Trees and Euclidean metrics

Nathan Linial^∗ Avner Magen^† Michael E. Saks^‡

1 abstract

In order to study a finite metric space (X, d), one often seeks first an approximation in the form of a metric that is induced from a norm. The quality of such an approximation is quantified by the distortion of the corresponding embedding, i.e., the Lipschitz constant of the mapping.

We concentrate on embedding into Euclidean spaces, and introduce the notation c_2(X, d) - the least distortion with which (X, d) may be embedded in any Euclidean space.

It is known that if (X, d) has n points, then c_2(X, d) ≤ O(log n) and the bound is tight.

Let T be a tree with n vertices, and d be the metric induced by it. We show that c_2(T, d) ≤ O(log log n), that is we provide an embedding f of T ’s vertices into Euclidean space, such that d(x, y) ≤ ‖f(x) − f(y)‖ ≤ C log log n · d(x, y) for some constant C. This embedding can be computed efficiently.

2 Introduction

There has been a growing interest in finite metric spaces and their approximations. Such considerations have proved useful in a number of graph algorithms [13], in clustering [11] and most recently in online computation [2, 3]. To study a given metric space, one seeks first an approximate metric from a better-understood class of metrics. Thus, approximations by l_1 metrics are instrumental in the study of multicommodity flows

∗Institute of Computer Science, Hebrew University, Jerusalem 91904, Israel. E-mail: nati@cs.huji.ac.il. Supported in part by grants from the Israeli Academy of Sciences and the US-Israel Binational Science Foundation Israel-USA.

†Institute of Computer Science, Hebrew University, Jerusalem 91904, Israel. E-mail: avnerma@cs.huji.ac.il.

‡Department of Mathematics, Rutgers University, Hill Center, 110 Frelinghuysen Road, Piscataway, NJ 08854. Supported in part by NSF under grants CCR-9215293 and CCR-9700239 by DIMACS, which is supported by NSF grant STC-91-19999 and by the NJ Commission on Science and Technology.

[13], Euclidean metrics - in the study of approximate graph algorithms (ibid.), and tree-metrics are the key to recent progress in online computations [2, 3].

When one metric space is to be approximated by another, the quality of the approximation is quantified by the distortion of the corresponding embedding.

Definition 2.1 : Let (X, d) and (Y, ρ) be metric spaces, and f : X → Y a mapping. The expansion of f is sup_{x,y∈X}^{ρ(f (x),f (y))}_{d(x,y)} . The shrinkage of f is sup_{x,y∈X}^{d(x,y)} ρ(f (x),f (y)) and the distortion of f is the

product of its expansion and its shrinkage.

If (X, d) is a finite metric space, we denote by c_2(X) the least distortion with which (X, d) may be embedded in Euclidean space l_2 (of any dimension). The analogous quantity for l_1 will be called c_1.

How large can c_2(X) be, if X has n points? This is answered by the following theorem. The existential part is due to Bourgain [4] and the tightness is from [13].

Theorem 2.2 : If (X, d) is a metric space with n points, then c_2(X) ≤ O(log n). The bound is tight.

In view of this theorem, it is interesting to study the parameter c_2 for various families of finite metric spaces and to understand when it is small or large. In particular, we would like to study this question for metrics that are derived from (edge-weighted) trees (T, w). The weights w, viewed as edge lengths, induce a metric on T ’s vertices. We are also interested in the restriction of this metric to T ’s set of leaves. Metrics of the latter type will be called leaf metrics. Aside from the inherent mathematical interest in such metrics, we are motivated by the following two algorithmic problems:

1. The interesting discovery [2, 3] that for every npoint metric (X, d), there are tree metrics (T_i, d_i) where each d_i dominates d, while O(log^2 n)·d dominates some convex combination of the d_i. Aside from the interesting algorithmic applications, this fact assigns an important role to tree metrics within the realm of finite metric spaces.

2. Phylogenetic trees are the major object of study in computational evolutionary biology. These are rooted trees which depict the evolution of species from their ancestors. The leaves correspond to all currently known organisms, and edge lengths in the tree measure the time elapsed between the occurrence of major mutations. There is much research activity on algorithms for the construction of such trees [12, 8]. The main problem is that it is hard to gather reliable metrical information. Biological considerations do tell us many properties of the desired tree, but these statements can be made only to a certain degree of certainty, and are often even self-contradictory. A major advantage in having a metric space approximated by a subset of a Euclidean space, is that we can conveniently compute centroids of subsets. A centroid can serve as a “typical member” of the subset, which is very useful in applications (e.g. [10]). A similar property pertaining to trees is fundamental for a recent work by Chor and Graur which we describe below. Chor and Graur [7] try to ‘guess’ the evolutionary tree, given local biological information. Specifically, they extract the following statement for quadruples S_1, S_2, S_3, S_4 of species:The common ancestor of S_1 , S_2 and that of S_3, S_4 are incomparable in the tree (such a statement is made based on comparing the variants of a protein that all four have). They seek a Euclidean representation that is as consistent as possible with this information. They find such a representation as a solution of a positive-semidefinite programming problem. At this stage, they already have a metric on all species, which is assumed to be the evolutionary leaf metric. Under this assumption, the tree can be recovered as follows: Detect a pair of nearest leaves, regard them as siblings, and continue recursively with their common parent instead of themselves. The common parent being located at their weighted centroid. If Euclidean space were not a good enough host for tree-metrics, this method would fail, since the order between the distances is likely to be distorted. Indeed, Chor and Graur’s method turns out nearly to minimize the number of inconsistencies.

3. It is known that c_1(X) ≤ O(log n) for every npoint metric space X. As observed in [13], metrics that embed well in l_1 are closely related to networks with a small maxflow/mincut gap in multicommodity flow. This prompts the quest for metric spaces with c_1(X) ≤ o(log n). Specifically, it has been suggested that c_1(X) ≤ O(1) for every metric that is derived from a planar graph. In the more restricted case of trees, clearly c_1 = 1 (Trees embed isometrically into l_1.) While we improve significantly the upper bounds on c_2 for trees, we do not know the answers for general planar graphs. Observe also that by standard results in this area c_1(X) ≤ c_2(X) for every metric space X.

Theorem 2.3: There is an algorithm which on input (X, d), an n-point tree metric or leaf metric, embeds X in Euclidean space with distortion ≤ O(log log n). The algorithm runs in time O(n^2).

The bound on distortion is nearly tight as we presently indicate. A great deal of work on finite metric spaces and their approximations was conducted in the context of the local theory of Banach spaces [4, 5, 6]. Specifically, the result below was discovered in an attempt to develop a metric theory of superreflexivity.^1 Throughout the paper we will denote the number of nodes of the tree by n, and the number of leaves by l.

Let T_n be the complete binary tree with n vertices endowed with the graph metric.

Theorem 2.4: (Bourgain)

c_2(T_n) = Θ( √ log log n).

Two comments are in order: the leaf metric of T_n can be embedded in Euclidean space isometrically (distortion = 1). This is because this leaf metric is an ultrametric (∀x, y, z d(x, y) ≤ max(d(x, z), d(y, z))) which is known to be a subfamily of the Euclidean metrics. However, a slight modification yields:

Corollary 2.5: There are trees with l leaves whose leaf metric Λ satisfies c_2(Λ) ≥ Ω( √ log log l).

To see this, hang a leaf off every vertex in T_n, and assign o(1) lengths to the additional edges.

3 Constructing the tree from the treemetric

To prove Theorem 2.3, we first find a tree whose (leaf) metric equals the input metric. To this end, we employ the algorithm from [8]. The runtime of this algorithm is quadratic in l, the number of leaves (resp. in n, the number of vertices). Note that we are allowed to assume that the realizing tree has no vertices of degree 2, since an internal vertex with degree two can be deleted, and the remaining distances do not change.

1Many relevant aspects of finite metric spaces are surveyed in

the recent book [9]. See also [1] and the references therein.

There is a sizable literature on this and closely related subjects. It is noteworthy, that in the application of [7], this phase is irrelevant: rather, we use just the upper bound guarantee of the distortion that might be needed when embedding trees to Eucledean space.

4 Constructing a good embedding

It will be convenient to designate some (arbitrary) vertex r as the tree’s root. We denote by π(x, y) the set of edges on the path that connects x and y. We also introduce the convention that if F is a set of edges, then ∑ e∈F w(e) is denoted by w(F ).

With this notation, d_{T,w}(x, y) = w(π(x, y)).Denote π(x, r) by π(x). The vertices of T are partially ordered “from the root” in the usual way: x ≻ y if x lies on the path from y to r. A path that joins two ≻-comparable vertices is a monotone path.

An embedding of T into R^m is a map ϕ from V (T )

to R^m. Since we can translate an embedding by any

fixed vector in R^m without affecting its distortion, we will restrict attention to embeddings that map the root to the origin. It is convenient to represent such an embedding by a map ψ on edges: for an edge (u, v) with v ≻ u, ψ(u, v) = ϕ(u) − ϕ(v). Clearly, ϕ is determined uniquely by ψ via: ϕ(x) = ∑ e∈π(x) ψ(e). (1)

To construct a good embedding for T , we will describe a map ψ on edges; our embedding will be the map ϕ = ϕ_ψ given by (1). Now, for any embedding f of a weighted graph G into any metric space M , the maximum of d_M (f(x), f(y))/d_G (x, y) is attained when x and y are adjacent, for if x = x_0, x_1, . . . , x_k = y is a shortest path from x to y in G then d_M (f(x), f(y)) d_G(x, y) ≤ ∑ i d_M (f(x_i), f(x_{i+1})) ∑ i d_G(x_i, x_{i+1}) ≤

max_i d_M (f(x_i), f(x_{i+1})) d_G(x_i, x_{i+1}) . In terms of the map ϕ, we have:

Proposition 4.1: The expansion of the map ψ_ϕ is the maximum of^{‖ϕ(e)‖2}_{|we|} over all edges e of T .

To motivate our construction, we describe a sequence of three choices for the function ψ, the last being the one that attains the bounds in the theorem.

4.1 A simple construction.

A simple choice for ψ maps E into the Euclidean space R^E (whose coordinates correspond to T ’s edges) under the map ψ(e) = w(e)⃗u^e where ⃗u^e is the unit vector corresponding to e. By Proposition 4.1, the expansion of the corresponding map ϕ is 1. To bound the shrinkage of ϕ, note that for any two vertices x, y, d_{T,w}(x, y) = ∑ e∈π(x,y) w(e), while ‖ϕ(x) − ϕ(y)‖_2 = √∑ e∈π(x,y) w(e) 2. The ratio ∑ e∈π(x,y) w(e)/ √∑ e∈π(x,y) w(e) 2 is maximized when all of the w(e) are equal, and this leads to an upper bound on the shrinkage, and also on the distortion, of √ diam(T ). This is in general much worse than the distortion that will be achieved.

It is easy to show that the above construction is an isometric (distance preserving) embedding of the tree into R^E under the l_1 norm. On the other hand, paths are the only trees which embed isometrically into Euclidean space: Say that a set S in a metric space is collinear if every three points in it satisfy the triangle inequality with equality. In Euclidean space, this definition coincides with the usual meaning of collinearity. If T is not a path, let x be a vertex with three distinct neighbors y_1, y_2, y_3. Suppose ϕ is an isometric embedding of T into some Euclidean space. Since the sets {x, y_1, y_2} and {x, y_1, y_3} are collinear in T , their images under ϕ are collinear as well. This implies that the whole set {ϕ(x), ϕ(y_1), ϕ(y_2), ϕ(y_3)} resides on a line, whence the metric on {y_1, y_2, y_3} is distorted by ϕ.

What we can do, however, is to employ the next mechanism: take a decomposition of the tree’s vertices to relatively few simple parts that intersect in at most one vertex, map each part isometrically, and “glue the parts together” in an efficient way. This is just what we do in the next two constructions.

4.2 An improved construction

We start this construction by partitioning the edges of T into a collection P of monotone paths. The description of this partition is given below. For an edge e, let P_e = P_e(P) denote the unique path of P containing e. We map E into R^P , i.e., there is one coordinate corresponding to each member of P ∈ P and ⃗u^P is the unit vector corresponding to this coordinate. We define the mapping ψ via: ψ(e) = w(e)⃗u^{Pe} . As before, the corresponding embedding ϕ_ψ has expansion 1. To bound the shrinkage, we first introduce some notation:

• The set of edges common to a path P ∈ P and to the path π(x, y) between x and y is denoted by π_P (x, y).

• Δ_{x,y} = Δ_{x,y}(P) is the set of paths P ∈ P that meet the path between x and y. The cardinality |Δ_{x,y}| is denoted δ_{x,y}.

• For a vertex x, we index the paths in Δ_{x,r} as P^0(x), P^1(x), . . . , P^{δx,r−1}(x) according to the order at which they are encountered in traversing from x to r.

• For a vertex x, we write π_P (x) for π_P (x, r), Δ_x for Δ_{x,r} and δ_x for δ_{x,r}.

• The maximum of δ_x (over all vertices x) is called δ = δ(P). • If e is an edge, b_e denotes e’s vertex that is farthest from r. We write Δ_e for Δ_{be} and δ_e for δ_{be} .

• The depth of P ∈ P is the number of Q ∈ P that are either P or that lie “above it” (this coincides with δ_e for any e ∈ P ).

To bound the shrinkage, consider any two vertices x and y: ϕ(y) − ϕ(x) = ∑ P ∈Δ_{x,y} w(π_P (x, y))⃗u^P whence

‖ϕ(y) − ϕ(x)‖ = √ ∑ P ∈Δ_{x,y} [w(π_P (x, y))]^2

≥ 1 √ δ_{x,y} ∑ P ∈Δ_{x,y} w(π_P (x, y))

= d_{T,w}(x, y) √ δ_{x,y} Thus the distortion of this map is at most max √ δ_{x,y}, where the maximum is over all pairs of vertices x, y. Since δ_{x,y} ≤ δ_x + δ_y , the distortion does not exceed √ 2δ(P). Thus, in order to minimize the distortion, we seek a partition P in which δ(P) is small.

Lemma 4.2: Every rooted tree T with l = l(T ) leaves, has a partition P into monotone paths with δ(P) ≤ log_2(2l(T ) − 2). If the tree has no vertices of degree 2, then such a partition can be computed in time O(l^2).

Proof: By induction on |E(T )|. If T is a path, the result is trivial. Henceforth we may assume |E(T )| > 1 and l(T ) > 2.

Let s be the vertex closest to the root r (possibly r itself) having at least 2 children, and let s_1, s_2, . . . , s_d be the children of s. Let T_i be the tree rooted at s consisting of s together with the subtree of T rooted at s_i. By the induction hypothesis, the edges of each T_i have a partition P_i into monotone paths such that δ(P_i) ≤ log(2l(T_i) − 2).

In the case s = r we define the partition P = ∪_iP_i of E(T ) and we have δ(P) = max_iδ(P_i) ≤ max_i log(2l(T_i) − 2) ≤ log(2l(T ) − 2).

When s ≠ r, say that l(T_1) = max_il(T_i). The partition P of E(T ) is obtained by the following modification of ∪_iP_i: Let Q be the path of P_1 that contains the vertex s. Replace Q by the path Q^′ that is the concatenation of Q and the path from s to r. Now, for any vertex v of T_1, δ_v(P) = δ_v(P_1) and for i > 1 and any vertex v of T_i, δ_v(P) = 1 + δ_v(P_i). Hence

δ(P) = max{δ(P_1), 1 + max_{i≥2}δ(P_i)}

≤ max{log(2l(T_1 ) − 2), max_{i≥2} log(4l(T_i) − 4)} ≤ log(2l(T ) − 2).

The last inequality follows from l(T ) − 1 = ∑ i(l(T_i) − 1) ≥ 2max_{i≥2}l(T_i) − 2.

This argument readily translates to an algorithm. We assume recursively that the procedure returns a partition, the path that contains the root and the number of leaves.

The run time is easily seen to be only O(l^2). Note also that a slight extension of this procedure also associates with every edge of T the unique path of P that contains it. This fact will be useful later.

Corollary 4.3 : The construction just described has distortion O( √ log l(T )).

4.3 The final construction.

The construction that achieves the bound of Theorem 2.3 is a modification of the previous construction. Recall that previously ψ(e) was defined as w(e) times the unit vector ⃗u^{Pe} . In the modified version, ψ(e) will be w(e) times a weighted sum of unit vectors ⃗u^P where P ranges over all paths in Δ_e. More specifically, we fix positive constants a_0, a_1, a_2, . . . , a_{δ−1} (to be specified later) and define: ψ(e) = w(e) δ_e −1∑

i=0 a_i⃗u^{P i (be)} As before, the embedding ϕ is induced from ψ via (1).

The time complexity of this procedure is only O(l^2). All we need to do is perform a depth-first traversal of the tree. In a constant number of operations per node, we calculate ϕ from ψ. Finding ψ(e) is easy, since, as mentioned at the end of the proof for Lemma 4.2, associated with e is the member of P that contains it. Since, by assumption, there are no vertices of degree 2 in T , the run time does not exceed O(|E(T )| · height(T )) ≤ O(l^2).

Note here that if e and e^′ are in the same member of P, then ψ(e)/w(e) = ψ(e^′)/w(e^′), since P^i(b_e) = P^i(b_e0 ). Consequently, the restriction of ϕ to any path in P is indeed an isometry (times some constant).

We proceed to bound the expansion of this map. Let a = (a_0, a_1, a_2, . . . , a_{δ−1}).

Lemma 4.4: expansion(ϕ) ≤ ‖a‖_2.

Proof: By Proposition 4.1, it suffices to find out the expansion of edges e. But

‖ψ(e)‖_2 = w(e)( δ_e −1∑

i=0 a^2_i )^{12} ≤ w(e)( δ−1∑ i=0 a^2_i )^{12} = w(e)‖a‖_2.

Next we bound the shrinkage.

Lemma 4.5: shrinkage(ϕ) ≤ √ 2‖b‖_2, where b is the (unique) vector satisfying

∀ 0 ≤ j < δ j∑ i=0 a_ib_{j−i} = 1 (2)

We refer to the above condition as the convolution condition.

Proof:

Let W = W_{i,j} be the following δ by δ matrix W_{i,j} = { a_{j−i} if j ≥ i 0 otherwise.

and let C(W ) = sup{^{‖x‖1}_{‖W x‖2} : x ∈ (R^+)^δ \ {⃗0}}.

To prove Lemma 4.5 we first prove:

Claim 4.6: shrinkage(ϕ) ≤ √ 2C(W ).

Proof:

We first check the shrinkage of the distance between ≻-comparable vertices, say v and its descendant v^′. The supports of both ϕ(v) and ϕ(v^′) are contained in Δ_v0 . Ignoring some zero coordinates, we view ϕ(v^′) − ϕ(v) as a δ-dimensional vector, where the coordinate corresponding to a path P ∈ Δ_v0 is enumerated by P ’th depth. The remaining highest δ − δ_v0 coordinates are zero.

Let U^{(v0,v)} denote the projection onto Δ_v0_{,v} (viewed as a linear transformation from R^P to R^P ).

Now, let y and z be the vectors in R^δ defined by

y_j = ∑ e ∈ π(v, v^′) δ_e = j w_e

z_j = ∑ e ∈ π(v, v^′) δ_e = j + δ_v0 − δ_v0_{,v} w_e

In words, for each path P of depth j in Δ_v0_{,v}, y_j = w(π_P (v, v^′)), and ⃗z is just ⃗y when we shift the indexing of the coordinates by δ_v0 − δ_v0_{,v}.

By definition d(v^′, v) = ‖⃗y‖_1 = ‖⃗z‖_1. Also, it is not hard to see that the nonzero coordinates of ϕ(v^′)−ϕ(v) are the same as the nonzero coordinates of W ⃗y and so ‖ϕ(v) − ϕ(v^′)‖_2 = ‖W ⃗y‖_2. Similarly the nonzero coordinates of U^{(v0,v)}(ϕ(v^′) − ϕ(v)) are the same as the nonzero coordinates of W ⃗z and so ‖U^{(v0,v)}(ϕ(v^′) − ϕ(v))‖_2 = ‖W ⃗z‖_2.

Therefore: d(v^′, v) ‖ϕ(v^′) − ϕ(v)‖_2 ≤ d(v^′, v) ‖U^{(v0,v)}(ϕ(v^′) − ϕ(v))‖_2 = ‖z‖_1 ‖W z‖_2 ≤ C(W ). Note that the above not only shows d(v^′, v)/‖ϕ(v^′)− ϕ(v)‖_2 ≤ C(W ), but also that the inequality remains true even when we replace the denominator by the length of the projection of ϕ(v^′) − ϕ(v) on the coordinates in Δ_v0_{,v}. We will use this in proving the claim for a pair of ≻-incomparable vertices.

Let v^′,v^{′′} be two ≻-incomparable vertices, and let v be their lowest (farthest from the root) common ancestor.

Since the paths of P are monotone, the vectors U^{(v0,v)}(ϕ(v)−ϕ(v^′ )) and U^{(v00,v)}(ϕ(v^{′′})−ϕ(v)) have disjoint supports, and are therefore perpendicular. Now

C(W )^2‖ϕ(v^′) − ϕ(v^{′′})‖^2 ≥

≥ C(W )^2‖U^{(v0,v)}(ϕ(v^′) − ϕ(v)) − U^{(v00,v)}(ϕ(v^{′′}) − ϕ(v))‖^2

= C(W )^2‖U^{(v0,v)}(ϕ(v^′) − ϕ(v))‖^2

+ C(W )^2‖U^{(v00,v)}(ϕ(v^{′′}) − ϕ(v))‖^2)

≥ d^2(v^′, v) + d^2(v^{′′}, v) ≥ 1 2 d^2(v^′, v^{′′})

Thus to prove Lemma 4.5 it suffices to show C(W ) ≤ ‖b‖_2, where b is the vector satisfying the convolution condition (2). Let us first note that C(W ) is the smallest C for which x^t(W^tW − 1 C^2

J)x ≥ 0 holds for all x ∈ (R^+ )^δ

(where J is the all-1 matrix). The matrix M = W^tW is clearly positive definite (W is nonsingular), so the minimal C for which this condition holds, is at most θ^{− 12} , where θ is the smallest positive number for which M − θJ is singular.

We thus proceed to consider the equation det(M − θJ) = 0. Let A and B be two n × n matrices, and let S be a subset of {1, 2, . . ., n}. We denote by Δ_S (A, B) the n × n matrix whose i-th column is either the ith column of A or the i-th column of B according to whether i /∈ S or i ∈ S. It is easy to see that det(A + B) = ∑ S⊆{1,2,...,n} det(Δ_S (A, B)).

In the present case A = M and B = −θJ. Since B has rank 1, the only contribution in the sum is due to S such that |S| ≤ 1, i.e., det(M − θJ) = detM + δ∑ i=1 det(Δ_{{i}}(M, −θJ)) Recall Cramer’s rule, that if Q is a square nonsingular matrix, and Qx = y, then x_i = detQ^{(i)}(y)/detQ, where Q^{(i)}(y) is the matrix attained by replacing the i-th column of Q by y.

This implies that det(Δ_{{i}}(M, −θJ)) is just −θ · detM · (M^{−1} ⃗1)_i.

Summing it all up, we conclude: det(M − θJ) = det(M ) − θ · det(M ) · ⃗1^t M^{−1} ⃗1 = det(M )(1 − θ · ⃗1^t M^{−1} ⃗1) and so θ = (⃗1^tM^{−1}⃗1)^{−1} is the only value for which M − θJ is singular. It follows that

C(W ) = ( ∑ i,j M^{−1}_{i,j} )^{12} . Now ( ∑ i,j M^{−1}_{i,j} )^{12} = (⃗1^tM^{−1}⃗1)^{12} = ‖⃗1^tW^{−1}‖_2

But ⃗1^tW^{−1} is just the (unique) solution to the system b^tW = ⃗1^t. In other words, b is the vector satisfying the convolution condition (2), as claimed.

Lemma 4.7: The vectors a_k = b_k = (_{2k} k ) 2^{−2k} with k = 0, 1, . . .δ − 1 satisfy condition (2). Furthermore ‖a‖_2 = ‖b‖_2 = Θ((log δ)^{12} ).

Proof: Consider the generating function for the (infinite) series (a_k), i.e., f(x) = ∑_∞ k=0 (_{2k} k ) 2^{−2k}x^k. But f(x) = (1 − x)^{− 12} , which can be viewed either as an identity in formal power series, or as the Taylor series of a real function in the range |x| < 1. Thus f^2(x) = (1 − x)^{−1} = ∑_∞ i=0 x^i which means ∀j ≥ 0 j∑ i=0 a_ib_{j−i} = 1 and in particular, if we let a and b be the first δ terms of the infinite series (_{2k} k ) 2^{−2k}, then condition (2) will hold. Now, since (_{2k} k ) 2^{−2k} = Θ(k^{− 12} ), the l_2 norm of a and b is Θ((log δ)^{12} ).

Proof: (of Theorem 2.3) Combining Lemmas 4.4, 4.5 and 4.7, we conclude that expansion(ϕ) = O((log δ)^{12} ) and shrinkage(ϕ) = O((log δ)^{12} ), and so the distortion of ϕ is O(log δ) = O(log log l(T )).

Our mapping essentially reduces to Bourgain’s embedding for complete binary trees [5]. In that case, the members of P are the individual edges. Bourgain’s construction uses a_k = k^{− 12} which asymptotically is the same as the present choice. Bourgain’s result that the distortion is only O( √ log log l(T )) in this special case, may be attained by noting that the only vectors z that arise in claim 4.6 are vectors of 1-s followed by 0-s.

How large can c_2(T ) get for n-vertex trees? The answer lies between √ log log n (Bourgain’s lower bound for complete binary trees) and our present log log n bound. We are still unable to close this gap.

Note added in proof: After the completion of this work, we were informed that J. Matousek has proved a tight bound for this problem. Namely, he showed that c_2(T ) ≤ O( √ log log n) for every n-vertex tree T .

Acknowledgments. We are grateful to Yuri Rabinovich for discussions that led to Lemma 4.2. Thanks are also due to Eran London and to Shlomo Hoori for many useful comments on an earlier manuscript.

References

[1] L. Babai and P. Frankl, Linear Algebra Methods in Combinatorics, Preliminary Version 2, Department of Computer Science, The University of Chicago, Chicago, 1992.

[2] Y. Bartal, Probabilistic Approximation of metric spaces and its algorithmic applications, 37th IEEE FOCS (1996),184 - 193.

[3] Y. Bartal, A Blum, C. Burch, A. Tomkins A polylog(n)-competitive algorithm for metrical task systems 29th ACM STOC (1997),711-719

[4] J. Bourgain, On Lipschitz embedding of finite metric spaces in Hilbert space, Israel J. Math. 52 (1985), 46-52.

[5] J. Bourgain, The metrical interpretation of superreflexivity in Banach spaces, Israel J. Math. 56 (1986) 222 - 230.

[6] J. Bourgain, T. Figiel and V. Milman, On Hilbertian subsets of finite metric spaces, Israel J. Math. 55 (1986) 147 - 152.

[7] B. Chor, work in progress, 1997.

[8] Joseph C. Culberson and P. Rudincki, A fast algorithm for constructing trees from distance matrices, Information Processing Letters 30(1989) 215- 220 [9] Michel M.Deza and M. Laurent, Geometry of cuts and metrics, Springer Algorithms and Combinatorics 15

[10] M. Linial, N. Linial, N. Tishby and G. Yona, Global self organization of all known protein sequences reveals inherent biological signatures, J. Mol. Biol., 268(1997) 539 - 556.

[11] Jon M.Kleinberg Two Algorithms for Nearest- Neighbor Search in High Dimesions, 29th ACM STOC (1997),599-608.

[12] Fundamentals of Molecular Evolution, Sinauer associates, inc.

[13] N. Linial, E. London and Yu. Rabinovich, The geometry of graphs and some of its algorithmic applications, Combinatorica, 15(1995) 215 - 245.