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Empirical Risk Minimization



Learning: Reminder

• Known data universe X and an unknown probability distribution D on X

• Known concept class C and an unknown concept c 2 C

• We get a dataset X = {(x1, c(x1)), . . . , (xn, c(xn))}, where each xi is an

independent sample from D.

Goal: Learn c from X .
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Loss

`(c 0, (x , y) ) =

8
<

:
1 c 0(x) 6= y

0 c 0(x) = y

LD,c(c
0) = Ex⇠D [`(c

0, (x , c(x)) )] = Px⇠D(c
0(x) 6= c(x))

We want an algorithm M that outputs some c 0 2 C and satisfies

P(LD,c(M(X ))  ↵) � 1� �.
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Agnostic learning

Maybe no concept gives 100% correct labels.

Generally, we have a distribution D on X ⇥ {�1,+1}.

LD(c) = E(x ,y)⇠D [`(c , (x , y) )] = P(x ,y)⇠D(c(x) 6= y)

D is unknown but we are given iid samples X = {(x1, y1), . . . , (xn, yn)}.

We want an algorithm M that outputs some c 0 2 C and satisfies

P(LD(M(X ))  min
c2C

LD(c) + ↵) � 1� �.
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Empirical risk minimization, again

Issue: We want to find argminc2C LD(c), but we do not know D.

Solution: Instead we solve argminc2C LX (c), where

LX (c) =
1

n

nX

i=1

`(c , (xi , yi )).

is the empirical error.

Theorem (Uniform convergence)
Suppose that n � ln(|C |/�)

2↵2 . Then, with probability � 1� �,

max
c2C

LX (c)� LD(c)  ↵.
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Example: Linear Separators

• X = [0, 1]d

• C is all functions of the type c✓(x) = sign(hx , ✓i+ ✓0) for ✓ 2 Rd , ✓0 2 R.

For convenience, replace x by (x , 1) 2 [0, 1]d+1 and ✓, ✓0 by (✓, ✓0) 2 Rd+1

c✓(x) = sign(hx , ✓i)
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Logistic Regression

Sign for sigmoid: given ✓ and x predict

8
<

:
+1 w/ prob. 1

1+e�hx,✓i

�1 w/ prob. 1
1+ehx,✓i

Logistic loss

`(✓, (x , y)) = log

✓
1

P(predict y from hx , ✓i)

◆
= log(1 + e�y ·hx ,✓i).

Logistic regression: Given X = {(x1, y1), . . . , (xn, yn)} solve

argmin
✓2⇥

1

n

nX

i=1

log(1 + e�y ·hx ,✓i)
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(Private) Gradient Descent



Convex loss

The function LX (✓) =
1
n

Pn
i=1 log(1 + e�y ·hx ,✓i) is convex in ✓.

Convex functions can be minimized e�ciently.

• for non-convex, it’s complicated
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Gradient descent

arg min
✓2Bd+1

2 (R)

1

n

nX

i=1

log(1 + e�y ·hx ,✓i)

✓0 = 0

for t = 1...T � 1 do

✓̃t = ✓t�1 � ⌘rLX (✓t�1)

✓t = ✓̃t/max{1, k✓̃tk2/R}
end for

output 1
T

PT�1
t=0 ✓t
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Advanced composition - warmup

Publish k functions f1, ..., fk : X n ! Rd with (", �)-DP, where 8i �2fi  C

10

want to release f. ( x) , fdtl . . . , f kN ) . Can achieve noise Ifauetiou

1¥;
could be adaptive : fi depends on f. Htt Z , .

. . .

, fi . , Kk Zi . , a ckGgQ
1) Apply Gaussian mechanism K times

,
use composition ; → noise =Ckhgk

Release fill ) t Zi Zi - NCO
, III) for g= Eighty ,

to achieve l¥¥-Ap
(kN)

By composition thin ( felt ) t -2 . .
. . .

,
fax ) -121 ) is CE

,
dy - pp

"
glx) . c. pi

"

;
use the Gaussian noise

" initialism for g .

( D.gift llgkl-gltmijm.at?illtilH-tik' ' "iska



Advanced composition (for Gaussian noise)

Suppose we realease Y1 = f1(X ) + Z1, . . . ,Yk fk(X ) + Zk where fi : X n ! Rd depends

also on Y1, . . . ,Yi�1.

Zi ⇠ N
⇣
0, (�2f )2

⇢ · I
⌘

Then the output Y1, . . . ,Yk satisfies (", �)-DP for " = k⇢+
p
2k⇢ ln(1/�)).
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Sensitivity of gradients

Suppose X = [�1,+1]d+1.

�2rLX (✓) =

r log(1 + e�yhx ,✓i) = � 1
1+eyhx,✓i

yx
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Private gradient descent

✓0 = 0

for t = 1...T � 1 do

✓̃t = ✓t�1 � ⌘(rLX (✓t�1) + Zt�1)

✓t = ✓̃t/max{1, k✓̃tk2/R}
end for

output 1
T

PT�1
t=0 ✓t
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Accuracy analysis

Theorem
Suppose EkLX (✓t) + Ztk22  B2 for all t. For ⌘ = R

BT 1/2 we have

E
"
LX

⇣ 1

T

T�1X

t=0

✓t
⌘#

 min
✓2Bd+1

2 (R)
LX (✓) +

RB

T 1/2
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Plugging in

EkLX (✓t) + Ztk22 = EkLX (✓t)k22 + EkZtk22  d+1
n2 + �2d
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