
Structure from Motion

The use of the theoretical rank for a set of observations provides a key insight into the structure

from motion problems (see Jepson and Heeger, 1991).

Consider a camera travelling through a stationary environment. Then the scene appears to move

with translational velocity ~T and angular velocity ~Ω. In the camera’s coordinates, the motion

of any scene point ~X is
d ~X

dt
= ~T + ~Ω × ~X.

Suppose we observe the motion field ~u(~xk) at K image points, {~xk}
K

k=1
, in this camera’s image.

Let ~X(~xk) be the 3D scene point associated with the kth image point ~xk. Then it can be shown

that ~U T ≡ (~u T

1
, . . . , ~u T

K
) satisfies

~U = C(~T )





~z

~Ω



 = A(~T )~z + B~Ω. (24)

Here ~z is a K-vector, with elements zk = 1/|| ~X(~xk)||, A(~T ) is a 2K × K matrix that depends

linearly on ~T , and B is a 2K × 3 matrix that depends only on the image points ~xk.

Notice, for ~T = ~0 we have A(~T ) = 0, and (24) states that the flow field ~U must be in the rank

3 subspace formed by the range of the matrix B. Similarly, for nonzero ~T , equation (24) states

that the 2K-dimensional flow field ~U must be in the K +3-dimensional subspace formed by the

range of C(~T ).

This range condition can be used to identify ~T (up to a speed ambiguity, i.e., ||~T || remains

unknown) and ~Ω given the motion field ~U . Moreover, given ~T/||~T || and ~Ω, equation (24) can

be used to solve for the inverse depths ~z (up to an overall scale ambiguity).
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