
Towers of Hanoi

 

/1 74

disk 2
disk 1

disk 0

post A post B post C



Towers of Hanoi

 

/2 74

post A post B post C



Towers of Hanoi

 

/3 74

post A post B post C



Towers of Hanoi

 

/4 74

post A post B post C



Towers of Hanoi

 

/5 74

post A post B post C



Towers of Hanoi

 

/6 74

post A post B post C



Towers of Hanoi

 

/7 74

post A post B post C



Towers of Hanoi

 

/8 74

post A post B post C



Towers of Hanoi

 

/9 74

post A post B post C



Towers of Hanoi

 

/10 74

post A post B post C



Towers of Hanoi

 

/11 74

post A post B post C



Towers of Hanoi

 

/12 74

post A post B post C



Towers of Hanoi

 

/13 74

post B post Cpost A



Towers of Hanoi

 

/14 74

post B post Cpost A



Towers of Hanoi

 

/15 74

post B post Cpost A



Towers of Hanoi

 

/16 74

post B post Cpost A



Towers of Hanoi

MovePile from to using  ⇐ 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Towers of Hanoi

MovePile from to using  ⇐

if n=0 then ok 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Towers of Hanoi

MovePile from to using  ⇐

if n=0 then ok

else n:= n–1. 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MovePile from to using  ⇐

if n=0 then ok

else n:= n–1.

MovePile from using to. 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Towers of Hanoi

MovePile from to using  ⇐

if n=0 then ok

else n:= n–1.

MovePile from using to.

MoveDisk from to. 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Towers of Hanoi

MovePile from to using  ⇐

if n=0 then ok

else n:= n–1.

MovePile from using to.

MoveDisk from to.

MovePile using to from. 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Towers of Hanoi

MovePile from to using  ⇐

if n=0 then ok

else n:= n–1.

MovePile from using to.

MoveDisk from to.

MovePile using to from.

n:= n+1  f 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Towers of Hanoi

MovePile from to using  ⇐

if n=0 then ok

else n:= n–1.

MovePile from using to.

MoveDisk from to.

MovePile using to from. ←
n:= n+1  f 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Towers of Hanoi

MovePile from to using  ⇐

if n=0 then ok

else n:= n–1.

MovePile from using to. ←
MoveDisk from to.

MovePile using to from.

n:= n+1  f 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Towers of Hanoi

MovePile from to using  ⇐

if n=0 then ok

else n:= n–1.

MovePile from using to.

MoveDisk from to.

MovePile using to from.

n:= n+1  f 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Towers of Hanoi  —  time

t:= t + 2n – 1  ⇐

if n=0 then ok

else n:= n–1.

t:= t + 2n – 1.

t:= t+1.

t:= t + 2n – 1.

n:= n+1  f
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Towers of Hanoi  —  time

t:= t + 2n – 1  ⇐ ←
if n=0 then ok

else n:= n–1.

t:= t + 2n – 1. ←
t:= t+1.

t:= t + 2n – 1. ←
n:= n+1  f
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Towers of Hanoi  —  time

t:= t + 2n – 1  ⇐

if n=0 then ok

else n:= n–1.

t:= t + 2n – 1.

t:= t+1. ←
t:= t + 2n – 1.

n:= n+1  f
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Towers of Hanoi  —  time

t:= t + 2n – 1  ⇐

if n=0 then ok

else n:= n–1.

t:= t + 2n – 1.

t:= t+1.

t:= t + 2n – 1.

n:= n+1  f
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Towers of Hanoi  —  time

t:= t + 2n – 1  ⇐

if n=0 then ok ←
else n:= n–1.

t:= t + 2n – 1.

t:= t+1.

t:= t + 2n – 1.

n:= n+1  f

t:= t + 2n – 1  ⇐  n=0 ∧ ok
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Towers of Hanoi  —  time

t:= t + 2n – 1  ⇐

if n=0 then ok ←
else n:= n–1.

t:= t + 2n – 1.

t:= t+1.

t:= t + 2n – 1.

n:= n+1  f

( t:= t + 2n – 1  ⇐  n=0 ∧ ok) expand assignment and  ok

= tʹ = t + 2n – 1 ∧ nʹ=n  ⇐  n=0 ∧ tʹ=t ∧ nʹ=n
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Towers of Hanoi  —  time

t:= t + 2n – 1  ⇐

if n=0 then ok ←
else n:= n–1.

t:= t + 2n – 1.

t:= t+1.

t:= t + 2n – 1.

n:= n+1  f

( t:= t + 2n – 1  ⇐  n=0 ∧ ok) expand assignment and  ok

= tʹ = t + 2n – 1 ∧ nʹ=n  ⇐  n=0 ∧ tʹ=t ∧ nʹ=n context

= t = t + 20 – 1 ∧ n=n  ⇐  n=0 ∧ tʹ=t ∧ nʹ=n
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Towers of Hanoi  —  time

t:= t + 2n – 1  ⇐

if n=0 then ok ←
else n:= n–1.

t:= t + 2n – 1.

t:= t+1.

t:= t + 2n – 1.

n:= n+1  f

( t:= t + 2n – 1  ⇐  n=0 ∧ ok) expand assignment and  ok

= tʹ = t + 2n – 1 ∧ nʹ=n  ⇐  n=0 ∧ tʹ=t ∧ nʹ=n context

= t = t + 20 – 1 ∧ n=n  ⇐  n=0 ∧ tʹ=t ∧ nʹ=n

= ⊤ 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Towers of Hanoi  —  time

t:= t + 2n – 1  ⇐

if n=0 then ok

else n:= n–1.

t:= t + 2n – 1.

t:= t+1.

t:= t + 2n – 1.

n:= n+1  f ←
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Towers of Hanoi  —  time

t:= t + 2n – 1  ⇐

if n=0 then ok

else n:= n–1.

t:= t + 2n – 1.

t:= t+1.

t:= t + 2n – 1.

n:= n+1  f ←

nʹ = n+1 ∧   tʹ = t  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Towers of Hanoi  —  time

t:= t + 2n – 1  ⇐

if n=0 then ok

else n:= n–1.

t:= t + 2n – 1.

t:= t+1.

t:= t + 2n – 1. ←
n:= n+1  f

nʹ = n+1 ∧   tʹ = t  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Towers of Hanoi  —  time

t:= t + 2n – 1  ⇐

if n=0 then ok

else n:= n–1.

t:= t + 2n – 1.

t:= t+1.

t:= t + 2n – 1. ←
n:= n+1  f

nʹ = n+1 ∧   tʹ = t + 2n – 1 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Towers of Hanoi  —  time

t:= t + 2n – 1  ⇐

if n=0 then ok

else n:= n–1.

t:= t + 2n – 1.

t:= t+1. ←
t:= t + 2n – 1.

n:= n+1  f

nʹ = n+1 ∧   tʹ = t + 2n – 1 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Towers of Hanoi  —  time

t:= t + 2n – 1  ⇐

if n=0 then ok

else n:= n–1.

t:= t + 2n – 1.

t:= t+1. ←
t:= t + 2n – 1.

n:= n+1  f
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t:= t + 2n – 1  ⇐

if n=0 then ok

else n:= n–1.

t:= t + 2n – 1. ←
t:= t+1.

t:= t + 2n – 1.

n:= n+1  f

nʹ = n+1 ∧   tʹ = t +1 + 2n – 1 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Towers of Hanoi  —  time

t:= t + 2n – 1  ⇐

if n=0 then ok

else n:= n–1.

t:= t + 2n – 1. ←
t:= t+1.

t:= t + 2n – 1.

n:= n+1  f

nʹ = n+1 ∧   tʹ = t + 2n – 1 +1 + 2n – 1 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Towers of Hanoi  —  time

t:= t + 2n – 1  ⇐

if n=0 then ok

else n:= n–1.

t:= t + 2n – 1.

t:= t+1.

t:= t + 2n – 1.

n:= n+1  f

               ↓↓
nʹ = n+1 ∧   tʹ = t + 2n – 1 +1 + 2n – 1 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Towers of Hanoi  —  time

t:= t + 2n – 1  ⇐

if n=0 then ok

else n:= n–1.

t:= t + 2n – 1.

t:= t+1.

t:= t + 2n – 1.

n:= n+1  f

nʹ = n+1 ∧   tʹ = t + 2n + 2n – 1 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Towers of Hanoi  —  time

t:= t + 2n – 1  ⇐

if n=0 then ok

else n:= n–1.

t:= t + 2n – 1.

t:= t+1.

t:= t + 2n – 1.

n:= n+1  f

        ↓             ↓
nʹ = n+1 ∧   tʹ = t + 2n + 2n – 1 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t:= t + 2n – 1  ⇐

if n=0 then ok

else n:= n–1.

t:= t + 2n – 1.

t:= t+1.

t:= t + 2n – 1.

n:= n+1  f

nʹ = n+1 ∧   tʹ = t + 2n+1 – 1 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t:= t + 2n – 1  ⇐

if n=0 then ok

else n:= n–1. ←
t:= t + 2n – 1.

t:= t+1.

t:= t + 2n – 1.

n:= n+1  f

nʹ = n+1 ∧   tʹ = t + 2n+1 – 1 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Towers of Hanoi  —  time

t:= t + 2n – 1  ⇐

if n=0 then ok

else n:= n–1. ←
t:= t + 2n – 1.

t:= t+1.

t:= t + 2n – 1.

n:= n+1  f

nʹ = n ∧   tʹ = t + 2n – 1 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Towers of Hanoi  —  time

t:= t + 2n – 1  ⇐ ←
if n=0 then ok

else n:= n–1.

t:= t + 2n – 1.

t:= t+1.

t:= t + 2n – 1.

n:= n+1  f

nʹ = n ∧   tʹ = t + 2n – 1 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Towers of Hanoi  —  space

sʹ=s  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  sʹ=s.  s:= s–1.

ok.

s:= s+1.  sʹ=s.  s:= s–1.

n:= n+1  f
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Towers of Hanoi  —  space

sʹ=s  ⇐ ←
if n=0 then ok

else n:= n–1.

s:= s+1.  sʹ=s.  s:= s–1.

ok.

s:= s+1.  sʹ=s.  s:= s–1.

n:= n+1  f
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Towers of Hanoi  —  space

sʹ=s  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  sʹ=s.  s:= s–1. ←
ok.

s:= s+1.  sʹ=s.  s:= s–1. ←
n:= n+1  f
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Towers of Hanoi  —  space

sʹ=s  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  sʹ=s.  s:= s–1.

ok. ←
s:= s+1.  sʹ=s.  s:= s–1.

n:= n+1  f
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Towers of Hanoi  —  maximum space

s ≤ m ≤ s+n  ⇒  (m:= s+n)  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  m:= m↑s.  s ≤ m ≤ s+n  ⇒  (m:= s+n).  s:= s–1.

ok.

s:= s+1.  m:= m↑s.  s ≤ m ≤ s+n  ⇒  (m:= s+n).  s:= s–1.

n:= n+1  f
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Towers of Hanoi  —  maximum space

s ≤ m ≤ s+n  ⇒  (m:= s+n)  ⇐

if n=0 then ok

else n:= n–1.         ↓
s:= s+1.  m:= m↑s.  s ≤ m ≤ s+n  ⇒  (m:= s+n).  s:= s–1.

ok.                  ↓
s:= s+1.  m:= m↑s.  s ≤ m ≤ s+n  ⇒  (m:= s+n).  s:= s–1.

n:= n+1  f
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Towers of Hanoi  —  maximum space
                  ↓

s ≤ m ≤ s+n  ⇒  (m:= s+n)  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  m:= m↑s.  s ≤ m ≤ s+n  ⇒  (m:= s+n).  s:= s–1.

ok.

s:= s+1.  m:= m↑s.  s ≤ m ≤ s+n  ⇒  (m:= s+n).  s:= s–1.

n:= n+1  f
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Towers of Hanoi  —  maximum space
                ↓

s ≤ m ≤ s+n  ⇒  (m:= s+n)  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  m:= m↑s.  s ≤ m ≤ s+n  ⇒  (m:= s+n).  s:= s–1.

ok.

s:= s+1.  m:= m↑s.  s ≤ m ≤ s+n  ⇒  (m:= s+n).  s:= s–1.

n:= n+1  f

/57 74



Towers of Hanoi  —  maximum space
  ↓
s ≤ m ≤ s+n  ⇒  (m:= s+n)  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  m:= m↑s.  s ≤ m ≤ s+n  ⇒  (m:= s+n).  s:= s–1.

ok.

s:= s+1.  m:= m↑s.  s ≤ m ≤ s+n  ⇒  (m:= s+n).  s:= s–1.

n:= n+1  f
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Towers of Hanoi  —  maximum space
         ↓
s ≤ m ≤ s+n  ⇒  (m:= s+n)  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  m:= m↑s.  s ≤ m ≤ s+n  ⇒  (m:= s+n).  s:= s–1.

ok.

s:= s+1.  m:= m↑s.  s ≤ m ≤ s+n  ⇒  (m:= s+n).  s:= s–1.

n:= n+1  f
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Towers of Hanoi  —  average space

p:= p + s×(2n – 1) + (n–2)×2n + 2  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

p:= p+s.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

n:= n+1  f
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Towers of Hanoi  —  average space

p:= p + s×(2n – 1) + (n–2)×2n + 2  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

p:= p+s.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

n:= n+1  f
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Towers of Hanoi  —  average space

p:= p + s×(2n – 1) + (n–2)×2n + 2  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

p:= p+s.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

n:= n+1  f
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Towers of Hanoi  —  average space

p:= p + s×(2n – 1) + (n–2)×2n + 2  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

p:= p+s.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

n:= n+1  f
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Towers of Hanoi  —  average space

p:= p + s×(2n – 1) + (n–2)×2n + 2  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

p:= p+s.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

n:= n+1  f
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Towers of Hanoi  —  average space

p:= p + s×(2n – 1) + (n–2)×2n + 2  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

p:= p+s.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

n:= n+1  f
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Towers of Hanoi  —  average space

p:= p + s×(2n – 1) + (n–2)×2n + 2  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

p:= p+s.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

n:= n+1  f
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Towers of Hanoi  —  average space

p:= p + s×(2n – 1) + (n–2)×2n + 2  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

p:= p+s.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

n:= n+1  f
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Towers of Hanoi  —  average space
  ↓
p:= p + s×(2n – 1) + (n–2)×2n + 2  ⇐

if n=0 then ok

else n:= n–1.   ↓
s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

p:= p+s.   ↓
s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

n:= n+1  f
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Towers of Hanoi  —  average space

p:= p + s×(2n – 1) + (n–2)×2n + 2  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

p:= p+s.     ←
s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

n:= n+1  f

/69 74

space

time

s, sʹ

p

t tʹ

s×(2n – 1)

(n–2)×2n + 2



Towers of Hanoi  —  average space

p:= p + s×(2n – 1) + (n–2)×2n + 2  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

p:= p+s.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

n:= n+1  f 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Towers of Hanoi  —  average space

p:= p + s×(2n – 1) + (n–2)×2n + 2  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

p:= p+s.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

n:= n+1  f

average space  =  ((n–2)×2n + 2) / (2n – 1) 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Towers of Hanoi  —  average space

p:= p + s×(2n – 1) + (n–2)×2n + 2  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

p:= p+s.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

n:= n+1  f

average space  =  ((n–2)×2n + 2) / (2n – 1)

 =  n + n/(2n – 1) – 2 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Towers of Hanoi  —  average space

p:= p + s×(2n – 1) + (n–2)×2n + 2  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

p:= p+s.

s:= s+1.  p:= p + s×(2n – 1) + (n–2)×2n + 2.  s:= s–1.

n:= n+1  f

average space  =  ((n–2)×2n + 2) / (2n – 1)

 =  n + n/(2n – 1) – 2

Easier:    pʹ ≤ p + (s+n)×(2n–1)

average space ≤ n 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Towers of Hanoi

MovePile  ⇐

if n=0 then ok

else n:= n–1.

s:= s+1.  m:= m↑s.  MovePile.  s:= s–1.

t:= t+1.  p:= p+s.  ok.

s:= s+1.  m:= m↑s.  MovePile.  s:= s–1.

n:= n+1  f

MovePile  = nʹ=n

∧ tʹ= t + 2n – 1

∧ sʹ=s

∧ (s ≤ m ≤ s+n  ⇒  mʹ= s+n)

∧ pʹ = p + s×(2n – 1) + (n–2)×2n + 2
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