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Cube

Write a program that cubes using only addition, subtraction, and test for zero.
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Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   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Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= n.  xʹ=x×n.  xʹ=x×n 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Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= n.  xʹ=x×n.  xʹ=x×n

                                ↑ 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= n.  xʹ=x×n.  xʹ=x×n

                                              ↑ 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variable  x: nat

xʹ=n3   ⇐   x:= n.  xʹ=x×n.  xʹ=x×n 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variable  x: nat

xʹ=n3   ⇐   x:= n.  xʹ=x×n.  xʹ=x×n

xʹ=x×n   ⇐   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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variable  x: nat

xʹ=n3   ⇐   x:= n.  xʹ=x×n.  xʹ=x×n

xʹ=x×n   ⇐   x:= 0.  xʹ = x + ? 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat

xʹ=n3   ⇐   x:= n.  xʹ=x×n.  xʹ=x×n

xʹ=x×n   ⇐   y:= x.  x:= 0.  xʹ = x + ? 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat

xʹ=n3   ⇐   x:= n.  xʹ=x×n.  xʹ=x×n

xʹ=x×n   ⇐   y:= x.  x:= 0.  xʹ = x + y×n 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat

xʹ=n3   ⇐   x:= n.  xʹ=x×n.  xʹ=x×n

xʹ=x×n   ⇐   y:= x.  x:= 0.  xʹ = x + y×n

xʹ = x + y×n   ⇐    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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat

xʹ=n3   ⇐   x:= n.  xʹ=x×n.  xʹ=x×n

xʹ=x×n   ⇐   y:= x.  x:= 0.  xʹ = x + y×n

xʹ = x + y×n   ⇐   if y=0 then ok  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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat

xʹ=n3   ⇐   x:= n.  xʹ=x×n.  xʹ=x×n

xʹ=x×n   ⇐   y:= x.  x:= 0.  xʹ = x + y×n

xʹ = x + y×n   ⇐   if y=0 then ok else x:= x+n.  y:= y–1.  xʹ = x + y×n f 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat

xʹ=n3   ⇐   x:= n.  xʹ=x×n.  xʹ=x×n

xʹ=x×n   ⇐   y:= x.  x:= 0.  xʹ = x + y×n

xʹ = x + y×n   ⇐   if y=0 then ok else x:= x+n.  y:= y–1.  xʹ = x + y×n f

In C

void P (void) { x = n;  Q( );  Q( );}

void Q (void) {y = x;  x = 0;  R( );}

void R (void) { if (y==0); else {x += n;  y--;  R( );}} 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat

xʹ=n3   ⇐   x:= n.  xʹ=x×n.  xʹ=x×n

xʹ=x×n   ⇐   y:= x.  x:= 0.  xʹ = x + y×n

xʹ = x + y×n   ⇐   if y=0 then ok else x:= x+n.  y:= y–1.  xʹ = x + y×n f

In C

void P (void) { x = n;  Q( );  Q( );}

void Q (void) {y = x;  x = 0;  R: if (y==0); else {x += n;  y--;  goto R;}} 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat

xʹ=n3   ⇐   x:= n.  xʹ=x×n.  xʹ=x×n

xʹ=x×n   ⇐   y:= x.  x:= 0.  xʹ = x + y×n

xʹ = x + y×n   ⇐   if y=0 then ok else x:= x+n.  y:= y–1.  xʹ = x + y×n f

In C

void P (void) { x = n;  Q( );  Q( );}

void Q (void) {y = x;  x = 0;  while (y!=0) {x += n;  y--;}} 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat

xʹ=n3   ⇐   x:= n.  xʹ=x×n.  xʹ=x×n

xʹ=x×n   ⇐   y:= x.  x:= 0.  xʹ = x + y×n

xʹ = x + y×n   ⇐   if y=0 then ok else x:= x+n.  y:= y–1.  xʹ = x + y×n f

In C

x = n;

y = x;  x = 0;  while (y!=0) {x += n;  y--;}

y = x;  x = 0;  while (y!=0) {x += n;  y--;} 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat

xʹ=n3   ⇐   x:= n.  xʹ=x×n.  xʹ=x×n

xʹ=x×n   ⇐   y:= x.  x:= 0.  xʹ = x + y×n

xʹ = x + y×n   ⇐   if y=0 then ok else x:= x+n.  y:= y–1.  xʹ = x + y×n f
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3   ⇐   x:= n.  xʹ=x×n.  xʹ=x×n

xʹ=x×n   ⇐   y:= x.  x:= 0.  xʹ = x + y×n

xʹ = x + y×n   ⇐   if y=0 then ok else x:= x+n.  y:= y–1.  xʹ = x + y×n f
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ⇐   x:= n.  xʹ=x×n .  xʹ=x×n

xʹ=x×n ⇐   y:= x.  x:= 0.  xʹ = x + y×n

xʹ = x + y×n ⇐

if y=0 then ok else x:= x+n.  y:= y–1. xʹ = x + y×n  f 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ⇐   x:= n.  xʹ=x×n .  xʹ=x×n

xʹ=x×n ⇐   y:= x.  x:= 0.  xʹ = x + y×n

xʹ = x + y×n ⇐

if y=0 then ok else x:= x+n.  y:= y–1.  t:= t+1. xʹ = x + y×n  f 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ⇐   x:= n.  xʹ=x×n .  xʹ=x×n

xʹ=x×n ⇐   y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y

xʹ = x + y×n ∧ tʹ=t+y ⇐

if y=0 then ok else x:= x+n.  y:= y–1.  t:= t+1. xʹ = x + y×n ∧ tʹ=t+y  f
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ⇐   x:= n.  xʹ=x×n .  xʹ=x×n

xʹ=x×n ⇐   y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y

xʹ = x + y×n ∧ tʹ=t+y ⇐

if y=0 then ok else x:= x+n.  y:= y–1.  t:= t+1. xʹ = x + y×n ∧ tʹ=t+y  f

proof
y=0  ∧  ok 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ⇐   x:= n.  xʹ=x×n .  xʹ=x×n

xʹ=x×n ⇐   y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y

xʹ = x + y×n ∧ tʹ=t+y ⇐

if y=0 then ok else x:= x+n.  y:= y–1.  t:= t+1. xʹ = x + y×n ∧ tʹ=t+y  f

proof
y=0  ∧  ok expand  ok

= y=0  ∧  xʹ=x  ∧  yʹ=y ∧  tʹ=t 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ⇐   x:= n.  xʹ=x×n .  xʹ=x×n

xʹ=x×n ⇐   y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y

xʹ = x + y×n ∧ tʹ=t+y ⇐

if y=0 then ok else x:= x+n.  y:= y–1.  t:= t+1. xʹ = x + y×n ∧ tʹ=t+y  f

proof
y=0  ∧  ok expand  ok

= y=0  ∧  xʹ=x  ∧  yʹ=y ∧  tʹ=t context

= y=0  ∧  xʹ = x + y×n  ∧  yʹ=y ∧  tʹ=t+y 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ⇐   x:= n.  xʹ=x×n .  xʹ=x×n

xʹ=x×n ⇐   y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y

xʹ = x + y×n ∧ tʹ=t+y ⇐

if y=0 then ok else x:= x+n.  y:= y–1.  t:= t+1. xʹ = x + y×n ∧ tʹ=t+y  f

proof
y=0  ∧  ok expand  ok

= y=0  ∧  xʹ=x  ∧  yʹ=y ∧  tʹ=t context

= y=0  ∧  xʹ = x + y×n  ∧  yʹ=y ∧  tʹ=t+y specialize

⇒ xʹ = x + y×n ∧ tʹ=t+y 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ⇐   x:= n.  xʹ=x×n .  xʹ=x×n

xʹ=x×n ⇐   y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y

xʹ = x + y×n ∧ tʹ=t+y ⇐

if y=0 then ok else x:= x+n.  y:= y–1.  t:= t+1. xʹ = x + y×n ∧ tʹ=t+y  f

proof 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ⇐   x:= n.  xʹ=x×n .  xʹ=x×n

xʹ=x×n ⇐   y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y

xʹ = x + y×n ∧ tʹ=t+y ⇐

if y=0 then ok else x:= x+n.  y:= y–1.  t:= t+1. xʹ = x + y×n ∧ tʹ=t+y  f

proof
y⧧0  ∧  (x:= x+n.  y:= y–1.  t:= t+1.  xʹ = x + y×n ∧ tʹ=t+y) 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ⇐   x:= n.  xʹ=x×n .  xʹ=x×n

xʹ=x×n ⇐   y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y

xʹ = x + y×n ∧ tʹ=t+y ⇐

if y=0 then ok else x:= x+n.  y:= y–1.  t:= t+1. xʹ = x + y×n ∧ tʹ=t+y  f

proof
y⧧0  ∧  (x:= x+n.  y:= y–1.  t:= t+1.  xʹ = x + y×n ∧ tʹ=t+y) substitution law

= y⧧0  ∧  xʹ = x + n + (y–1)×n  ∧  tʹ=t+1+y–1 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ⇐   x:= n.  xʹ=x×n .  xʹ=x×n

xʹ=x×n ⇐   y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y

xʹ = x + y×n ∧ tʹ=t+y ⇐

if y=0 then ok else x:= x+n.  y:= y–1.  t:= t+1. xʹ = x + y×n ∧ tʹ=t+y  f

proof
y⧧0  ∧  (x:= x+n.  y:= y–1.  t:= t+1.  xʹ = x + y×n ∧ tʹ=t+y) substitution law

= y⧧0  ∧  xʹ = x + n + (y–1)×n  ∧  tʹ=t+1+y–1 simplify and specialize

⇒ xʹ = x + y×n ∧ tʹ=t+y 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ⇐   x:= n.  xʹ=x×n .  xʹ=x×n

xʹ=x×n ⇐   y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y

xʹ = x + y×n ∧ tʹ=t+y ⇐

if y=0 then ok else x:= x+n.  y:= y–1.  t:= t+1. xʹ = x + y×n ∧ tʹ=t+y  f

proof 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ⇐   x:= n.  xʹ=x×n .  xʹ=x×n

xʹ=x×n ⇐   y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y

xʹ = x + y×n ∧ tʹ=t+y ⇐

if y=0 then ok else x:= x+n.  y:= y–1.  t:= t+1. xʹ = x + y×n ∧ tʹ=t+y  f

proof
y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ⇐   x:= n.  xʹ=x×n .  xʹ=x×n

xʹ=x×n ⇐   y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y

xʹ = x + y×n ∧ tʹ=t+y ⇐

if y=0 then ok else x:= x+n.  y:= y–1.  t:= t+1. xʹ = x + y×n ∧ tʹ=t+y  f

proof
y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y substitution law

= xʹ = 0 + x×n ∧ tʹ=t+x 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ⇐   x:= n.  xʹ=x×n .  xʹ=x×n

xʹ=x×n ⇐   y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y

xʹ = x + y×n ∧ tʹ=t+y ⇐

if y=0 then ok else x:= x+n.  y:= y–1.  t:= t+1. xʹ = x + y×n ∧ tʹ=t+y  f

proof
y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y substitution law

= xʹ = 0 + x×n ∧ tʹ=t+x simplify

= xʹ=x×n ∧ tʹ=t+x 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ⇐   x:= n.  xʹ=x×n ∧ tʹ=t+x .  xʹ=x×n ∧ tʹ=t+x

xʹ=x×n ∧ tʹ=t+x ⇐   y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y

xʹ = x + y×n ∧ tʹ=t+y ⇐

if y=0 then ok else x:= x+n.  y:= y–1.  t:= t+1. xʹ = x + y×n ∧ tʹ=t+y  f

proof
y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y substitution law

= xʹ = 0 + x×n ∧ tʹ=t+x simplify

= xʹ=x×n ∧ tʹ=t+x 

/49 107



Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ⇐   x:= n.  xʹ=x×n ∧ tʹ=t+x .  xʹ=x×n ∧ tʹ=t+x

xʹ=x×n ∧ tʹ=t+x ⇐   y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y

xʹ = x + y×n ∧ tʹ=t+y ⇐

if y=0 then ok else x:= x+n.  y:= y–1.  t:= t+1. xʹ = x + y×n ∧ tʹ=t+y  f

proof 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ⇐   x:= n.  xʹ=x×n ∧ tʹ=t+x .  xʹ=x×n ∧ tʹ=t+x

xʹ=x×n ∧ tʹ=t+x ⇐   y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y

xʹ = x + y×n ∧ tʹ=t+y ⇐

if y=0 then ok else x:= x+n.  y:= y–1.  t:= t+1. xʹ = x + y×n ∧ tʹ=t+y  f

proof
x:= n.  xʹ=x×n ∧ tʹ=t+x.  xʹ=x×n ∧ tʹ=t+x 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ⇐   x:= n.  xʹ=x×n ∧ tʹ=t+x .  xʹ=x×n ∧ tʹ=t+x

xʹ=x×n ∧ tʹ=t+x ⇐   y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y

xʹ = x + y×n ∧ tʹ=t+y ⇐

if y=0 then ok else x:= x+n.  y:= y–1.  t:= t+1. xʹ = x + y×n ∧ tʹ=t+y  f

proof
x:= n.  xʹ=x×n ∧ tʹ=t+x.  xʹ=x×n ∧ tʹ=t+x substitution law

= xʹ=n2 ∧ tʹ=t+n.  xʹ=x×n ∧ tʹ=t+x 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ⇐   x:= n.  xʹ=x×n ∧ tʹ=t+x .  xʹ=x×n ∧ tʹ=t+x

xʹ=x×n ∧ tʹ=t+x ⇐   y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y

xʹ = x + y×n ∧ tʹ=t+y ⇐

if y=0 then ok else x:= x+n.  y:= y–1.  t:= t+1. xʹ = x + y×n ∧ tʹ=t+y  f

proof
x:= n.  xʹ=x×n ∧ tʹ=t+x.  xʹ=x×n ∧ tʹ=t+x substitution law

= xʹ=n2 ∧ tʹ=t+n.  xʹ=x×n ∧ tʹ=t+x sequential composition

= ∃xʹʹ, yʹʹ, tʹʹ· xʹʹ=n2 ∧ tʹʹ=t+n ∧ xʹ=xʹʹ×n ∧ tʹ=tʹʹ+xʹʹ 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ⇐   x:= n.  xʹ=x×n ∧ tʹ=t+x .  xʹ=x×n ∧ tʹ=t+x

xʹ=x×n ∧ tʹ=t+x ⇐   y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y

xʹ = x + y×n ∧ tʹ=t+y ⇐

if y=0 then ok else x:= x+n.  y:= y–1.  t:= t+1. xʹ = x + y×n ∧ tʹ=t+y  f

proof
x:= n.  xʹ=x×n ∧ tʹ=t+x.  xʹ=x×n ∧ tʹ=t+x substitution law

= xʹ=n2 ∧ tʹ=t+n.  xʹ=x×n ∧ tʹ=t+x sequential composition

= ∃xʹʹ, yʹʹ, tʹʹ· xʹʹ=n2 ∧ tʹʹ=t+n ∧ xʹ=xʹʹ×n ∧ tʹ=tʹʹ+xʹʹ 1-pt for xʹʹ, tʹʹ, idempotent for  yʹʹ

= xʹ=n3 ∧ tʹ=t+n2+n 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

constant  n: nat              variables  x, y: nat               time  t: xnat

xʹ=n3 ∧ tʹ=t+n2+n ⇐   x:= n.  xʹ=x×n ∧ tʹ=t+x .  xʹ=x×n ∧ tʹ=t+x

xʹ=x×n ∧ tʹ=t+x ⇐   y:= x.  x:= 0.  xʹ = x + y×n ∧ tʹ=t+y

xʹ = x + y×n ∧ tʹ=t+y ⇐

if y=0 then ok else x:= x+n.  y:= y–1.  t:= t+1. xʹ = x + y×n ∧ tʹ=t+y  f

proof
x:= n.  xʹ=x×n ∧ tʹ=t+x.  xʹ=x×n ∧ tʹ=t+x substitution law

= xʹ=n2 ∧ tʹ=t+n.  xʹ=x×n ∧ tʹ=t+x sequential composition

= ∃xʹʹ, yʹʹ, tʹʹ· xʹʹ=n2 ∧ tʹʹ=t+n ∧ xʹ=xʹʹ×n ∧ tʹ=tʹʹ+xʹʹ 1-pt for xʹʹ, tʹʹ, idempotent for  yʹʹ

= xʹ=n3 ∧ tʹ=t+n2+n 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

n3  =  (n–1)3 + 3×n2 – 3×n + 1 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

n3  =  (n–1)3 + 3×n2 – 3×n + 1

n2  =  (n–1)2 + 2×n – 1 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

n3  =  (n–1)3 + 3×n2 – 3×n + 1

n2  =  (n–1)2 + 2×n – 1

variables  x, y, n: nat 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

n3  =  (n–1)3 + 3×n2 – 3×n + 1

n2  =  (n–1)2 + 2×n – 1

variables  x, y, n: nat

xʹ=n3   ⇐   xʹ=n3 ∧ yʹ=n2 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

n3  =  (n–1)3 + 3×n2 – 3×n + 1

n2  =  (n–1)2 + 2×n – 1

variables  x, y, n: nat

xʹ=n3   ⇐   xʹ=n3 ∧ yʹ=n2

xʹ=n3 ∧ yʹ=n2   ⇐ 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

n3  =  (n–1)3 + 3×n2 – 3×n + 1

n2  =  (n–1)2 + 2×n – 1

variables  x, y, n: nat

xʹ=n3   ⇐   xʹ=n3 ∧ yʹ=n2

xʹ=n3 ∧ yʹ=n2   ⇐

if n=0 then x:= 0.  y:= 0 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

n3  =  (n–1)3 + 3×n2 – 3×n + 1

n2  =  (n–1)2 + 2×n – 1

variables  x, y, n: nat

xʹ=n3   ⇐   xʹ=n3 ∧ yʹ=n2

xʹ=n3 ∧ yʹ=n2   ⇐

if n=0 then x:= 0.  y:= 0

else n:= n–1.  xʹ=n3 ∧ yʹ=n2. 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

n3  =  (n–1)3 + 3×n2 – 3×n + 1

n2  =  (n–1)2 + 2×n – 1

variables  x, y, n: nat

xʹ=n3   ⇐   xʹ=n3 ∧ yʹ=n2

xʹ=n3 ∧ yʹ=n2   ⇐

if n=0 then x:= 0.  y:= 0

else n:= n–1.  xʹ=n3 ∧ yʹ=n2.

y:= y + n + n – 1.
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

n3  =  (n–1)3 + 3×n2 – 3×n + 1

n2  =  (n–1)2 + 2×n – 1

variables  x, y, n: nat

xʹ=n3   ⇐   xʹ=n3 ∧ yʹ=n2

xʹ=n3 ∧ yʹ=n2   ⇐

if n=0 then x:= 0.  y:= 0

else n:= n–1.  xʹ=n3 ∧ yʹ=n2.   ←
y:= y + n + n – 1.
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

n3  =  (n–1)3 + 3×n2 – 3×n + 1

n2  =  (n–1)2 + 2×n – 1

variables  x, y, n: nat

xʹ=n3   ⇐   xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n

xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n   ⇐

if n=0 then x:= 0.  y:= 0

else n:= n–1.  xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n.

y:= y + n + n – 1.
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

n3  =  (n–1)3 + 3×n2 – 3×n + 1

n2  =  (n–1)2 + 2×n – 1

variables  x, y, n: nat

xʹ=n3   ⇐   xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n   ←
xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n   ⇐

if n=0 then x:= 0.  y:= 0

else n:= n–1.  xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n.

y:= y + n + n – 1.
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

n3  =  (n–1)3 + 3×n2 – 3×n + 1

n2  =  (n–1)2 + 2×n – 1

variables  x, y, n: nat

xʹ=n3   ⇐   xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n

xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n   ⇐

if n=0 then x:= 0.  y:= 0   ←
else n:= n–1.  xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n.

y:= y + n + n – 1.
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

n3  =  (n–1)3 + 3×n2 – 3×n + 1

n2  =  (n–1)2 + 2×n – 1

variables  x, y, n: nat

xʹ=n3   ⇐   xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n

xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n   ⇐

if n=0 then x:= 0.  y:= 0

else n:= n–1.  xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n.   ←
y:= y + n + n – 1.
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

n3  =  (n–1)3 + 3×n2 – 3×n + 1

n2  =  (n–1)2 + 2×n – 1

variables  x, y, n: nat

xʹ=n3   ⇐   xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n

xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n   ⇐

if n=0 then x:= 0.  y:= 0

else n:= n–1.  xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n.  n:= n+1.

y:= y + n + n – 1.
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

n3  =  (n–1)3 + 3×n2 – 3×n + 1

n2  =  (n–1)2 + 2×n – 1

variables  x, y, n: nat

xʹ=n3   ⇐   xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n

xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n   ⇐

if n=0 then x:= 0.  y:= 0

else n:= n–1.  xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n.  n:= n+1.

y:= y + n + n – 1.  x:= x + y + y + y – n – n – n + 1 f
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

n3  =  (n–1)3 + 3×n2 – 3×n + 1

n2  =  (n–1)2 + 2×n – 1

variables  x, y, n: nat

xʹ=n3   ⇐   xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n

xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n   ⇐

if n=0 then x:= 0.  y:= 0

else n:= n–1.  t:= t+1.  xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n.  n:= n+1.

y:= y + n + n – 1.  x:= x + y + y + y – n – n – n + 1 f
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

n3  =  (n–1)3 + 3×n2 – 3×n + 1

n2  =  (n–1)2 + 2×n – 1

variables  x, y, n: nat

xʹ=n3 ∧ tʹ=t+n   ⇐   xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n ∧ tʹ=t+n

xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n ∧ tʹ=t+n   ⇐

if n=0 then x:= 0.  y:= 0

else n:= n–1.  t:= t+1.  xʹ=n3 ∧ yʹ=n2 ∧ nʹ=n ∧ tʹ=t+n.  n:= n+1.

y:= y + n + n – 1.  x:= x + y + y + y – n – n – n + 1 f 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+?
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+?

A k   =   x=k3
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  A 0 ⇒ Aʹn     ←
A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+?

A k   =   x=k3
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+?

A k   =   x=k3

A k ⇒ Aʹ(k+1) 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+?

A k   =   x=k3

A k ⇒ Aʹ(k+1) 

= x=k3  ⇒  xʹ=(k+1)3 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+?

A k   =   x=k3

A k ⇒ Aʹ(k+1) 

= x=k3  ⇒  xʹ=(k+1)3

= x=k3   ⇒   xʹ  =  k3 + 3×k2 + 3×k + 1 

/80 107



Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+?

A k   =   x=k3

A k ⇒ Aʹ(k+1) 

= x=k3  ⇒  xʹ=(k+1)3

= x=k3   ⇒   xʹ  =  k3 + 3×k2 + 3×k + 1

⇐ x:= x + 3×k2 + 3×k + 1 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+?

A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1

A k ⇒ Aʹ(k+1) 

= x=k3  ⇒  xʹ=(k+1)3

= x=k3   ⇒   xʹ  =  k3 + 3×k2 + 3×k + 1

⇐ x:= x + 3×k2 + 3×k + 1 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+?

                                ↑                    ↑
A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

                               

xʹ=n3   ⇐   x:= 0.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+y

                                

A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

                               ↓
xʹ=n3   ⇐   x:= 0.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+y

                                

A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  y:= 1.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+y

                                

A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  y:= 1.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+y

                                

A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1

A k ⇒ Aʹ(k+1) 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  y:= 1.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+y

                                

A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1

A k ⇒ Aʹ(k+1) 

= x=k3  ∧  y = 3×k2 + 3×k + 1   ⇒   xʹ=(k+1)3  ∧  yʹ = 3×(k+1)2 + 3×(k+1) + 1 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  y:= 1.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+y

                                

A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1

A k ⇒ Aʹ(k+1) 

= x=k3  ∧  y = 3×k2 + 3×k + 1   ⇒   xʹ=(k+1)3  ∧  yʹ = 3×(k+1)2 + 3×(k+1) + 1

= x=k3  ∧  y = 3×k2 + 3×k + 1   ⇒   xʹ = x+y  ∧  yʹ = 3×k2 + 9×k + 7 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  y:= 1.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+y

                                

A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1

A k ⇒ Aʹ(k+1) 

= x=k3  ∧  y = 3×k2 + 3×k + 1   ⇒   xʹ=(k+1)3  ∧  yʹ = 3×(k+1)2 + 3×(k+1) + 1

= x=k3  ∧  y = 3×k2 + 3×k + 1   ⇒   xʹ = x+y  ∧  yʹ = 3×k2 + 9×k + 7

= x=k3  ∧  y = 3×k2 + 3×k + 1   ⇒   xʹ = x+y  ∧  yʹ = y + 6×k + 6 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  y:= 1.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+y

                                

A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1

A k ⇒ Aʹ(k+1) 

= x=k3  ∧  y = 3×k2 + 3×k + 1   ⇒   xʹ=(k+1)3  ∧  yʹ = 3×(k+1)2 + 3×(k+1) + 1

= x=k3  ∧  y = 3×k2 + 3×k + 1   ⇒   xʹ = x+y  ∧  yʹ = 3×k2 + 9×k + 7

= x=k3  ∧  y = 3×k2 + 3×k + 1   ⇒   xʹ = x+y  ∧  yʹ = y + 6×k + 6

⇐ x:= x+y.  y:= y+k+k+k+k+k+k+6 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  y:= 1.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+y.  y:= y+k+k+k+k+k+k+6

                                

A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1

A k ⇒ Aʹ(k+1) 

= x=k3  ∧  y = 3×k2 + 3×k + 1   ⇒   xʹ=(k+1)3  ∧  yʹ = 3×(k+1)2 + 3×(k+1) + 1

= x=k3  ∧  y = 3×k2 + 3×k + 1   ⇒   xʹ = x+y  ∧  yʹ = 3×k2 + 9×k + 7

= x=k3  ∧  y = 3×k2 + 3×k + 1   ⇒   xʹ = x+y  ∧  yʹ = y + 6×k + 6

⇐ x:= x+y.  y:= y+k+k+k+k+k+k+6 
/92 107



Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  y:= 1.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+y.  y:= y+k+k+k+k+k+k+6

                                

A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1  ∧  z = 6×k + 6

A k ⇒ Aʹ(k+1) 

= x=k3  ∧  y = 3×k2 + 3×k + 1   ⇒   xʹ=(k+1)3  ∧  yʹ = 3×(k+1)2 + 3×(k+1) + 1

= x=k3  ∧  y = 3×k2 + 3×k + 1   ⇒   xʹ = x+y  ∧  yʹ = 3×k2 + 9×k + 7

= x=k3  ∧  y = 3×k2 + 3×k + 1   ⇒   xʹ = x+y  ∧  yʹ = y + 6×k + 6

⇐ x:= x+y.  y:= y+k+k+k+k+k+k+6 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  y:= 1.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+y.  y:= y+k+k+k+k+k+k+6

                               ↑                                                                                   ↑
A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1  ∧  z = 6×k + 6
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  y:= 1.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+y.  y:= y+z

  

A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1  ∧  z = 6×k + 6
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

                                          ↓
xʹ=n3   ⇐   x:= 0.  y:= 1.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+y.  y:= y+z

  

A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1  ∧  z = 6×k + 6
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  y:= 1.  z:= 6.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+y.  y:= y+z

  

A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1  ∧  z = 6×k + 6
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  y:= 1.  z:= 6.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+y.  y:= y+z

  

A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1  ∧  z = 6×k + 6

A k ⇒ Aʹ(k+1) 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  y:= 1.  z:= 6.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+y.  y:= y+z

  

A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1  ∧  z = 6×k + 6

A k ⇒ Aʹ(k+1) 

= x=k3  ∧  y = 3×k2 + 3×k + 1  ∧  z = 6×k + 6

⇒ xʹ=(k+1)3  ∧  yʹ = 3×(k+1)2 + 3×(k+1) + 1  ∧  zʹ = 6×(k+1) + 6 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  y:= 1.  z:= 6.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+y.  y:= y+z

  

A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1  ∧  z = 6×k + 6

A k ⇒ Aʹ(k+1) 

= x=k3  ∧  y = 3×k2 + 3×k + 1  ∧  z = 6×k + 6

⇒ xʹ=(k+1)3  ∧  yʹ = 3×(k+1)2 + 3×(k+1) + 1  ∧  zʹ = 6×(k+1) + 6

⇐ xʹ = x+y  ∧  yʹ = y+z  ∧  zʹ = z+6

/100 107



Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  y:= 1.  z:= 6.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+y.  y:= y+z

  

A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1  ∧  z = 6×k + 6

A k ⇒ Aʹ(k+1) 

= x=k3  ∧  y = 3×k2 + 3×k + 1  ∧  z = 6×k + 6

⇒ xʹ=(k+1)3  ∧  yʹ = 3×(k+1)2 + 3×(k+1) + 1  ∧  zʹ = 6×(k+1) + 6

⇐ xʹ = x+y  ∧  yʹ = y+z  ∧  zʹ = z+6

= x:= x+y.  y:= y+z.  z:= z+6 
/101 107



Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  y:= 1.  z:= 6.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+y.  y:= y+z.  z:= z+6

  

A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1  ∧  z = 6×k + 6

A k ⇒ Aʹ(k+1) 

= x=k3  ∧  y = 3×k2 + 3×k + 1  ∧  z = 6×k + 6

⇒ xʹ=(k+1)3  ∧  yʹ = 3×(k+1)2 + 3×(k+1) + 1  ∧  zʹ = 6×(k+1) + 6

⇐ xʹ = x+y  ∧  yʹ = y+z  ∧  zʹ = z+6

= x:= x+y.  y:= y+z.  z:= z+6 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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3   ⇐   x:= 0.  y:= 1.  z:= 6.  A 0 ⇒ Aʹn

A 0 ⇒ Aʹn   ⇐   for k:= 0;..n do k: 0,..n ∧ A k  ⇒  Aʹ(k+1) od

k: 0,..n ∧ A k  ⇒  Aʹ(k+1)   ⇐   x:= x+y.  y:= y+z.  z:= z+6

  

A k   =   x=k3  ∧  y = 3×k2 + 3×k + 1  ∧  z = 6×k + 6

x:= 0.  y:= 1.  z:= 6.  for k:= 0;..n do x:= x+y.  y:= y+z.  z:= z+6 od
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3 ∧ tʹ=t+n   ⇐   x:= 0.  y:= 1.  z:= 6.  Q ∧ tʹ=t+n

Q ∧ tʹ=t+n   ⇐

if n=0 then ok else x:= x+y.  y:= y+z.  z:= z+6.  n:= n–1.  t:= t+1.  Q ∧ tʹ=t+n f
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3 ∧ tʹ=t+n   ⇐   x:= 0.  y:= 1.  z:= 6.  Q ∧ tʹ=t+n

Q ∧ tʹ=t+n   ⇐

if n=0 then ok else x:= x+y.  y:= y+z.  z:= z+6.  n:= n–1.  t:= t+1.  Q ∧ tʹ=t+n f

Q    =    ∀k: nat· x=k3  ∧  y = 3×k2 + 3×k + 1  ∧  z = 6×k + 6   ⇒   xʹ = (k+n)3
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Cube

Write a program that cubes using only addition, subtraction, and test for zero.

xʹ=n3 ∧ tʹ=t+n   ⇐   x:= 0.  y:= 1.  z:= 6.  Q ∧ tʹ=t+n

Q ∧ tʹ=t+n   ⇐

if n=0 then ok else x:= x+y.  y:= y+z.  z:= z+6.  n:= n–1.  t:= t+1.  Q ∧ tʹ=t+n f

Q    =    ∀k: nat· x=k3  ∧  y = 3×k2 + 3×k + 1  ∧  z = 6×k + 6   ⇒   xʹ = (k+n)3

x = 0;  y = 1;  z = 6;

        Q: if (n!=0) {x+=y;  y+=z.  z+=6;  n--; goto Q;}
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