
Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation. 

/1 87



Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

Proof: z:= 1.  zʹ = z×xy 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

Proof: z:= 1.  zʹ = z×xy Substitution Law

= zʹ = 1×xy 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

Proof: z:= 1.  zʹ = z×xy Substitution Law

= zʹ = 1×xy 1 is identity for  ×

= zʹ = xy 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐  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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0  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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok  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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

Proof: y=0 ∧ ok 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

Proof: y=0 ∧ ok expand  ok

= y=0 ∧ xʹ=x ∧ yʹ=y ∧ zʹ=z 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

Proof: y=0 ∧ ok expand  ok

= y=0 ∧ xʹ=x ∧ yʹ=y ∧ zʹ=z specialize,  1 is identity for  ×

⇒ y=0 ∧ zʹ = z×1 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

Proof: y=0 ∧ ok expand  ok

= y=0 ∧ xʹ=x ∧ yʹ=y ∧ zʹ=z specialize,  1 is identity for  ×

⇒ y=0 ∧ zʹ = z×1 x0=1

= y=0 ∧ zʹ = z×x0 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

Proof: y=0 ∧ ok expand  ok

= y=0 ∧ xʹ=x ∧ yʹ=y ∧ zʹ=z specialize,  1 is identity for  ×

⇒ y=0 ∧ zʹ = z×1 x0=1

= y=0 ∧ zʹ = z×x0 context  y=0  and specialize

⇒ zʹ = z×xy 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f
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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐  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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.   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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.   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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

Proof: (y>0 ⇒ zʹ = z×xy   ⇐   z:= z×x.  y:= y–1.  zʹ = z×xy) 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

Proof: (y>0 ⇒ zʹ = z×xy   ⇐   z:= z×x.  y:= y–1.  zʹ = z×xy) portation

= zʹ = z×xy  ⇐  y>0 ∧ (z:= z×x.  y:= y–1.  zʹ = z×xy) 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

Proof: (y>0 ⇒ zʹ = z×xy   ⇐   z:= z×x.  y:= y–1.  zʹ = z×xy) portation

= zʹ = z×xy  ⇐  y>0 ∧ (z:= z×x.  y:= y–1.  zʹ = z×xy) Substitution Law twice

= zʹ = z×xy  ⇐  y>0 ∧ zʹ = z×x×xy–1 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

Proof: (y>0 ⇒ zʹ = z×xy   ⇐   z:= z×x.  y:= y–1.  zʹ = z×xy) portation

= zʹ = z×xy  ⇐  y>0 ∧ (z:= z×x.  y:= y–1.  zʹ = z×xy) Substitution Law twice

= zʹ = z×xy  ⇐  y>0 ∧ zʹ = z×x×xy–1 Law of Exponents

= zʹ = z×xy  ⇐  y>0 ∧ zʹ = z×xy 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

Proof: (y>0 ⇒ zʹ = z×xy   ⇐   z:= z×x.  y:= y–1.  zʹ = z×xy) portation

= zʹ = z×xy  ⇐  y>0 ∧ (z:= z×x.  y:= y–1.  zʹ = z×xy) Substitution Law twice

= zʹ = z×xy  ⇐  y>0 ∧ zʹ = z×x×xy–1 Law of Exponents

= zʹ = z×xy  ⇐  y>0 ∧ zʹ = z×xy specialize

= ⊤ 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

if even y then even y ∧ y>0 ⇒ zʹ = z×xy else odd y ⇒ zʹ = z×xy f 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

if even y then even y ∧ y>0 ⇒ zʹ = z×xy else odd y ⇒ zʹ = z×xy f

even y ∧ y>0 ⇒ zʹ = z×xy   ⇐ x:= x×x.  y:= y/2.  zʹ = z×xy 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

if even y then even y ∧ y>0 ⇒ zʹ = z×xy else odd y ⇒ zʹ = z×xy f

even y ∧ y>0 ⇒ zʹ = z×xy   ⇐ x:= x×x.  y:= y/2.  zʹ = z×xy

Proof: (even y ∧ y>0 ⇒ zʹ = z×xy   ⇐   x:= x×x.  y:= y/2.  zʹ = z×xy) 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

if even y then even y ∧ y>0 ⇒ zʹ = z×xy else odd y ⇒ zʹ = z×xy f

even y ∧ y>0 ⇒ zʹ = z×xy   ⇐ x:= x×x.  y:= y/2.  zʹ = z×xy

Proof: (even y ∧ y>0 ⇒ zʹ = z×xy   ⇐   x:= x×x.  y:= y/2.  zʹ = z×xy) portation

= zʹ = z×xy  ⇐  even y ∧ y>0 ∧ (x:= x×x.  y:= y/2.  zʹ = z×xy) 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

if even y then even y ∧ y>0 ⇒ zʹ = z×xy else odd y ⇒ zʹ = z×xy f

even y ∧ y>0 ⇒ zʹ = z×xy   ⇐ x:= x×x.  y:= y/2.  zʹ = z×xy

Proof: (even y ∧ y>0 ⇒ zʹ = z×xy   ⇐   x:= x×x.  y:= y/2.  zʹ = z×xy) portation

= zʹ = z×xy  ⇐  even y ∧ y>0 ∧ (x:= x×x.  y:= y/2.  zʹ = z×xy) Substitution Law twice

= zʹ = z×xy  ⇐  even y ∧ y>0 ∧ zʹ = z×(x×x)y/2 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

if even y then even y ∧ y>0 ⇒ zʹ = z×xy else odd y ⇒ zʹ = z×xy f

even y ∧ y>0 ⇒ zʹ = z×xy   ⇐ x:= x×x.  y:= y/2.  zʹ = z×xy

Proof: (even y ∧ y>0 ⇒ zʹ = z×xy   ⇐   x:= x×x.  y:= y/2.  zʹ = z×xy) portation

= zʹ = z×xy  ⇐  even y ∧ y>0 ∧ (x:= x×x.  y:= y/2.  zʹ = z×xy) Substitution Law twice

= zʹ = z×xy  ⇐  even y ∧ y>0 ∧ zʹ = z×(x×x)y/2 Law of Exponents

= zʹ = z×xy  ⇐  even y ∧ y>0 ∧ zʹ = z×xy 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

if even y then even y ∧ y>0 ⇒ zʹ = z×xy else odd y ⇒ zʹ = z×xy f

even y ∧ y>0 ⇒ zʹ = z×xy   ⇐ x:= x×x.  y:= y/2.  zʹ = z×xy

Proof: (even y ∧ y>0 ⇒ zʹ = z×xy   ⇐   x:= x×x.  y:= y/2.  zʹ = z×xy) portation

= zʹ = z×xy  ⇐  even y ∧ y>0 ∧ (x:= x×x.  y:= y/2.  zʹ = z×xy) Substitution Law twice

= zʹ = z×xy  ⇐  even y ∧ y>0 ∧ zʹ = z×(x×x)y/2 Law of Exponents

= zʹ = z×xy  ⇐  even y ∧ y>0 ∧ zʹ = z×xy specialize

= ⊤ 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

if even y then even y ∧ y>0 ⇒ zʹ = z×xy else odd y ⇒ zʹ = z×xy f

even y ∧ y>0 ⇒ zʹ = z×xy   ⇐ x:= x×x.  y:= y/2.  zʹ = z×xy 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

if even y then even y ∧ y>0 ⇒ zʹ = z×xy else odd y ⇒ zʹ = z×xy f

even y ∧ y>0 ⇒ zʹ = z×xy   ⇐ x:= x×x.  y:= y/2.  zʹ = z×xy

odd y ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

if even y then even y ∧ y>0 ⇒ zʹ = z×xy else odd y ⇒ zʹ = z×xy f

even y ∧ y>0 ⇒ zʹ = z×xy   ⇐ x:= x×x.  y:= y/2.  zʹ = z×xy   ←
odd y ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

if even y then even y ∧ y>0 ⇒ zʹ = z×xy else odd y ⇒ zʹ = z×xy f

even y ∧ y>0 ⇒ zʹ = z×xy   ⇐ x:= x×x.  y:= y/2.  zʹ = z×xy  y>0 ⇒ zʹ = z×xy

odd y ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

if even y then even y ∧ y>0 ⇒ zʹ = z×xy else odd y ⇒ zʹ = z×xy f

even y ∧ y>0 ⇒ zʹ = z×xy   ⇐ x:= x×x.  y:= y/2.  zʹ = z×xy  y>0 ⇒ zʹ = z×xy

odd y ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy   ← 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

if even y then even y ∧ y>0 ⇒ zʹ = z×xy else odd y ⇒ zʹ = z×xy f

even y ∧ y>0 ⇒ zʹ = z×xy   ⇐ x:= x×x.  y:= y/2.  zʹ = z×xy  y>0 ⇒ zʹ = z×xy

odd y ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy  even y ⇒ zʹ = z×xy 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

if even y then even y ∧ y>0 ⇒ zʹ = z×xy else odd y ⇒ zʹ = z×xy f

even y ∧ y>0 ⇒ zʹ = z×xy   ⇐ x:= x×x.  y:= y/2.  zʹ = z×xy  y>0 ⇒ zʹ = z×xy

odd y ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy  even y ⇒ zʹ = z×xy

even y ⇒ zʹ = z×xy   ⇐    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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

if even y then even y ∧ y>0 ⇒ zʹ = z×xy else odd y ⇒ zʹ = z×xy f

even y ∧ y>0 ⇒ zʹ = z×xy   ⇐ x:= x×x.  y:= y/2.  zʹ = z×xy  y>0 ⇒ zʹ = z×xy

odd y ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy  even y ⇒ zʹ = z×xy

even y ⇒ zʹ = z×xy   ⇐   if y = 0 then ok else even y ∧ y>0 ⇒ zʹ = z×xy f 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

                              ↑
y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

if even y then even y ∧ y>0 ⇒ zʹ = z×xy else odd y ⇒ zʹ = z×xy f

even y ∧ y>0 ⇒ zʹ = z×xy   ⇐ x:= x×x.  y:= y/2.  zʹ = z×xy  y>0 ⇒ zʹ = z×xy

odd y ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy  even y ⇒ zʹ = z×xy

even y ⇒ zʹ = z×xy   ⇐   if y = 0 then ok else even y ∧ y>0 ⇒ zʹ = z×xy f 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Fast Exponentiation

Given rational variables  x  and  z  and natural variable  y , write a program for  zʹ = xy  that 

runs fast without using exponentiation.

zʹ=xy   ⇐   z:= 1.  zʹ = z×xy

zʹ = z×xy   ⇐ if y=0 then ok else y>0 ⇒ zʹ = z×xy f

if even y then even y ⇒ zʹ = z×xy else odd y ⇒ zʹ = z×xy f

y>0 ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy

if even y then even y ∧ y>0 ⇒ zʹ = z×xy else odd y ⇒ zʹ = z×xy f

even y ∧ y>0 ⇒ zʹ = z×xy   ⇐ x:= x×x.  y:= y/2.  zʹ = z×xy  y>0 ⇒ zʹ = z×xy

odd y ⇒ zʹ = z×xy   ⇐ z:= z×x.  y:= y–1.  zʹ = z×xy  even y ⇒ zʹ = z×xy

even y ⇒ zʹ = z×xy   ⇐   if y = 0 then ok else even y ∧ y>0 ⇒ zʹ = z×xy f 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Fast Exponentiation

         →  z:= 1 → y=0  ⎯→ z:= z×x.  y:= y–1
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Fast Exponentiation

         →  z:= 1 → y=0  ⎯→ z:= z×x.  y:= y–1

         →  z:= 1 → y=0  ⎯→ even y  ⎯→ x:= x×x.  y:= y/2    z:= z×x.  y:= y–1
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Fast Exponentiation

         →  z:= 1 → y=0  ⎯→ z:= z×x.  y:= y–1

         →  z:= 1 → y=0  ⎯→ even y  ⎯→ x:= x×x.  y:= y/2    z:= z×x.  y:= y–1

         →  z:= 1 → y=0  ⎯→ even y  ⎯→ x:= x×x.  y:= y/2    z:= z×x.  y:= y–1
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Fast Exponentiation

         →  z:= 1 → y=0  ⎯→ z:= z×x.  y:= y–1

         →  z:= 1 → y=0  ⎯→ even y  ⎯→ x:= x×x.  y:= y/2    z:= z×x.  y:= y–1

         →  z:= 1 → y=0  ⎯→ even y  ⎯→ x:= x×x.  y:= y/2    z:= z×x.  y:= y–1

         →  z:= 1 → y=0  ⎯→ even y  ⎯→ x:= x×x.  y:= y/2    z:= z×x.  y:= y–1 → y=0
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Fast Exponentiation

 →  z:= 1 → even y  ⎯→ z:= z×x.  y:= y–1 → y=0  ⎯→ x:= x×x.  y:= y/2 → even y  
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Fast Exponentiation

 →  z:= 1 → even y  ⎯→ z:= z×x.  y:= y–1 → y=0  ⎯→ x:= x×x.  y:= y/2 → even y  

even y ∧ y>0 ⇒  zʹ = z×xy   ⇐   x:= x×x.  y:= y/2.  t:= t+1.  y>0 ⇒  zʹ = z×xy
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Fast Exponentiation

 →  z:= 1 → even y  ⎯→ z:= z×x.  y:= y–1 → y=0  ⎯→ x:= x×x.  y:= y/2 → even y  

even y ∧ y>0 ⇒  zʹ = z×xy   ⇐   x:= x×x.  y:= y/2.  t:= t+1.  y>0 ⇒  zʹ = z×xy

  y =  0  1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18

tʹ–t =  0  0  1  1  2  2  2  2  3  3   3    3    3    3    3    3    4    4    4 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Fast Exponentiation

 →  z:= 1 → even y  ⎯→ z:= z×x.  y:= y–1 → y=0  ⎯→ x:= x×x.  y:= y/2 → even y  

even y ∧ y>0 ⇒  zʹ = z×xy   ⇐   x:= x×x.  y:= y/2.  t:= t+1.  y>0 ⇒  zʹ = z×xy

             ↓↓   ↓           ↓                                        ↓    

  y =  0  1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18

tʹ–t =  0  0  1  1  2  2  2  2  3  3   3    3    3    3    3    3    4    4    4 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Fast Exponentiation

 →  z:= 1 → even y  ⎯→ z:= z×x.  y:= y–1 → y=0  ⎯→ x:= x×x.  y:= y/2 → even y  

even y ∧ y>0 ⇒  zʹ = z×xy   ⇐   x:= x×x.  y:= y/2.  t:= t+1.  y>0 ⇒  zʹ = z×xy

         ↓
  y =  0  1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18

tʹ–t =  0  0  1  1  2  2  2  2  3  3   3    3    3    3    3    3    4    4    4 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Fast Exponentiation

 →  z:= 1 → even y  ⎯→ z:= z×x.  y:= y–1 → y=0  ⎯→ x:= x×x.  y:= y/2 → even y  

even y ∧ y>0 ⇒  zʹ = z×xy   ⇐   x:= x×x.  y:= y/2.  t:= t+1.  y>0 ⇒  zʹ = z×xy

  y =  0  1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18

tʹ–t =  0  0  1  1  2  2  2  2  3  3   3    3    3    3    3    3    4    4    4

if y=0 then tʹ=t else tʹ = t + floor (log y) f 

/55 87

⊥

⊤

⊥ ⊥

⊤ ⊤



Fast Exponentiation

 →  z:= 1 → even y  ⎯→ z:= z×x.  y:= y–1 → y=0  ⎯→ x:= x×x.  y:= y/2 → even y  

even y ∧ y>0 ⇒  zʹ = z×xy   ⇐   x:= x×x.  y:= y/2.  t:= t+1.  y>0 ⇒  zʹ = z×xy

  y =  0  1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18

tʹ–t =  0  0  1  1  2  2  2  2  3  3   3    3    3    3    3    3    4    4    4

if y=0 then tʹ=t else tʹ = t + floor (log y) f

if y=0 then tʹ=t else tʹ ≤ t + log y f 

/56 87

⊥

⊤

⊥ ⊥

⊤ ⊤



Fibonacci Numbers

fib 0  =  0

fib 1  =  1

fib (n+2)  =  fib n + fib (n+1)

/57 87



Fibonacci Numbers

fib 0  =  0

fib 1  =  1

fib (n+2)  =  fib n + fib (n+1)

fib   =   0→0  |  1→1  |  〈n: nat+2·  fib(n–2) + fib(n–1)〉
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Fibonacci Numbers

fib 0  =  0

fib 1  =  1

fib (n+2)  =  fib n + fib (n+1)

fib   =   0→0  |  1→1  |  〈n: nat+2·  fib(n–2) + fib(n–1)〉

fib   =   〈n: nat·  if n<2 then n else fib(n–2) + fib(n–1) f〉 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Fibonacci Numbers
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Fibonacci Numbers

xʹ = fib n   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Fibonacci Numbers

xʹ = fib n   ⇐   xʹ = fib n  ∧  yʹ = fib (n+1)    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Fibonacci Numbers

xʹ = fib n   ⇐   xʹ = fib n  ∧  yʹ = fib (n+1)   =   P 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Fibonacci Numbers

xʹ = fib n   ⇐   xʹ = fib n  ∧  yʹ = fib (n+1)   =   P

P   ⇐   if n=0 then x:= 0.  y:= 1 else n:= n–1.  P.  xʹ=y  ∧  yʹ=x+y f
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Fibonacci Numbers

xʹ = fib n   ⇐   xʹ = fib n  ∧  yʹ = fib (n+1)   =   P

P   ⇐   if n=0 then x:= 0.  y:= 1 else n:= n–1.  P.  xʹ=y  ∧  yʹ=x+y f

     we have these   x  y
                              ↓  ↓
...   f   f   f   f   f   f   f   f   f   f   f   f   f   f   f   f   ...
                                  ↑ ↑
     we want these      xʹ yʹ 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Fibonacci Numbers

xʹ = fib n   ⇐   xʹ = fib n  ∧  yʹ = fib (n+1)   =   P

P   ⇐   if n=0 then x:= 0.  y:= 1 else n:= n–1.  P.  xʹ=y  ∧  yʹ=x+y f
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Fibonacci Numbers

xʹ = fib n   ⇐   xʹ = fib n  ∧  yʹ = fib (n+1)   =   P

P   ⇐   if n=0 then x:= 0.  y:= 1 else n:= n–1.  P.  xʹ=y  ∧  yʹ=x+y f

xʹ=y  ∧  yʹ=x+y   ⇐  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Fibonacci Numbers

xʹ = fib n   ⇐   xʹ = fib n  ∧  yʹ = fib (n+1)   =   P

P   ⇐   if n=0 then x:= 0.  y:= 1 else n:= n–1.  P.  xʹ=y  ∧  yʹ=x+y f

xʹ=y  ∧  yʹ=x+y   ⇐   n:= x.  x:= y.  y:= n+y 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Fibonacci Numbers

xʹ = fib n   ⇐   xʹ = fib n  ∧  yʹ = fib (n+1)   =   P

P   ⇐   if n=0 then x:= 0.  y:= 1 else n:= n–1.  P.  xʹ=y  ∧  yʹ=x+y f

xʹ=y  ∧  yʹ=x+y   ⇐   n:= x.  x:= y.  y:= n+y

tʹ=t+n   ⇐   if n=0 then x:= 0.  y:= 1 else n:= n–1.  t:= t+1.  tʹ=t+n.  tʹ=t f

tʹ=t   ⇐   n:= x.  x:= y.  y:= n+y 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Fibonacci Numbers

/70 87



Fibonacci Numbers

fib(2×k+1)  =  fib k 2 + fib(k+1) 2

fib(2×k+2)  =  2 × fib k × fib(k+1)  +  fib(k+1) 2
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Fibonacci Numbers

fib(2×k+1)  =  fib k 2 + fib(k+1) 2

fib(2×k+2)  =  2 × fib k × fib(k+1)  +  fib(k+1) 2

P   ⇐ if n=0 then x:= 0.  y:= 1

else if even n then even n ∧ n>0 ⇒ P

       else odd n ⇒ P f f
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Fibonacci Numbers

fib(2×k+1)  =  fib k 2 + fib(k+1) 2

fib(2×k+2)  =  2 × fib k × fib(k+1)  +  fib(k+1) 2

P   ⇐ if n=0 then x:= 0.  y:= 1

else if even n then even n ∧ n>0 ⇒ P

       else odd n ⇒ P f f

odd n ⇒ P   ⇐   n:= (n–1)/2.  P.  xʹ = x2 + y2  ∧  yʹ = 2×x×y + y2
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Fibonacci Numbers

fib(2×k+1)  =  fib k 2 + fib(k+1) 2

fib(2×k+2)  =  2 × fib k × fib(k+1)  +  fib(k+1) 2

P   ⇐ if n=0 then x:= 0.  y:= 1

else if even n then even n ∧ n>0 ⇒ P

       else odd n ⇒ P f f

odd n ⇒ P   ⇐   n:= (n–1)/2.  P.  xʹ = x2 + y2  ∧  yʹ = 2×x×y + y2

                         ↑               

                    n=2×k+1            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Fibonacci Numbers

fib(2×k+1)  =  fib k 2 + fib(k+1) 2

fib(2×k+2)  =  2 × fib k × fib(k+1)  +  fib(k+1) 2

P   ⇐ if n=0 then x:= 0.  y:= 1

else if even n then even n ∧ n>0 ⇒ P

       else odd n ⇒ P f f

odd n ⇒ P   ⇐   n:= (n–1)/2.  P.  xʹ = x2 + y2  ∧  yʹ = 2×x×y + y2

                         ↑               ↑
                    n=2×k+1           n=k 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Fibonacci Numbers

fib(2×k+1)  =  fib k 2 + fib(k+1) 2

fib(2×k+2)  =  2 × fib k × fib(k+1)  +  fib(k+1) 2

P   ⇐ if n=0 then x:= 0.  y:= 1

else if even n then even n ∧ n>0 ⇒ P

       else odd n ⇒ P f f

odd n ⇒ P   ⇐   n:= (n–1)/2.  P.  xʹ = x2 + y2  ∧  yʹ = 2×x×y + y2

                                                ↑
                                   xʹ = fib k ∧ yʹ = fib(k+1) 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Fibonacci Numbers

fib(2×k+1)  =  fib k 2 + fib(k+1) 2

fib(2×k+2)  =  2 × fib k × fib(k+1)  +  fib(k+1) 2

P   ⇐ if n=0 then x:= 0.  y:= 1

else if even n then even n ∧ n>0 ⇒ P

       else odd n ⇒ P f f

odd n ⇒ P   ⇐   n:= (n–1)/2.  P.  xʹ = x2 + y2  ∧  yʹ = 2×x×y + y2

                                                    ↑
                                     x = fib k ∧ y = fib(k+1) 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Fibonacci Numbers

fib(2×k+1)  =  fib k 2 + fib(k+1) 2

fib(2×k+2)  =  2 × fib k × fib(k+1)  +  fib(k+1) 2

P   ⇐ if n=0 then x:= 0.  y:= 1

else if even n then even n ∧ n>0 ⇒ P

       else odd n ⇒ P f f

odd n ⇒ P   ⇐   n:= (n–1)/2.  P.  xʹ = x2 + y2  ∧  yʹ = 2×x×y + y2

                                                    ↑                                              ↑
                                     x = fib k ∧ y = fib(k+1)              xʹ = fib(2×k+1) ∧ yʹ = fib(2×k+2) 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Fibonacci Numbers

fib(2×k+1)  =  fib k 2 + fib(k+1) 2

fib(2×k+2)  =  2 × fib k × fib(k+1)  +  fib(k+1) 2

P   ⇐ if n=0 then x:= 0.  y:= 1

else if even n then even n ∧ n>0 ⇒ P

       else odd n ⇒ P f f

odd n ⇒ P   ⇐   n:= (n–1)/2.  P.  xʹ = x2 + y2  ∧  yʹ = 2×x×y + y2
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Fibonacci Numbers

fib(2×k+1)  =  fib k 2 + fib(k+1) 2

fib(2×k+2)  =  2 × fib k × fib(k+1)  +  fib(k+1) 2

P   ⇐ if n=0 then x:= 0.  y:= 1

else if even n then even n ∧ n>0 ⇒ P

       else odd n ⇒ P f f

odd n ⇒ P   ⇐   n:= (n–1)/2.  P.  xʹ = x2 + y2  ∧  yʹ = 2×x×y + y2

even n ∧ n>0 ⇒ P   ⇐   n:= n/2 – 1.  P.  xʹ = 2×x×y + y2  ∧  yʹ = x2 + y2 + xʹ
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Fibonacci Numbers

fib(2×k+1)  =  fib k 2 + fib(k+1) 2

fib(2×k+2)  =  2 × fib k × fib(k+1)  +  fib(k+1) 2

P   ⇐ if n=0 then x:= 0.  y:= 1

else if even n then even n ∧ n>0 ⇒ P

       else odd n ⇒ P f f

odd n ⇒ P   ⇐   n:= (n–1)/2.  P.  xʹ = x2 + y2  ∧  yʹ = 2×x×y + y2

even n ∧ n>0 ⇒ P   ⇐   n:= n/2 – 1.  P.  xʹ = 2×x×y + y2  ∧  yʹ = x2 + y2 + xʹ

                                     ↑                ↑
                                n=2×k+2           n=k
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Fibonacci Numbers

fib(2×k+1)  =  fib k 2 + fib(k+1) 2

fib(2×k+2)  =  2 × fib k × fib(k+1)  +  fib(k+1) 2

P   ⇐ if n=0 then x:= 0.  y:= 1

else if even n then even n ∧ n>0 ⇒ P

       else odd n ⇒ P f f

odd n ⇒ P   ⇐   n:= (n–1)/2.  P.  xʹ = x2 + y2  ∧  yʹ = 2×x×y + y2

even n ∧ n>0 ⇒ P   ⇐   n:= n/2 – 1.  P.  xʹ = 2×x×y + y2  ∧  yʹ = x2 + y2 + xʹ

                                                               ↑
                                                  x = fib k ∧ y = fib(k+1)
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Fibonacci Numbers

fib(2×k+1)  =  fib k 2 + fib(k+1) 2

fib(2×k+2)  =  2 × fib k × fib(k+1)  +  fib(k+1) 2

P   ⇐ if n=0 then x:= 0.  y:= 1

else if even n then even n ∧ n>0 ⇒ P

       else odd n ⇒ P f f

odd n ⇒ P   ⇐   n:= (n–1)/2.  P.  xʹ = x2 + y2  ∧  yʹ = 2×x×y + y2

even n ∧ n>0 ⇒ P   ⇐   n:= n/2 – 1.  P.  xʹ = 2×x×y + y2  ∧  yʹ = x2 + y2 + xʹ

                                                               ↑                                                     ↑
                                                  x = fib k ∧ y = fib(k+1)           xʹ = fib(2×k+2) ∧ yʹ = fib(2×k+3)
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Fibonacci Numbers

fib(2×k+1)  =  fib k 2 + fib(k+1) 2

fib(2×k+2)  =  2 × fib k × fib(k+1)  +  fib(k+1) 2

P   ⇐ if n=0 then x:= 0.  y:= 1

else if even n then even n ∧ n>0 ⇒ P

       else odd n ⇒ P f f

odd n ⇒ P   ⇐   n:= (n–1)/2.  P.  xʹ = x2 + y2  ∧  yʹ = 2×x×y + y2

even n ∧ n>0 ⇒ P   ⇐   n:= n/2 – 1.  P.  xʹ = 2×x×y + y2  ∧  yʹ = x2 + y2 + xʹ
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Fibonacci Numbers

fib(2×k+1)  =  fib k 2 + fib(k+1) 2

fib(2×k+2)  =  2 × fib k × fib(k+1)  +  fib(k+1) 2

P   ⇐ if n=0 then x:= 0.  y:= 1

else if even n then even n ∧ n>0 ⇒ P

       else odd n ⇒ P f f

odd n ⇒ P   ⇐   n:= (n–1)/2.  P.  xʹ = x2 + y2  ∧  yʹ = 2×x×y + y2

even n ∧ n>0 ⇒ P   ⇐   n:= n/2 – 1.  P.  xʹ = 2×x×y + y2  ∧  yʹ = x2 + y2 + xʹ

xʹ = x2 + y2  ∧  yʹ = 2×x×y + y2   ⇐   n:= x.  x:= x2 + y2.  y:= 2×n×y + y2

xʹ = 2×x×y + y2 ∧  yʹ = x2 + y2 + xʹ   ⇐   n:= x.  x:= 2×x×y + y2.  y:= n2 + y2 + x 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Fibonacci Numbers

T   =   tʹ ≤ t + log (n+1)

T   ⇐ if n=0 then x:= 0.  y:= 1

else if even n then even n ∧ n>0 ⇒ T

       else odd n ⇒ T f f

odd n ⇒ T   ⇐   n:= (n–1)/2.  t:= t+1.  T.  tʹ=t

even n ∧ n>0 ⇒ T   ⇐   n:= n/2 – 1.  t:= t+1.  T.  tʹ=t

tʹ=t   ⇐   n:= x.  x:= x2 + y2.  y:= 2×n×y + y2

tʹ=t   ⇐   n:= x.  x:= 2×x×y + y2.  y:= n2 + y2 + x
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Fibonacci Numbers

void P (void)

{ if (n==0) {x = 0;  y = 1;}

else if (n%2==0) {n = n / 2 – 1;  P();  n = x;  x = 2*x*y + y*y;  y = n*n + y*y + x;}

       else {n = (n–1) / 2;  P();  n = x;  x = x*x + y*y;  y = 2*n*y + y*y;}

}
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