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Time

O =1;X;); ..

state = time variable; memory variables
t 1s the time at which execution starts

t' is the time at which execution ends

t,t': xnat or §r:xreal r=0

Specification S is implementable if and only if

Vo do™- S A =t
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real time
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real time

t:= t+(the time to evaluate and store ¢ ). x:=e
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real time
t:= t+(the time to evaluate and store ¢ ). x:=e
t:= t+(the time to evaluate b and branch). if b then P else O fi

t:= t+(the time for the call and return). P
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real time

t:= t+(the time to evaluate and store ¢ ). x:=e
t:= t+(the time to evaluate b and branch). if b then P else O fi

t:= t+(the time for the call and return). P

t'=t+fo

' <t+fo

t'>t+fo
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if x=0 then ok else

real time

x:=x—1.

Pfi

15/109



real time

P <= r.=t+1. if x=0 then ok else x:=x—1. Pfi
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real time
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real time

P < ri=t+1. if x=0 then ok else r:=t+1. x=x—1.t.=t+1. Pfi

1s a theorem when

= x'=0

= if x>0 then /'=r+3xx+1 else #'= fi

= if x>0 then x'=0 A '=t+3xx+1 else '=x fi

Y v v @

= x'=0 A if x>0 then ¢'=r+3xx+1 else #'=x fi
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real time
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1s a theorem when
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= if x>0 then /'=r+3xx+1 else #'= fi
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real time

P < ri=t+1. if x=0 then ok else r:=t+1. x=x—1.t.=t+1. Pfi

1s a theorem when

= x'=0

= if x>0 then /'=+3xx+1 else '=c fi <—

= if x>0 then x'=0 A '=t+3xx+1 else '=x fi
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real time

P < ri=t+1. if x=0 then ok else r:=t+1. x=x—1.t.=t+1. Pfi

1s a theorem when

= x'=0

= if x>0 then /'=r+3xx+1 else #'= fi

= if x>0 then x'=0 A '=t+3xx+1 else =0 fi <—

Y v v @

= x'=0 A if x>0 then ¢'=r+3xx+1 else #'=x fi
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real time

P < ri=t+1. if x=0 then ok else r:=t+1. x=x—1.t.=t+1. Pfi

1s a theorem when

= x'=0

= if x>0 then /'=r+3xx+1 else #'= fi

= if x>0 then x'=0 A '=t+3xx+1 else '=x fi

Y v v @

= x'=0 A if x>0 then 7'=+3xx+1 else /=0 fi <—

23/109



recursive time

Each recursive call costs time 1.

All else 1s free.
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J All else 1s free.
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recursive time

J Each recursive call costs time 1.

J All else 1s free.

P <= if x=0 then ok else x:==x-1. t:=t+1. Pfi
is a theorem when

= x'=0

= if x=0 then ¢'=r+x else '== fi

if x>0 then x'=0 A '=r+x else '=x fi

Y v v @
1

= x'=0 A if x>0 then r'=r+x else '=x fi
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recursive time

J Each recursive call costs time 1.

. All else is free.

P <= if x=0 then ok else x:==x-1. t:=t+1. Pfi
is a theorem when

= x'=0

= if x=0 then ¢'=r+x else '== fi

= if x>0 then x'=0 A '=t+x else '=x> fi

Y v v @

= x'=0 A if x>0 then r'=r+x else '=x fi

Recursion can be direct or indirect.

In every loop of calls, there must be a time increment of at least one time unit.
27/109



Prove R <= ifx=1thenokelsex=divx2. tt=t+1. Rfi
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Prove R <= ifx=1thenokelsex=divx2. tt=t+1. Rfi

where R = x'=1 anifx=1thent <1+ log x else t'=c fi
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where R x'=1 nifx=1thent <t + log x else t'=o fi
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Prove R <= ifx=1thenokelsex=divx2. tt=t+1. Rfi

where R x'=1 nifx=1thent <t + log x else t'=o fi

X'=1A@(x=1 = t'<t+1log x) A (x<] = '=)

use Refinement by Parts; prove:

x'=1 < ifx=1thenokelse x=divx?2. t:=t+1. x'=1fi

x=1 = ' <t+logx < ifx=1thenokelsex=divx?2. tt=t+1. x=1 =1 <t+log xfi

x<l = =0 < if x=1then okelse x:=divx2. t.=t+1. x<1 = '=x fi
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Prove R <= ifx=1thenokelsex=divx2. tt=t+1. Rfi

where R x'=1 nifx=1thent <t + log x else t'=o fi

X'=1A@(x=1 = t'<t+1log x) A (x<] = '=)

use Refinement by Parts and Cases; prove:

x'=1 <= x=1 A0k

x'=1 <= x*lA(x=divx2. t=t+1. x'=1)

x=1 = t'<t+logx < x=1 Aok

x=l = t<t+logx < x+l A(x:=divx?2. ti=t+l. x=1 =1 <t + log x)

x<l = =00 <= x=1 A 0k

x<l = =0 <= x*¥lAxi=divx2. t=t+]. x<1 = t'=»)
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Prove R <= ifx=1thenokelsex=divx2. tt=t+1. Rfi

where R x'=1 nifx=1thent <t + log x else t'=o fi

X'=1A@(x=1 = t'<t+1log x) A (x<] = '=)

use Refinement by Parts and Cases; prove:
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x'=1 <= x*lA(x=divx2. t=t+1. x'=1)

x=l = t<t+logx < x=1 A0k <—

x=l = t<t+logx < x+l A(x:=divx?2. ti=t+l. x=1 =1 <t + log x)

x<l = =0 <= x=1 A0k &—

x<l = =0 <= x*¥lAxi=divx2. t=t+]. x<1 = t'=»)

35/109



Prove R <= ifx=1thenokelsex=divx2. tt=t+1. Rfi

where R x'=1 nifx=1thent <t + log x else t'=o fi

X'=1A@(x=1 = t'<t+1log x) A (x<] = '=)

use Refinement by Parts and Cases; prove:

x'=1 <= x=1Ax'=xAfrl=t

x'=1 <= x*lA(x=divx2. t=t+1. x'=1)

x=l = <t+logx < x=1AX'=xAt=t

x=l = t<t+logx < x+l A(x:=divx?2. ti=t+l. x=1 =1 <t + log x)

x<l = =0 <= x=1 Ax'=xA1l=t

x<l = =0 <= x*¥lAxi=divx2. t=t+]. x<1 = t'=»)

36/109



Prove R <= ifx=1thenokelsex=divx2. tt=t+1. Rfi

where R x'=1 nifx=1thent <t + log x else t'=o fi

X'=1A@(x=1 = t'<t+1log x) A (x<] = '=)

use Refinement by Parts and Cases; prove:

x'=1 <= x=1Ax'=xAfrl=t

x'=1 <= x*xlA(x=divx2. t.=t+1. x'=1) &—

x=l = <t+logx < x=1AX'=xAt=t

x=l = t<t+logx < x+l A(x:=divx?2. ti=t+l. x=1 =1 <t + log x)

x<l = =0 <= x=1 Ax'=xA1l=t

x<l = =0 <= x*¥lAxi=divx2. t=t+]. x<1 = t'=»)

37/109
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Prove R <= ifx=1thenokelsex=divx2. tt=t+1. Rfi
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Prove R <= ifx=1thenokelsex=divx2. tt=t+1. Rfi
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! !
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Prove R <= ifx=1thenokelsex=divx2. tt=t+1. Rfi

where R x'=1 nifx=1thent <t + log x else t'=o fi
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(x=1 = <t+logx < x=1 AXx'=xA{t=t)
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(x=1 = <t+logx < x=1 AXx'=xA{t=t)

(1z1 = t <t+logl <= x=1 Ax'=xAt'=t)

context x=1 and

tl

=t
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(x=1 = <t+logx < x=1 AXx'=xA{t=t) context x=1 and =t
(1z1 = t <t+logl <= x=1 Ax'=xAt'=t) simplify

( T < x=1 A xX'=x A t'=0)
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(x=1 = <t+logx < x=1 AXx'=xA{t=t) context x=1 and =t

(1z1 = t <t+logl <= x=1 Ax'=xAt'=t) simplify
( T < x=1 A X'=x A t'=0) base law
-
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Prove R <= ifx=1thenokelsex=divx2. tt=t+1. Rfi

where R x'=1 nifx=1thent <t + log x else t'=o fi

X'=1 A (=l = ¢ <t+logx) A (x<] = {'=)
use Refinement by Parts and Cases; prove:

xX'=1 < x=1Ax'=xAt=t ‘/

¥=1 <= xtlax=l ¢

x=l = <t+logx < x=1AX'=xAt=t V

x=l = <t+logx <= x+¥lA(divx2=1 = ¢ <t+1+log (divx?2))

x<l = =0 <= x=1 Ax'=xA1l=t

x<l = t'=0 <= x¥lA(divx2<]l = =)
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Prove R <= ifx=1thenokelsex=divx2. tt=t+1. Rfi

where R x'=1 nifx=1thent <t + log x else t'=o fi

X'=1 A (=l = ¢ <t+logx) A (x<] = {'=)
use Refinement by Parts and Cases; prove:

xX'=1 < x=1Ax'=xAt=t ‘/

¥=1 <= xtlax=l ¢

x=l = <t+logx < x=1AX'=xAt=t V

x=l = <t+logx <= x+¥lAadivx2=1 = <t+1+log(divx2) <—

x<l = =0 <= x=1 Ax'=xA1l=t

x<l = t'=0 <= x¥lA(divx2<]l = =)
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(x=1 = <t+logx <= x+¥lAdivx2=1 = <t+1+log(divx?2)))
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(x=1 = <t+logx <= x+¥lAdivx2=1 = <t+1+log(divx?2)))

portation

anb=c = a= (b= 10¢)
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(x=1 = <t+logx <= x+¥lAdivx2=1 = <t+1+log(divx?2)))

b C a

portation

anb=c = a= (b= 10¢)
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(x=1 = <t+logx <= x+¥lAdivx2=1 = <t+1+log(divx?2)))

b C

portation

anb=c = a= (b= 10¢)

(b=c)<=a

anb = ¢

a
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(x=1 = <t+logx <= x+¥lAdivx2=1 = <t+1+log(divx?2)))

b c a portation

x¥lA(divx2=]1 = t'<t+1+log (divx2)Ax=l = ¢ <t+logx

portation

anb=c = a= (b= 10¢)

(b=c)<=a

anb = ¢
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(x=1 = <t+logx <= x+¥lAdivx2=1 = <t+1+log(divx?2)))

b C a

x¥lA(divx2=]1 = t'<t+1+log (divx2)Ax=l = ¢ <t+logx

portation
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(x=1 = <t+logx <= x+¥lAdivx2=1 = <t+1+log(divx?2)))

b C a

x¥lA(divx2=]1 = t'<t+1+log (divx2)Ax=l = ¢ <t+logx

! !

portation
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(x=1 = <t+logx <= x+¥lAdivx2=1 = <t+1+log(divx?2)))

b C a

x¥lA(divx2=]1 = t'<t+1+log (divx2)Ax=l = ¢ <t+logx

!

portation
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(x=1 = <t+logx <= x+¥lAdivx2=1 = <t+1+log(divx?2)))

b C a

x¥lA(divx2=]1 = t'<t+1+log (divx2)Ax=l = ¢ <t+logx

>lA(>l = <t+1+log(divx2) = t<t+logx

portation

simplify
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()El = <t+logx <= xFlAdivx2=1 = '<t+1+log (divx?2)))
b c a portation

x¥lA(divx2=]1 = t'<t+1+log (divx2)Ax=l = ¢ <t+logx simplify

>lA(>l = <t+1+log(divx2) = t<t+logx

discharge

an(a=b) = anb
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(x=1 = <t+logx <= x+¥lAdivx2=1 = <t+1+log(divx?2)))
b c a portation

x¥lA(divx2=]1 = t'<t+1+log (divx2)Ax=l = ¢ <t+logx simplify

x> A (>1 = ' <t+1+log(divx2) = t<t+logx
a a b

discharge

an(a=b) = anb
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(x=1 = <t+logx <= x+¥lAdivx2=1 = <t+1+log(divx?2)))

b c a portation

x¥lA(divx2=]1 = t'<t+1+log (divx2)Ax=l = ¢ <t+logx simplify

x>IAa>l = '<t+1+log(divx2)) = t'<t+logx
a a b discharge

x>l Atf<t+1+log(divx2) = t<t+logx

discharge

an(a=b) = anb
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(x=1 = <t+logx <= x+¥lAdivx2=1 = <t+1+log(divx?2)))

b C a

x¥lA(divx2=]1 = t'<t+1+log (divx2)Ax=l = ¢ <t+logx

x>IAa>l = '<t+1+log(divx2)) = t'<t+logx

a a b

x>l Atf<t+1+log(divx2) = t<t+logx

portation

simplify

discharge
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(x=1 = <t+logx <= x+¥lAdivx2=1 = <t+1+log(divx?2)))

b c a portation
x¥lA(divx2=]1 = t'<t+1+log (divx2)Ax=l = ¢ <t+logx simplify

x>IAa>l = '<t+1+log(divx2)) = t'<t+logx
a a b discharge

x>l Atf<t+1+log(divx2) = t<t+logx portation

> = ('st+1+log(divx2) = t <t+logx)
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(x=1 = <t+logx <= x+¥lAdivx2=1 = <t+1+log(divx?2)))

b c a portation

x¥lA(divx2=]1 = t'<t+1+log (divx2)Ax=l = ¢ <t+logx simplify

x>IAa>l = '<t+1+log(divx2)) = t'<t+logx
a a b discharge

x>l Atf<t+1+log(divx2) = t<t+logx portation
> = ('st+1+log(divx2) = t <t+logx)

Connection Law <a =t'<b < a<b
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(x=1 = <t+logx <= x+¥lAdivx2=1 = <t+1+log(divx?2)))

b c a portation
x¥lA(divx2=]1 = t'<t+1+log (divx2)Ax=l = ¢ <t+logx simplify

x>IAa>l = '<t+1+log(divx2)) = t'<t+logx
a a b discharge

x>l Atf<t+1+log(divx2) = t<t+logx portation
> = ('st+1+log(divx2) = t <t+logx)
Connection Law t'=sa = t'<b < a<b

x>1 = t+1+log(divx?2) < t+logx
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(x=1 = <t+logx <= x+¥lAdivx2=1 = <t+1+log(divx?2)))

b c a portation
x¥lA(divx2=]1 = t'<t+1+log (divx2)Ax=l = ¢ <t+logx simplify

x>1A(>l = '<t+1+log(divx2)) = ' <t+logx
a a b discharge

x>l Atf<t+1+log(divx2) = t<t+logx portation
> = ('st+1+log(divx2) = t <t+logx)

Connection Law t'=a = t'<b < a<b
x>1 = t+1+log(divx?2) < t+logx subtract r+1 from each side

x>1 = log (divx?2) < logx—1
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(x=1 = <t+logx <= x+¥lAdivx2=1 = <t+1+log(divx?2)))

b c a portation
x¥lA(divx2=]1 = t'<t+1+log (divx2)Ax=l = ¢ <t+logx simplify

x>1A(>l = '<t+1+log(divx2)) = ' <t+logx
a a b discharge

x>l Atf<t+1+log(divx2) = t<t+logx portation
> = ('st+1+log(divx2) = t <t+logx)

Connection Law '=sa=t'<sb < a=<b
x>1 = t+1+log(divx?2) < t+logx subtract r+1 from each side
x>1 = log (divx?2) < logx—1 property of log
x>1 = log (divx?2) < log (x/2)
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(x=1 = <t+logx <= x+¥lAdivx2=1 = <t+1+log(divx?2)))

b c a portation
x¥lA(divx2=]1 = t'<t+1+log (divx2)Ax=l = ¢ <t+logx simplify

x>1A(>l = '<t+1+log(divx2)) = ' <t+logx
a a b discharge

x>l Atf<t+1+log(divx2) = t<t+logx portation
> = ('st+1+log(divx2) = t <t+logx)

Connection Law <a =t'<b < a<b

x>1 = t+1+log(divx?2) < t+logx subtract r+1 from each side
x>1 = log (divx?2) < logx—1 property of log
x>1 = log (divx?2) < log (x/2) log 1s monotonic for x>0

divx?2=<x/2
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(x=1 = <t+logx <= x+¥lAdivx2=1 = <t+1+log(divx?2)))

b c a portation
x¥lA(divx2=]1 = t'<t+1+log (divx2)Ax=l = ¢ <t+logx simplify

x>1A(>l = '<t+1+log(divx2)) = ' <t+logx
a a b discharge

x>l Atf<t+1+log(divx2) = t<t+logx portation
> = ('st+1+log(divx2) = t <t+logx)

Connection Law <a =t'<b < a<b

x>1 = t+1+log(divx?2) < t+logx subtract r+1 from each side
x>1 = log (divx?2) < logx—1 property of log
x>1 = log (divx?2) < log (x/2) log 1s monotonic for x>0
divx?2=<x/2

T
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Prove R <= ifx=1thenokelsex=divx2. tt=t+1. Rfi

where R x'=1 nifx=1thent <t + log x else t'=o fi

X'=1 A (=l = ¢ <t+logx) A (x<] = {'=)
use Refinement by Parts and Cases; prove:

xX'=1 < x=1Ax'=xAt=t ‘/

¥=1 <= xtlax=l ¢

x=l = <t+logx < x=1AX'=xAt=t V

x=l = <t+logx <= x+¥lA(divx2=1 = ¢ <t+1+log (divx?2)) V

x<l = =0 <= x=1 Ax'=xA1l=t

x<l = t'=0 <= x¥lA(divx2<]l = =)
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Prove R <= ifx=1thenokelsex=divx2. tt=t+1. Rfi

where R x'=1 nifx=1thent <t + log x else t'=o fi

X'=1 A (=l = ¢ <t+logx) A (x<] = {'=)
use Refinement by Parts and Cases; prove:

xX'=1 < x=1Ax'=xAt=t ‘/

¥=1 <= xtlax=l ¢

x=l = <t+logx < x=1AX'=xAt=t V

x=l = <t+logx <= x+¥lA(divx2=1 = ¢ <t+1+log (divx?2)) V

x<]l = =0 <= x=1Ax=xAl=t &—

x<l = t'=0 <= x¥lA(divx2<]l = =)
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(x<l =>t'=0 <= x=1 A xX'=x A {'=1)
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(x<l == <= x=1 A xX'=x A '=F) portation

x<l Ax=1 A X'=x A =t = (=
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(x<l == <= x=1 A xX'=x A '=F) portation
x<l Ax=1l A X'=x A =t = (= generic, base

1l = (=
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(x<l => =0 <= x=1 A X'=x A '=) portation
x<l Ax=1l A X'=x A =t = (= generic, base
1l = (= base

T
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Prove R <= ifx=1thenokelsex=divx2. tt=t+1. Rfi

where R x'=1 nifx=1thent <t + log x else t'=o fi

X'=1 A (=l = ¢ <t+logx) A (x<] = {'=)
use Refinement by Parts and Cases; prove:

xX'=1 < x=1Ax'=xAt=t ‘/

¥=1 <= xtlax=l ¢

x=l = <t+logx < x=1AX'=xAt=t V

x=l = <t+logx <= x+¥lA(divx2=1 = ¢ <t+1+log (divx?2)) V

x<l = =0 <= x=1 Ax'=xA1l=t ‘/

x<l = t'=0 <= x¥lA(divx2<]l = =)
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Prove R <= ifx=1thenokelsex=divx2. tt=t+1. Rfi

where R x'=1 nifx=1thent <t + log x else t'=o fi

X'=1 A (=l = ¢ <t+logx) A (x<] = {'=)
use Refinement by Parts and Cases; prove:

xX'=1 < x=1Ax'=xAt=t ‘/

¥=1 <= xtlax=l ¢

x=l = <t+logx < x=1AX'=xAt=t V

x=l = <t+logx <= x+¥lA(divx2=1 = ¢ <t+1+log (divx?2)) V

x<l = =0 <= x=1 Ax'=xA1l=t ‘/

x<l = =0 <= x#¥zlAdivx2<]l = t'=x0) —
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(x<l = t=00 <= x*1 A (divx2<]1 = {'=))
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(x<l =t=0 <= x*1 A (divx2<]1l = {'=x)) portation

x<IAxEl A (divi2<]l = =) = (=
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(x<l =t=0 <= x*1 A (divx2<]1l = {'=x)) portation

x<IAxEl A (divi2<]l = =) = (=

(I
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(x<l =t=0 <= x*1 A (divx2<]1l = {'=x)) portation

x<IAxEl A (divi2<]l = =) = (=

! !
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(x<l =t=0 <= x*1 A (divx2<]1l = {'=x)) portation
X<l Ax*l A(divi2<] = t'=x0) = {=x discharge

x<l A '=0 = (=
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(x<l =>f=0 <= x*l1 A (divx2<]1 = {'=x)) portation
X<l Ax*l A(divi2<] = t'=x0) = {=x discharge
X<l At'=00 = (= specialization

T
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Prove R <= ifx=1thenokelsex=divx2. tt=t+1. Rfi

where R x'=1 nifx=1thent <t + log x else t'=o fi

X'=1 A (=l = ¢ <t+logx) A (x<] = {'=)
use Refinement by Parts and Cases; prove:

xX'=1 < x=1Ax'=xAt=t ‘/

¥=1 <= xtlax=l ¢

x=l = <t+logx < x=1AX'=xAt=t V

x=l = <t+logx <= x+¥lA(divx2=1 = ¢ <t+1+log (divx?2)) V

x<l = =0 <= x=1 Ax'=xA1l=t ‘/

x<l = =0 <= x*xlA(divx2<]l = t'=x) ‘/
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Termination

x'=2 <
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Termination

xX'=2 <= x=2
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Termination

x'=2 <
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Termination

xX'=2 <= x'=2
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Termination

xX'=2 <= x'=2

complain only if x'#2
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Termination

xX'=2 <= t=t+1. x'=2

complain only if x'#2
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Termination

xX'=2 <= t=t+1. x'=2

complain only if x'#2

x'=2 A t'<o
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Termination

xX'=2 <= t=t+1. x'=2

complain only if x'#2

x'=2 A t'<o

unimplementable
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Termination

xX'=2 <= t=t+1. x'=2

complain only if x'#2

x'=2 A t'<o

unimplementable

(infinite loop). x'=2 A f'<®
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Termination

xX'=2 <= t=t+1. x'=2

complain only if x'#2

x'=2 A t'<o

unimplementable
(infinite loop). x'=2 A f'<®

1\ this part starts at time o (it never starts)

so 1t can't stop at a finite time
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Termination

xX'=2 <= t=t+1. x'=2

complain only if x'#2

x'=2 A t'<o

unimplementable
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Termination

xX'=2 <= t=t+1. x'=2

complain only if x'#2

x'=2 A t'<o

unimplementable

x'=2 A (1< = '<0)
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Termination

xX'=2 <= t=t+1. x'=2

complain only if x'#2

x'=2 A t'<o

unimplementable

X'=2 A (10 = t'<0) <= fti=t+]. xX'=2 A (<0 = '<®)
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Termination

xX'=2 <= t=t+1. x'=2

complain only if x'#2

x'=2 A t'<o

unimplementable

X'=2 A (10 = t'<0) <= fti=t+]. xX'=2 A (<0 = '<®)

complain only if x'#2 v t<© A f'=
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Termination

xX'=2 <= t=t+1. x'=2

complain only if x'#2

x'=2 A t'<o

unimplementable

X'=2 A (10 = t'<0) <= fti=t+]. xX'=2 A (<0 = '<®)

complain only if x'#2 v t<© A f'=

x'=2 A t'<t+1
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Termination

xX'=2 <= t=t+1. x'=2

complain only if x'#2

x'=2 A t'<o

unimplementable

X'=2 A (10 = t'<0) <= fti=t+]. xX'=2 A (<0 = '<®)

complain only if x'#2 v t<© A f'=

xX'=2 At'<st+1 < t=t+1. xX'=2 A '<t+1 X
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Termination

xX'=2 <= t=t+1. x'=2

complain only if x'#2

x'=2 A t'<o

unimplementable

X'=2 A (10 = t'<0) <= fti=t+]. xX'=2 A (<0 = '<®)

complain only if x'#2 v t<© A f'=

xX'=2At'<st+1l <= x:=2
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