
Limited Queue

user's variables:   c: bin  and  x: X

old implementer's variables:  Q: [n*X]  and  p: nat

operations

mkemptyq  =  p:= 0

isemptyq  =  c:= p=0

isfullq  =  c:= p=n

join  =  Q p:= x.  p:= p+1

leave  =  for i:= 1;..p do Q(i–1):= Q i od.  p:= p–1

front  =  x:= Q 0
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Limited Queue
new implementer's variables:  R: [n*X]  and  f, b: 0,..n

/8 53



Limited Queue
new implementer's variables:  R: [n*X]  and  f, b: 0,..n

          

/9 53

Q

 p

leave from here and shift left

join here

n0



Limited Queue
new implementer's variables:  R: [n*X]  and  f, b: 0,..n

          

/10 53

Q

 p

leave from here and shift left

join here

n0

R

 f b

join here

leave from here

n0



Limited Queue
new implementer's variables:  R: [n*X]  and  f, b: 0,..n

          

/11 53

Q

 p

leave from here and shift left

join here

n0

R

 f b

join here

leave from here

n0

R

 b  f

join here

leave from here

n0



Limited Queue
new implementer's variables:  R: [n*X]  and  f, b: 0,..n

          

data transformer  D :   

0 ≤ p = b–f < n  ∧  Q[0;..p] = R[f;..b]

∨ 0 < p = n–f+b ≤ n  ∧  Q[0;..p] = R[(f;..n); (0;..b)] 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Limited Queue

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ mkemptyq 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Limited Queue

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ mkemptyq

= ∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ (p:= 0) 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Limited Queue

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ mkemptyq

= ∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ (p:= 0)

= ∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ pʹ=0 ∧ Qʹ=Q ∧ cʹ=c ∧ xʹ=x 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Limited Queue

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ mkemptyq

= ∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ (p:= 0)

= ∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ pʹ=0 ∧ Qʹ=Q ∧ cʹ=c ∧ xʹ=x

= f ʹ=bʹ ∧ cʹ=c ∧ xʹ=x

⇐ f:= 0.  b:= 0
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Limited Queue

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ isemptyq

= ∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ (c:= p=0) 

= ∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ cʹ=(p=0) ∧ pʹ=p ∧ Qʹ=Q ∧ xʹ=x

=    → f<b  ∧  f ʹ<bʹ  ∧  b–f = bʹ–f ʹ

∧ R[f;..b] = Rʹ[f ʹ;..bʹ]  ∧  xʹ=x  ∧  ¬cʹ

∨ → f<b  ∧  f ʹ>bʹ  ∧  b–f = n+bʹ–f ʹ

∧ R[f;..b] = Rʹ[(f ʹ;..n); (0;..bʹ)]  ∧  xʹ=x  ∧  ¬cʹ

∨ → f>b  ∧  f ʹ<bʹ  ∧  n+b–f = bʹ–f ʹ

∧ R[(f;..n); (0;..b)] = Rʹ[f ʹ;..bʹ]  ∧  xʹ=x  ∧  ¬cʹ

∨ → f>b  ∧  f ʹ>bʹ  ∧  b–f = bʹ–f ʹ

∧ R[(f;..n); (0;..b)]=Rʹ[(f ʹ;..n); (0;..bʹ)]  ∧  xʹ=x  ∧  ¬cʹ

f=b  is missing!    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Limited Queue

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ isemptyq

= ∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ (c:= p=0) 

= ∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ cʹ=(p=0) ∧ pʹ=p ∧ Qʹ=Q ∧ xʹ=x

=    → f<b  ∧  f ʹ<bʹ  ∧  b–f = bʹ–f ʹ

∧ R[f;..b] = Rʹ[f ʹ;..bʹ]  ∧  xʹ=x  ∧  ¬cʹ

∨ → f<b  ∧  f ʹ>bʹ  ∧  b–f = n+bʹ–f ʹ

∧ R[f;..b] = Rʹ[(f ʹ;..n); (0;..bʹ)]  ∧  xʹ=x  ∧  ¬cʹ

∨ → f>b  ∧  f ʹ<bʹ  ∧  n+b–f = bʹ–f ʹ

∧ R[(f;..n); (0;..b)] = Rʹ[f ʹ;..bʹ]  ∧  xʹ=x  ∧  ¬cʹ

∨ → f>b  ∧  f ʹ>bʹ  ∧  b–f = bʹ–f ʹ

∧ R[(f;..n); (0;..b)]=Rʹ[(f ʹ;..n); (0;..bʹ)]  ∧  xʹ=x  ∧  ¬cʹ

f=b  is missing!    unimplementable!
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Limited Queue

          

data transformer  D :

0 ≤ p = b–f < n  ∧  Q[0;..p] = R[f;..b]

∨ 0 < p = n–f+b ≤ n  ∧  Q[0;..p] = R[(f;..n); (0;..b)]
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n0

R

 b  f

join here

leave from here

n0



Limited Queue

          

data transformer  D :

m  ∧ 0 ≤ p = b–f < n  ∧  Q[0;..p] = R[f;..b]

∨ ¬m  ∧ 0 < p = n–f+b ≤ n  ∧  Q[0;..p] = R[(f;..n); (0;..b)] 

/38 53

R

 f b

join here

leave from here

n0

R

 b  f

join here

leave from here

n0



Limited Queue

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ mkemptyq

= mʹ  ∧  f ʹ=bʹ  ∧  cʹ=c  ∧  xʹ=x

⇐ m:= ⊤.  f:= 0.  b:= 0
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Limited Queue

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ isemptyq

= m  ∧  f<b  ∧  mʹ  ∧  f ʹ<bʹ  ∧  b–f = bʹ–f 

∧ R[f;..b] = Rʹ[f ʹ;..bʹ]  ∧  xʹ=x  ∧  ¬cʹ

∨ m  ∧  f<b  ∧  ¬mʹ  ∧  f ʹ>bʹ  ∧  b–f = n+bʹ–f ʹ

∧ R[f;..b] = Rʹ[(f ʹ;..n); (0;..bʹ)]  ∧  xʹ=x ∧  ¬cʹ

∨ ¬m  ∧  f>b  ∧  mʹ  ∧  f ʹ<bʹ  ∧  n+b–f = bʹ–f ʹ

∧ R[(f;..n); (0;..b)] = Rʹ[f ʹ;..bʹ]  ∧  xʹ=x ∧  ¬cʹ

∨ ¬m  ∧  f>b  ∧  ¬mʹ  ∧  f ʹ>bʹ  ∧  b–f = bʹ–f ʹ

∧ R[(f;..n); (0;..b)] = Rʹ[(f ʹ;..n); (0;..bʹ)]  ∧  xʹ=x ∧  ¬cʹ

∨ m  ∧  f=b  ∧  mʹ  ∧  f ʹ=bʹ  ∧  xʹ=x  ∧  cʹ

∨ ¬m ∧  f=b  ∧  ¬mʹ  ∧  f ʹ=bʹ

∧ R[(f;..n); (0;..b)]=Rʹ[(f ʹ;..n); (0;..bʹ)]  ∧  xʹ=x ∧  ¬cʹ

⇐ cʹ = (m ∧ f=b) ∧ f ʹ=f ∧ bʹ=b ∧ Rʹ=R  ∧  xʹ=x

= c:=  m ∧ f=b 

/40 53



Limited Queue

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ isemptyq

= m  ∧  f<b  ∧  mʹ  ∧  f ʹ<bʹ  ∧  b–f = bʹ–f 

∧ R[f;..b] = Rʹ[f ʹ;..bʹ]  ∧  xʹ=x  ∧  ¬cʹ

∨ m  ∧  f<b  ∧  ¬mʹ  ∧  f ʹ>bʹ  ∧  b–f = n+bʹ–f ʹ

∧ R[f;..b] = Rʹ[(f ʹ;..n); (0;..bʹ)]  ∧  xʹ=x ∧  ¬cʹ

∨ ¬m  ∧  f>b  ∧  mʹ  ∧  f ʹ<bʹ  ∧  n+b–f = bʹ–f ʹ

∧ R[(f;..n); (0;..b)] = Rʹ[f ʹ;..bʹ]  ∧  xʹ=x ∧  ¬cʹ

∨ ¬m  ∧  f>b  ∧  ¬mʹ  ∧  f ʹ>bʹ  ∧  b–f = bʹ–f ʹ

∧ R[(f;..n); (0;..b)] = Rʹ[(f ʹ;..n); (0;..bʹ)]  ∧  xʹ=x ∧  ¬cʹ

∨ m  ∧  f=b  ∧  mʹ  ∧  f ʹ=bʹ  ∧  xʹ=x  ∧  cʹ     ←
∨ ¬m ∧  f=b  ∧  ¬mʹ  ∧  f ʹ=bʹ

∧ R[(f;..n); (0;..b)]=Rʹ[(f ʹ;..n); (0;..bʹ)]  ∧  xʹ=x ∧  ¬cʹ

⇐ cʹ = (m ∧ f=b) ∧ f ʹ=f ∧ bʹ=b ∧ Rʹ=R  ∧  xʹ=x

= c:=  m ∧ f=b 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Limited Queue

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ isemptyq

= m  ∧  f<b  ∧  mʹ  ∧  f ʹ<bʹ  ∧  b–f = bʹ–f 

∧ R[f;..b] = Rʹ[f ʹ;..bʹ]  ∧  xʹ=x  ∧  ¬cʹ

∨ m  ∧  f<b  ∧  ¬mʹ  ∧  f ʹ>bʹ  ∧  b–f = n+bʹ–f ʹ

∧ R[f;..b] = Rʹ[(f ʹ;..n); (0;..bʹ)]  ∧  xʹ=x ∧  ¬cʹ

∨ ¬m  ∧  f>b  ∧  mʹ  ∧  f ʹ<bʹ  ∧  n+b–f = bʹ–f ʹ

∧ R[(f;..n); (0;..b)] = Rʹ[f ʹ;..bʹ]  ∧  xʹ=x ∧  ¬cʹ

∨ ¬m  ∧  f>b  ∧  ¬mʹ  ∧  f ʹ>bʹ  ∧  b–f = bʹ–f ʹ

∧ R[(f;..n); (0;..b)] = Rʹ[(f ʹ;..n); (0;..bʹ)]  ∧  xʹ=x ∧  ¬cʹ

∨ m  ∧  f=b  ∧  mʹ  ∧  f ʹ=bʹ  ∧  xʹ=x  ∧  cʹ

∨ ¬m ∧  f=b  ∧  ¬mʹ  ∧  f ʹ=bʹ

∧ R[(f;..n); (0;..b)]=Rʹ[(f ʹ;..n); (0;..bʹ)]  ∧  xʹ=x ∧  ¬cʹ

⇐ cʹ = (m ∧ f=b) ∧ f ʹ=f ∧ bʹ=b ∧ Rʹ=R  ∧  xʹ=x

= c:=  m ∧ f=b     ← 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Limited Queue

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ isfullq

⇐ c:=  ¬m ∧ f=b

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ join

⇐ R b:= x.  if b+1=n then b:= 0.  m:= ⊥ else b:= b+1 f

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ leave

⇐ if f+1=n then f:= 0.  m:= ⊤ else f:= f+1 f

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ front

⇐ x:=  R f 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Limited Queue

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ isfullq·

⇐ c:=  ¬m ∧ f=b     ←

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ join

⇐ R b:= x.  if b+1=n then b:= 0.  m:= ⊥ else b:= b+1 f

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ leave

⇐ if f+1=n then f:= 0.  m:= ⊤ else f:= f+1 f

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ front

⇐ x:=  R f 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Limited Queue

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ isfullq

⇐ c:=  ¬m ∧ f=b

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ join

⇐ R b:= x.  if b+1=n then b:= 0.  m:= ⊥ else b:= b+1 f     ←

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ leave

⇐ if f+1=n then f:= 0.  m:= ⊤ else f:= f+1 f

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ front

⇐ x:=  R f 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Limited Queue

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ isfullq

⇐ c:=  ¬m ∧ f=b

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ join

⇐ R b:= x.  if b+1=n then b:= 0.  m:= ⊥ else b:= b+1 f

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ leave

⇐ if f+1=n then f:= 0.  m:= ⊤ else f:= f+1 f     ←

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ front

⇐ x:=  R f 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Limited Queue

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ isfullq

⇐ c:=  ¬m ∧ f=b

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ join

⇐ R b:= x.  if b+1=n then b:= 0.  m:= ⊥ else b:= b+1 f

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ leave

⇐ if f+1=n then f:= 0.  m:= ⊤ else f:= f+1 f

∀Q, p· D ⇒ ∃Qʹ, pʹ· Dʹ ∧ front

⇐ x:=  R f     ← 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Data Transformation
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Data Transformation

No need to replace the same number of variables

can replace fewer or more
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Data Transformation

No need to replace the same number of variables

can replace fewer or more

No need to replace entire space of implementer's variables

do part only
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Data Transformation

No need to replace the same number of variables

can replace fewer or more

No need to replace entire space of implementer's variables

do part only

Can do parts separately

data transformers can be conjoined
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Data Transformation

No need to replace the same number of variables

can replace fewer or more

No need to replace entire space of implementer's variables

do part only

Can do parts separately

data transformers can be conjoined

People really do data transformations by

defining the new data space and reprogramming each operation   ✗ 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Data Transformation

No need to replace the same number of variables

can replace fewer or more

No need to replace entire space of implementer's variables

do part only

Can do parts separately

data transformers can be conjoined

People really do data transformations by

defining the new data space and reprogramming each operation   ✗

They should

state the transformer and transform the operations   ✔︎
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