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• Brief summary of what we have seen so far 

• Explain concepts within a single framework   

• Focus on a few more advanced concepts
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Supervised Machine 
Learning
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Datum Model Prediction

<latexit sha1_base64="TL20Jk0VWrtdGUe9+NExM6s8G7E="></latexit>ɴ
<latexit sha1_base64="T7LWutz9/6AyF/UQxwea7rfcMHQ="></latexit>

ǔ(ɴ; θ) ≡ ɵ̂
<latexit sha1_base64="ZX3uPqq0Pbt51VUuFNgBjdHlNn0="></latexit>

ǔ, θ
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Loss function

4

<latexit sha1_base64="TL20Jk0VWrtdGUe9+NExM6s8G7E="></latexit>ɴ
<latexit sha1_base64="T7LWutz9/6AyF/UQxwea7rfcMHQ="></latexit>

ǔ(ɴ; θ) ≡ ɵ̂
<latexit sha1_base64="ZX3uPqq0Pbt51VUuFNgBjdHlNn0="></latexit>

ǔ, θ
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Loss function
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Loss

<latexit sha1_base64="TL20Jk0VWrtdGUe9+NExM6s8G7E="></latexit>ɴ
<latexit sha1_base64="T7LWutz9/6AyF/UQxwea7rfcMHQ="></latexit>

ǔ(ɴ; θ) ≡ ɵ̂
<latexit sha1_base64="ZX3uPqq0Pbt51VUuFNgBjdHlNn0="></latexit>

ǔ, θ
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Loss function

4

Loss

<latexit sha1_base64="TL20Jk0VWrtdGUe9+NExM6s8G7E="></latexit>ɴ
<latexit sha1_base64="T7LWutz9/6AyF/UQxwea7rfcMHQ="></latexit>

ǔ(ɴ; θ) ≡ ɵ̂
<latexit sha1_base64="ZX3uPqq0Pbt51VUuFNgBjdHlNn0="></latexit>

ǔ, θ
<latexit sha1_base64="M0xhpzg9KnPNhhCIPYRvGY1EFMw="></latexit>

n(ɵ̂,ɵ)
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Loss function
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Loss

<latexit sha1_base64="TL20Jk0VWrtdGUe9+NExM6s8G7E="></latexit>ɴ
<latexit sha1_base64="T7LWutz9/6AyF/UQxwea7rfcMHQ="></latexit>

ǔ(ɴ; θ) ≡ ɵ̂
<latexit sha1_base64="ZX3uPqq0Pbt51VUuFNgBjdHlNn0="></latexit>

ǔ, θ
<latexit sha1_base64="M0xhpzg9KnPNhhCIPYRvGY1EFMw="></latexit>

n(ɵ̂,ɵ)

<latexit sha1_base64="tVrQc0Y41I4JyfyiOcPWUaP2Z94="></latexit>

(ǣǔǔƺȸƺȇɎ ǼȒɀɀƺɀ ǔȒȸ ƳǣǔǔƺȸƺȇɎ Ɏɵȵƺɀ Ȓǔ ɵټɀ
ɵ 2 R «ƺǕȸƺɀɀǣȒȇ (ɵ̂� ɵ)א
ɵ ƬƏɎƺǕȒȸǣƬƏǼ ƺِǕًِ {ƬƏɎ,ƳȒǕ,ƫǣȸƳ} !ǼƏɀɀǣˡƬƏɎǣȒȇ ƏƬƬɖȸƏƬɵ
ɵ 2 ,} {  ǣȇƏȸɵ !ǼƏɀɀǣˡƬƏɎǣȒȇ �È!
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Learning Process
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Loss

<latexit sha1_base64="ZX3uPqq0Pbt51VUuFNgBjdHlNn0="></latexit>

ǔ, θ

Distribution  
over (x,y):  

P(x,y)

<latexit sha1_base64="/NlAGoruS/9hFM2xpO8iayaZQs4="></latexit>ɴɎȸƏǣȇ

<latexit sha1_base64="YnX/dRKa+uwjgK+G12opmwUjk+k="></latexit>

n(ɵ̂ɎȸƏǣȇ,ɵɎȸƏǣȇ)
<latexit sha1_base64="KwU3JLXr/vE0bXNQiN8wxXCWU/I="></latexit>

ɵ̂ɎȸƏǣȇ

<latexit sha1_base64="VTrBbidcdYLPmhrVkIS+Hg+ynoc="></latexit>

ǔ, θ̂
<latexit sha1_base64="j+9W2emrdqKK9AmhKplouC8Osfc="></latexit>ɴɎƺɀɎ

<latexit sha1_base64="iDmdXsj6w81dhu5scT6S97gG5NM="></latexit>

ɵ̂ɎƺɀɎ
<latexit sha1_base64="OUmI3Yg9Jo1BiNnMvLs41QNL+i0="></latexit>

n(ɵ̂ɎƺɀɎ,ɵɎƺɀɎ)
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Learning Process 
 In practice
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Loss

<latexit sha1_base64="ZX3uPqq0Pbt51VUuFNgBjdHlNn0="></latexit>

ǔ, θ

Distribution  
over (x,y):  

P(x,y)

<latexit sha1_base64="/NlAGoruS/9hFM2xpO8iayaZQs4="></latexit>ɴɎȸƏǣȇ

<latexit sha1_base64="YnX/dRKa+uwjgK+G12opmwUjk+k="></latexit>

n(ɵ̂ɎȸƏǣȇ,ɵɎȸƏǣȇ)
<latexit sha1_base64="KwU3JLXr/vE0bXNQiN8wxXCWU/I="></latexit>

ɵ̂ɎȸƏǣȇ

<latexit sha1_base64="VTrBbidcdYLPmhrVkIS+Hg+ynoc="></latexit>

ǔ, θ̂
<latexit sha1_base64="j+9W2emrdqKK9AmhKplouC8Osfc="></latexit>ɴɎƺɀɎ

<latexit sha1_base64="iDmdXsj6w81dhu5scT6S97gG5NM="></latexit>

ɵ̂ɎƺɀɎ <latexit sha1_base64="OUmI3Yg9Jo1BiNnMvLs41QNL+i0="></latexit>

n(ɵ̂ɎƺɀɎ,ɵɎƺɀɎ)

<latexit sha1_base64="VTrBbidcdYLPmhrVkIS+Hg+ynoc="></latexit>

ǔ, θ̂
<latexit sha1_base64="Ng3fMFs+NYuskga2JoXrdf7Ikts="></latexit>ɴɮƏǼǣƳ

<latexit sha1_base64="sh31U4GSXRrWna2dNeQfTATguj8="></latexit>

ɵ̂ɮƏǼǣƳ
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Learning Process 
 In practice
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Loss

<latexit sha1_base64="ZX3uPqq0Pbt51VUuFNgBjdHlNn0="></latexit>

ǔ, θ

Distribution  
over (x,y):  

P(x,y)

<latexit sha1_base64="/NlAGoruS/9hFM2xpO8iayaZQs4="></latexit>ɴɎȸƏǣȇ

<latexit sha1_base64="YnX/dRKa+uwjgK+G12opmwUjk+k="></latexit>

n(ɵ̂ɎȸƏǣȇ,ɵɎȸƏǣȇ)
<latexit sha1_base64="KwU3JLXr/vE0bXNQiN8wxXCWU/I="></latexit>

ɵ̂ɎȸƏǣȇ

<latexit sha1_base64="VTrBbidcdYLPmhrVkIS+Hg+ynoc="></latexit>

ǔ, θ̂
<latexit sha1_base64="j+9W2emrdqKK9AmhKplouC8Osfc="></latexit>ɴɎƺɀɎ

<latexit sha1_base64="iDmdXsj6w81dhu5scT6S97gG5NM="></latexit>

ɵ̂ɎƺɀɎ <latexit sha1_base64="OUmI3Yg9Jo1BiNnMvLs41QNL+i0="></latexit>

n(ɵ̂ɎƺɀɎ,ɵɎƺɀɎ)

<latexit sha1_base64="VTrBbidcdYLPmhrVkIS+Hg+ynoc="></latexit>

ǔ, θ̂
<latexit sha1_base64="Ng3fMFs+NYuskga2JoXrdf7Ikts="></latexit>ɴɮƏǼǣƳ

<latexit sha1_base64="sh31U4GSXRrWna2dNeQfTATguj8="></latexit>

ɵ̂ɮƏǼǣƳ

Useful: 
- to select hyper-parameters 
- To pick the best model
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Learning
• Learn: Change the parameters to obtain better predictions 

• In other words: change the parameters to minimize the loss 

• Take the derivative of the loss wrt the parameter: 

7

W

<latexit sha1_base64="YJtKL7cd9YnVKJ7QR0a0eL4oKDc="></latexit>

θ

<latexit sha1_base64="c8zc3SyatUCBxJ1k4x4DGUv9sgw="></latexit>

nȒɀɀ

<latexit sha1_base64="0yHDh5Zzj8JG2OKdG5Ev0ZZQ9YA="></latexit>

Ƴ nȒɀɀ
Ƴθ
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Different models
• f: linear regression,    has a closed-form solution 

• f: neural network,    does not have a closed-forum 
solution. Gradient descent is used

8

<latexit sha1_base64="/G4zI7WbWyRHchFkVM+9Jcr6aNU="></latexit>

✓
<latexit sha1_base64="/G4zI7WbWyRHchFkVM+9Jcr6aNU="></latexit>

✓
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<latexit sha1_base64="UOVVZIDiSt5AAWRV5NnYeGcBjtE="></latexit>

ٮ Jǣɮƺȇ Ə ɎȸƏǣȇǣȇǕ ɀƺɎي {(ɴɎȸƏǣȇ,ɵɎȸƏǣȇ)}

ٮ XȇǣɎǣƏǼǣɿƺ ̂✓ ȸƏȇƳȒȅǼɵ

ǔȒȸ Ɏ = ,א, . . . ٢ƺȵȒƬǝɀ٣ ƳȒ
ǔȒȸ ǣ = ,א, . . . ٢ƳƏɎɖȅ٣ ƳȒ

ٮ �ƫɎƏǣȇ Ɏǝƺ ȵȸƺƳǣƬɎǣȒȇɀ {ǔ(ɴɎȸƏǣȇ; ✓̂Ɏ)} ٢IȒȸɯƏȸƳ ȵȸȒȵƏǕƏɎǣȒȇ٣

ٮ !ȒȅȵɖɎƺ Ɏǝƺ nȒɀɀي nȒɀɀɎǣ := n(ǔ(ɴǣ; ✓̂Ɏ),ɵǣ)

ٮ IǣȇƳ Ɏǝƺ ƳƺȸǣɮƏɎǣɮƺ Ȓǔ Ɏǝƺ ǼȒɀɀي Ƴ nȒɀɀɎǣ
Ƴ ✓̂Ɏ

ٮ ÈȵƳƏɎƺ ȵƏȸƏȅƺɎƺȸɀي ✓̂Ɏ+ = ✓̂Ɏ � ↵Ƴ nȒɀɀɎǣ
Ƴ ✓̂Ɏ

ٮ Xǔ ||✓̂Ɏ+ � ✓̂Ɏ||אא < ✏ Ɏǝƺȇ ɀɎȒȵ
ƺȇƳ ǔȒȸ

ƺȇƳ ǔȒȸ
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Stochastic Gradient Descent

<latexit sha1_base64="UOVVZIDiSt5AAWRV5NnYeGcBjtE="></latexit>

ٮ Jǣɮƺȇ Ə ɎȸƏǣȇǣȇǕ ɀƺɎي {(ɴɎȸƏǣȇ,ɵɎȸƏǣȇ)}

ٮ XȇǣɎǣƏǼǣɿƺ ̂✓ ȸƏȇƳȒȅǼɵ

ǔȒȸ Ɏ = ,א, . . . ٢ƺȵȒƬǝɀ٣ ƳȒ
ǔȒȸ ǣ = ,א, . . . ٢ƳƏɎɖȅ٣ ƳȒ

ٮ �ƫɎƏǣȇ Ɏǝƺ ȵȸƺƳǣƬɎǣȒȇɀ {ǔ(ɴɎȸƏǣȇ; ✓̂Ɏ)} ٢IȒȸɯƏȸƳ ȵȸȒȵƏǕƏɎǣȒȇ٣

ٮ !ȒȅȵɖɎƺ Ɏǝƺ nȒɀɀي nȒɀɀɎǣ := n(ǔ(ɴǣ; ✓̂Ɏ),ɵǣ)

ٮ IǣȇƳ Ɏǝƺ ƳƺȸǣɮƏɎǣɮƺ Ȓǔ Ɏǝƺ ǼȒɀɀي Ƴ nȒɀɀɎǣ
Ƴ ✓̂Ɏ

ٮ ÈȵƳƏɎƺ ȵƏȸƏȅƺɎƺȸɀي ✓̂Ɏ+ = ✓̂Ɏ � ↵Ƴ nȒɀɀɎǣ
Ƴ ✓̂Ɏ

ٮ Xǔ ||✓̂Ɏ+ � ✓̂Ɏ||אא < ✏ Ɏǝƺȇ ɀɎȒȵ
ƺȇƳ ǔȒȸ

ƺȇƳ ǔȒȸ
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Probabilistic Models

10

<latexit sha1_base64="TL20Jk0VWrtdGUe9+NExM6s8G7E="></latexit>ɴ
<latexit sha1_base64="T7LWutz9/6AyF/UQxwea7rfcMHQ="></latexit>

ǔ(ɴ; θ) ≡ ɵ̂
<latexit sha1_base64="ZX3uPqq0Pbt51VUuFNgBjdHlNn0="></latexit>

ǔ, θ

Loss

<latexit sha1_base64="M0xhpzg9KnPNhhCIPYRvGY1EFMw="></latexit>

n(ɵ̂,ɵ)
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Probabilistic Models

10

<latexit sha1_base64="TL20Jk0VWrtdGUe9+NExM6s8G7E="></latexit>ɴ
<latexit sha1_base64="T7LWutz9/6AyF/UQxwea7rfcMHQ="></latexit>

ǔ(ɴ; θ) ≡ ɵ̂
<latexit sha1_base64="ZX3uPqq0Pbt51VUuFNgBjdHlNn0="></latexit>

ǔ, θ

Loss

<latexit sha1_base64="M0xhpzg9KnPNhhCIPYRvGY1EFMw="></latexit>

n(ɵ̂,ɵ)

<latexit sha1_base64="QDV1W6BP2ZvyqJ4aunAoHir3aZk="></latexit>

¨(θ)
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Probabilistic Models

10

<latexit sha1_base64="TL20Jk0VWrtdGUe9+NExM6s8G7E="></latexit>ɴ
<latexit sha1_base64="T7LWutz9/6AyF/UQxwea7rfcMHQ="></latexit>

ǔ(ɴ; θ) ≡ ɵ̂
<latexit sha1_base64="ZX3uPqq0Pbt51VUuFNgBjdHlNn0="></latexit>

ǔ, θ

Loss

<latexit sha1_base64="M0xhpzg9KnPNhhCIPYRvGY1EFMw="></latexit>

n(ɵ̂,ɵ)

<latexit sha1_base64="QDV1W6BP2ZvyqJ4aunAoHir3aZk="></latexit>

¨(θ)

<latexit sha1_base64="ZwLO2Tt+CaRPboCrc0ijbpmAlwA="></latexit>

¨(ɴ,ɵ | θ)

f
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Probabilistic Models

10

<latexit sha1_base64="TL20Jk0VWrtdGUe9+NExM6s8G7E="></latexit>ɴ
<latexit sha1_base64="T7LWutz9/6AyF/UQxwea7rfcMHQ="></latexit>

ǔ(ɴ; θ) ≡ ɵ̂
<latexit sha1_base64="ZX3uPqq0Pbt51VUuFNgBjdHlNn0="></latexit>

ǔ, θ

Loss

<latexit sha1_base64="M0xhpzg9KnPNhhCIPYRvGY1EFMw="></latexit>

n(ɵ̂,ɵ)

<latexit sha1_base64="QDV1W6BP2ZvyqJ4aunAoHir3aZk="></latexit>

¨(θ)

<latexit sha1_base64="ZwLO2Tt+CaRPboCrc0ijbpmAlwA="></latexit>

¨(ɴ,ɵ | θ)
<latexit sha1_base64="R2DBOgh+RxAB8QgLRq1shJ4J/0Y="></latexit>

¨(ɴ | ✓)

f
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Probabilistic Models

10

<latexit sha1_base64="TL20Jk0VWrtdGUe9+NExM6s8G7E="></latexit>ɴ
<latexit sha1_base64="T7LWutz9/6AyF/UQxwea7rfcMHQ="></latexit>

ǔ(ɴ; θ) ≡ ɵ̂
<latexit sha1_base64="ZX3uPqq0Pbt51VUuFNgBjdHlNn0="></latexit>

ǔ, θ

Loss

<latexit sha1_base64="M0xhpzg9KnPNhhCIPYRvGY1EFMw="></latexit>

n(ɵ̂,ɵ)

<latexit sha1_base64="QDV1W6BP2ZvyqJ4aunAoHir3aZk="></latexit>

¨(θ)

<latexit sha1_base64="ZwLO2Tt+CaRPboCrc0ijbpmAlwA="></latexit>

¨(ɴ,ɵ | θ)
<latexit sha1_base64="9kdgaI26oDd7Nwuz9Rt8eTffoyE="></latexit>

¨(ɵ | ɴ, θ)
<latexit sha1_base64="R2DBOgh+RxAB8QgLRq1shJ4J/0Y="></latexit>

¨(ɴ | ✓)

f



Laurent Charlin — 80-629

Probabilistic Models

10

<latexit sha1_base64="TL20Jk0VWrtdGUe9+NExM6s8G7E="></latexit>ɴ
<latexit sha1_base64="T7LWutz9/6AyF/UQxwea7rfcMHQ="></latexit>

ǔ(ɴ; θ) ≡ ɵ̂
<latexit sha1_base64="ZX3uPqq0Pbt51VUuFNgBjdHlNn0="></latexit>

ǔ, θ

Loss

<latexit sha1_base64="M0xhpzg9KnPNhhCIPYRvGY1EFMw="></latexit>

n(ɵ̂,ɵ)

<latexit sha1_base64="QDV1W6BP2ZvyqJ4aunAoHir3aZk="></latexit>

¨(θ)

<latexit sha1_base64="ZwLO2Tt+CaRPboCrc0ijbpmAlwA="></latexit>

¨(ɴ,ɵ | θ)
<latexit sha1_base64="9kdgaI26oDd7Nwuz9Rt8eTffoyE="></latexit>

¨(ɵ | ɴ, θ)
<latexit sha1_base64="39EMcdBBumUzrN4ZmPpBPfgsaHQ="></latexit>

¨(ɵ,ɴ | θ)
¨(ɴ)

<latexit sha1_base64="R2DBOgh+RxAB8QgLRq1shJ4J/0Y="></latexit>

¨(ɴ | ✓)

f
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Probabilistic Models

10

<latexit sha1_base64="TL20Jk0VWrtdGUe9+NExM6s8G7E="></latexit>ɴ
<latexit sha1_base64="T7LWutz9/6AyF/UQxwea7rfcMHQ="></latexit>

ǔ(ɴ; θ) ≡ ɵ̂
<latexit sha1_base64="ZX3uPqq0Pbt51VUuFNgBjdHlNn0="></latexit>

ǔ, θ

Loss

<latexit sha1_base64="M0xhpzg9KnPNhhCIPYRvGY1EFMw="></latexit>

n(ɵ̂,ɵ)

<latexit sha1_base64="QDV1W6BP2ZvyqJ4aunAoHir3aZk="></latexit>

¨(θ)

<latexit sha1_base64="ZwLO2Tt+CaRPboCrc0ijbpmAlwA="></latexit>

¨(ɴ,ɵ | θ)
<latexit sha1_base64="9kdgaI26oDd7Nwuz9Rt8eTffoyE="></latexit>

¨(ɵ | ɴ, θ)
<latexit sha1_base64="39EMcdBBumUzrN4ZmPpBPfgsaHQ="></latexit>

¨(ɵ,ɴ | θ)
¨(ɴ)

<latexit sha1_base64="R2DBOgh+RxAB8QgLRq1shJ4J/0Y="></latexit>

¨(ɴ | ✓)

<latexit sha1_base64="Nsi2cYLEX4TcnooRTLRulG57bvY="></latexit>

nǣǸƺǼǣǝȒȒƳ
¨(ƳƏɎƏ | ȵƏȸƏȅɀ)
¨(ɴ,ɵ | ✓)

f
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Example

11

<latexit sha1_base64="uhALW6/k2c87+MFMYw2X474FCUY="></latexit>

(ƏɎƏي אדח גה דהח וב וז חא זב ٢ɖȇɀɖȵƺȸɮǣɀƺƳ ȵȸȒƫǼƺȅ٣
xȒƳƺǼي ¨(ɴ | ✓) := N ,) (
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Example

11

<latexit sha1_base64="uhALW6/k2c87+MFMYw2X474FCUY="></latexit>

(ƏɎƏي אדח גה דהח וב וז חא זב ٢ɖȇɀɖȵƺȸɮǣɀƺƳ ȵȸȒƫǼƺȅ٣
xȒƳƺǼي ¨(ɴ | ✓) := N ,) (
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Example

11

<latexit sha1_base64="uhALW6/k2c87+MFMYw2X474FCUY="></latexit>

(ƏɎƏي אדח גה דהח וב וז חא זב ٢ɖȇɀɖȵƺȸɮǣɀƺƳ ȵȸȒƫǼƺȅ٣
xȒƳƺǼي ¨(ɴ | ✓) := N ,) (

Likelihood for a single datum:
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Example

11

<latexit sha1_base64="uhALW6/k2c87+MFMYw2X474FCUY="></latexit>

(ƏɎƏي אדח גה דהח וב וז חא זב ٢ɖȇɀɖȵƺȸɮǣɀƺƳ ȵȸȒƫǼƺȅ٣
xȒƳƺǼي ¨(ɴ | ✓) := N ,) (

<latexit sha1_base64="VjX8CJck8w931fkYqAnFYJg2tOY="></latexit>

nǣǸƺǼǣǝȒȒƳ(ɴ | , ( = √
א

exp− (ɴ− א(

א

Likelihood for a single datum:
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Example

11

<latexit sha1_base64="uhALW6/k2c87+MFMYw2X474FCUY="></latexit>

(ƏɎƏي אדח גה דהח וב וז חא זב ٢ɖȇɀɖȵƺȸɮǣɀƺƳ ȵȸȒƫǼƺȅ٣
xȒƳƺǼي ¨(ɴ | ✓) := N ,) (

<latexit sha1_base64="VjX8CJck8w931fkYqAnFYJg2tOY="></latexit>

nǣǸƺǼǣǝȒȒƳ(ɴ | , ( = √
א

exp− (ɴ− א(

א

Likelihood for a single datum:

<latexit sha1_base64="nY+DFrNDvdgcjDZLgNVTVWToEvg="></latexit>

nȒǕٮnǣǸƺǼǣǝȒȒƳ

= log
p
א

exp� (ɴ� א(
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MLPs / RNNs / CNNs

• MLPs: layers are fully-connected to the next layer 

• RNNs: inputs at each layer 

• Typical application: time-series modelling 

• CNNs: replace matrix multiplications by convolutions  
(sparse connections, weight sharing) + pooling 

• Typical application: object recognition in images
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