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Example: continuousundelying variables

e Wha aretheintringc latent dimengsonsin these two ddasets?

SEET TS ST
goeeegecse

e How can we find these dimengons from thedaa?
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Dimensionality Reductionvs. Clustering

« Traning ontinuauslatent variable modds often called
dimensionality reduction, Snce theae are typicdly many fewer
latent dimensons

« Examples. Prindpd ComponaentsAndysis, Fador Andysis,
Indgoendent Components Andysis

e Continuouscauses often more efficient a representing information
than discrete

o For example, If there are two fadors, with aout256 ®ttingsead,
we can describe the latent causes with two 8-bit nunmbers

o If wetry to duder thedda, we need 216~= 10° nunbers
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Generative View

« Ead daaexample genaated by first seleding apoint from a
distributionin the latent space, then generating apoint from the
conditiond distribution in theinputspace

o Simple modds: Gaussian distributionsin bot latent and dda
space, linear relationdhip bawixt

e Thisview undelies Probabilistic PCA, Fador Andysis
 Will return to this later




CSC2515: Lecture 8 Contl

Standard PCA

o Used for daa compresson, visudizaion, fedure extradion,
dimensiondity redudion
e Algonthm: to find M componantsundelying D-dimendond daa

— seled thetop M eigenvedors of S (data covariancematrix): {ui, ..., uns}
— projed eadinpu vedor X into this subspace eg., z,; = uf

1 Xn
x2“ //'111
* Full projedion orto M dimensons: .\/\
-
o xyexy] =21 2] K
u;, rd

$1V

 Two views/deivations
— Maximizevariance (scater of green points)
— Minimizeerror (red-green distance per datapoint)
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Standard PCA: Variance maximizaion

Onedimengond example //
Objedive: maximize projeded variance w.r.t. U, <A
N

1 T T 12
~ E {u! x, —ui x}? = uf Su;
—

— where sampl e mean and data covariance are:

X =

S = xn — X) (xn — %)

Mug constraln ||u1||. via Lagrangemultiplier, maximizew.r.t u,
ul'Su; + A\(1 —ufuy)

Optimal u, is principa componant (eigenvector with maximal
eigenvaue)
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Standard PCA: Extending to higher dimensions

 Extend lutionto additiond latent components find variance-
maximizing dredionsorthogona to previousones

e Equivalent to Gaussan goproximation to dda
e Think of Gaussian as footbdl (hyperelli psoid)

— Mean is center of footbal
— Eigenvedors of covariance matrix are axes of football
— Eigenvalues are lengths of axes

« PCA can bethoughtof asfitting thefootbdl to the daa:
maximize volume of daa projedions in M-dimensiond sub3ace

o Alternaive formulation: minimize error, equivalent to minimizing
average distance from daapoint to its projedion in subpece
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Standard PCA: Error minimizaion

o Data pointsrepresented by projedion onb M-dimengond subace,
plus some distortion:

* Objedive: minimizedistortionw.r.t. U, (reconstruction error of x.)
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e Theobjediveisminimized when the D-M componentsare the
eigenvectors of S with lowest eigenvdues — same result
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Applying PCA to faces

* Ned to first reduce dimensiondity of inputs (will seein tutorial
how to handle high-dimensiond inputs) — down-sample images

 Run RCA on 243 19x19 gayscde images (CBCL daabase)

Bl b e
21162 < (o, ey | ] oy s

o Compresssthedaa can gd¢ goodrecngructionswith only 3
componeants

e Pre-processng: can gply classfier to latent representation --
PRCA w/ 3 coomponentsobtains 79% accuracy on facénonface
discriminaion in test daavs. 76.8%for m.o.Gwith 84 dates

e Can begood Dr visudizaion

B 2 9




CSC2515: Lecture 8 Continuous £

Applying PCA to faces. Leaned basis
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Probabili stic PCA

o Asaimptions

p(z)

p(x|z)

p(2)

e Probavilistic, generative view of daa

— underlying latent variable has a Gaussan distribution
— linea relationship between latent and observed variables
— Isotropic Gaussan noise in observed dimensions

= N(z|0,])
N (x|Wz + p, %)

1 T

x=Wz+ u+e
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Probabili stic PCA: Marginal data density

e Columnsof W are theprincipal components, o2 is Sensor noise

* Produd of Gaussiansis Gaussan: thejoint p(z,x), the margind
daa distribution p(x) and the pogerior p(z[x) are dso Gaussian

. Margind data density (predictive distribution):
= [ p(z)p(x|z)dz = N (x|p, WWT + 1)

« Can deflve by completlng gjuae in exponent, or by jud

computng mean and @vaiance given tha it is Gaussian:
Elx] = Elp+Wz+e] =pu+ WE(z] 4 El€]

p+ WO+ 0=pu

C = Covl[x] = E[(z— p)(z — p)']
= El(p+Wz+e—p)(p+Wz+e—p)']
= E[(Wz 4+ e)(Wz+¢)!]

WW7! + 521
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Probabili stic PCA: Joint distribution

e Joint density for PRCA (x iIsD-dim., z isM-dim):

7 7 ) / WA
p(X)_N(X ‘ n T_WWWT—FO'QI_)

— where cross-covaiance terms from:
Covlz,x] = E[(z—0)(x—p)"] = Elz(u+ Wz +e—p)']
E[z(Wz 4+ ¢)'] = W7

* Note tha evaluaing predictive distributon invaves inverting C:
reduce O(D3) to O(M3) by applying matrix inversion lemma:
Cl=6"1T-02WWTW +¢2I)"'W7T
S 13
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Probabili stic PCA: Posterior distribution

 Inferencein PPCA produass pogerior distribution ower latent z

« Derive by gpplying Gaussian conditioning formulas (see2.3 n
book)to joint distribution 1 1
) =~ (1]

X9 X9
p(x1) = N (1, X11)
p(x1[x2) = N(x1/myp, Vi)

o

1
myy = f1 + 212009, (X2 — [12)

p(z|x) = N(z/m,V) Vip = Z11 — S19%5' Ty
m = W/ (WWT +521)"1(x - u)
V = I- W/ (WW! +421)~ 1w

 Mean of inferred z is projedion of centered x —linea opeation
e Poderior variance does notdegpend on heinputx at al!

211 2192
201 299

)
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Standard PCA: Zero-noise limit of PRCA

e Can deive gandad PCA aslimit of Probavilistic PCA (PRCA) as
0% — 0.

« ML paameters W™ are the same
* Inferenceis easier: orthogona projedion

limye o WH(WWT + 2WT)-1 = (WITW)- W7

e Poderior covaianceis zero

15
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Probabili stic PCA: Constraned covariance
 Margind densty for PPCA (x is D-dim., z is M-dim):
p(x]0) = N (x|, WW' + 0°T)

— where6 =W, u, o

« Effedive covaianceislow-rank ouer produd of two long kinny
matrices plusa mndant diagond matrix

WT
Cov[x] — W —+- 2]

o S0 PPCA iIsjud a ongdrained Gaussian modd:
— Standard Gausgan has D + D(D+1)/2 eff edive parameters
— Diagonal-covariance Gaussan has D+D, but canna cgpture correlations
— PRCA: DM + 1 -M(M-1)/2, can represent M most significant correlations

N 16
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L(6;X)

log p(X|6)
= ——log|C

= ——log|C

= ——log|C

Probabili stic PCA: Maximizing likelihood

=) logp(xn|6)

S NIRRT NG
— STrIC Yt — )Gt — )]

_ e s
2

o Fit paameters (0 =W, u, o) to max likelihood make modd
covaiance match ob®rved covaiance, distance is traceof ratio
« Sufficient gatistics: mean o = (1/N)2, X,, and sample covaiance S

e Can lve for ML params diredly: k" column of W isthe Mt
largest eigenvadueof Stimes the asodated agenvector; o2 isthe
sum of al eigenvdueslessthan Mth one
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Probabili stic PCA: EM

e Rathe than lving dredly, can apply EM
 Neal complete-daalog likelihood
log p(X, Z|p, W,0%) = 3, llog p(xn|2,) + log p(zy)]

e E gep: compute expectation of complete log likelihoaod with
respect to pogserior of latent variables z, usng airrent parameters —
can deive E[z ] and E[z,z,"] from pogerior p(z|x)

e M gep: maximize with respect to parameters W and o2

o |terative solution, updding paameters given aurrent expectations,
expectationsgive current paameters

* Nicepropaty — avoidsdired O(ND?) congdruction of covariance
matrix, indead involves sums ove daa cases. O(NDM); can be
Implemented onine, withoutstoring daa

B 18
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Probabili stic PCA: Why bother?

o Seamslike alot of formulas, dgebrato g to amilar modd to
standad PCA, bu...

e Lealsto undestanding ofundelying dda modd, assumptions
(e.g., vs dandad Gaussian, othe condrained forms)

« Derive EM version of inference/leaning: more efficient

« Can undestand ohea modds as generalizaions modficaions
 Moreredaily extend o mxtures of PRCA modds

* Princapled method ofhandling missng vdues in daa

 Can genaate samples from daa distribution

19
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Fador Analysis

Can beviewed as genealizaion of PPCA

Historicd asde— controvasial method, baed on dtemptsto
Interpret fadors. e.q., anaysis of |Q daa identified fadors related
to race

Asaimptions
— underlying latent variable has a Gaussan distribution
— linea relationship between latent and observed variables
— diagonal Gausdan noisein datadimensions

p(z) N (z|0,1)
p(x|z) = NEWz+p,¥)

W: factor loading matrix (D x M)
¥ . daa covaiance (diagond, or axis-aligned; vs. PCA’s pheaicd)

B 20
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Fador Analysis. Distributions

o Asin PPCA, thejoint p(z,x), themargind daa distribution p(x)
and the poderior p(z[x) are dso Gaussian

. Margind daa density (predictive distribution):.
= [, p(2)p(x|z)dz = N (x|, WWT + )

AR =G )

e Poderior, daived via Gaussian conditioning

o Jointdengty:

p(z|x) = N(z|m,V)
m = W/I(WW! + &) 1(x - p)
V = I-wWIiiww! + o) 1lw

B 21
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Fador Analysis. Optimizaion

o Parameters are coupled, meking it impossible to olve for ML
parameters direaly, unike PCA

 Mud use EM, or other noninear optimizaion

o E gep: compute poderior p(z|x) — use matrix inversion o convat
D x D matrix inverssonstoM x M

o M gep: take deivatives of expected complete log likelihood wth
respect to paameters

22
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Fador Analysisvs. PCA: Rotations

* In PPCA, thedaa can berotated without changing anything:
multiply data by matrix Q, obtain same fit to dda

po— Qu
W «— QW

e Butthescdeisimportant Vo W

 PCA looksfor diredionsof large variance, 0 it will grab large
noise diredions

23
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Fador Analysisvs. PCA: Scde

* In FA, theddaa can bere-scded withoutchanging anything
* Multiply x; by o;: M < Oy
W, «— a?W,

o But rotationin dda aceis important

* FA looksfor diredionsof large correlationin the daa, 0 it will
not modd large variance noise

24
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Fador Analysis: Identifiability

e Fadorsin FA are non-identifiable: notguaanteal to find same
set of paameters — not jug local minimum butinvaiance

« Rotate W by any unitary Q and nodd says the same —W only
appears in modd as outer produd WW'T

* ReplaceW withWQ: (WQ)(WQ)'=W((Q QY WT=WWT
e S0 no $ngle best setting of parameters

« Degeneacy makes unigueinterpretation ofleaned fadors
Impossble

25
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Independent Componrents Analysis (ICA)

 |CA isanothe continuouslatent variable modd, butit has a
non-Gaussian and factorized prior on the latent variables

e Good n gtuaions where most of the fadors are small most of
thetime, do notinterad with each aher

o Example: mixtures of speech signds

7 Aol
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- b | '
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":il?lt,' ! \ s :._ﬂ.____ﬂ_---__f— - -L-:"' = "—-}r:‘ Tt
7 i == e
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N

e Leaning poblem same as before: find weights from fadors to
obsrvations infer the unknown faador vaues for given input

 |CA: fadors are called “sources’, leaning is“unmxing”

B 26




CSC2515: Lecture 8 Contl

| CA Intuition

e Since latent variables asaumed to be indgoendent, trying to find
linear trandormation of daa tha recovers indgpendent causes

* Avoid dgengaaesin Gaussian latent variable modds. asaime
non-Gaussian pnor distribution for latents (sources)

« Often we use heavy-tailed sourcepriors, eqg.,

1 1
p(zj) ~ mcosh(z;)  mw(exp(z;)+exp(—=z;))

Learned basis vectors

e Geometric intuition: find pikes in histogram -

27
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|CA Detail s

o Simplest form of ICA has as many outputs as sources (sguae)
and no &nsor noise on he oufputs:

p(z) = |]pr(zk)
k
Vz

X

 Leaningin this case can bedonewith gradient descent (plus
some “covariant’ tricks to make updaes faster and more stable)

o If kegp V sguae, and ssume isotropic Gaussian nose on he
outpus, thereisasmple EM agonthm

e Much more complex cases have been fudied dso: nonsquae,
time ddays, €c.
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