A that maximizes the (unknown)
social welfare sw(a,u) =

∑n
i=1 ui(a), based solely on the reported vote profile −→π = −→π (u) =

(π1, . . . , πn) induced by the utility profile. Of course, the preference profile −→π does not
completely capture all of the information in the utility profile, and hence we should expect
some loss.

Our hope will be to find a social choice rule f such that, if it were applied to the
preference profile −→π , it would return a candidate that approximately maximizes sw(a,u).
The distortion of f is the worst-case approximation factor incured when f is applied −→π (u).
This notion of distortion was first formalized by Procaccia and Rosenschein in [15], and
has been used in subsequent studies of the social choice problem with partial (or noisy)
information about the underlying utilities (e.g. [3]). The formal definition is as follows.

Definition 5 (distortion). Let −→π ∈ Snm be a preference profile, and let f : Snm → A be a
social choice function. The distortion of f is then given by

dist(−→π , f) = sup
u:π(u)=−→π (u)

maxa∈A sw(a,u)

sw(f(−→π ),u)
(5.1)

In [3], Boutilier et al. proposed a randomized social choice rule f with distortion
O(
√
m logm), and provided a corresponding lower bound of Ω(

√
m). This rule f makes

use of a positional scoring function H(·), that they refer to as the harmonic scoring func-
tion. In the harmonic scoring function, the score of a candidate ranked in position i is
Hi = 1/i. Given preference profile −→π , rule f either a) with probability 1/2, chooses each
candidate a with probability proportional to HN (a) =

∑
i∈N H(πi(a)), or b) with the re-

maining probability 1/2, returns a uniformly random candidate.
We will make use of this social choice rule f to design an online algorithm achieving

social welfare within a factor of O(
√
m logm) of the optimal welfare. As before, we assume

an adversarial setting: the collection of agent preferences can be arbitrary, but they are
presented to the algorithm in an order determined by a (uniform) random permutation σ.
Our algorithm A is described as Algorithm 2, below.

5In keeping with our simplifying assumption that preference profiles do not include indifference, we can
assume that ties in utility are broken in some consistent manner.



Algorithm 2: Online Candidate Selection Algorithm for Utility Maximization

Input: Candidate set A, parameter n, sequence of preference profiles arriving online

1 Let t← n2/3 log n;
2 Observe the first t agents, T = {σ(1), . . . , σ(t)};
3 a∗ ← f(πσ(1), . . . , πσ(t));
4 Choose candidate a∗ and let the process run to completion;

Given a particular utility profile u we will write E[sw(A)] to denote the expected social
welfare of the outcome returned by A, given preference profile −→π (u), over permutations σ
and randomness in A. We will also write OPT for the optimal social welfare attainable for
u, i.e. OPT = maxa∈A

∑
i ui(a).

Theorem 6. Suppose n > m3. Then for all u, E[sw(A)] ≥ 1
O(
√
m logm)

OPT .

The idea behind the proof of Theorem 6 is to note that the algorithm for offline utility
maximization due to Boutilier et al. [3] works primarily by applying the low-distorition PSF
f . However, our Theorem 1 implies that PSF value maximization can be approximated well
by an online algorithm. We can therefore approximate the set that maximizes the (offline)
value of f in the online setting. As long as the errors due to sampling and omitting the
first t agents are not too large, this then implies an approximation to the utility-maximizing
candidate set. The details of the proof appear in the full version of the paper.

6 The Distributional Model

We next suppose that agent preferences are distributed according to the well-studied Mallows
model, which defines a family of permutation distributions. Roughly speaking, Mallow’s
model assumes that preferences are aligned according to some base permutation π̂, but each
agent’s permutation is (independently) perturbed according to a particular error measure.
We begin by giving a formal definition of this distribution.

Let us begin our formal definition by introducing the Kendall-tau distance (which is also
known as the Kemeny distance or the bubble-sort distance):

Definition 7 (Kendall-tau distance). For all π, π′ ∈ Sm, the Kendall-tau distance between
π and π′ is dK(π, π′) = #{i 6= j : π(i) < π(j) and π′(i) > π′(j)}.

Definition 8 (The Mallows model). Let φ ∈ (0, 1) and π̂ ∈ Sm. The Mallows model distri-
bution D(π̂, φ) is a distribution over permutations of {1, . . . ,m}, such that the probability
of a permutation π ∈ Sm is

Pr[π] = φdK(π,π̂)/Z (6.1)

where Z is a normalization constant: Z =
∑
π∈Sm φ

dK(π̂,π).

Fact 9. It can be shown that Z = 1 · (1 + φ) · · · · · (1 + · · ·+ φm−1).

We note that the Mallows model induces a unimodal distribution. Furthermore, the
parameter φ can be seen as controlling the amplitude of error with respect to permutation
π̂: as φ approaches 1 the distribution tends to uniformity, and as φ approaches 0 the
distribution approaches a point mass at π̂.

We will assume that the agent preference rankings are drawn independently from a
Mallows model distribution D(π̂, φ), where the underlying reference ranking π̂ is unknown.



We will assume that the dispersion parameter φ is known in advance. Our optimization task
in this model is to select a S ⊆ A of size at most k, in an online fashion, so as to maximize
the expected value of S among the remaining agents (with respect to a given positional
scoring function).

For simplicity of notation and without loss of generality, from hereon we assume that
π̂ is the identity permutation. That is, π̂(i) = i. We note that since D(π̂, φ) is a uni-
modal distribution, Theorem 1 and Claim 4 together imply an immediate corollary for this
distributional model.

Theorem 10. Let F (·) be an arbitrary positional scoring function, and let A be the online
algorithm listed as Algorithm 1. Then if m < n1/3−ε for any ε > 0, we have E[V (A)] ≥
(1− (k−1k )k − o(1))OPT .

Given this result, our motivating question for this section is whether we can obtain
improved results by making use of the particular form of the Mallows model.

6.1 An Improved Result for Arbitrary PSFs

Suppose that our goal is to maximize the value of an arbitrary PSF F (·), scaled so that

F (1) = 1. Write Am =
∑m−1
i=0 φi. We begin with a lemma about the Mallows model, which

shows that in a sampled permutation π, we do not expect any particular candidate to be
placed very far from its position in the reference ranking (the proof appears in the appendix
of the full version paper):

Lemma 11. Let π ∼ D(π̂, φ). Then for any i 6= j, Pr[π−1(i) = i] ≥ Pr[π−1(i) = j] + 1−φ
Am

.

Given this lemma, our strategy will be to observe many samples from the distribution,
then attempt to guess the identities of the top k elements in the underlying permutation π̂.
Since each candidate is most likely to appear in its position from π̂, we expect to be able
to determine π̂ after a relatively small number of samples. Our algorithm is provided as
Algorithm 3, below.

Algorithm 3: Online Candidate Selection Algorithm for the Mallows Model

Input: Candidate set A, Mallows model parameter φ, parameter n, sequence of
preference profiles arriving online

1 Let t← 2( 1−φ
2Am

)2 logm log n;

2 Observe the first t agents, T = {σ(1), . . . , σ(t)};
3 For each i = 1, . . . , k, let ai be the candidate that occurs most often in position i

among πσ(1), . . . , πσ(t).;
4 Choose candidates a1, . . . , ak and let the process run to completion;

We now show that this algorithm does, indeed, exhibit vanishing regret as n grows large.

Theorem 12. Suppose that n > m2+ε 1
1−φ for some ε > 0. Then algorithm A satisfies

E[v(A)] ≥ (1− o(1))OPT .

The proof of the theorem, which relies on the Hoeffding and the union bound, appears
in the full version of the paper.



6.2 The Borda Scoring Rule

We now demonstrate that if our positional scoring function is the canonical Borda scoring
function, then we can obtain a good approximation with fewer samples (and hence a weaker
restriction on the size of n relative to m). In the Borda positional scoring function, for an
agent with preference π ∈ Sm, the score is defined as follows: Bi(a) = m − π(a); i.e. the
scores are evenly spread between 0 and m− 1.

We begin with a lemma about the Mallows model, which shows that we do not expect
the top candidate to be placed very far from its position in the reference ranking:

Claim 13. Let π ∼ D(π̂, φ), and let a = π−1(i); i.e. the first item in the permutation.
Then with high probability π̂(a) = o(m).

Proof. Fix c ∈ (0, 1). Now, consider the probability that any of the elements bc ·mc , . . . ,m
appear in position one in a sampled permutation π:

Pr[π(i) = 1 : i ≥ bc · nc] =

m∑
i=bc·nc

∑
π∈Sm:π(i)=1

φdK(π̂,π)

Zm
=

m∑
i=bc·nc

φi−1 · Zm−1
Zm

=

m∑
i=bc·nc

φi−1

1 + φ+ · · ·+ φm−1
(6.2)

The claim follows from the fact that this is essentially a sum of exponentially small terms

We will complement the above claim by showing that w.h.p. (albeit not necessarily expo-
nentially small), the position of the first element in a sampled permutation in the reference
ranking is bounded by O(logm). We then argue that by sampling more permutations, we
can augment our bound. The claims are essentially consequences of the results obtained by
Braverman and Mossel. Recall that an equivalent statement of the probability of sampling
a permutation is Pr[π] = e−βi, where β = −lnφ.

Claim 14 ([4]).

Pr[π−1(1) ≥ i] ≤ e−βi/(1− e−β) (6.3)

The proof of this claim is similar to the one of Claim 13.

Corollary 15.

Pr[π−1(1) ≥ lnm] ≤ m−β/(1− e−β) (6.4)

The following claim argues that the error in our estimate for the first element in π̂ goes
linearly small with the number of sampled permutations σ1, . . . , σr ∼ D(π̂, φ).

Claim 16 ([4]). Suppose that the permutations π1, . . . , πr are drawn from D(π̂, φ), and let
π(a) = 1

r

∑r
i=1 π

i(a).

Pr[|π(`)− `| ≥ i] ≤ 2 ·
(

(5i+1)·e−βi
1−e−β

)r
, for all i ∈ [m]. (6.5)

Setting i = lnn, we obtain the following corollary:

Corollary 17. Let α > 0. Then for sufficiently large n,

Pr[|π(a`)− `| ≥
α+ 2

β · r
lnn] < n−α (6.6)



Despite the above results that imply that using the top-ranked element in even a single
sample should get us close to the top-ranked element in the reference ranking, we still have to
argue that w.h.p., this estimate also approximates the expected top-ranked element, induced
by the distribution. The following result provides an affirmative answer to this question.

Theorem 18 ([4]). Let L = max
(

6 · α+2
β·r logm, 6 · α+2+1/β

β

)
. Then except with probability

< 2 ·m−α, for any maximum-likelihood πm and for all `, we have

|πm(a`)− π̂(a`)| ≤ 32L (6.7)

where π̂ is the reference ranking.

So in total, with probability n−α, |π(a`) − πm(a`)| ≤ O(1). Thus, we get a natural
algorithm for maximizing the average Borda score for all but the first log n agents:

Theorem 19. The algorithm that samples the first log n permutations and puts on the slate
the element from A with the highest average score obtains a 1 − O(1/n)-approximation of
the optimal average Borda score.

The theorem follows from the previous conclusion and by recalling that the maximum
value any element can receive is m− 1.

6.3 The case of k ≥ 1

Here, we show that by allowing the selection of k elements from A, the probability of
maximizing the expected Borda rank, increases exponentially.

Theorem 20. Let π1, . . . , πlogn be a a set of log n sample permutations, randomly drawn
from distribution D(π̂, φ). And let π be their average ranking. Then

Pr[π(ai) > log n+ i : ∀i ∈ [k]] < n−O(k) (6.8)

Proof. Let π be a permutation over A such that for all i ∈ [k], π(ai) ≥ log n + i. Then
consider the i’th element a in π. The number of pairwise inversions that exist in π w.r.t
it are at least log n, by our assumption that π̂(a) > log n + i. Then by definition of the

distribution, the probability of sampling such a permutation π is at most
Zm−k

∏k
i=1 φ

logn

Zm
≤

φk·logn = n−O(k)

Note that the above theorem needs to be complemented with an upper bound on the
gap between the reference ranking position of and the maximum-likelihood of each candi-
date. However, we can easily get this by sampling r = log n permutations and applying
Theorem 18, which gives a maximal O(1) gap between the maximum-likelihood position
and the reference rank, for any element in A, with polynomially (in n) small probability. I
do believe however, that the polynomially small probability of an error could be shown to
be in fact exponentially small in k (i.e. n−O(k)).

7 Conclusions and Future Directions

We have given two methods for choosing the (approximately) best candidate in two natural
and standard settings for the online choice problem at hand. As we have demonstrated,
even with just a budget of 1, one could obtain very good results in the Mallows model,
with a relatively small sample set. In the adversarial setting, we have shown that with
a relatively small sample set (albeit not logarithmically small) one can approximate the



optimal choice of a candidate with up to an o(1) multiplicative error, with high probability.
More importantly, we have shown that by taking a sampling approach we can approximate
the social optimum, whenever the voting rule is a positional scoring function. As a result,
this gives a useful tool when moving to a utilitarian setting.

One direction for future investigation would be to improve the rate at which the regret
vanishes as n grows, both in the distributional setting as well as in the adversarial setting.
Another direction that our study raises is the study of more involved constraints. In par-
ticular, we believe that if the alternatives have associated costs, then one could extend our
work to cases in which there is a knapsack constraint. In terms of the our original example,
we could imagine that there are costs attributed to the construction of the manufacturing
lines. Furthermore, we can imagine that there are unit costs for producing copies of the
alternatives in their production lines. More precisely, the decision maker will pay an initial
price ta for setting up the production line for alternative a, as well as an additional price of
la for manufacturing a copy of alternative a for each agent who selects it.

The majority of our work in this paper deals with voting rules that are based on positional
scoring functions, and we have shown how to extend our approaches to settings in which there
are underlying utilities that induce the agent preferences. However, it will be interesting to
consider settings where the voting rule is based on a non-positional scoring function.

Also, one could lift the constraint that requires the decision to be irrevocable, i.e. once
an item is added, it cannot be replaced by another item. In this case, one could observe that
such a model resembles the online learning setting (e.g. [17]). Alternatively, as previously
studied in [1] for related settings, we can consider a setting in which the irrevocability of
the decisions is relaxed. Specifically, we would like to consider the case that the decision
maker is allowed to remove alternatives from the slate at a cost.

We could also extend our work by considering cases in which the agents can strategi-
cally delay their arrival, so as to increase their payoffs due to having a larger set of selected
alternatives. Clearly, the pure sampling approach we have taken in this paper would be
problematic, as none of the agents would like to take part in the initial sampling of pref-
erences, and would thus delay their arrival in order to avoid it. Also, this scenario may
tie-in with the previous extension, so that the agents, who can delay their arrivals, will be
somewhat discouraged to do so due to a more powerful algorithm.
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