Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that

runs fast without using exponentiation.
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Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.

7=xy <= z.=1.
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.

7=xY <= z.=1. 7' =zxxV
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that

runs fast without using exponentiation.

7=xY <= z.=1. 7' =zxxV

Proof: z=1. 7 =zxx0
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.

7=xY <= z.=1. 7' =zxxV

Proof: z=1. 7 =zxx0 Substitution Law

= 7= 1xxy
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.

7=xY <= z.=1. 7' =zxxV

Proof: z=1. 7 =zxx0 Substitution Law
= 7 = 1xxy 1 is identity for x

— !

= 7 =XxY
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.

7=xY <= z.=1. 7' =zxxV
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

Z’ = Zxxy <
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7=z <= ify=0
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

Proof: y=0 A ok
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

Proof: y=0 A ok expand ok

= y=0 A xX'=x A Y'=y A 7'=Z
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

Proof: y=0 A ok expand ok
= y=0 A X'=x A y'=y A 7'=2 specialize, 1 is identity for x

= y=0 A 7' = zx1
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

Proof: y=0 A ok expand ok
= y=0 A X'=x A y'=y A 7'=2 specialize, 1 is identity for x

y=0 A 7' = zxx0
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that

runs fast without using exponentiation.

7=xY <= z.=1. 7' =zxxV

7=

Proof:

< if y=0 then ok else y>0 = 7' = zxxV' fi

y=0 A ok

y=0 A xX'=x A Y'=y A 7'=Z
y=0 A 7' = zx1

y=0 A 7' = zxxY

7=

expand ok
specialize, 1 is identity for x
x0=1

context y=0 and specialize
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

v0=7 =20 <
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

0 =7 =200 < z:=27xx.
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

=7 =720 < zi=zxx. y:i=y-1.
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

0=7 =20 < zi=zxx. yi=y-1. 7 = z2xxV
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.

7=xY <= z=1.7 =2

7 =zxxv < if y=0 then ok else y>0 = 7' = zxxV fi

y>0=7 =700 <= zi=zxx. yi=y-1. 7' = zxx¥

Proof: (>0=7 =z < zi=2zxx. yi=y-1. 7/ = zxx)
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi
0=7 =20 < zi=zxx. yi=y-1. 7 = z2xxV

Proof: (>0=7 =20 < z=2x. y:i=y-1. 7' = 2xx) portation

= 7 =z2x0) <= y>0 A (2= zxx. yi=y—1. 7' = zxx9)
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi
0=7 =20 < zi=zxx. yi=y-1. 7 = z2xxV
Proof: (>0=7 =20 < z=2x. y:i=y-1. 7' = 2xx) portation

= 7 =z2x0) <= y>0 A (2= zxx. yi=y—1. 7' = zxx9) Substitution Law twice

— 7 =700 <= y>0 A 7' = e
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

0=7 =20 < zi=zxx. yi=y-1. 7 = z2xxV

Proof: (>0=7 =20 < z=2x. y:i=y-1. 7' = 2xx) portation
= 7 =2 <= y>0 A (z=z2xx. yi=y—1. 7' = zxx) Substitution Law twice
= 7 =700 <= y>0 A 7' = e Law of Exponents

= =00 <= y>0 A7 =)
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

0=7 =20 < zi=zxx. yi=y-1. 7 = z2xxV

Proof: (>0=7 =20 < z=2x. y:i=y-1. 7' = 2xx) portation
= 7 =200 <= y>0 A (z=2xx. yi=y-1. 7' = 2xxY) Substitution Law twice
= 7 =700 <= y>0 A 7' = e Law of Exponents
= 7=z = y>0 A7 =zxx) specialize

— T
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

0=7 =20 < zi=zxx. yi=y-1. 7 = z2xxV
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

v0=7 =20 <

if even y then even y A y>0 = 7' = zxx¥ else odd y = 7' = zxx) fi
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

v0=7 =20 <
if even y then even y A y>0 = 7' = zxx¥ else odd y = 7' = zxx) fi

eveny Ay>0 =7 =) <= xi=xxx. y:i=y/2. 7' =7xY
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

v0=7 =20 <

if even y then even y A y>0 = 7' = zxx¥ else odd y = 7' = zxx) fi
eveny Ay>0 =7 =) <= xi=xxx. y:i=y/2. 7' =7xY

Proof: (eveny A y>0=7 =2y < xi=xxx. y:=y/2. 7' = zxxY)
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

v0=7 =20 <

if even y then even y A y>0 = 7' = zxx¥ else odd y = 7' = zxx) fi
eveny Ay>0 =7 =) <= xi=xxx. y:i=y/2. 7' =7xY
Proof: (eveny A y>0=7 =2y < xi=xxx. y:=y/2. 7' = zxxY) portation

= 7 =200 <= eveny A y>0 A (xi=xxx. yi=y/2. 7' = 2x0)
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

v0=7 =20 <

if even y then even y A y>0 = 7' = zxx¥ else odd y = 7' = zxx) fi
eveny Ay>0 =7 =) <= xi=xxx. y:i=y/2. 7' =7xY
Proof: (eveny A y>0=7 =2y < xi=xxx. y:=y/2. 7' = zxxY) portation

= 7 =zxx¥ <= eveny A y>0 A (xi=xxx. y:=y/2. 7. =zxx¥)  Substitution Law twice

= 7 =200 <= eveny A y>0 A 7' = zx(xxx)¥/2
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

v0=7 =20 <

if even y then even y A y>0 = 7' = zxxV else odd y = 7' = zxxV fi
eveny Ay>0 =7 =00 <  xi=xxx. yi=y/2. 7 = zxx¥
Proof: (eveny A y>0=7 =zxx%y < xi=xxx. y:i=y/2. 7' = zxx9) portation
= =2 <= eveny A y>0 A (xi=xxx. y:=y/2. 7' =zxx¥)  Substitution Law twice
= 7 =200 <= eveny A y>0 A 7' = zx(xxx)¥/2 Law of Exponents

= 7 =z7xxy <= eveny A y>0 A 7' = z2xxY
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

v0=7 =20 <

if even y then even y A y>0 = 7' = zxxV else odd y = 7' = zxxV fi
eveny Ay>0 =7 =00 <  xi=xxx. yi=y/2. 7 = zxx¥
Proof: (eveny A y>0=7 =zxx%y < xi=xxx. y:i=y/2. 7' = zxx9) portation
= =2 <= eveny A y>0 A (xi=xxx. y:=y/2. 7' =zxx¥)  Substitution Law twice
= 7 =200 <= eveny A y>0 A 7' = zx(xxx)¥/2 Law of Exponents
= 7 =z7xxy <= eveny A y>0 A 7' = z2xxY specialize

— T
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

v0=7 =20 <
if even y then even y A y>0 = 7' = zxx¥ else odd y = 7' = zxx) fi

eveny Ay>0 =7 =) <= xi=xxx. y:i=y/2. 7' =7xY
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

v0=7 =20 <

if even y then even y A y>0 = 7' = zxx¥ else odd y = 7' = zxx) fi
eveny Ay>0 =7 =) <= xi=xxx. y:i=y/2. 7' =7xY

oddy=7 =72xxy < z:=zxx. y:i=y—1. 7/ =zxxV
y y=Yy
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

v0=7 =20 <

if even y then even y A y>0 = 7' = zxx¥ else odd y = 7' = zxx) fi
eveny Ay>0 =7 =20V <= xi=xxx. y:i=y/2. 7 =70V €—

oddy=7 =72xxy < z:=zxx. y:i=y—1. 7/ =zxxV
y y=Yy
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

v0=7 =20 <

if even y then even y A y>0 = 7' = zxx¥ else odd y = 7' = zxx) fi
eveny A y>0 =7 =z2xx) <= xi=xxx. yi=y/2. =z y>0 =7 = 21

oddy=7 =72xxy < z:=zxx. y:i=y—1. 7/ =zxxV
y y=Yy
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

v0=7 =20 <

if even y then even y A y>0 = 7' = zxx¥ else odd y = 7' = zxx) fi
eveny A y>0 =7 =z2xx) <= xi=xxx. yi=y/2. =z y>0 =7 = 21

oddy =7 =z2xx < zi=z72x. yi=y-1. 7' =20V €—
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

v0=7 =20 <

if even y then even y A y>0 = 7' = zxx¥ else odd y = 7' = zxx) fi
eveny A y>0 =7 =z2xx) <= xi=xxx. yi=y/2. =z y>0 =7 = 21

oddy=7 =7xxy <= Zzi=7zxx. y:=y—1. Z=2xx" eveny= 7 = zxx
Yy Y=Y y
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

v0=7 =20 <

if even y then even y A y>0 = 7' = zxx¥ else odd y = 7' = zxx) fi
eveny A y>0 =7 =z2xx) <= xi=xxx. yi=y/2. =z y>0 =7 = 21
oddy =7 =zxx¢ < zi=72xx. yi=y-1. =2 eveny =7 = zxxV

eveny =7 =zxxy <
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2

7 =zxxy < if y=0 then ok else y>0 = 7' = zxx) fi

v0=7 =20 <

if even y then even y A y>0 = 7' = zxx¥ else odd y = 7' = zxx) fi
eveny A y>0 =7 =z2xx) <= xi=xxx. yi=y/2. =z y>0 =7 = 21
oddy =7 =zxx¢ < zi=72xx. yi=y-1. =2 eveny =7 = zxxV

eveny =7 =zxx¥ < if y=0 then ok else even y A y>0 = 7' = zxx’' fi
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.

7=xY <= z=1.7 =2

7 =zxxv < if y=0 then ok else y>0 = 7' = zxxV fi

!

v0=7 =20 <

if even y then even y A y>0 = 7' = zxx¥ else odd y = 7' = zxx) fi
eveny A y>0 =7 =z2xx) <= xi=xxx. yi=y/2. =z y>0 =7 = 21
oddy =7 =zxx¢ < zi=72xx. yi=y-1. =2 eveny =7 = zxxV

eveny =7 =zxx¥ < if y=0 then ok else even y A y>0 = 7' = zxx’' fi
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for 7' = x> that
runs fast without using exponentiation.
7=xY <= z=1.7 =2
=0 <= ify=0-thenvkelse >0 ===x"H
if even y then even y = 7' = zxx else odd y = 7' = zxxV fi

v0=7 =20 <

if even y then even y A y>0 = 7' = zxx¥ else odd y = 7' = zxx) fi
eveny A y>0 =7 =z2xx) <= xi=xxx. yi=y/2. =z y>0 =7 = 21
oddy =7 =zxx¢ < zi=72xx. yi=y-1. =2 eveny =7 = zxxV

eveny =7 =zxx¥ < if y=0 then ok else even y A y>0 = 7' = zxx’' fi
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Fast Exponentiation

z=7xx. yi=y-1

v
A
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Fast Exponentiation

xX:=Xxxx. y:=y/2

Z=27xx. y:=y-1
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Fast Exponentiation

z=7xx. yi=y-1

L L xX:=Xxxx. y:=y/2

Z=27xx. y:=y-1

v |

Z=7xx. y:=y-1

e@:OL Xi= Xxxx. y:=y/2
Tl 1
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Fast Exponentiation

v
e@:O L z=7xx. yi=y-1

v |

e@: L L X:=XxX. y:=y/2

Z=27xx. y:=y-1

v |

Z=7xx. y:=y-1

e@:OL Xi= Xxxx. y:=y/2
Tl 1

!

Z:=27xx. y:=y-1

v
e[y:O L L X:=XxX. y:=y/2
Tl 1
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Fast Exponentiation

{ -
eveny

v |.L
._ — 0 | — —
Zi=7xx. yi=y-1 ﬁ(y— jﬁ X:=XxxX. yi=y/2 ﬁ[even)a
T i T
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Fast Exponentiation

v

{y:

—| z2=1 %[even y]l% Zi=zxx. y:i=y-1
T|

T

X:=Xxxx. y:=y/2

)
l‘l’

T

eveny A v>0= 7/ =zxxy <= xi=xxx. vi=v/2. t.=t+1. v>0 = 7' = zxxV
YAY y=Yy y
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Fast Exponentiation

v |.L
— 1 — — 0 | — —
-l z=1 %(even y% Zi=7xx. yi=y-1 ﬁ(y— jﬁ X:=XxxX. yi=y/2 ﬁ[even)a
T T i T

eveny A v>0= 7/ =zxxy <= xi=xxx. vi=v/2. t.=t+1. v>0 = 7' = zxxV
YAY y=Yy y

y =012345678910 11 12 13 14 15 16 17 18
f-t=00112222333 3 3 3 3 3 4 4 4
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Fast Exponentiation

v |.L
— 1 — — 0 | — —
-l z=1 %(even y% Zi=7xx. yi=y-1 ﬁ(y— jﬁ X:=XxxX. yi=y/2 ﬁ[even)a
T T i T

eveny A v>0= 7/ =zxxy <= xi=xxx. vi=v/2. t.=t+1. v>0 = 7' = zxxV
YAY y=Yy y

b |

y =012345678910 11 12 13 14 15 16 17 18
f-t=00112222333 3 3 3 3 3 4 4 4
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Fast Exponentiation

v |.L
— 1 — — 0 | — —
-l z=1 %(even y% Zi=7xx. yi=y-1 ﬁ(y— jﬁ X:=XxxX. yi=y/2 ﬁ[even)a
T T i T

eveny A v>0= 7/ =zxxy <= xi=xxx. vi=v/2. t.=t+1. v>0 = 7' = zxxV
YAY y=Yy y

|

y =012345678910 11 12 13 14 15 16 17 18
f-t=00112222333 3 3 3 3 3 4 4 4
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Fast Exponentiation

v |.L
— 1 — — 0 | — —
-l z=1 %(even y% Zi=7xx. yi=y-1 ﬁ(y— jﬁ X:=XxxX. yi=y/2 ﬁ[even)a
T T i T

eveny A v>0= 7/ =zxxy <= xi=xxx. vi=v/2. t.=t+1. v>0 = 7' = zxxV
YAY y=Yy y

y =012345678910 11 12 13 14 15 16 17 18
f-t=00112222333 3 3 3 3 3 4 4 4

if y=0 then #'=t else ' =t + floor (log y) fi
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Fast Exponentiation

v |.L
—| z=1 %(even yjl% Zi=7xx. yi=y-1 ﬁ(y:O)J‘ﬁ X:=XxxX. yi=y/2 ﬁ[even)a
T T i T

eveny A v>0= 7/ =zxxy <= xi=xxx. vi=v/2. t.=t+1. v>0 = 7' = zxxV
YAY y=Yy y

y =012345678910 11 12 13 14 15 16 17 18
f-t=00112222333 3 3 3 3 3 4 4 4

if y=0 then #'=t else ' =t + floor (log y) fi

if y=0 then r'=telse ' <t + log y fi

56/87



Fibonacci Numbers

fib0 = 0
fib1 = 1
fib (n+2) = fibn + fib (n+1)
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Fibonacci Numbers
fib0 = 0
fibl =1

fib (n+2) = fib n + fib (n+1)

fib = 0—0 | 1—=1 | (n: nat+2- fib(n-2) + fib(n—1))
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Fibonacci Numbers

fib0 =0
fibl =1
fib (n+2) = fib n + fib (n+1)

fib = 0—0 | 1—=1 | (n: nat+2- fib(n-2) + fib(n—1))

(n: nat- if n<2 then n else fib(n-2) + fib(n—1) fi)

fib
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Fibonacci Numbers
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Fibonacci Numbers

X' =fibn
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Fibonacci Numbers

X'=fibn < X' =fibn n y =fib(n+l)
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Fibonacci Numbers

X'=fibn < xX'=fibn n y=fib(n+tl) = P

63/87



Fibonacci Numbers
X'=fibn < X' =fibn n y =fib(n+tl) = P

P < if n=0thenx:=0. y:=1else n:=n-1. P. xX'=y A y'=x+yfi
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Fibonacci Numbers

X'=fibn < X' =fibn n y =fib(n+tl) = P

P < if n=0thenx:=0. y:=1else n:=n-1. P. xX'=y A y'=x+yfi

we have these x y

b
--fffffff]ﬁffffffff---

we want these  x'y'
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Fibonacci Numbers
X'=fibn < X' =fibn n y =fib(n+tl) = P

P < if n=0thenx:=0. y:=1else n:=n-1. P. xX'=y A y'=x+yfi
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Fibonacci Numbers
X'=fibn < X' =fibn n y =fib(n+tl) = P
P < ifn=0thenx:=0. y:=1else n:=n-1. P. xX'=y A y'=x+yfi

X'=y A y=x+y <=
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Fibonacci Numbers
X'=fibn < X' =fibn n y =fib(n+tl) = P
P < ifn=0thenx:=0. y:=1else n:=n-1. P. xX'=y A y'=x+yfi

X'=y A y=x+y <= ni=x. xi=y. yi=n+y
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Fibonacci Numbers
X'=fibn < X' =fibn n y =fib(n+tl) = P
P < ifn=0thenx:=0. y:=1else n:=n-1. P. xX'=y A y'=x+yfi

X'=y A y=x+y <= ni=x. xi=y. yi=n+y

t'=t+n < if n=0then x:=0. y:=1else n:=n-1. t:=t+1. '=t+n. t'=tfi

f'=t < n=x. xi=y. y:=n+y
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Fibonacci Numbers
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Fibonacci Numbers

fib(2xk+1) = fib k2 + fib(k+1) 2
fib(2xk+2) = 2 x fib k x fib(k+1) + fib(k+1) 2
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Fibonacci Numbers

fib(2xk+1) = fib k2 + fib(k+1) 2
fib(2xk+2) = 2 x fib k x fib(k+1) + fib(k+1) 2

P < if n=0then x:=0. y:=1

else if even n then even n A n>0 = P

elseoddn= Pfifi
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Fibonacci Numbers

fib(2xk+1) = fib k2 + fib(k+1) 2
fib(2xk+2) = 2 x fib k x fib(k+1) + fib(k+1) 2

P < if n=0then x:=0. y:=1
else if even n then even n A n>0 = P

elseoddn= Pfifi

oddn=P < ni=m-1)/2. P. X' =x2+y2 A y =2xxxy + )2
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Fibonacci Numbers

fib(2xk+1) = fib k2 + fib(k+1) 2
fib(2xk+2) = 2 x fib k x fib(k+1) + fib(k+1) 2

P < if n=0then x:=0. y:=1
else if even n then even n A n>0 = P

elseoddn= Pfifi

oddn=P < ni=m-1)/2. P. X' =x2+y2 A y =2xxxy + )2

!

n=2xk+1
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Fibonacci Numbers

fib(2xk+1) = fib k2 + fib(k+1) 2
fib(2xk+2) = 2 x fib k x fib(k+1) + fib(k+1) 2

P < if n=0then x:=0. y:=1
else if even n then even n A n>0 = P

elseoddn= Pfifi

oddn=P < ni=m-1)/2. P. X' =x2+y2 A y =2xxxy + )2

P

n=2xk+1 n=k
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Fibonacci Numbers

fib(2xk+1) = fib k2 + fib(k+1) 2
fib(2xk+2) = 2 x fib k x fib(k+1) + fib(k+1) 2

P < if n=0then x:=0. y:=1
else if even n then even n A n>0 = P

elseoddn= Pfifi

oddn=P < ni=m-1)/2. P. X' =x2+y2 A y =2xxxy + )2

!

X' =fibk Ay = fib(k+1)
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Fibonacci Numbers

fib(2xk+1) = fib k2 + fib(k+1) 2
fib(2xk+2) = 2 x fib k x fib(k+1) + fib(k+1) 2

P < if n=0then x:=0. y:=1
else if even n then even n A n>0 = P

elseoddn= Pfifi

oddn=P < ni=m-1)/2. P. X' =x2+y2 A y =2xxxy + )2

!

x=fibk Ay =fib(k+1)
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Fibonacci Numbers

fib(2xk+1) = fib k2 + fib(k+1) 2
fib(2xk+2) = 2 x fib k x fib(k+1) + fib(k+1) 2

P < if n=0then x:=0. y:=1
else if even n then even n A n>0 = P

elseoddn= Pfifi

oddn=P < ni=m-1)/2. P. X' =x2+y2 A y =2xxxy + )2

! !

x=fibk Ay =fibk+1) X' = fib2xk+1) A Y = fib(2xk+2)
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Fibonacci Numbers

fib(2xk+1) = fib k2 + fib(k+1) 2
fib(2xk+2) = 2 x fib k x fib(k+1) + fib(k+1) 2

P < if n=0then x:=0. y:=1
else if even n then even n A n>0 = P

elseoddn= Pfifi

oddn=P < ni=m-1)/2. P. X' =x2+y2 A y =2xxxy + )2
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Fibonacci Numbers

fib(2xk+1) = fib k2 + fib(k+1) 2
fib(2xk+2) = 2 x fib k x fib(k+1) + fib(k+1) 2

P < if n=0then x:=0. y:=1
else if even n then even n A n>0= P
elseoddn= Pfifi

oddn=P < ni=m-1)/2. P. X' =x2+y2 A y =2xxxy + )2

evenn An>0=P < n=n/2—-1. P. X' =2xxxy+y2 A y=x2+y2+Xx
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Fibonacci Numbers

fib(2xk+1) = fib k2 + fib(k+1) 2
fib(2xk+2) = 2 x fib k x fib(k+1) + fib(k+1) 2

P < if n=0then x:=0. y:=1
else if even n then even n A n>0 = P

else oddn= Pfifi
oddn=>P < ni=mn-1)2. P. X' =x2+y2 A y' =2xxxy + y?

evenn An>0=P < n=n/2—-1. P. X' =2xxxy+y2 A y=x2+y2+Xx

P 1

n=2xk+2 n=k
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Fibonacci Numbers

fib(2xk+1) = fib k2 + fib(k+1) 2
fib(2xk+2) = 2 x fib k x fib(k+1) + fib(k+1) 2

P < if n=0then x:=0. y:=1
else if even n then even n A n>0 = P

else oddn= Pfifi
oddn=>P < ni=mn-1)2. P. X' =x2+y2 A y' =2xxxy + y?

evenn An>0=P < n=n/2—-1. P. X' =2xxxy+y2 A y=x2+y2+Xx

!

x=fibk Ay =fib(k+1)
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Fibonacci Numbers

fib(2xk+1) = fib k2 + fib(k+1) 2
fib(2xk+2) = 2 x fib k x fib(k+1) + fib(k+1) 2

P < if n=0then x:=0. y:=1
else if even n then even n A n>0 = P

else oddn= Pfifi
oddn=>P < ni=mn-1)2. P. X' =x2+y2 A y' =2xxxy + y?

evenn An>0=P < n=n/2—-1. P. X' =2xxxy+y2 A y=x2+y2+Xx

! !

x=fibkAy=fib(k+1) X' = fib(2xk+2) A Y = fib(2xk+3)

83/87



Fibonacci Numbers

fib(2xk+1) = fib k2 + fib(k+1) 2
fib(2xk+2) = 2 x fib k x fib(k+1) + fib(k+1) 2

P < if n=0then x:=0. y:=1
else if even n then even n A n>0= P
elseoddn= Pfifi

oddn=P < ni=m-1)/2. P. X' =x2+y2 A y =2xxxy + )2

evenn An>0=P < n=n/2—-1. P. X' =2xxxy+y2 A y=x2+y2+Xx
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Fibonacci Numbers

fib(2xk+1) = fib k2 + fib(k+1) 2
fib(2xk+2) = 2 x fib k x fib(k+1) + fib(k+1) 2

P < if n=0then x:=0. y:=1
else if even n then even n A n>0 = P
elseoddn= Pfifi
oddn=P < n=n-1)2. P. X =x2+y2 A y' =2xxxy + y?

evenn An>0=P < n=n/2—-1. P. X' =2xxxy+y2 A y=x2+y2+Xx

X' =x2+y2 Ay =2xaxy+y2 <= ni=x. xi=x2 4+ y2. yi=2xnxy + y2
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Fibonacci Numbers

T = t' <t+log (n+l)

T < iftn=0thenx:=0. y:=1
else if even n then even n A n>0 =T
else oddn=THfi
oddn=T < n=m-1D2. tt=t+1. T. t'=t
evenn An>0=T < n=n/2-1. t=t+1. T. t'=t
=t < ni=x. x:i=x2+y2. y:=2xnxy + y?

=t < ni=x. x:=2xxxy+y2. yi=n2+y? +x
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Fibonacci Numbers

void P (void)
{ 1f(m==0){x=0; y=1;}
else if (n%2==0) {n=n/2-1; P(); n=x; x=2%x*y + y*y; y=n*n+y*y + x;}

else {(n=(m-1)/2; P(); n=x; x=x*X+y*y; y=2%n*y + y*y;}
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