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11.3.0 Generic

11 Reference

The operators = =+ if then else fi apply to every type of expression (but the first operand of
if then else fi must be binary), with the laws

X=x Reflexivity if Tthenxelseyfi = x Case Base

x=y = y=x Symmetry if L thenxelseyfi =y Case Base

x=y A y=7 = x=z Transitivity ifathenxelsexfi = x Case Idempotent

x=y = fx=fy Transparency if a then x else y fi = if —a then y else x fi

xFy = =(x=y) Unequality Case Reversal
The operators | | < < > > apply to numbers, characters, strings, and lists, with the laws

XSy = x=x\y x{y=sx=xly xsy = y=xly

x<x Reflexivity = x<x [rreflexivity

= (x<y A x=y) Exclusivity =(x>y A x=y) Exclusivity

=(x<y A x>y) Exclusivity X<y = x<y V x=y Inclusivity

X<y A y<Z = X<7 Transitivity X<y A y<7 = x<7 Transitivity

X<y A y<z = x<7 Transitivity X<y A y<z = X<7 Transitivity

x>y = y<x Mirror x=y = y<x Mirror

- X<y = x=2y Totality - XSy = x>y Totality

XSy A ySx = x=y Antisymmetry x<y v x=y v x>y Totality, Trichotomy

xtx=x Idempotence  x|x=ux Idempotence

xty=ytx Symmetry x{y=ylx Symmetry

xt12) =tttz Associativity x| (y{z) =x{y) |z Associativity

xT(vlz)=&ty)|{(x1z) Distributivity x| (y1z) =(x|y)](x|z) Distributivity

xty=<z = x<z A y<z Connection x|{y<z = x<zvy<z Connection

x<ylz = x<yvx<z Connection x<ylz = x<y A x<z Connection

x1y = if x>y then x else y fi

x|y = if x<y then x else y fi

End of Generic

11.3.1 Binary
Let a, b, ¢, d,and e be binary.

Binary
T
-1
T+1

Excluded Middle
av -a

Noncontradiction
=(a A —a)

Base
=(anl)
av T
a=T
1l =a

Mirror
a<=b =b=a
Double Negation
Duality
-(anb) = -av -b
-(avb) = —-an-b
Exclusion
a=-b = b= -a (Contrapositive)

a=-b=a*b = -a=>b

Inclusion
a=b = -a v b (Material Implication)
a=b = (anb = a)

a=b = (avb = Db
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Identity
TAa =a
lva =

Idempotent
ana = a
ava =—

Reflexive
a=a
a=a

Indirect Proof
—a=1 = a
—a=a = a

Specialization
anb=a

Associative
anbnac) =(@ab)ac
avibve) = (@vb)vc
a=(b=c) = (a=b)=c
a¥x(b+fc) =(a*b)*c
a=(b=*+c) = (a=b)*c

Symmetry (Commutative)
anb =bnaa
avb =bva
a=b = b=a
a*xb =b#*a

Antisymmetry (Double Implication)
(a=b)an(b=a) = a=b

Discharge
an(a=b) =anb

a=(@Ab) =a=b
Antimonotonic
a=b = -a <= -b (Contrapositive)

a=b = (a=c)<=b=0)

Monotonic
a=b == anc=bnAc
a=b == avc=bvc
a=>b = (c=a)=(c=D)

Absorption
an(avb) = a
av(anb) = a

Direct Proof
(a=byrna=b
(a=b)A =b= -a
(avb) A ma=b

Transitive
(anb)yanbac)=(anc)
(a=b)r(b=c)=(a= )
(a=b)an(b=c)=(a=c)
(a=b)ab=c)=(a=0¢)
(a=b)r(b=c)=(a=0¢)

Distributive (Factoring)
an(bnarc) =(anb)a(anc

anbve)=(@nab)yv(anc
avibace) =(@vb)a(avo)
avibve)=(@@vb)yviavc
avib=c) = (avb)y=(avc)
avib=c) =(avb=(@vo)
a=bnrc) = (a=b)Ar(a=c)
a=bvec) = (a=b)via=rc)
a=b=c) = (a=b)=(@=rc)
a=b=c) = (a=b)=(a= )
Generalization
a=avb
Antidistributive
anb=c = (a=c)v(b=c0)

avb=c = (a=c)rn(b=0)

Portation
anb=c =a=b=rc)
anb=>c =a=-bvc
Conflation

(@a=b)A(c=d) = anc=bnd
(a=b)a(c=d) = avc=bvd

Equality and Difference
a=b = (aAb)v (=an-Db)
atb = (an-b)yv(-anb)
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Resolution aac = (avb)A(=bvc) = (an-b)v(bac) = avc

Case Creation Case Analysis

a = if b then b=a else -b = afi ifathenbelsecfi = (anb)v (-anc)
a = if b then bra else =b A afi if a then b else ¢ i = (a=b) A (ma=>¢)
a = if b then b=q else b=+a fi
One Case

Case Absorption ifathen Telsebfi = avb
if a then b else ¢ fi = if a then anb else ¢ fi ifathen Lelsebfi = -anb
if a then b else ¢ fi = if a then a=b else ¢ fi ifathenbelse Tfi = a=b
if a then b else ¢ fi = if a then a=b else c fi ifathenbelse Lfi = anb
if athen b else c fi = if a then b else —a A cfi ifathen belse -bfi = a=b
if a then b else c fi = if a then b else avc fi if a then —-belse b fi = a=+b
if a then b else c fi = if a then b else a=+c fi

Case Distributive (Case Factoring)

-~ ifathen belsecfi = if a then -b else - fi
ifathen belsecfi A d = if a then bad else cad i

and similarly replacing A by any of v

F = <=

if a then bac else dae fi = if a then b else d fi A if a then c else ¢ fi

and similarly replacing A by any of v

+F = <=

Numbers

End of Binary

Let d be a sequence of (zero or more) digits, and let x , y ,and z be numbers.

dO0+1 =d1 d5+1 =d6 Counting (see Exercise 32)
dl+1=d2 d6+1 =d7 Counting
d2+1=d3 d7+1 =d8 Counting

d3+1 =d4 d8+1=d9 Counting

dd+1 =d5 9+1 =10 Counting

for nonempty d d9+1 = (d+1)0 Counting

x+0=x Identity

X+y = y+x Symmetry

x+(y+2) = (x+y)+z Associativity
—00KX<® => (X+y = X+7 = y=7) Cancellation
—00KX => 04X = ® Absorption

X< => —00 4 x =—0 Absorption

—x = O—x Negation

——x=x Self-inverse
—(x+y)=—x+ -y Distributivity
—(x=y) = y—x Antisymmetry
—xxy = —(xxy) = xx-y Semi-distributivity
—x/y = —(xly) = x/—y Semi-distributivity
x0=x Identity

X-y = xX+-y Subtraction

x+(y-z) = (x+y)—=z
x—(y+z) = (x=y)—=z

Addition-Subtraction
Addition-Subtraction

—0X<P = (X—y =x—7 = y=7) Cancellation
—oox<® = x—x=0 Inverse

X< => 0—x = ®© Absorption
—00KX => —0 — x = —0 Absorption
—oox<® = xx0=0 Base

xx1l=x

Identity


http://www.cs.utoronto.ca/~hehner/aPToP/solutions/Ex32.pdf
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XXY = yxX
xx(y+z) = xxy + xxz

xx(yxzZ) = (xxy)xz

—00<x<® A xF0 = (xxy =xxz7 = y=27)
O<x = xxo0 =

O<x = xx—0 = —o

x/1=x

x¥0 = 0/x=0

—oo<x<© A x+F0 = x/x=1

xx(y/7) = (xxy)/z = (x/z7)xy = x/(z/y)
(x/y)lz = x/(yxz)

—oo<y<® A y+0 = (x/y)xy =x
—00KY<® => x/o0 =() = x/—»

—oo<y<oo = x0 =1

xl=x
—oo<0<]<eo
A<y = —y<—=x

—00KY<® = (x+y <X+ = y<7)
O<x<®o = (xxy <xxz = y<7)
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Symmetry
Distributivity
Associativity
Cancellation
Absorption

Absorption

Identity

Base

Base
Multiplication-Division
Multiplication-Division
Multiplication-Division
Annihilation

Base

Identity

Direction

Reflection
Cancellation, Translation
Cancellation, Scale

X<y V X=y V X>y Trichotomy

—W<x<® Extremes

xfoo =00 X|—00 =—00 Base
xt—oo=x x| =x Identity
—~(x1y) =-x|~-y —(xly)=-x1-y Duality
x+ylz = (x+y) 1 (x+2) x=ytz = (x-y)|{(x—2) Distributivity
x=0 = xx(y1z) = (xxy) M(xxz) x=0 = xx(y|z) = (xxy)|(xxz)  Distributivity
x=0 = xx(y1z) = (xxy) | (xxz) x<0 = xx(y|z) = (xxy)1(xxz)  Distributivity

Bunches

End of Numbers

Let x and y be elements (binaries, numbers, characters, sets, strings and lists of elements).

Xy — x=y

xxA,B = xx:A v x:B
xxA‘B = xxA A xB
x:AsB = x:A A -x:B
ALA=A

A,B=B,A

A, (B,C)=(A,B),C
AA=A

A‘B=B‘A
A‘B'C)=(A*'B)‘'C
AB:C = A.C A B:C
A:B‘C = A:B A A C
A:A,B

A‘B: A

A A

A:B A B:A = A=B
A:B A B:C = A:.C
A:B = B:A

Elementary
Union
Intersection
Removal
Idempotence
Symmetry
Associativity
Idempotence
Symmetry
Associativity
Antidistributivity
Distributivity
Generalization
Specialization
Reflexivity
Antisymmetry
Transitivity
Mirror
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¢null =0
¢x =1
¢ nat = ©

¢(A,B) + ¢(A'B) = ¢A+¢B
- xA = ¢A'x)=0

A:B = ¢A<¢B

A,(A‘B) = A = A‘(A, B)
A:B = A,B=B = A=A'B
A,(B,C) = (A,B), (A, C)

A, (B‘C) = (A, B)‘(A, C)
A‘B,C) = (A'B),(A°0O)
A“BC) = (A‘B)(A°C)
A~(B,C) = (A5B)sC = (A5B)'(A50)
(A,B)sC = A5C, B5C

Size

Size

Size

Size

Size

Size
Absorption
Inclusion
Distributivity
Distributivity
Distributivity
Distributivity
Union Removal
Union Removal

A‘(B5sC) = (A‘B)sC = B‘(A50) Intersection Removal
A-B AnC:D = AC:B,D Conflation, Monotonicity
A:B A C:D = A‘C:B‘D Conflation, Monotonicity
null: A Induction

A,null = A = null, A Identity

A‘null = null = null’'A Base

¢A=0 = A=null Size

x,y:xint A x<y = (i:x,.y = iiint A x<i<y) Interval

X,y:xint A x<y = ¢(x,.y) = y—x Interval

nat =0,..00 Interval

oo, —o0: x/0

xreal: 0/0

X+ XY x X2

X%z (xY)z

—null = null

—(A,B) = -A,-B

A+null = null = null+A

(A, B)+(C,D) = A+C,A+D, B+C, B+D

Division by 0
Division by 0

Adding Exponents
Multiplying Exponents
Distribution
Distribution
Distribution
Distribution

and similarly for many other operators (see Section 11.7)

End of Bunches

11.3.4 Sets

Let S be a set.

(~S} = §
~{A} = A
{A} + A

Ae{B} = A:B
{A}c{B} = A:B

{A}:’B = A:B
${A} =¢A
{A}u{B} = {A,B}
{A}n{B} = {A° B}
{A}={B} = A=B
{A}+#{B} = A+B

End of Sets

11.3.5 Strings

Let S, T,and U be strings; let i and j be items (binary values, numbers, characters, sets,
lists, functions); let n and m be extended natural; let x, y,and z be extended integers such
that x<y<z .
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S;nil = S = nil; S

$;(T0) = (S 1, U
<nil =0
< =1
<(S$;T) = «S+<T
¢nil =1

¢(A;B) <= ¢Ax¢B

<>S<o = (S5 Nag =1
<>S<o = §iT<<S>j = §y;T
0*S = nil

(n+D)*S = n*S; S

*§ = **%§ = nat*S
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Sy = Spu
S nil

nil =
Sr.u = S Sy
S{A} = {SA}

<S<0 = nil<S< 80T
<S<onicj = ST < S;j;,U
<5< = (§S;A;T: S;B;T = A:B)
<>S<w = (5 = 85T = 8571)
(S<n=i),, = if n=mthenielse S, fi
—00<Lx<0 = x;.Xx = nil

—oo<x<® = x;.x+1 =x

(x5.9) 5 (15-2) = x5.2

<>(x;.y) = y—=x

11.3.6 Lists

End of Strings

Let S and T be strings; let i be an item (binary value, number, character, set, list, function);
let L, M ,and N be lists; let n and m be extended natural.
[ST % S =~[5] OL = 0,.#L
[~L]=L [SIT =S¢
[S1:(T] = [S; 7 Sipy = 7]
[S]=[T] = S=T [ST[T] = [Sq]
[S1<[T] = S<T L{A} = {LA}
[A]l: [B] = A:B L[S] = [LS]
#[S] = =S (LM)N = L(MN)
nil—=i|L = i #L = ¢OL
n—i|[S] = [S<n=i] Lenil = L
(n—=i|L)ym = if n=m then i else L m fi Lei = Li

(S; D—>i| L = S—(T—i|LaS)| L

Le(S;T) = LeSeT

End of Lists

11.3.7 Functions

Renaming — if v and w do not appear in D
and w does not appear in b
(vi D* by = (w: D-{(v: D" by w)

Function Composition — if - f: Og
O(gf) = $x: Of fx: Og
hHx=g(Fx)

Domain
O(v:D-by = D

Application — if element x: D

(v: D b) x = (substitute x for v in b)

Distributive
fnull = null
f(A,B) = fA,fB

f8g = 8y:f(Og)yIx: Og fx=y A gx

Function Union
O(,g) = Of Og

(f,9)x =fx,gx
Function Intersection
O(f‘g) = Of,0¢g

(fox = (flox-(g|hHx

Selective Union

O(f| e = Of, Og
(f| g)x = if x: Of then fx else g x fi

flf=r
flglh = (flg|h
@Qlhf = gf|hf

Function Inclusion and Equality
fg = Of:0g¢ AVx:Og fxigx
f=g = Of=0g A Vx:Of fx=gx

fifbthenxelseyfi = ifbthenfxelsefyfi ffA—B = Of:A A Va:A fa:B
if b then felse g fi x = if b then fx else g x fi
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Arrow Size
f: null—A #f = ¢Of
A—B:C—D = A::C A B:D
(A,B)—(C‘D): A—=C : (A‘B)—(C, D) Extension
(A,B)—~C = A—=C|B—C = A—=C ‘B—C f = (v:Of fv)

End of Functions

11.3.8 Quantifiers

Let x be an element,let a, b and ¢ be binary,let » and m be numeric, let f and g be
functions, and let p be a predicate.

Yvinull b = T Yv:A,B-b = (Vv:A-b) A (Vv: B b)
Vvixb = (vix b)x Yv:(§v:D b)y¢c = Yv:Db=c
dvinull-b = L dv:A,B-b = (@v:A-b)v (Av:B b)
vixb = (vixb)yx Av:(§v:D-b)yc = Av:D-bnrc
Svinulln = 0 EviA,Bn+Evi:A'Bn) = Cv:A n)+(Zv: B n)
Svixn = (vixn)x Zv: (§v: D b)n = Zv: D-if b then n else O fi
Iv: null-n = 1 (Ilv: A, B- n) x (IIv: A‘B- n) = (Ilv: A- n) x (Ilv: B- n)
Iv:ixn = (vix nyx ITv: (§v: D- by n = Tlv: D- if b then n else 1 fi
yvinulln = o viA,B-n = (|v:A-n)|({v: B n)
vivn = (vix-nyx yv: (§v: D- b)- n = |v: D- if b then n else = fi
ftvinull-n = —oo tv:A,Bn = (fviA n)t(v: B n)
ftvixn = (vixnyx Mv:(§v: D- by n = {v: D- if b then n else — fi
Svinull b = null Inclusion
§v:x-b = if (v: x b) x then x else null fi A:B = Vx:A x:B
SviAB'b = (§v:A-b),(§v: B b)
SviA‘B-b = (§v:A-b)*(§v: B b) Cardinality
§v:i(§viD-b)yc = §viD-bnac ¢A = Z(A—1)
Change of Variable — if d does not appear in b Identity
VrifD-b = Yd:D-{r:fD b)(fd) Vv T
Ar:fD-b = 3d: D-{r: fD- b) (fd) -3 L
Vr:fD-n = |d:D-{r:fD- n)(fd)
frifDn = {d: D {r:fD n)(fd) Specialize and Generalize — if element x: Of
Uf <fx=1f
Bunch-Element Conversion
A:B = Va:A 3b: B a=b Distributive — if D+null
fA:gB = Va:A-3b:B-fa=gb and v does not appear in a
an¥v:D'b = VYv:D-anb
Idempotent — if D+null anIv:D-b = FviD-anb
and v does not appear in b av¥Vvi:D'b = Yv:D-avb
YviD-b = b avIv:Db = IviD-avb
Av:D-b = b a=Nv:D-b = YviD-a=b

a=3Iv:D'b = Fv:iD-a=>b
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Absorption — if x: D

(v:D-byxAJv:D- b = (v:D by x
(v:iDbyxv¥v:D-b = (viD byx
(v:DbyxaNv:D-b = VYv:D'b
(viD-byxvIv:D-b = Fv:D-b

Specialization — if element x: Op

Vp = px
One-Point — if x: D
and v does not appear in x
VYv:D-v=x=b = (v:D-b)x
Av:D-v=xAb = (v:D-b)x
Duality
-Vvb = v -b
-Iv-b = Vv =b
—fvn = |v-n
—Jvn = fv-n
Solution
SqviD-T =D
(§v: D b): D
SviD- 1 = null

§v:- b): (§v-c) = Vv b=c
@Svb),§vc) = §vbve
@vb) §ve) = §vbnac
x:8p = x:Op A px

Vi = @§H=(o)

Af = §H)+null

Bounding — if D+null

and v does not appear in n

n>(ftv: D m) = (VYv: D- n>m)
n<{v: D-m) = (Vv: D- n<m)
n=({v:D-m) = (Yv: D- n=m)
n<(v:D-m) = (Yv: D n<m)
n=v: D-m) <« (Av: D- n=m)
n<(fv: D-m) <« (Av: D- n<m)
n>({v: D-m) = (Av: D- n>m)
n<(fv: D-m) = (Av: D- n<m)

Antidistributive — if D=null
and v does not appear in a
a<=3dv:D'b = VviD-a<b
a<=Vv:D'b = AviD-a<=b

Generalization — if element x: Op
px = 3p

Splitting — for any fixed domain
Yvanb = (Vv-a) n (Vv b)
dv-anb = @Av-a) A Qv b)
Yvavb <= (Yv-a) v (Vv b)
dvvavb = @va) v v b)
Vva=b = (Vv-a) = (Vv b)
Vvva=b = @v-a) = (Av- b)
Yva=b = (Vv-a) = (Vv b)
Yv-a=b = (dv-a) = (Av- b)

Commutative
Yv-VYwb = VYw Vv b
Jv-Iw-b = Fw- v b

Semicommutative
v Vw b = Vw I b
Vx 3y pxy = FFVxpx(fx)

Domain Change
A:B = (Vv:A-b) <= (Vv:B-b)
A:B = (Av: A-b) = (Av: B- b)
Vv:A-viB=p = Yv:AB'p
dviAviBap = viABp

Extreme
(In: int- n) = (§n: real- n) = —o
(fn: int n) = (fn: real- n) = ©
Connection
n<m = Vk k<n= ksm
n<m = Vk k<n= k<m
nsm = Vk m<k= n<k
nsm = Vk m<k= n<k

Distributive — if D#null and v does not appear in n

nt(tviD-m) = (fv: D nltm)
nt(yv:D-m) = ({v: D nltm)

n+ (v: D-m) (ftv: D n+m)
n—({v: D- m) ({v: D- n—m)
(fv:D-m)—n (ftv: D m—n)

n=0 = nx({v: D- m) = ({v: D- nxm)
n<0 = nx(fv: D- m) = (}v: D- nxm)
nx(2v: D- m) = (Zv: D- nxm)

SO

nfy(yv:D-m) = (|v: D n|m)
ny(fviD-m) = (fv: D n|m)
n+{viD-m) = (|v: D n+m)
n—{v:D-m) = ({v: D- n—-m)
(viD-m)y—n = (|v: D- m—n)

n=0 = nx({v: D- m) = (}v: D- nxm)
n<0 = nx({v: D- m) = ({v: D- nxm)

(ITv: D- m)* = (Ilv: D- m*")

End of Quantifiers
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11.3.9 Limits

Let all domains be nat .
(fme n- f(mtn)) < §f < (Um: fne f (m+n))
Am- Vo p (m+n) = {p = Vm In- p (m+n)

fnn=o

End of Limits
11.3.10 Specifications and Programs

For specifications P, Q, R,and S, and binary b,
ok = x'=x A y'=y A ..
x=e = x'=e A y'=y A ..
P.Q = ',y .o XLy, PYX Y A (X, s Q)XY
PO = 3,10 ({-Pytp A (- Q)i0 A 1 =tPl10
if bthen Pelse Ofi = bAPvVv-bAQ = (b=P)A(=b=0Q)
newx: T-P = Ax,x: TP
framex- P = P A y'=y A ..
while bdo Pod = >t A if b then P. t:=t+1. while b do P od else ok fi
VYo,o0-ifbthen P. Welseokfi =« W — Vo,0-whilebdoPod = W
To prove Fm < fori=m;.ndo P od

prove Fi < iim,n n (P. F(i+l))

and Fn < ok
Am=An < fori:=m;.ndoi:m,.nAnAi = A'(i+1) od
waituntilw = r=11w
assert b = if b then ok else screen! “error”. wait until « fi
ensure b = b A ok

P. (P value e)=¢ but do not double-prime or substitute in (P value ¢)
Data transformer D satisfies Vnew- dold- D and transforms specification S to
Yold- D = Fold- D' A S

c? = t=1t1(Je,, + (transit time)). rc:=rc +1

c = Wrcrc—l

cle = Meyo=e N Ty =t A (we:=we +1)

Ve = Je,.. + (transit time) < ¢

new x: time—T-S = 3x: time—T- S

new c? T- S = IAMec: o*T- AFJ¢: co*xnar- Are, vc’, we, we': xnat ve=we=0 A S
P.ok = P = ok.P identity

P.(O.R) = (P.Q).R associativity
PvQ.RvS = (P.R)v(P.S)Vv(Q.R)v (0.S) distributivity

if b then Pelse Q fi. R = if bthen P.Relse Q. R fi distributivity (unprimed b )
P.ifbthen Qelse Rfi = if P.bthen P.Qelse P.Rfi distributivity (unprimed b )

P|lo = QfP symmetry
Pll@|r = [O|R associativity
P|OvR = (P||Q)v (P|R) distributivity

P|ifbthen Qelse Rfi = ifbthen P | Qelse P||Rfi distributivity
if b then P||Q else R||S fi = if b then P else R fi || if b then Q else S fi distributivity
x:=if bthen e else ffi = if b then x:= e else x:=ffi functional-imperative

End of Specifications and Programs
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11.3.11 Substitution

Let x and y be different boundary state variables, let e and f be expressions of the prestate,
and let S be a specification.

x:=e.S = (for x substitute ¢ in §)

(x:=el|y:=f). S = (for x substitute e and concurrently for y substitute f in )
End of Substitution

11.3.12 Assertions

Let P and Q be specifications. Let A be an assertion and let A’ be the same as A but with
primes on all the variables.

AAN(P.Q) = AAP.Q

A= (P.Q) < A=P.Q

(P.O)ANA" = P.QAA

(PO =A" < P.OQ=A

P.ANQ = PAA'.Q

P.0 < PArA. A=Q

A 1is a sufficient precondition for P to be refined by §
if and only if A=P isrefined by § .

A’ is a sufficient postcondition for P to be refined by S
if and only if A'=P isrefined by S .

End of Assertions

11.3.13 Refinement

Refinement by Steps (Stepwise Refinement) (monotonicity, transitivity)
If A<= ifbthenCelse Dfi and C < E and D < F are theorems,
then A <= if b then E else F fi is a theorem.
If A<= B.C and B<=D and C < E are theorems, then A <= D.E is a theorem.
If A<= B||C and B<=D and C <= E are theorems, then A <= D||E is a theorem.
If A<=B and B < C are theorems, then A <= C is a theorem.

Refinement by Parts (monotonicity, conflation)
If A<= ifbthen Celse Dfi and E < if b then F else G fi are theorems,
then AANE <= if b then CAF else DAG fi is a theorem.
If A<= B.C and D <= E.F are theorems, then AAD <= BAE.CAF is atheorem.
If A <= B||C and D <= E||F are theorems, then AAD <= BAE || CAF is a theorem.
If A<=B and C <= D are theorems, then AAC <= BAD is a theorem.

Refinement by Cases
P <= if b then Q else R fi is a theorem if and only if
P <= bAaQ and P <= -b A R are theorems.
End of Refinement

End of
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abs: xreal—(§r: xreal- r=0) abs r = if r=0 then r else —r fi
bin (the binary values) bin =T,1
ceil: real—int r<ceilr<r+l
char (the characters) char = ...,“a”,“A”, ...
div: real—(§r: real- r>0)—int divxy = floor (x/y)
divides: (nat+1)—int—bin dividesni = i/n:int
entro: prob—(§r: xreal- r=0) entrop = pxinfop + (1-p) x info (1-p)
even: int—bin eveni = i/2: int
even = divides 2
floor: real—int floor r <r < floorr + 1
info: prob—(8§r: xreal- r=0) infop = —logp
int (the integers) int = nat,-nat
log: (§r: xreal- r=0)—xreal log (2¥) =x
log (xxy) = log x+logy
mod: real—(§r: real- r>0)—real O<modad<d
a=divadxd + modad
nat (the naturals) 0, nat+1: nat
0,B+1: B = nat: B
nil (the empty string) <nil =0
nil; S = S = S; nil
nil<§
null (the empty bunch) ¢null = 0
null,A = A = A, null
null: A
odd: int—bin oddi = —1i/2:int
odd = —-even
ok (the empty program) ok = o'=0
okP = P = Pok
prob (probability) prob = §r: real- O<r<l
rand (random number) rand n: 0,..n
rat (the rationals) rat = int/(nat+1)
real (the reals) real = xreals(%,—x)
suc: nat—(nat+1) suc n=n+1
time (time) either time=xnat or time=8§r: xreal- r=0
xint (the extended integers) xint = —©, int, ©
xnat (the extended naturals) xnat = nat, ®
xrat (the extended rationals) xrat = —%, rat, ®
xreal (the extended reals) x: xreal = 3f nat—rat x= §f

End of
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symbol page pronunciation
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assert

do od
ensure
exit when
for do od
frame

go to

11 Reference

top, true

bottom, false

not

and

or

implies

implies

follows from, is implied by
follows from, is implied by
equals, if and only if
equals, if and only if
differs from, is unequal to
less than

greater than

less than or equal to
greater than or equal to
plus

minus

times, multiplication
divided by

maximum

minimum

bunch union

union from (including) to (excluding)
bunch intersection

string join

list join

join from (including) to (excluding)
is in, are in, bunch inclusion
includes

assignment

label, target of go to
sequential composition
function and quantifier
bunch removal

output

input

0 NO [N W [ W N

symbol page
Vo137
) 4
{y 1
[] 20
() 23
/ 17
¢ 14
$ 17
Nl 17
# 2023
| 2024
I 121
~ 17,20
* 18
O 2023
— 25
€ 17
c 17
U 17
N 17
@ 22
v 26
3 26
z 26
I 26
f 26
| 26
¢ 33
§ 28
’ 34
“7 13,19
ab 12
ap 18
ab 202431
<> 1_8
% 12
if then else fi
new
or
value
wait until
while do od

246

pronunciation

input check

precedence brackets

set brackets

list brackets

function brackets

power

bunch size, cardinality

set size, cardinality

string size (length)

list size (length), function size
otherwise, selective union
concurrent (parallel) composition
contents of a set or list
repetition of a string

domain of a list or function
function arrow

element of a set

subset

set union

set intersection

index with a pointer

for all, universal quantifier

there exists, existential quantifier
sum of, summation quantifier
product of, product quantifier
maximum (least upper bound) quantifier
minimum (greatest lower bound) quantifier
limit quantifier

those, solution quantifier

x' is final value of state variable x
“hi” is a text or string of characters
exponentiation

string indexing

indexing, application, composition
string modification

infinity

e A

End of
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[\
=N

0 T L () {} [1 () iffi dood number text name superscript subscript
1 @ adjacency

2 prefix= ¢ $ = # * ~s0 > VYV ISTHONL | S
3 x [ n 1|

4 + infix— U

5 S

6 s e 3 <>

7 = F < > =< 2 e C

8 -

9 A

10 %

11 = <

12 =17

13 exit when go to wait until assert ensure or

14 . | value

15 V- 3 2 I § |- §- §& new frame

16 = = <=

Superscripting and subscripting associate from right to left, and bracket what is in them.

Adjacency associates from left to right, so a b ¢ means the same as (a b) ¢ . The infix operators
@ / — + associate from left to right. The infix operators * — associate from right to left. The
infix operators x N 1t | + U ; 5 °, A VoL || are associative (they associate in both

directions).

Quantifiers as prefix operators on functions are on level 2, but in the abbreviated quantifier
notation they are on level 15.

On levels 7, 11, and 16 the operators are continuing. For example, a=b=c neither associates to
the left nor associates to the right, but means the same as a=b A b=c . On any one of these
levels, a mixture of continuing operators can be used. For example, a<b<c means the same as
asb A b<c .

The operators = = <= areidenticalto = = < except for precedence.

End of

11.7

The operators in the following expressions distribute over bunch union in all operands:
-A AAB AvB A=B A<B -A A+B A-B AxB A/B AB A'B A|B
AB A'B $A AUB ANB ~A AB <A Az [A] A;B AB #A AeB
The operators in A*B and A~ B distribute over bunch union in their left operand only.
End of

End of Reference

End of a Practical Theory of Programming



